CHARACTERIZATIONS OF HARDY SPACES ON TUBE DOMAINS OVER
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ABSTRACT. This paper is devoted to the equivalence of various characterizations of holomorphic H!
Hardy spaces on tube domains over polyhedral cones. We establish a new iterated Poisson integral
formula which reproduces holomorphic functions on such domains. However, this formula shows that
holomorphic H! functions have boundary values in a new type of Hardy space of real variables on their
Shilov boundaries R™, which cannot be treated by standard classical multi-parameter harmonic analysis.
We overcome this difficulty by developing techniques suitably adapted in this setting. Using the iterated
Poisson integral as our approximation to the identity, and employing a lifting technique, we introduce
various notions of multi-parameter analysis adapted to tube domains, such as twisted rectangles, new
non-tangential approach regions, non-tangential maximal functions and Littlewood-Paley type functions.
All these notions exhibit new geometric features associated with polyhedral cones and involve hidden
parameters, as in the flag setting. We develop the necessary multi-parameter tools to investigate these
new Hardy spaces. In particular, we apply these tools to obtain equivalent characterizations of the
holomorphic H!' Hardy spaces on tube domains in terms of non-tangential maximal, Lusin-Littlewood-
Paley area and Littlewood-Paley g-functions.
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1. INTRODUCTION

It is well known that holomorphic functions in the Hardy space H?(R2) on the upper half-plane R%
can be characterized by their non-tangential maximal functions or Lusin-Littlewood-Paley area functions,
and that the real parts of the boundary values of such functions constitute the Hardy space HP(R) of
real-variable functions on R. In order to define the Hardy space HP(R"™) of real variables on R™, Stein
and Weiss [39] introduced the notion of a generalized analytic function u = (ug, . .., u,) : R} — R+
which satisfies

au] . Buj . % .
Z < Owj 0 Oxy, Oz for j # k.

and proved that the Hardy space H? (RT‘l) of generalized analytic functions for p > ”7—:1 can also be
characterized by non-tangential maximal functions or area functions. The components ug of the boundary
values of such functions constitute the Hardy space HP(R™) of real variables on R".

There is a long history of extending the classical characterizations of analytic Hardy spaces to more
general pseudoconvex domains in several complex variables and of establishing a correspondence between
the boundary values of analytic Hardy functions and suitable Hardy spaces of real variables on their
Shilov boundaries. For the Siegel upper half-space, Geller [13] proved that these characterizations are
equivalent and that the boundary values of holomorphic H? functions belong to the Hardy space H? on
the Heisenberg group. Such characterizations can be extended to a large class of smooth pseudoconvex
domains with smooth boundary (cf. e.g. [25, 35]).

However, for pseudoconvex domains with non-smooth boundary, new phenomena appear. Even for
the bidisc, there are fundamental difficulties caused by the higher-dimensional geometric complexity. In
the 1970s, Malliavin and Malliavin [28] proved that the maximal function characterization implies the
characterization in terms of the Lusin-Littlewood-Paley area function, by introducing a technique based
on an auxiliary function. This result was generalized to the HP theory for the bidisc by Gundy and Stein
[16]. Biharmonic or holomorphic HP functions on the bidisc have boundary values in the bi-parameter
Hardy space on its Shilov boundary, namely a torus. These results stimulated the development of multi-
parameter harmonic analysis (cf. e.g. [4, 9, 23, 26, 32]), which remains an active field of research. Later,
Sato [33] extended the theory to the equivalence of characterizations of Hardy spaces for generalized
analytic functions on the product RTH X Riﬁl.

Since general Siegel domains or symmetric spaces have non-smooth boundaries, admissible convergence
of Poisson integrals becomes very complicated (cf. e.g. [24, 34, 37]), and the study of holomorphic H?
Hardy spaces is usually restricted to homogeneous Siegel domains and to p > 1 (cf. e.g. [1, 2] and the
references therein). However, in [41], the second and third named authors proved that any holomorphic
H' function on the product of two Siegel upper half-spaces has a boundary value in a bi-parameter Hardy
space H! on its Shilov boundary, which is the product of two Heisenberg groups. By using bi-parameter
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harmonic analysis (cf. e.g. [6]), the Cauchy-Szegé projection is used to decompose a holomorphic H*
function into a sum of holomorphic atoms. In [42], the authors study a new class of flag-like singular
integral kernels, that includes the Cauchy-Szegd kernels on certain Siegel domains. These kernels are
neither of product type nor of flag type on their Shilov boundaries, which have the structure of nilpotent
Lie groups of step two, say .#". In [42] the authors also introduce new Hardy spaces defined by iterated
heat kernel integrals on these groups 4.

In general, holomorphic H? functions on different domains may have boundary values in different types
of Hardy spaces of real variables on their Shilov boundaries, and one needs to use different kinds of multi-
parameter harmonic analysis to deal with them. It was attested by Stein [38] that “a suitable version
of multi-parameter analysis will provide the missing theory of singular integrals needed for a variety of
questions in several complex variables. This is indeed an exciting prospect.” Under this philosophy,
Nagel, Ricci and Stein [31] introduced and studied an important class of Siegel domains: tube domains
over polyhedral cones. A polyhedral cone 2 in R™ is the interior of the convex hull of a finite number of
rays meeting at the origin, among which there exist at least n that are linearly independent. The tube
domain over () is the domain in C™ defined by

To:=R"+iQ={z+iyc Cz eR", yeQ},

whose Shilov boundary is the Euclidean space R™ + i0. The holomorphic Hardy space H?(Tg) consists
of all holomorphic functions F' on T such that

1/p
(1.1) | Fl e (1) = (sup/ |F(x + iy)|” dw) < 0.
yeQ JR™
See [40, Chapter 3] for basic facts about H? Hardy spaces on tube domains. The Cauchy-Szegé projection
L?(R™) — HP(Tq) has a kernel, called the Cauchy-Szegd kernel, given by

Cz+1iy) = / e2mi(@Hiy) & ge

where Q* ;= {£ € R" : y-£ > 0, y € Q} is the dual cone of Q. Nagel, Ricci and Stein [31] proved that this
kernel is a sum of flag kernels when restricted to the Shilov boundary. However, the study of the Hardy
spaces associated to sums of flag kernels is still in its early stage (cf. e.g. [22] and the references therein).
This paper is devoted to developing the necessary tools of a “suitable version of multi-parameter analysis”
to investigate new types of Hardy spaces of real variables on the Shilov boundary R", to applying them to
the holomorphic H' Hardy spaces on Ty, and to proving the equivalence of various of its characterizations.

It is well known [11] that Hardy spaces of real variables are defined in terms of approximations to the
identity. Thus our first step is to find an integral representation formula for holomorphic functions on T,
which can also be viewed as an approximation to the identity on the Shilov boundary R™. We use this
representation to define new Hardy spaces corresponding to holomorphic H' Hardy spaces on Tq, and
study the latter. For simplicity, we restrict ourselves to HP(Tq) with p = 1 in this paper, and assume
that the polyhedral cone is spanned by unit vectors e; in R”, j =1,...,m, i.e.

Q={her+ -+ Anem; A1, Am > 0},

and that any n of ey, ..., ep, are linearly independent, in order to avoid degeneracy (see Figure 1). We
must have m > n. By definition, the polyhedral cone Q has the form {Ay; A > 0, y € C}, where C is the
convex hull of the vectors {eq,...,en}.
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F1GURE 1. Polyhedral cone

Let P;(s) = %ﬂ% be the standard Poisson kernel on R. Define the Poisson integral along the line e,
by

(1.2) oy Pi(z) = / f(x — seu)P(s)ds
R
for x € R™, and the iterated Poisson integral by

(1.3) P(f)(x):=f*1 Py - %, Py, (),

which is a function of the variables (z, t) in the space R™ x (Ry)™. We often write Py(f)(z) as f* Py(x).
As in the flag or flag-like cases (cf. e.g. [30, 42]), we consider the lifting space R™ and the projection
m: R™ — R™ given by

(1.4) ()\1,...7)\m) = Aer+ o+ Anem-

Theorem 1.1. Suppose that Tq is a tube domain over a polyhedral cone as above. For F € HP(Tq) with
p > 1, there exists F® € LP(R™) such that

(1.5) F(x +in(t)) = F° x Py(x),
for all (z,t) € R™ x (Ry)™. Moreover, if F is continuous on Tq, then F° = limy_,o F(x + in(t)).

Remark 1.1. (1) This reproducing formula is unusual in the sense that we have to use the lifting cone
(R)™, where a point y in the cone Q is represented by ww(t). The iterated Poisson integral has an m-
parameter structure, although R™ is only n-dimensional. Namely, there exist m — n hidden parameters.
(2) This formula identifies the new type of Hardy spaces on R™ to which the boundary values of
holomorphic Hardy functions belong, and indicates what kind of multi-parameter analysis is needed to
study them. We will develop the necessary tools of the corresponding multi-parameter harmonic analysis
on the Shilov boundary R™ to solve problems concerning holomorphic Hardy functions on the tube domain.

The iterated Poisson integral is our approximation to the identity; it allows us to introduce natural
notions of multi-parameter analysis adapted to tube domains Tq, such as twisted rectangles, new non-
tangential regions, non-tangential maximal functions, Lusin-Littlewood-Paley area functions and new
types of Hardy spaces. All of these differ from the standard ones and have new geometric features
associated with polyhedral cones.
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For t := (t1,...,tm) € (R)™, the standard rectangle in R™ is R(0,t) = (—t1,t1) X -+ X (—tm, tm)-

Its image 7(R(0,t)) under the projection 7 in (1.4) is denoted by R(0,t), and is called a twisted rectangle
in R". For z € R", let R(z,t) := x4+ R(0,t). Then

(1.6) R(z,t) :={x+ Aer + -+ Amem; [A1] < ti,. o) [Am] <tm}

For € R™ and any 8 > 0, we define the non-tangential region in R™ x (R.)™ by

(1.7) Ls(z) :={(2',t) e R" x (R4)™;2" € R(z,Bt)}.

We also denote I'y(z) by I'(z) for short. Define the non-tangential mazimal function on R™ by

(1.8) NO(f) (@)= sup  |(f*P)()|.
(+/ )T (2)

The Hardy space H}\, . .o(R™) consists of f € L'(R") such that N°(f) € L'(R"). For two polyhedral

cones 2,9 with Q@ C @', we have H'(Toy) & H'(Tq) and H},,.o/(R") & H},..o(R™) (cf. Proposition
3.5). If there is no ambiguity, we will omit the dependence of Hrlmx;Q on .

Define the Lusin-Littlewood-Paley area function of f by

ax; )

o\ 172
(1.9) S(f)(x) := </F( )|v1“'vm(f*Pt)(.’El)‘2 m) 7

for all x € R™, where V; is the gradient in the plane spanned by e; and t;, and tdt = t; - - - £, dty - - - dbyy,.
Define the S-function Hardy space HE(R™) by setting

Hg(R") :={f € L'(R"); S(f) € L'(R")}

and equipped with the norm ||f||Hé(Rn) = [|S(f)llzr@ny. The Littlewood-Paley g-function of f is defined
by

1/2
g(f)(z) = (/ Vl"'vm(f*Pt”z(m)tdt) ;
Ry)™
for all x € R™. We define the g-function Hardy space
Hg(R"):= {f € L'(R");g(f) € L' (R")}

and this space is naturally equipped with the norm |||l m1 @) == [lg(f)l| L1 (&)

Note that the tube domain T = R™ + i) is different from R™ x (R4)™, but Q@ = #((Ry)™). If
we lift the function F' on T to a function u(z,t) = F(z + in(t)) on R™ x (R4)™, then by Theorem
1.1, u(x,t) = F°«x Py(z) if F € HP(Tq) with p > 1. Motivated by nontangential maximal function,
area function and g-function for iterated Poisson integrals above, we define the nontangential mazimal
function of a holomorphic function F' on T by

(1.10) NP(F)(z):= sup |F(z' +in(t))],
(z';t)el(z)

for all x € R™. We also define the Lusin-Littlewood-Paley area function by
1
5 tdtda' ) :

S(F)(z) == (/r(;c) Vi Vi (F(2' +ir(t))] Rt)|
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and the Littlewood-Paley g-function by

2

G(F)(z) := (/ |V1-~-Vm(F(;v+i7r(t))|2tdt>
(Ry)™
Having established this notation, we are now able to state our main theorem.

Theorem 1.2. Suppose that T is a tube domain over a polyhedral cone as above. Then, for a holomor-
phic function F' on Tq, the following properties are equivalent:

(1) F € H\(Ty);

(2) For any B >0, N°(F) € LY(R");

(3) limy| 400 F(@ +1iy) = 0 for any fized yo € Q, and S(F) € L'(R™).
YyEYo+2

(4) limy| 40 F(x +1iy) = 0 for any fized yo € Q, and G(F) € L'(R").
yE€Yo+Q

Moreover,

1F N b () = IN?(F) | L1y = IS(E) L1y = 1G(F)l| 11 gem.-

Remark 1.2. A key step in our proof is to approzimate holomorphic H' functions by holomorphic HP
functions with p > 1. For the latter class, we can apply Theorem 1.1 to establish a correspondence with
real-variable HP functions defined via the iterated Poisson integral on the Shilov boundary. Then, by
employing the tools of multi-parameter analysis we have outlined and using the holomorphicity of F, we
obtain a complete characterization of holomorphic H' Hardy spaces on such tube domains. This approach
also provides a partial characterization of a new type of Hardy space on the Shilov boundary R™.

For the equivalence of characterizations of Hardy spaces of real variables in various settings, see, for
example, [3, 5, 6, 8, 14, 19, 21, 43].

The proof of Theorem 1.2 proceeds as follows. For holomorphic functions F', we can use the sub-
harmonicity of |F|P for p > 0 to prove (1) = (2). The implication (2) = (3) can be reduced to a
Fefferman-Stein type good-\ inequality: there exist C' > 0 and 8 > 1 such that for f € L*(R") and all
A >0,

C

(1) [z e R S()(@) > A < C [{z € R N(f)(@) > A} + 1 NO(f) ()2 da,

/{IGR";N‘*(J’)(I)O\}
where C' is a constant independent of f and A. In the one-parameter case, this inequality was proved by
Fefferman and Stein [10, 36] via smooth surface approximation and an application of Green’s formula in
smooth domains. The main difficulty in the bi-parameter case is the lack of such an effective approxima-
tion, owing to the higher-dimensional geometric complexity. To overcome this difficulty for biharmonic
functions, Malliavin and Malliavin [28] introduced an auxiliary function. So far, maximal function char-
acterizations have been established only in a few cases by proving analogues of (1.11): the R™ x R™ case
by Merryfield [29], the Muckenhoupt—Stein Bessel operator setting by Doung, Li, Wick, Yang [8], the
multi-parameter flag setting by Han, Lee, Li, Wick [19, 20], product stratified Lie groups by Cowling,
Fan, Li, Yan [7], the flag setting on the Heisenberg group by Chen, Cowling, Lee, Li, Ottazzi [5] and the
Shilov boundary of products of domains of finite type by Li [27], etc. In our setting, the difficulty lies in
the fact that the number of parameters is arbitrary, unlike the aforementioned situations which involve
only two. Thus we have to find general inductive formulae to overcome this difficulty.

In the product case RT‘H X Rf_"'“, the implication (3) = (1) was proved by use of the estimate
Iillh < IISH)|l1 for Hilbert space-valued functions § of one variable [33]. Because our non-tangential

~
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region I'g(z) in (1.7) cannot be written as a product, we cannot employ this approach. However, since
the domain (R )™ of integration for the g-function has a product structure, we add condition (4), which
usually does not appear in characterizations of (generalized) analytic Hardy spaces (cf. e.g. [13, 33, 39)]).
The implication (3) = (4) follows from a pointwise control of the G-function by the S-function via the
mean value formula. The real-variable version of (4) = (1) is
(1.12) sup || * Pellrwny S Ilg(f)llzr mn)-

te®y)™
We first establish a one-dimensional version of (1.12) for Hilbert space-valued functions by applying the
corresponding one-dimensional Plancherel-Pélya type inequality. Then we use this estimate iteratively
to prove (1.12).

The paper is organized as follows. In Section 2, we discuss partial convolutions with the Poisson kernel
along lines, which satisfy partial Laplace equations. In Section 3, we characterize the geometric shape of
twisted rectangles and prove the equivalence of iterated and twisted maximal functions. We also obtain
boundary growth estimates for iterated Poisson integrals and for holomorphic HP-functions, respectively,
and then show that the iterated Poisson integral reproduces holomorphic functions by using the maximum
principle. In Section 4, the Fefferman-Stein type good-A inequality (1.11) is reduced to the estimate of
an integral over R™ x (R;)™ by means of an auxiliary function. We use differential identities to estimate
the terms appearing in this integral, the new terms arising after these estimates, and in general all terms
appearing inductively. In Section 5, we prove a one-dimensional version of (1.12) for Hilbert space-valued
functions, from which we deduce the real-variable version (1.12) of (4) = (1). In Section 6, we prove
the equivalence of the various characterizations in the main Theorem 1.2. In the appendix, we give the
proof of the Plancherel-Pélya type inequality for Hilbert space-valued functions for the convenience of
the readers.

2. PRELIMINARIES

2.1. Partial convolutions along lines and partial Laplace equations. Consider the complex line
in C" that contains e,:

(2.1) L, :={(s+it)e,; s, t € R},

and its upper half plane

(2.2) Lt ={(s+it)ey; s € R,t > 0},

with boundary Re,, contained in the Shilov bounday R™ +i0 of T . Then x + Lz may be contained in
the boundary of the tube domain for any x € R", because e, may be contained in 0. But we always
have x + iy + L}t C Tgq for y € Q.

Denote by #,, the partial convolution on R™ along the line e, i.e. for f € L*(R™) and g € L' (R),

(2.3 Fonata) = [ fla=se,)gs)is
for almost all x € R™. It is obvious that partial convolutions along two lines e, and e, are commutative:
(2‘4) f *u g *u h(x) =fx*xh *p g(x)a

for any g, h € L*(R). If write

(2.5) ep = (eut, . eun) € R",
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w=1,...,m, then the vector field

” 0
(26) XH -—;eukaizka

is the derivative along the direction e,,. Define the u-th Laplacian and the gradient of a function u along
the upper half plane L} in (2.2) as

0? ou
Al" = Xi‘f’a?, Vuu = (X;Lu7 %) s

12

respectively, pu=1,....,m

Proposition 2.1. (1) If F is holomorphic on the tube domain Tq, then for fivred x + iy € Tq, the
restriction of F' to x—l—iy—l—Lj; is holomorphic, i.e. F(x+iy+ ze,) is holomorphic in z € C for Imz > 0.
(2) For f € €*(R") N LY(R"), we have

(2.7) Aulf #u P (@)] =0, and  V, [f#u Py, (@)] = f 4. VP, (@),
where ﬁﬂ is the gradient in the plane with variables s,,t,,: eﬂv(s#,t#) (89 (s tu), %(sﬂ,t#)) .

Proof. (1) If we write the coordinates z1, ..., 2, of the tube domain as z; = x; +1iy; and z = s+ it, then,
for fixed p we have

oF (;S + 'i) [F(z+iy + (s + it)e,)]

oF . .
= Zeﬂk x+1y+(s+1t e +1Ze“kayk( +iy + (s +it)e,)

aF . .

by using (2.5) and the Cauchy-Riemann equation satisfied by F'.
(2) It is obvious that f x, P;, (z) lies in *(R" x Ry). Since

0

(2.8) g[f(x —se,)] = =X, f(x —sey),

by definition (2.6), we get
Ap[f *u Py, ( /X2 (x —se,) Py, (s ds+/f —sey) 8t2 Py, (s)ds

2
/R@s [f(z — se,)| P, (s der/f se#)gt2 . (8)ds

- O P\ P (s)ds 0
= [ 16 = se) (5 + ) Putoyis =0
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by integration by parts, and
Vulf #u P, ( </ Xuf(x se#)Ptu(s)ds,/ flax— seﬂ)ailptu(s)ds>
0
_< i 83[f( — sey)] Py, (s)ds /f seu)%Ptu(s)ds)
/f — sey,) V w P, (s)ds.

The proposition is proved. O
Denote m := {1,...,m}. For a subset j = {j1,...,ja.} of m, we introduce the notation
(2.9) tj = (tjl7"'7tja)’ Vj’U = le . --Vjav, tjdtj = tj1 -~'tjadtj1 s 'dtja,

and for f € L*(R") and ¢ € L*(R), we set
T be; i= [ x4y Gry oo %, Dty (z),

my = {k,...,m}.
In view of this notation, we have t, = t. We will write f * ¢¢ instead of f x; ¢, when j =m
For a subset j of m and f € LP(R™) (1 < p < o0), define the partial Littlewood-Paley g-function of f
by

gi(f)(z) := </(R " IV (f *; Pti>($>|2tjdtj>

Proposition 2.2. For f € LP(R™) with 1 < p < oo, we have ||g;(f)ll, S 1 fllp-

The proof is standard (cf. e.g. [21, 42]) by repeatedly using the LP boundedness of g-function for
vector-valued functions. See also the proof of Proposition 5.5 for the converse part when p = 1. We omit
the details.

2.2. A formula of integration by parts. It will be repeatedly used in the proof of good-\ inequality.
For fixed p, we will use coordinates x = z + se,, where at is the part of x perpendicular to €p-

Proposition 2.3. Suppose that U € %Q(R"H) satisfies the following three properties:

(1) For fized t, > 0, we have VU(-,t,) € LY(R"), a = 0,1,2, and X,U(z* + se,,t,) — 0 as s — o0
for almost all x+ € e

(2) Ast, — +o0, we have U(-tu) tp,0, U (- t,) — 0 in LY(R™);

(3) As t, — 0, we have U(-,t,) — U(-,0) and t,0;,U(-,t,) — 0 in L*(R™).

Then

(2.10) / AU (s, ty)tdtde = / U(z,0)dz.
0 RW n

Proof. Write

T T T
/ AU (2, ty)tudtyde :/ XﬁU(x,tM)tudt#dx + / 8t2MU(ac,tM)tudtﬂdx =1 + L.
€ R~ € R™ € Rn
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Note that  — (1, s) preserves the volume form since we assume e, to be a unit vector. Hence,

X2 LUz, t,)de = / —[U(= Lt sep,ty)) dsdat
Rn Rn—1 ds

/Rnl/R(sgrfooX Ulz™ + se,, u)SEmOOXMU(xJ‘Jrse#,t#)) dsdz* =0

by using (2.8) and the assumption (1). Thus, I; = 0. For the term Iy, by integration by parts, we get

T
I, = —/ / 8tuU(ac,tM)dthac+/ T@tuU(x,T)dx—/ €0;,U(x,e)dx
R Je "
_/ U(x,T)dx—i—/ U(:B,E)dx—i—/ T@tuU(x,T)dx—/ €0;,U(z,e)d.

Then taking limit 7' — 400 and € — 0, we deduce the required conclusions in view of assumptions (2)
and (3). O

3. NEW MAXIMAL FUNCTIONS ASSOCIATED TO TWISTED RECTANGLES AND ITERATED POISSON
INTEGRAL FORMULA

3.1. Twisted rectangles, iterated and twisted maximal functions. Write V,, = (X,gl), bez))7 ie.
Xp(bl) = X, and Xl(f) = 0;,. Then Vjv in (2.9) is a vector valued function with R*" entries, and their
inner product is defined as

Viu-Vivei= Y X x(0y . x (00 x ey,

at,...,0q=1,2

Define maximal function along the line e, as
M, (f)(x) := sup —— [f(z + sep)lds,

for z € R" and f € L},.(R™). It is convenient to work with the iterated maximal function My =
M,, 0---0 M. Then for f € L}OC(R”), there exists an absolute constant Cy > 0 such that

(3.1) |P(f)(2")] < CoMy(f)(x)
for any (2/,t) € T'(x), by the property of the Poisson kernel [36]. Define the twisted mazimal function as
M@= s s [ e
! re(Ry)m™ ‘T r | R(z, r)

Note that the projection of the ball in the lifting space is usually called tube in the flag or flag-like
cases (cf. e.g. [5, 42]). But in this paper, the projection R(z,r) in (1.6) is called twisted rectangle for

avoiding confusion with the tube domain. Given r = (rq,...,7y) € (R4)™, let 7,,...,r;, be the largest
n numbers among {rq,...,r,}, l.e. r; > r, for any j € [:={l1,...,1,} and any p ¢ [. Set
(32) R[(:C, I‘) = {l’ + )\llell + -+ )\lneln; |/\ll| S P |>\ln‘ < ’I"ln},

which is a parallelohedron. Note that given r, the choice of [ may not be unique.
On the other hand, given any subset [ := {ly,...,l,} of m, e;,,..., e, are linearly independent by the
assumption. So there exists numbers A ; such that e, = Z?Zl Al el for ¢ 1. As the number of
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choices of such subsets [ is finite, we can define

(3.3) A= ZZZ\A | < +o0.

[ pélj=1
Proposition 3.1. Givenr € (Ry)™, let ryy,... 7, be the largest n numbers among {ry,...,rm}. Then
(3.4) Ri(z,r) C R(z,r) C Ry(x,7; 'r),

for any x € R™, where 3o = (1 + A)~!

Proof. The first inclusion is obvious by comparing definitions (1.6) and (3.2). For the second one, note
that for any =’ € R(x,r), we can write

x’ :x+)\1€1+-~-+)\mem:$+z i, —I—ZALJ-)\# e,

j=1 s
for some |Ai| <7, <71,.00,|Am| < 7. Then
/\l + Z A 1+A)Tl <’yO 7’[
p=n+1
since |\, | < 7y, for p ¢ [ by definition. O

As a corollary, we get
(35) |R($7r)‘ ~ ‘R[((E,I‘” = 2n,,,ll T, det(eln ceey eln)'

Let x be the characteristic function of the interval [—1,1] and let x;(s) := $x(£) for t € RT and s € R.
Recall that [f]* xt = [f] *j, Xt;, =+ %) Xt;,, fOr t = (t,,...,5,,) € (Ry)™. The iterated maximal
function and twisted maximal function are equivalent by the following proposition.

Proposition 3.2. Suppose that f € L} (R™). Then for any n <m, r € R*, and t € (R_)™,

loc
71 Xale) S Fada’ S 1] x4 (),
|R(2,t)| Jreet) o
where o = (1 +.A)~2. Consequently, My(f) ~ My (f).
Proof. Without loss of generality, we may assume that t;,...,t, are the largest n numbers among
{t1,...,tm}. The linear independence of e,..., e, implies that there exists numbers A,; such that
n
(36) 6# = ZAM-ej,
j=1

forany y=n+1,...,m. Then

[f1 % xe(2) :/R Fle=>"siei || xuls1) - Xt (5m)dst - dsp
m i=1
(3.7) !

1
27/ f Z sj + Z Ayisu e || dste - dsm.
t1--tm [—t1,t1] X x[—t

mytm] j=1 p=n+1
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Take the coordinate transformation © : R™ — R™, s +— s’ given by

(3.8) o = st i s j=1L...,m
J S j=n+1....m

It is obvious that © is one to one and its Jacobian identically equals to 1. We claim that

(39) H[—%tm%ta} coe (H —la,la ) H ’YO tm’YO t ]

a=1 a=1
with 59 = (1 +.4)~!. For the first inclusion, note that for each s’ € [[I",[~ota, Jola), there exists a
unique preimage s in [["; [~tq, ), i.e. ©(s) =s’. This is because |s;| < t; obviously for j = n+1,...,m
by definition (3.8), while for j =1,...,n, we have

szAmﬂ

p=n-+1

|SJ| - > ’Yot + A"Yot

by [s},| <ot < Jot; for any > n > j by the assumption. It is similar to show the second inclusion.
Now it follows from (3.7) and (3.9) that

1
|f|*Xt($)Zﬁ/ f Z*ZS}Bj d3/1~~ds’m
177 tm J[—Fot1 Fot1] XX [—Fotm,Votm]

j=1
97 ym—n n
_ Z)"" / flz—=) siej||ds)---ds,
t1tn S oty Fota]x - x[=Fotn Fotn] et
/:Y/(T]n_an |f( ! /
x— ') |dx
|R[(0 t)‘ R[ 0 ’yot)
~m— n2m
» | (& — o) |da,

~ R0, t)] JRro72¢)

by taking coordinates transformation (3.8) and using the transformation R™ — R"™ given by

n
(3.10) (A N Zs}ej
j=1
and Proposition 3.1. The Jacobian of this transformation is det(ey,...,e,) # 0 since eq,...,e, are

linearly independent. Similarly,

1 n
|f*Xt($)|§7/ f x—Zs;-ej dsy---ds,,
bt J—55 e 5y ] % X [= 50 g ] iz

1
TR0, )] Ri(0.5;'t)

The required conclusion follows by applying Proposition 3.1 . d

f(z—2a')ds'.

Remark 3.1. Such equivalence of maximal functions is also proved in the flag case [5] and the flag-like
case [42, Proposition 3.2]. But the proof given here is simpler than that in [42].
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3.2. Boundary growth estimates for iterated Poisson integrals and holomorphic HP-functions.

Proposition 3.3. For f € L}(R"), let u(x,t) := f x P;. Then, for by, - b, € Ny,

R R XTO0] Y 1 PTE)
(3.11) e bl b £ 1l ()
At [V0 - Vit 0] £ SR

for (z,t) € R™ x (Ry)™

Proof. In the sequel we use notation € := (g,...,¢e) € (R.)™ for e > 0. If we let f. := f * P, then we
can write u(z,t) := f. x Py for small € > 0 and f. is smooth. So we may assume that f is smooth.
For fixed y, we use coordinates x = 2 + se,, as above. Then,

(| £ *p PtuHLl(Rn)=/Rn_l/]R /Rf(xJ‘+(s—s’)e#)Ptu(s’)ds’
o

ds dzt

(3.12)
< [ et eln@ P et

= [ el = e

Applying this equality repeatedly, we see that ||u(-,t)||z1®n) < || fllz1®n). By repl~acing Py, by tZ“ %Z‘L P,
the above argument gives us the first estimate in (3.11), since we also have ||tZ”VZ” P llpw) S 1.

By Proposition 2.1 (2), u(z + sje,,t’) is harmonic on {(s},,t,);t, > 0}, which contains the disc
|s}, +i(t, —t),)] < t,. So we can apply the mean value formula to obtain

1

/
7Tt2/ . u(x+8#eu7t17'~o7tu+ ERRE )dS dt
w st it | <ty

u(z,t) =

Repeating this procedure, we deduce
(3.13)

< 1
@, )] < s [ '
1 m J|s| +it] | <ty |8t +it! | <tm

ot [ L]
77Tmt%"'t%n - tm J—t1
Note that
1 t1 tm
1 tm /tl /tm

ds, dt! ---dsydt)

m
u <x+Zs;e#,t+t’>

p=1

u(x—i—Zs e#,t—l—t)

dt, ---d\ds., - ds).

dsy, - --dsy = u (-, t +t')] * x¢(z)

/ (o', t +t')| da’
‘r,yo ‘ 7'70

lu (2, t + t')| da’

m
u (a: + Zs;ie,“t —|—t’>
p=1

57
|R(x,’70 )‘ R™
1
< [y
~ [R(x, g EE
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by applying Proposition 3.2 and the first estimate in (3.11). Substitute this estimate into (3.13) to obtain
the second inequality in (3.11) for by = -+ =b,, = 0.

For the general case, note that each component of Vgl o Vo + sy,eu,t’) is still harmonic on
{(s},st},);t;, > 0}. The result follows from the same argument by using the first estimate in (3.11). O

Corollary 3.1. Fize >0 and let f. := f * P. for f € L*(R™). Then,

(a) U(x,ty) = (f %4 P, (2))? satisfies conditions in Proposition 2.5.

(b) Letj be a subset of m and p ¢ j. Then for fized tj, U(z,t,) = fe % 6thj 4 6#3” (x) also satisfies
conditions in Proposition 2.3 except for U(-,t,) — U(-,0) replaced by U(-,t,) — 0.

Proof. (a) For condition (1), write U(x,t,) = w®(x,t,) with w(x,t,) = f. %, P, (z). It is obviously
smooth on R’ since f. is. Because u(-,t,), V,u(-,t,) € L' N L>(R") with norms only depending on ¢
and || f||1 by Proposition 3.3, we see that U(-,t,),V,U(-,t,) = 2u(-,t,)V,u(-,t,) € L' N L>=(R™). Tt is
similar to see VZU(-,t,) € L' N L>(R™). It is standard to see that for z = 2 + se,,,

X, U(z,t,) =2u(z,t,) - / fs(xJ‘ + (s — sl)eu)ag/Ptﬂ (s")ds'" — 0,
R

for almost all 2+ € e} as s — oo, since fe(zt +-e,) € L'(R) for almost all 2+ € e;.
For condition (2), apply estimates (3.11) to u(x,t,) = f * Pe *, P;, () to get

10175 ey

1.0, Ut iy S Nul tu)llpoe @m0, ulc t)ll o @ny S (e 11,

as t, — +oo. Similarly, [|[U(-,t,)|lz1@n) — 0 as t, — 4-o00.
For condition (3), note that u(x,0) = f.. Write A(z) = || fo(- — 2) — fe()l| 1 ®n)- It is well known
that A(z) — 0 as |z| — 0. Hence,

Jul- ) =l 0)|[r@ny = /

R

/]R [fa(-TL + (5 - Sl)eu) - f&(ﬂ?L + S@M)] Ptu (S/)dS/ dztds

§/A(s'eu)Ptu(s')ds'z/A(tus’eu)Pl(s’)ds’—)O,
R R

as t, — 0, by rescaling and using Lebegues’ dominated convergence theorem (cf. [36, P. 63]). We see
that ||t,0;, u(-,tu)ll L1 (mny — 0 as t, — 0 follows by the same argument since

tuOr, u(x,t,) = /]R [fe(x —s'ey) — fo(x)] tu0y, Py, (s)ds'

by [atu0:, Pi,(s')ds’ = 0. The result for U(x,t,) = u?(z,t,) follows from that |u(z,t,)| has an upper
bound only depending on e.

(b) We apply the proof in part (a) with P;, replaced by %uPtu and f. replaced by f: * ﬁthj (2),
which is in L' N L°°(R") with a norm only depending on &. O

Proposition 3.4. Let F' € H?(Tq) with p > 1. Then for (z,r) € R™ x (R1)™, we have

1l e (10)

3.14 F(z+in(r))| < -
(3.14) [E( (r))] RO

Proof. Given y € , write y = 7(r) = ZZLI rpe, € Q for some r € (Ry)™. Note that the disc
{z +1iy + (s, +itu)e,; |s, + it,| < r,} is contained in the tube domain Tq. This is because r, +t, >
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r, —r, = 0. So we can apply the mean value formula for this disc in the complex line Ce,, to get
1

/ F(x+1iy+ (s, +it,)e,) ds,dt,.
[sp+itu|<yoru

Repeating this procedure, we get

dSmdtm e dSldtl

Flo+iy)| < /

[s14it1|<vor1

MA2Me2 2
™0 T Tm

[ [P (w4 iy + S (s ita)en)|
[Sm+itm|<voTm

. m .
Yor1 Yorm 0T Yorm ‘F (CC +iy+ > (s + 1tu>eu) ‘
S ——m 3 5 dtmdtldsmdsl
—Yor1 —Yorm J =071 —Y0Tm T T Tm

Note that

At -+ dty = * Xvor (Y)

/“/07’1 /vorm ‘F (ac +iy 4+ sue Hid0 t#eu) ‘

F (x + Z suey + i~>
p=1

m
Yor1 YoTm Yo T Tm

1

ST dy’,
|R (yv I‘)| R(y,r)

F (m—st#e#—Hy’)

p=1

by applying Proposition 3.2, where R (y,r) C 2. Apply the same procedure for the integral over sy, ..., sy,
to get

1
Flo+iy) S =t / / P + i) dy’ do’
|R (0’ I‘) ‘2 R(z,r) JR(y,r)

1
1 P
(3:.15) Sr(o == /R( )(/R IF(x’+iy’|pdz’) dy'
,r P y,r "
1

(RO, 77
This concludes the proof of (3.14). O

<

~

1E | e ()

Proposition 3.5. For two polyhedral cones Q and Q' in R™ such that Q C ', then H'(Tq/) S HY(Tg)
and H71naw;ﬂ’ (Rn) g H&aaw;Q(Rn)'

Proof. Since Tg, C Tqr, HY (Ta) € HY(Tg) in view of definition (1.1). For an H!(Tq/)-function F,

we have F(- + iy) € H?(Tq) for fixed y € Q, by the boundary growth estimate (3.14). So the Fourier

transformation F(/—ijy) with respect to variable z must be supported in (Q')* by Theorem 3.1 in [40].

Note that W G * by definition. Let ¢ be a smooth function supported in a bounded subset of 2*,
but is not contained in (2')*. Consider a holomorphic function on Tg
Fo(z +iy) = / i@ty (t) dt.

*

We see that Fy € H'(Tq) by the estimates: for |z| < 1, |Fy(x +iy)| < 1, since y -t > 0 for y € Q,t € Q*;

while for |z| > 1,
Ane%ri(x—i—iy)t
————(t)dt
L. e w0
1

1 2mi(a-+iy)t
T 1 An t dt <
/Rn @il + i) VO S

|[Fo(x +iy)| =
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where A is the Laplacian on R}, and implicit constants are independent of y. Since the support of
Fo(- +iy)(t) = e 2™ (t) is not contained in (Q')*, we have Fy ¢ H'(Tqy). Hence, H(Tgy) # HY(Tg).
Since Fy(- + iyo) € H*(Tq) for fixed yo € Q, by the integral representation in Theorem 1.1, we have

Fy(x + in(t) +iyo) = Fo(- +iyo) * Pe(x). So by Theorem 1.2, Fy(- + iyo)|r» belongs to H} .. (R™), but
not to Hy ,..on(R™). Otherwise, Fy(- +iyo) € H'(Tqs) by Theorem 1.2, which contradicts the fact that
Fo ¢ Hl(TQ/). O

3.3. Proof of iterated Poisson integral formula and harmonic control. In the integral represen-
tation formula (1.5), for t # t' with 7(t) = 7(t'), we must have F? x P, = F® x P,,. This formula follows
from the uniqueness of functions satisfying partial Laplace equations A,u = 0 with the same boundary
condition, by using the maximum principle for harmonic functions.

Proof of Theorem 1.1. For F € HP(Tg), we have f. := F(- + in(g)) € LP(R"™) for € > 0 by definition,
and it is obviously smooth on R™. Then

(3.16) fewr(5):=F (2t + (e, +in(e)) € LP(R)
for almost all zt € ej C R". Now fix such a point zt € eﬁ and let
(317) Ve zL (Suatu) = (fa,:z:J- * Ptu)<su) = (fa *p Pt“)(xL + Suep,)7

which is smooth on @ Note that v 1 (-, t,) — f. o as t, — 0, by the standard property of Poisson
integrals [36, P. 62]. Namely,

(3.18) Ve pt (8,0) = fopi(sy) = F (2 + sue, +in(e)) .

We claim that for any 6 > 0, there exists R,b > 0 sufficiently large such that for (s,,t,) outside the
rectangle Ropp = {(s,,t,) € R2;|s,] <2R,0 < t, < b}, we have

(3.19) [V wt (Sps )| <6, |F (z + (s, +ity)e, +im(e))| <.
Then by the maximal principle [36] for harmonic functions on the rectangle Rog s, we obtain
[Ve zt (Spustp) — F (xj‘ + (sp +ity)e, +in(e)) | < 26.
Since 6 > 0 was arbitrarily chosen, we get
(fe *u Ptu)(fﬁl +sueu) = F (30L + (s +ity)e, +in(e))

for almost all 2+ € e;;, by (3.17). Consequently, we deduce (f: %, P;,)(x) = F(z + it e, + in(e)) for
any x € R", t, € R, by continuity. Repeating this procedure, we get

(3.20) (fo %1 Pyy -+ % Py, )(2) = F(z + in(t) + in(e))

for any x € R", t € (Ry)™.
To prove the claim (3.19) of decay, note that by definition, we have

[ PG+ il de < 1P I,

for any y € 2, and so for fixed b > 0,

/ / |F(x + iy)|” dedy < oo.
m J{ye|y|<2b}
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Hence, for any §’ > 0, there exists R > 0 such that

/ / |F(x + iy)|” dedy < &
lz|>R J{yeQ;|y|<2b}

if R is sufficiently large.
On the other hand, R(z,e) + iR(y + (), &) C Tq for any y € Q, since

R(y +m(e) { Zs+>\ eI\l <ej=1,. }CQ.

So by using the estimate similar to (3.15) in Proposition 3.4, for |z| > 2R, |y| < b we obtain

1
Flotivtin@) S oo [ [ 1P i) + )] dy' de’
|R(0a€)|2 R(z,e) Y R(y,e)

1 / / / . e AN\ |D / / !
<— F(z' +in(e) +1iy)[" dy' dz
(321) |R(O,E)|2_% ( R(z,e) R(y,E)I ( ) )‘
< 1 ry s NP g v /
S——— |F(2" +iy")|" dy dz’ < 6.
|R(0,€)["" @ \JIz|>R J{gesly’|<2b}

The claim (3.19) for F(x + iy + in(e)) is proved, while the claim (3.19) for v, .. holds by the decay of
the Poisson integral of an LP function for p > 1.
For t,, > b with b large, the claim (3.19) directly follows from the estimate in Proposition 3.3 and 3.4.
Since LP(R™) for p > 1 is reflexive and || fc| Lo mr) < [|F|| e (1), there exists a subsequence e — 0
such that {f., } is weakly convergent to some F* € LP(R™) by the Banach-Alaoglu theorem. For fixed t,

we can assume tq,...,t, are the largest n numbers among {t1,...,¢y,} and (3.6) holds. Then, one has
fer * Pe(z) = fer 2= Z sjej | Py (s1)--- Py, (5m)ds
R™ —

= fer |2 — Z (sj + Z AM-S#> ej | Po(s1) - P, (sm)ds

(3.22) R j=1 p=n+1
= fer z—Zs € HPt] < Z A/Ljs;> . H Ptj(s')dsl
Rm j=1 p=n+1 j=n+1
1

- @@ - ) P P /d/7
det(eq,...,en) Rnfk(x ) m(Fyy b ) (@) d

using the coordinates transformations (3.8), where

tterow) = [ (4= 3 At ) T i

p=n+1 j=n+1
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for 2" = 377 | se;. This function lies in LI(R™) for any ¢ > 1, since

Q=

q

(P lo~ ([ | TIP (s;-— > Aw-s;> [T P (s5)dslyy --ds| st

p=n+1 j=n+1
q 1
ks m m q
/ / ’ , , , ,
< / B / HPtj Sj— E Aujsu H Ptj(sj) dsy---ds, d8n+1"'d3m
m—n Rn j=1 p=n-+1 j=n+1

1
= (t1-tn)e 1||Pl||TLLr1(]R)< o0,

in view of the coordinates transformation (3.10) and Minkowski’s inequality.
Now by the weak convergence of {f., } to F* € LP(R"), we get

foxm(Pyy - P ) (@) = Fxn(Py - By, ) (2),
for any # € R™. Then, f., * Py(x) — F®* Py(x) as k — +oo by (3.22). On the other hand,
fer * Po(z) = Fx +in(t) +in(ex)) — F(z + in(t))
by (3.20), since F' is smooth on Tg. The integral representation formula (1.5) follows. O
Proposition 3.6. Suppose F € H'(Tg). Then for 0 < q < +o0o, we have
(3.23) F(a+in(t + €))7 < [f2]7 Pyla),
for any (x,t) € R™ x (Ry)™, where fe(z) := F(x + ir(e)).

Proof. Tt is well known that if h is holomorphic on a domain D in C, then |h|? for ¢ > 0 is subharmonic
on D. We see that |F(zt + (s, + it,)e, + im(g))|? is subharmonic on R2 | since F(z* + ze, + in(€)) is
holomorphic in z € C for Im z > 0 by Proposition 2.1. As in the proof of Theorem 1.1, let

(3.24) vt (s t) 1= (1ol 5 Py ) (@ + 5,00, + (),
on the upper half plane Ri, which is harmonic by Proposition 2.1. So
|F(z + (s +ity)e, +im(€))|? — vpr (Surty)
is also subharmonic on Ri. Moreover, it vanishes at ¢, = 0, i.e.
Vat o (50,0) = [fela™ + s,0,)|7 = [Pl + s, + (o),

by definition (3.24). The claim (3.19) holds similarly by (3.21) for p =1 and |f.|? € L%(R”) with % > 1.
Then, we obtain

|F (2 + (s + ity)e, +im(€))|? — vpr (Spsty) <0
by applying the maximal principle for subharmonic functions. The result follows by repeating the pro-

cedure as in the proof of Theorem 1.1. However, we do not need the last step of taking limit e, — 0
here. g
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4. THE MAXIMAL FUNCTION CHARACTERIZATION

4.1. Reduction of the Fefferman-Stein type good-)\ inequality to an integral estimate.

Theorem 4.1. For f € L*(R™) and all A > 0, if we choose B sufficient large, then the Fefferman-Stein
type good-A inequality (1.11) holds.

The following is a direct corollary of this theorem.
Corollary 4.1. If we choose 3 sufficient large, then ||S(f)|z1 &) S IN?(F)llnr®n)-
To prove the Fefferman-Stein type good-A inequality in Theorem 4.1, let
Eg(\) = {z € R"; NP(f)(z) < A},
for f € LY(R™) with N?(f) € L'(R™) and A > 0, and let

" 1
Apg(A) = {x € R™; Mit(XE500)e)(2) < 10C, }v

where Cj is given by (3.1). By definition, Eg(\)¢ C Ag(N\), and so Ag(\) C Eg(A), up to a set of

measure zero. Moreover,
[As(N)°] S 1Mt (x5 (2)e) 72 < C1E(V)°,
by the L?-boundedness of iterated maximal function, where C' is independent of 8. Therefore, we have
{z e R S(f) > A} < Ho € Ag(N)% S(f)(@) > A+ {z € Ag(A); S(f)(x) > A}
4.1 1
&0 <ClBO |+ 5 [ S
Ag(N)

Consider the domains (see Figure 2)

(4.2) Wse= |J T@), and Wz:= |J Ts().

FTT 171 7T 1 T rrTT7 1 T T
N N N U N S N O O A N A B
[ T e Y R AR A I O O
Lttt 1ttt J_ Lt 1L 1_J_l
[ O R I A IV%I [ T A
F+4+4—-l-++44d—=-F++4+4—-=-++4+ -l
1 O N T R Y A N (O B O
l_TT_I_I_I_T_/'I/\KT_T_I_I_I_TT_I_I_I_T_T'I
IR Il N B R N O I I
[ I I }/I I "1 l\_{ [ T O A I N e
Lttt 1 1 1 1| I\J_J_J.J7l\_I_I_I_J_J.J
I I N N NG L LTIEN T
Leol l..l/l 1 1 1 l}x Ll //\\\.l deodeod d
() £,(7)

FIGURE 2. Domains Wjg and ng
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Proposition 4.1. (1) If (z,t) € Wp, then Py(xp,)(x) > 5.
(2) If we choose B sufficient large, then there is a constant C1 € (0,9/10) such that for any (z,t) € W§ =
(R™ x (R4)™) \ W, we have Pe(xg,n))(x) < Cr.

Proof. (1) For (z,t) € Wa, there exists @’ € Ag(A) such that (z,t) € I'(z’). Thus

1 1
Pi(XBs00)) (@) < CoMit(xp,0ne)(x") < Co 100, ~ 10°

by (3.1), and so Ps(xg,0) (%) = Pe(1 = xEg,00) () = 1 = Pe(xEs(0e) (@) > 2.

(2) Let (z,t) € WBC Given s € (Ry)™, if ' =  — 7w(s) € Eg()\), we must have z ¢ R (2, 5t)
by definition, otherwise, we have (z,t) € Wg. So w(s) ¢ R(0,4t), ie. s ¢ R(0,4t). Consequently,
|s,| > Bty holds at least for one p. Thus,

OSPt(XEB(A))(x):/XE,;(,\) m—zsjej Py, (s1) - P, (sm) ds
j=1

< Z/ Py, (su)ds, H/Ptu(sy)ds,,
‘Sulzﬁtu R

p=1 vFER

i C
< Z/ Py, (su)ds, < E — 0,

u=1 [su|>Btu

as § — +oo. O

Note that the Littlewood-Paley area function (1.9) of f can be written as

(4.3) S(f)(x) = ( / .

for all z € R™, by Proposition 2.1 (2). For t € (R4)™ and = € R", define a function on R™ x (Ry)™:

~ - 2 tdtda’ \°
P, P, /
f*lvl t %2 *mvm tm (.17 ) R(O,t)|> )

(4.4) Uy (z,t) := 1Py, %2 VoPyy % - % Vi Pr (2).

m

Let ¢ be a non-negative ¢>°(R) functions such that ¢(r) = 1if r > 2, ¢(r) = 0 if r < Cy (cf. [28, 33)).

But by Proposition 4.1 (1), for (z,t) € Wy, we have Py (xg,(n))(z) > 5. Therefore, ¢(P(xg,(n))(z)) = 1

and so
[ swr@a=[
Ag(X) Ag(N) JT(z)

5\/
Wps

- / V1 Uy (2, t)]? tdtdz
Wig

‘2 tdtdzx’

v P Tt m ~mP !
]

f*lﬁlptl ko ke 6771]Dtm

2
‘ (2') tdtdz’

<[ VO (Pl ) @) e
R X(R+)m,
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4.2. Estimates of integrals by differential identities. To prove the Fefferman-Stein type inequality
of Theorem 4.1, we need to estimate the integral in the R. H. S. of (4.5) in terms of integrals only
involving Uj, instead of gradients of U;. This can be done by using differential identities to integrate
by parts. We will at first estimate the integral in (4.5) with xpg,(x) and f replaced by their smoothing
Xe = Pe(XE,(n)) and fo := Pe(f), respectively, and then taking the limit ¢ — 0.

Lemma 4.1. Let e > 0. Suppose that f. := f*P- for some real valued function f € L*(R™), x. := x* Pe
with || x|z~ <1 and 1 — x € LY(R™), and

(46) U= fs *uptﬂv V= Xe *uptu-

Then, we have

(4.7) / IV ul® @2 (0)tdt uda < / u?(z,0)¢*(v(x,0))dx +/ W2 ®2(v) |V ,,0|° t,dt da,
R™ xRy R R xRy

where ®1 is a €*™T2(0,1] function satisfying ®1(a) =0 for a € [0,C1] and for a € [0,1],

(4.8) D1 (a) > [@(a)| +[¢'(a)| + |¢" ().

Proof. By direct differentiation, we see that

(X2 (w267 () =2u(XV)u - 67 (v) + 2| X[V ul¢* (v) + Bu(v) (v) X[ Vu - X (v
+ 2026 (0)¢' (0)(X V)0 + 26 (¢ (v)7 + P(0)d" ()| X ],

for a = 1,2. Since u and v satisfy partial Laplacian equation

(4.9)

(4.10) Ayu =0, Ayv =0,
on R™ x R, by Proposition 2.1 (2), the summation of (4.9) over a = 1,2 gives us

|Vl 9% (0) :%Au (u?¢*(v)) — 4u(v)d (V)Vyu - Vv — u?(¢' () + ¢(0)¢" (1)) |V 0]

:IT1 + TQ + T3.

(4.11)

But
1
1Ty| < i IV ul® 62 (v) + 20u¢ (v)2|V ,0|? := Tay + Thg.

The integral f]R" T1(z,t,)t,dt,de can be absorbed by the integral of the L.H.S in (4.11), while

XR+
Tog + | T3] < 40u2®%(v) |V 0] .
Then
2 9 5 2 .2 400 242 2
|V, ul” ¢%(v)t,dt,de < — Ay (u?¢?(v)) tudtde + — u @y (v) |V,o|” t,dt,de.
Rm xR 9 Jrrxr, 9 Jrrxr,

Since U = u?¢?(v) satisfies assumptions in Proposition 2.3 by Corollary 3.1, we can apply Proposition
2.3 to U = u?¢?(v) to get

/ Ay (0P (v)) tydtda :/ u?(z,0)¢? (v(x,0))dz.
R™ xRy n

The estimate follows. O
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If we apply Lemma 4.1 to u = Uj in (4.4) with f replaced by f., there appears a term like

(4.12) / |VoUs|* ®2(v) |V 10| t,dt ,da.
R xRy
Here for K =1,...,m, we define functions
(4.13) Up(2,t) := fox1 Py, %+ g Py, %p41 %kJrlPtHl *e kg, %mPtm (z),

on R"™ x (R.)™, which satisfy
(4.14) ViUi(z,t) = Up_1(x,t),
by Proposition 2.1 (3). So we need the following estimate further to estimate the term (4.12).
Lemma 4.2. Assume as in Lemma 4.1. Let
u(w,ty,ty) = foxu Pry, %0 Py, (@, ty,ty) = Xe *u Pr, %0 Py
for p# v. Then for fized t,,, we have,

dx

tl,dtl,dacﬁ/ W2 ®2(v) |V 0
(z,t#,O)

n
(xatu 7tu)

/ 1V, uf’ 92 () |V,
Rn xR,

(4.15)

t, dt,dx,

(z,t“ ,ty)

+ / WP B3(0),, (0)
R xRy

where
S (v) = Vo Vo] + [V, Vo0l
and @4 is a €*™[0, 1] function satisfying ®2(a) = 0 for a € [0,C1], and for a € [0,1],
Dy(a) > |P1(a)| + |2 (a)| + |2 (a)].
Proof. By direct differentiation similar to (4.11), we have the following identity:
Vol 830) [V, =5 2 (£2930) 9,0
— 4u®d; (v)®) (v)V,u - Vyu |V,ﬂ}|2 — 4udi(v)Vyu - (Vv -V, V,0)
(4.16) (B (1) + By (0)B] (1) [Vl V]
— 20 P4 (v) @} (V)V, v - (Vv V,V,0) — u?®F(v) \VVVMU|2
=T +T2+T3+T4+T5+T67

where V,u - (Vv -V, V,0) =30 1, Wy . X,gb)v . X,EG)X,(PU. Since U = u?®?(v) |V,0|* satisfies
assumptions in Proposition 2.3 by the following Lemma 4.4, we can apply Proposition 2.3 to get

/ AV (uQCIﬁ(v) \V,ﬂ)ﬁ) tydt,dr = / u?®% (v) |VH’U|2 dx.
R™ xRy R™ (z’t}“o)
Apply Cauchy-Schwarz inequality to get
~ 1
/ Tot,dt, dx| < 7/ IV, ul? ®2(v) |V ,,0|* t,dt,dz+C W2 ®2(v) [V, 0| |V, t,dtda.
R™ xRy 10 R™ xRy R xRy
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by definition of ®5, and similarly

/ Tyt dt,dzx
R™ xRy

The first terms in the R. H. S. above are absorbed by the integral of the L.H.S. of (4.16). The integrals of
Ty, Ts, Ty are directly controlled by the second terms in the R. H. S. of (4.15). The Lemma is proved. [

1
< —/ IV, ul® ®2(v) |V ,,0]* t,dt,dz + C W2 02 (v)|V, V0|t dt, da.
10 R xRy R™ xR

4.3. Estimates in the general case. If we apply Lemma 4.1 to the term (4.12), there will appear a
term like

(417) / |V3U3‘2 ‘I)%(’U)Zlg(v) tgdtgdx.
R™ xRy

Thus we need the following general estimates inductively. For a subset j of m, denote

(418) E]‘(’U) = Z |Vj1U|2"'|le’U|27

Ji,ei

where the summation is taken over all partitions jq,--- ,j; of j, i.e. j is the disjoint union of ji,--- ,j;.
Lemma 4.3. Assume as in Lemma 4.1. For a subsetj of {1,2,...,k — 1} with a = |j|, let
(4.19) u(z,ty,tr) = feo %5 Py, *i Pr, (2), v(x, by, te) = Xe % Py, *x Pr ().

Then for fized t; € (Ry)*, we have

dzx

tkdtkdmg/ u?®2 (v) % (v)
(x7ti70)

n
(z,t5,tk)

[ malewse)
R xRy

(4.20)
trdtider,

(z,t5,tk)

O O
R xRy
where ®qyy is a €"T2724(0,1] function satisfying Paiiljo,c,) = 0 and Pay1 > |Bo| + || + |[PF] on
[0,1].
Proof. Note that A (u?) = |Vjul? and

SAKBEW) = (Ru(0)PL(0) + B (0)%) V4l

2

v+ ViV 0 = VeV, 0,

1

iAk(\VJ‘M?) =2V, v ARV,
by Apu =0 = Agv and ALVj v = V; Arv =0 for any j, and k. It follows from direct differentiation
that

2 1 2 9 9 9 9 9
(4.21) Vi ®2 (0) [T | V5,0 =50k w2 () [[ V0| | + To+Ts = T1 + To + T,
B B

where

v

Ty := — 4u®, (v) P, (v)Viu - Vo [ ] |Vi,0|”
B
— 4ud? (v) Z Viu - (ViVj,v- Vi, v) H ‘Vjﬁvf =: Ty + T,
« B#a

(4.22)
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are terms involving first-order derivatives of u, and

Ty = — u? (@4 (1) (v) + ¥, (0))| Vi T | Vi,0]”

B8
— 4u*®,(v)P kav (ViVj,v- Vi v H ‘va‘
BF#a
(4.23) — w02 (v) Y |V Vv H}vjﬁvy
« B#a
— 4u?@2(v) Y (ViVy, v Vi,0) - (ViVi,0- Vi) [ |Visof”
aFty B#a,y

= Ty + T2 + T3 + Taa,
are terms only involving derivatives of v.
Since U = u?®2(v) Hﬁ |Vjﬁv‘2 satisfies assumptions in Proposition 2.3 by the ensuing Lemma 4.4,

we can apply Proposition 2.3 to get the integral of T} is controlled by the first term in R.H.S. of (4.20).
Similarly, by applying Cauchy-Schwarz inequality, we have

o 1
/ |T21({E,tj,tk)‘tk dtkd$ S TO |V;€u\ (132 H ’V]ﬁfl}| tkdtkd;v
R™ xRy R” xRy 5
2
+C . w?®2, (v)|Viv)? H |V 0| trdtrde,
n xR
(4.24) ' g
9 2
/ [ Toa e, 5, ) [tdltdar < Vi ®2(0) [ [ |Vi,0|” th dtrda
R xRy R xRy 8

+ C/ w202(0) Y [V [T |95,0]” tedtida.
R™ xR

a B#«
The first terms in the R.H.S. of (4.24) can be absorbed by the integral of the L.H.S. of (4.21). The second
terms in the R.H.S. of (4.24) can be controlled by the second terms in the R.H.S. of (4.20), by definition
of Eju{k}-
The integrals of Tg,j’s are controlled directly by the second term in R.H.S. of (4.20) by applying
Cauchy-Schwarz inequality. The estimate (4.20) follows. O

Lemma 4.4. Let ¢ > 0 and let u,v be given as in Lemma 4.5. Then U = u?>®2(v) HB |Vjﬁv|2 satisfies
conditions in Proposition 2.3.

Proof. Although there may be Y. := x*P. ¢ L'(R™), we must have V;x. = (1—x)*V,P. € L*(R"). But
v € L*°(R™). Thus by the boundary growth estimate in Proposition 3.4, we see that for any nonempty
subset [ of m, V| € L' N L>°(R") with norms only depending on e. Note that

(4.25) u?, |vjﬁu}2 satisfy conditions in Proposition 2.3,
except for ’Vjﬁv|2 (-,tx) — 0 as t — 0, by Corollary 3.1 (1)-(2) for px = k, and
ViU :(Vkuzéi(v) + 20D, (v) P Vkv) H ’V,ﬁv’ + Zuz@z ViV, 11| H ‘V]BU’
BF#o

Then ViU (-, tx) € L'(R™) because ®,®’ are bounded7 and all factors in the R.H.S. above is both in
L' N L*°(R™) by (4.25). Similarly, VeU(-,t;) € L*(R™) for a = 0, 2.
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Note that limy, o [tEO7 U (- k)| 1 @ny = 0 for a = 0,1, because t5,9f. (u?), tZ@fk(\VjavF) — 0 in
L(R™) by (4.25), and other factors are all bounded by a constant only depending on .

By (4.25) again, as t, — 0, u?(-,tx) — u2(-,0), |Vj5v|2 (htr) — |Vjﬁv|2 (-,0) in L'(R"), and
®2(v)(-, tr) — ®2(v)(+,0) a.e. Consequently, U(-,t) — U(+,0). Similarly, t,.0;, U(-,tx) — 0 in L}(R") as
tr — 0. O

4.4. Proof of the Fefferman-Stein type good-)\ inequality.

Proposition 4.2. Let ¢ > 0. Suppose that f. := f * P. for some f € L'(R"), x. := xg * P with E°
having bounded measure, and v(x,t) = x.xP;. Then, we have the estimate

(4.26) I:/ Vi (f= % Py)|? 6% (v)tdtda < Z/ Py (f2)?®F(0)55(v) tydt;da,
R™ x (Ry)™ R7 x (Rl

j (%,05¢,t5)

where the summation is taken over subsets j of m, ®o = ¢, X;(v) is given by (4.18), and j° :=m\ j.

Proof. Applying estimate (4.7) in Lemma 4.1 to real and imaginary parts of Ui (z,t1,tm,) given by
(4.13)-(4.14) for fixed ty,, we get the integral I in (4.26) can be estimated as

I:/ / VU (1, by )| 0% (0) 1 dty d gy b,
Ry)m=t JR™ xRy

(4.27) 5/ (/ U1 ®3 (v) | V1] tldtldf“r/ U2 ¢%(v) dz | tm,dbm,
(R+)Tn7l RHXR+ ($7t) R™ (I,O,th)

_ / U2 02(0) [Vaol2|  tdtda + / U2 2 62(0) bony b, .
R7 x (R4 )™ (=) R7 % (Ry )m—1 (#:06my)

We claim that

k—1
(4.28) 1> 538",

a=0j=a
where the summation is taken over all subsets j of {1,2,...,k — 1}, and
(k) ._ 2 p2 . . .
(4.29) s® = / Uk 97, (0)5(0) tim, A iom, 2,
RanT—kHHJ\

(z,05¢ t0m,, )
k=2,...,m+ 1. Here 3¥j(v) =1if j =0, Uy is given by (4.13), Up—1 = VUi, my = {k,...,m}, and
i = {1,2,...,k—1}\ .

Let us prove the claim (4.28) inductively. (4.27) implies that the claim (4.28) already holds for k = 2.
Assume that (4.28) holds for positive integer k£ < m + 1. Let

ﬂ(l‘,ti,tk) = fE *) Pti *f Ptk ($>7 {)(x7t]atk) = >A<E *) Pti * Ptk ($>7

for fixed t where

Me410

f(x) = [y €k+1Ptk+1 Kok Vi Py (93)7 )A((x) = X *k41 Ptk+1 *oexky By (CU)
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Note that f € L'(R™) by applying (3.12) repeatedly, and similarly, |||z~ < 1 and 1 — ¢ € L*(R™).
Moreover their L'-norms are independent of t. Then, by definition,

Uk|($,0j(’;,tjumk) = a(xatjvtk)v v‘(x,ojz,tiumk) = ﬁ(zatjatk)

for fixed tm,,,. Applying estimate (4.20) in Lemma 4.3 to v = @ and v = 0 for fixed t; and tq, ., to get
tkdtkdl‘ tijk+1dtijk+1

k a? 0 U
gg/ ,/ IV af® ®2(0)%5(0)
(Ry)ym=k+1il JRP xR (z,t5,tk)

5/@ ym—k+il </Rn |ﬁ|2®%|(ﬁ)zi(ﬁ)|(ag,ti,o)dm
+

~12 ~ ~
[P 8 )T )
R xRy

tkdtkd$> tjumk+1dtiUmk+1
(xvtivtk’)

(4.30)

tiUmk+1dtijk+1 dxr

- / U2 @2, (1) (v)
(RJr)mkaiI

(I,Oj}c”l Eiumyyq)

tijk dtijk dzx

2
+ / UK 9F 4 (0) B0y (v)
n X(R+)7n7k+\|\+1

(%Oizﬂiwmk)

_ q(k+1) (k+1)
*Si + Sju{k}'

It follows that . .

-1

k k41

PIDIEREDID D

a=0 |j|=a a=0 |l|=a
by definition, where the summation in the right hand side is taken over subsets [ of {1,2,...,k}. The
R.H.S. of the estimate (4.26) is exactly (4.28) for k = m + 1, since Uy, |(4,0,c.¢,) = P, (f) by definition
(4.13). O

Integrals in Proposition 4.2 can be further estimated as follows.

Lemma 4.5. Assume as in Proposition 4.2. Then for a nonempty subsetj of m, E = Eg(\), and A > 0,
we have

(4.31) / Py, (£-)°®)5(v)?%(v) tydtidr S N2 Eg(\)°).
R™ x (R4 )l (z,05¢ ;)
»Jjcotj

Proof. For ®,(P;;(x:))(x) # 0, we have
P e (x)(@) = Py, (xe) (@) > O
by definition Af)f ®,. Here by abusing of notations, we denote (0jc,t;) by t; briefly. Consequently,
(x,t; +€) € Wz by Proposition 4.1. Hence, there exists ' € Eg(A) such that (x,t; +¢) € I'g(2’), and so
Py (f2)(2) = Pere(f)(x) < NP(f)(@') < X

Therefore,

/ Py, (f2)? 7 (0)%5(v) tidtide <C Y )\2/ V5,02 V5,0 tydt;dx
R™ X (R4)1] (z,t;) i1, it ™ x (R4 )1 (2.8
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where C' = max, maxjq 1 ®2 the summation is taken over partitions jq,- - - ,j; of j, and

(e, t5) = P (xe) () = Py +e () ().
Recall that | P, (k)| < Mx(h), [EAV AP, ()| < My (h) for h € LY(R). This together with

Vjav(oj,tj) = Xe *j; Ptjl B P Vjaptja KoKy Ptil = Vi, (X€ *a Ptvu) *t\ia Pti\ja’

by the commutativity (2.4) of partial convolutions and (3.1), implies

2

)

165 Vi o(@, t))* S [ My, (4. Vi Py, (x2))

where j \ j, is the complement of j, in j, and Mj\; = My, o---o M), is an iterated maximal function if

i\ia = {\1, -+, Aa}. For a subset j = {4j1,...,ja} of m, denote thi'L = dijlit“ Then,
P

2 2 2, dt;

V50l V5,0l ity < H My (65, V5o Py, ()| do 2

R7 x (R4)1i] R x (Ry)PT 554 tj

: 2 dt;
:/ [ / My, (65, V5, P, (X)) | t; T ode
R™ a=1 (]R+)\l(x|

Jou

1

! 2 dt; : l
< i Pe, (1—xe))|" 22| d
_og /JR” </<1R+>ia e (852950 P, (1= X)) t, ) '

l
<

~

l
/R g7 (1 = xe)dz
a=1

SI = Xell Tty = 11 = Xl For ey = [B5 (V).

by using Holder inequality, the vector-valued inequality for the Hardy-Littlewood maximal functions, and
the L?! boundedness of the partial Littlewood-Paley g-function in Proposition 2.2 . O

Proof of Theorem 4.1. Since f. = f * P, is smooth on T, we see that f.(z) < NA(f.)(z) < NB(f)(z)
by the definition of nontangential maximal function, and similarly, v(x,0) = (Xg,(x))- Hence,

I:/ |vm(fs >"Pt)|2 ¢2(U)tdtdx
R X (Ry)™

(4.32) / f26%(v)(z)dx + Z /R e Py, (f)*@5(v)55(v) tjdt;dz

a=1
lil= (%,05¢,t;)

S A N2(£)26° ((xmsn)e) (@)dz + N2 [Bs ()],
by Proposition 4.2 and Lemma 4.5. As ¢ — 0, Viu(fe * Py) = Vi (f * P;) and v(-,t) — x*P; a.e. The
resulting inequality (1.11) follows from the inequality (4.5) and the inequality by taking limit ¢ — 0 in
(4.32) and using Fatou’s lemma and Lebesgues’ dominated convergence theorem. O
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5. LITTLEWOOD-PALEY g FUNCTION AND .S FUNCTIONS

5.1. The Plancherel-Pélya type inequality for $)-valued functions. Let $ be a separable Hilbert
space and let {hq,ha,...} be an orthonormal basis of £). A $-valued function § called measurable if
f= Z;il fj(x)h; converges a.e. with each f; measurable. A measurable function f € LP(R,$) if
17l 2o ) = (fg [f(@)[Bda) > < 0o, In particular, [, [§(z)[3dz = 3202, [ [f;(2)]?de.

Fix 0 < 8 < 1 and v > 0, we say that § defined on R! belongs to M(B,~,r,x¢;$) with » > 0 and
xo € RYif it satisfies [5, f(z)dz = 0 and

(5.1)

|f(x>—f<x’)|ﬁ<c< [z =2 )ﬁ( "

T4 |z — @o[)1H

for |z —2'| < w Denote [[f]| r1(8,v,r,w059) = inf{C; (5.1) hold}. It is a Banach space as in the scalar

case. In particular, M(8,~,r,x9) = M(B,7,r, xo; R).
Denote p; :=t20t. Recall (cf. e.g. [19, Section 2.3]) that there exists function ¢ € S(R) such that
(1) supp ¢ € [-1,1];
(2) [ s®p(s)ds =0 for a =0,1,2;
(3) Jo " et () g = 1.

Then we have the Calderén reproducing formula for $-valued functions on R:

, T dt +oo dt
(5.2) f(z) = lim ot * pr x f(x) — = / o1 * pr* () —,
T—+oco & t 0 t
e—+40

for § € L?(R,$). This is because f = >, fih;, and each entry f; € L*(R) satisfies the usual Calderén
reproducing formula on R. Here ¢ * f = Y, ¢ * f;h; for ¢ € L*(R) decaying like the Poisson kernel.
pxfe LP(R,9H) if f € LP(R,H). This is because

=

ya
2

/R (;w*mm) de | < /R (;MUZ-)F(@) da

P

/R<2|fi|2($)> dx =||fHLP(R,ﬁ),

by the vector-valued inequality for the Hardy-Littlewood maximal functions.

[ & * f||Lp(R,ﬁ)

A

We have the wavelet Calderén reproducing formula for $)-valued functions. See the appendix for
its proof. In the sequel, for j € Z, a dyadic interval I with side-length £(I) = 2-*U+N) means I =
(0,272U+N)] 4 1272U+N) for some | € Z.

Proposition 5.1. There exist a fized small o > 0 and a large integer N such that for each dyadic
interval I with side-length (1) = 2=*U+N) € 7 and any fived point x; in I, there exists oi(z,zr) €
M(B,7,27%, x1; 9) satisfying

(5.3) @) =D fe(a),

JEZ T
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where the summation is taken over dyadic intervals with side-length ¢(I) = 2-*U+N) and
N N Loy g—ali—1)
(5.4) fisr = calD)p; *F(@)ls:  pj = — Py Ca= — =aln2.
Ca 2—aj t 2—aj t

The series in (5.3) converges in L2(R,$) and in the Banach space M(B,~,r,20;$).

We also need the Calderén reproducing formula with compactly supported :

—+o0

@)= [ verwn i@,
0

for any § € L?(R,$). Here we can require ¢ to be smooth and compactly supported. The S-function
associated 1 and g-function associated to the Poisson kernel for $)-valued functions on R are defined as

(/m/z LCICel dm>l i oo = ([ loietly o )% |

respectively, where ¢, (z) = $9(x/t). See e.g. [21] for vector valued Littlewood-Paley g function and S
functions. The wavelet Calderén reproducing formula (5.1) yields the following Plancherel-Pdlya type
inequality (cf. e.g. [19, Theorem 2.16-2.17] for the scalar case).

Proposition 5.2. Let a > 0 and N as in Proposition 5.1. For a fized Co > 0 and any | € L*(R, $),

9—a(i-1) g—a(i-1)

dt dt
S sw weiwb O] | s [(E0 [  eedwi Fuo) |
J€Z I Col ” JEZ I I

where the summation is taken over all dyadic intervals I with side-lengths ¢(I) = 2=2U+N) and x is
the indicator function of I. The implicit constant depends on o, N and Cjy.

This inequality actually holds for certain distributions, but here the inequality for L? functions is
sufficient for our purposes. See the appendix for a proof.

5.2. The estimate ||f||1 < |lg(f)||p:- At first, we use the Plancherel-Pélya type inequality to prove
the control the S-function by g-function for $)-valued functions.

Proposition 5.3. For f € L*(R,$) with gp(f) € L*(R), we have Sy(f) € L*(R) and [|Sy(§)||l ) S
lgp (Pl ®)-

Proof. We can write

—a(j—1) 2

dx'd
/R el — &)+ (@) Bxr (@) 2 E

t 3

-z

JEZ 1 2

aj

where the summation is taken over all dyadic intervals I with side-lengths ¢(I) = 2=*U+N), Note that
there exists a fixed constant Cy depending only on o, N such that for 2%/ < ¢ < 27201 and 2’ € R,

xe(w — 2" F(@) s xr(z) < xi(w —27) sup [P f(w)lsxi (@),
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Therefore, we have

g—a(i—1)

dx'dt
ISe@le < | (S [ [xat=a) sw s iwut =S
jez I 2- R u€Col
L'(R)
1
g—a(i-1) dt 2
=2 / s *
> s i+ )0 F
L'(R)
1
g—a(i—1) 2
dt
< _ .
SHUESim [ i@l S0
jEZ I
LY(R)
1
g—ai—1) gt 2
SIS terioR Fao
JEZ I
L'(R)
Hoo dt
S (VAR t) = lgp ()22 e
0 L'(R)
by the Plancherel-Pélya type inequality in Proposition 5.2. O

Proposition 5.4. For any f € L*(R,$) with Sy(f) € L'(R), we have f € L'(R,9) and |[fr1r,5) S
1Sy (Pl L2 r)-

Proof. Tt follows from atomic decomposition for $-valued L? functions with L' integrable S-functions.
This can be established in a standard way exactly as the scalar case (cf. e.g. [8, 42]). We omit details. O

Proposition 5.3 and 5.4 imply the following corollary.
Corollary 5.1. Forf € L*(R, ) with gp(f) € L*(R), we have f € L*(R, ) and |[f]| 12 .5) S lgp (P22 (r) -

Proposition 5.5. For f € L*(R") with g(f) € L'(R"), we have f € L'(R") and ||f|rirn) <
lg(HLrr)-

Proof. Let $ := LQ((RQm_l, ?&) with the usual L?-norm. It is a separable Hilbert space. Given
m2
f € L*(R") with g(f) € L*(R™), define measurable functions

for (8)(tas .. ntm) i= f 2 120y, Py, % - - - %y tOr, Py (x4 seq).
For almost all 2 € ef, f,1 is H-valued because

dt
/ /\fIL(S)%dsde‘:/ / | f %2 1200, Py # -+ + tmathtm(xJ‘+sel)|2—m2dsde‘
(55) Rn—1 JR n J(Ry)m—1 tmz
< N gma (NNZ2 S N F1172
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by Proposition 2.2. Consequently, f,. € L*(R, $) for almost all - € ei. On the other hand,

9r (1, )(s) = < [ e s ti0n P01 Cf)

-

b, dtr \ °
o B </ [ 2 120, Pry %+ by, P 1 1104, Py (2 se) | 222 1)
Ry)™

tm, t1

2

= </ \f*lathtl ol IR *m&gmptm ‘2 (SCJ' + sel)tdt> S g(f)(IJ_ + 561),
Ry)™

by the commutativity (2.4) of partial convolutions along lines. Consequently, by g(f) € L'(R™), we see
that gp(f,1) € LY(R) for almost all z+ € ef. Then applying Corollary 5.1 , we get f,. € L}(R,$) for
almost all 2 € ef, and

[ ety @asaat < [ [ apa@dsist = [ gttt +sen) dsdo

It can be rewritten as

Aty \
/ </ |f %2 1200, Poy % - Hm tm Oy, Pr, ()| . m2> dr S |lg(f)llzr mny-
A\ Ry ! m2
If we define 1 := L?((Ry)™ 2, dtt"‘g‘) with the usual norm, and define functions fi,,» : R — $; for
m3

almost all 2’ € ey by f1../(8) = f x3 t301, Piy * -+ + %m tmO,, Pr,, (' + seq). Similarly, as in (5.5)-(5.6), we
get f1..0 € L3R, 9H1) and gp(f1..r) € LT (R) for almost all 2/ € e, and

1
. \
/ / [ 5 t300, Py - a0y, P ()2 5200 )
n (R+)m,—2 tm3

1
dbm, \
SJ/ </ |f #2201, Pry -+ o tmh,, P, ()| tm?> dz.
n (Ry)m—1 .

Repeating this procedure, we finally get

dtm \°
1 f o mn) S/ (/ |f *m tmathtm(x)F—t > dr S |g(H)llr@n)-
R™ R+ m

The proposition is proved. O
Corollary 5.2. For f € L*(R") with g(f) € L*(R"), we have

sup Lf * Pell ey S 9()lLrmn)-
te(®y)™

Proof. For fixed t € (Ry)™, f * P, € L?(R") by the L2-boundedness of the maximal function, and

— </ |V (f * Pt+t/)(x)|2t’dt’>
Ryp)™

1 1
2 2

g(f = Py)(z) = (/(R . |V (f % P, % Py ) () t/dt/>
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by Pt * Pt' = Pt-‘rt/- Thus, it equals to

( [ WaR@PE - t)dt’) < ( [ Vnlf xR t’dt’) = 4w,
t+(Ry )™ Ry)™
ie. g(f* P) € L'(R™). So we can apply Proposition 5.5 to get f * P, € L*(R") and

If * Pellprwny < 902w,

where the implicit constant is independent of t. O

6. PROOF OF THE EQUIVALENCE OF VARIOUS CHARACTERIZATIONS
In this section, we prove the equivalence of various characterizations in Theorem 1.2.
(1) implies (2). Let f. := F(- +in(e)) € L*(R™). Apply Proposition 3.6 to get
[F(z +im(t +€))|? < [fe|? * Pe(x)
for (z,t) € R™ x (Ry)™, if we choose 0 < ¢ < 1. Then, |f.|? € L"(R") with r = % > 1, and

sup P&’ +in(t+e)|? < sup |fe|?x Po(a') S M (|fe]) (2),
(I/vt)EFB (I) (I’,t)EFﬁ(I)
by using (3.1), where M, is the iterated maximal function on R". Therefore,

T

sup |F(z' +ir(t +¢))[?
(a,t)eTs(z)

(6.1) S 1Mt (11191

L (R™dz)

rr@ny S el Nor@ny = 1 el @,

where implicit constants are independent of F' and e. Letting ¢ — 0 in (6.1), we obtain
.

wp [P + (o))
(wl7t)erﬁ (w)

lim sup |F (2 + in(t))]?
e0 (a,6)€(0,6)+T 5 (w)

L' (R™,dx) L7 (R",dz)

(6.2) o '
sup  |F(z" +in(t +€))|?
(#',t)€Ts(w)

< liminf
e—0

L7 (R",dx)

S ligélf\|fs\\Ll(Rn)

by Fatou’s theorem, since domains (0, &) +I'g(x) are increasing when € | 0 and the limit is the set I'g(x).
Therefore, ||N6<F>||L1(Rn) 5 ||FHH1(TQ)

(2) implies (3). At first, F(x +iy) — 0 as |y| — 400 in yo + Q for any fixed yo € Q, by the boundary
growth in Proposition 3.4. Denote F.(z + iy) := F(x + iy + im(g)). Then F. is smooth on T. By the
estimate in Proposition 3.4,

I1F 1 & (70

IFule+im(8)] S T G

for (z,t) € R" x (Ry)™,

i.e. F. is bounded on Tq, and so it belongs to H?(Tq) for any p > 1. Then by Theorem 1.1, we get
F.(zx +in(t)) = fe x Py with f.(-) = F(- +in(e)) € LP(R™). Apply Corollary 4.1 to get

(6.3) IS(flzr@ny S INT(fo)llprny = IN?(Fo)llpr@ny < IN(F)]2 geny-
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On the other hand, [|S(f:)|z1@®n) = S(F2)||£1(rn) by definition, and

9 - 42 4in i 2 M

. t1 —€)- -+ (tym — €)dtda’
= ValF(z + 2’ +ir(t)] X(0.e - x’,t(
AL =

Given t, let [ be {l1,...,l,} such that ¢,,...,¢, are the largest n numbers among {t1,...,¢m}. Then,
(ti, —&,...,t;,, —¢€) are also the largest n numbers among {t; —¢,...,t, —}. Hence,

(t1 —¢e)-(tm —€) t1-tm,
[RO,t—e)] RO, t)

as € — 0, by Proposition 3.1 and (3.5). Thus,

/ H QM— 2 x
%/ oo+ in() i = S,

by Lebesgues’ dominated convergence theorem. The result follows by taking limit ¢ — 0 in (6.3).

(3) implies (4).

Proposition 6.1. For f € LY(R"), we have g(f)(x) < S(f)(z). In particular, if F is holomorphic on
Tq, then G(F)(xz) S S(F)(z).

Proof. By translations, it is sufficient to prove the inequality for z = 0. By Proposition 2.1, A, u(z,t) =0
for u(x,t) = f. * Py(z) with € > 0, where f. = f x P. € L}(R") and is smooth. Thus A,V u(z,t) =0,
i.e. V,u(x) is also harmonic in the half plane spanned by e, and t,,. Then for given t € (R;)™, we get

2 2m

(6.5) Vmu(0,t) = Vit Zs;ej,t’ ds'dt’.

TG - 12, /;1('yot1/2)><~~><Dm(fyotm/2)

by repeatedly using the mean value formula for harmonic functions, where disc D;(r) := {(s},t}); |s}|* +

|t; —t;|> < r?}. Note that t}/2 < t; < 2t} when (s},t}) € D;(yot;/2). Apply Cauchy-Schwarz inequality
to (6.5) to get

g*(f2)(0) :/ |V (0,t) %t dt
Ry)™

2

- dt
§/ / Vit Zs;ej,t' ds'dt’
(Ry)™ J Dyi(vot1/2) XX Do (Yotm /2) j=1 tl o tm

m

!/ !/ /! /! !/

5/ / / Vit E s;jej,t ds,, - --dsj dt
(Ry)™ J]s1]<vot) |87, 1<v0t7, j=1

5/ V(- )2 oot (0) 't
]R+)7n

t'dt’
|Vmu(z', t))|?da’
/m)m /R(O vy |R(0, )]

B , o YAt de _ @
= [ [T R = )00
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by using Proposition 3.2. The result follows by taking limit € — 0. 0

(4) implies (1). For 0 <e < M, let

Foy(z +im(t) =Y (=D F(z + i (t + M;))

j
(6.6) ti+M b+ M
:/ / By, - O (F)(x + in(t)))dt,
t1+e tmte
where the summation is taken over subsets j of {1,2,...,m}, and
M, J i
M, = (My,..., M, M, =
) ( 1 ) m)a i { , ] c ]

By applying Cauchy-Schwarz inequality to (6.6), we get

5 t1+M tm+M
(/ / |at,1 "'8t’m(F)($+i7T(t'))zt/dt/>
t t

1+e m+E€

N

(O]
N———
w3

|Fops (2 + im(t))] < <ln M

Thus,

m

. M2
supFoar i)l agary < (02 ) 1B aren < 46,
te®y)™ €

ie. F.yr € HY(Tq). Consequently, as in (2) implies (3), F.pz(- + im(g)) is smooth on Tq by definition
(6.6), and by the estimate in Proposition 3.4, it is bounded on Tg, and so it belongs to H?(Tg). Then
by Proposition 1.1, we get

(6.7) Foy(z +in(t +€)) = fonr x P,
where foar(-) = Fop (- + im(e)) € L*(R™). Moreover, ||g(fenr)l|zr@n) = [|G(Fear) || ny by (6.7), and so
9(ferr) (@) = G(Fen (1)) (z + im(e))

2

- </(R o |V (Fopr(z +im(t) + i7r(s))|2tdt>

=

(6.8) 2
< Va(F(z +in(t + M;) + ir tdt
N<JZ/(R+)M (F(o+ in(t + M) + in(e)) )

1
2

< ( / |V (F(z + i7r(t))|2tdt> ~ G(F)(z),
(Ry)™

by definition (6.6) of F.js and changing coordinates as in (6.4). Thus, by Proposition 5.5, we see that
ferr € LYR™) and [ fonr | pr@ny S IG(F) |2 ny-
On the other hand, by Corollary 5.2 and (6.7), we have

[ Ferr (- +im(t +€)) |l @ny S Nl9(ferr)lor@ny S NG |21 mnys
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for any t € (Ry)™. Since for y € Q, F(z +iy+1iy’) — 0 as |y’'| — +oo by the assumption, it follows from
definition (6.6) that

Foy(z+iy) = (1) F(x + iy)

as e — 0 and M — +o00. So we conclude that

¢+ iy)ll ey < Tminf [[Fopr (- + iy +im(e)) [ 1) S NGt @ny,s
M —+oc0

by Fatou’s theorem, where the implicit constants are independent of y € 2. This complete the proof.

APPENDIX A. THE PLANCHEREL-POLYA TYPE INEQUALITY FOR $)-VALUED FUNCTIONS

See e.g. [12, 17, 18, 19] for Plancherel-Pdlya type inequality. For f = Z]Oil fj(z)h;, by definition, f, =

Zle fj(x)h; converges to f under the norm LP(R, 9), i.e. [o |f — fil§ dz = [(3272, 1, |fi(x)]?)2dx — 0.
By the wavelet Calderén reproducing formula (5.2) on R, we get

g—a(i—1)
dt
f(x):/ pux py * f(z Z/ t*/’t*f(x)?
Ry jez —oj
g—a(i—1) dt
e 3005 1) + S o B )T = Taf(@) + Raf(o),
JEZL
for § € L*(R, $) where
—aG-1)
I dt
Al pi = — —.
(A1) P o Joos Pt ;

Now decompose R into disjoint dyadic intervals I with £(I) = 27*UFN) where N is a large positive
integer fixed later. Then

_caZLpJ*p]*f _CQZZ/%m—x ; * f(2')dx

JEZ JjE€EZ 1
L 7 Ndz' | pi * f(x ! N
=cajez;;w> (eu) / mx—w)dx)pj f(r) + Rl xf(2)

Rif(@)i= ca 3 37 [ @ta =) (7 +) = i i) ) o
Now we can write

(A.2) f(x) = TH(z) + Raf(z) + R yHx),  where  TH(z) = > > fudi(,z1),
oI
where f;.;’s are given by (5.4), and

e ,_L = (o / ﬁ*f(ﬂfl) —aj .
(A.3) ¢j(z,zr) =0 /Itp](z x")dx 7“7;* oDl e M(B,7,2=%  x1; 9).
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Here we take q~5j(-, xr) = 01if |p; *f(zr)]s = 0. Since ¢ is compactly supported and smooth, it is easy to
see that ¢;(-,zs) have uniformly bounded norm in M(8,v,27% x;$) by the scalar case. To invert T,
we now need to show R}, y and R, bounded on M(B,~,r, z;$) with small norms. Here R[, y has kernel

(A4 wvle) =ea 353 [ B -2 B! — ) = e - w]da'
i1

Let T be a bounded linear operator on LQ(R) associatod With a scalar kernel K(x,y) defined on
{(z,y) € R xR : z # y}, given initially by Tf(z) = [, K y)dy or z € supp f for f € €>°(R),
where K (x,y) satisfies the following conditions: there ex1sts a constant C > 0 such that for all x # y,
(i) [K(z,y)| < Clz —y|™
(i) K (2,9) — K(2',9)] < Clo — #'llz — |2, if |z — '] < |o — 91/2:

(i) K (2,y) — K(z,5/)| < Cly —y'llo — g2, if |y — '] < o — yl/2
(iv) [K(z,y) — K(2',y) — K(z,y) + K(2',y')| < Cla —a'|ly —y'[|lz — y| 72, if | — 2’|, [y —¢/| < |z —yl/2;
(v) T(1) = T*(1) = 0.

We denote by ||K||g the smallest constant C' that satisfies (i)-(iv) above. The operator norm of T is

defined by ||TH* = ||T||L2(]R)%L2(]R) + HKH]R It is known that HTHLQ(R)ALQ(R) —0as C — 0.

Proposition A.1. Suppose that T is an operator as above. Then T is bounded on the test function space
M(B,v,7,x0; 9) for B,y € (0,1),7 > 0 and zo € R. Moreover, there exists a constant C independent of
8,7, 1, xo such that

IT(Hat87,m209) < CUTNll Fllar(8,7,m,2059) -
Proof. For the scalar case, this is [19, Lemma 2.9], i.e. the theorem holds for M(8,~,r,z). For the
$H-valued function f = Z;’il fi(@)h; € M(B,v,r,x0;$), we must have f; € M(8,v,r,x¢) for each ¢, and
1§11 01(8.7,m,2059) = (22 “fi|‘§V[(B7,Y7T,IO))% by definition. Because T = Zj‘;l T f;hj, we see that

2

||T(f)||M(/87’)’7T7$0§5:J) = (Z ”T(fi)”?M(ﬁ,'y,r,mo))

N|=

< CHTH* (Z ||fi||?VI(ﬁ,'y,r,:vo)>

= CITN M5l1a1(8.7.r,0) -
The result follows. O
Proof of Proposition 5.1. Noting that for 2’ € I, pj(2' —u) — p;j(xr — u) ~ 27N p; (2’ — u) in terms of
the size and smoothness condition, we get
(A.5) won (@, u) ~ 2-aN Z @;* pi(z—u)
J
by definition (A.4), where ~ denotes the equivalence in terms of the size and smoothness conditions of

R, y(z,u). It is straightforward to verify that the kernel R, v (z,u) satisfies conditions (i)-(iv) and the
cancellation condition, e.g. if |s| ~ 27 for some [ € Z, then

—ajy *0‘ 1

~ o~ ~ Ly =
Z|<p]*pj|(s),§2( CVJ+| | 4y — Z‘ T+ +Z 90 |1+7 9ol |s|”
J

Similarly, R, has the similar expression as (A.5) with « instead of Q’O‘N and satisfies the same conditions.
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Hence, applying Proposition A.1, we obtain that

1
(A-6) IRallaesreom S @ < 3
provided we choose « sufficiently small, and then
a 1
(A.T) ”R;,N”M(anxu;ﬁ) S2 N < 3

if we choose N sufficiently large. Therefore, 7 = id — R, y — Rq is invertible and its inverse 7' is
also bounded on M (8,7, r,xzo;$), with a bound independent of 7, zy. Consequently, for 5j(~,x[) given
by (A.3), 7"1(5]-(~,x1)) is also in M(B,7,27%,z7;9). Denote it by ¢;(x,zr). Also, T is invertible and
its inverse 7! is also bounded on L?(R, ). Then applying 7! to (A.2), we get

(A.8) fa) =TT =Y callllpy #f(x1) 565 (@, x1).
7 I

Here [[¢; (-, 1)l (87,2~ 9 21,5) are uniformly bounded by Proposition A.1. O

Proof of Proposition 5.2. Convolving the wavelet Calderén reproducing formula (5.3) with ¢, we obtain

(A.9) Yy f() :Zij;th*‘gj('vxl)(m)'
i oI

But for 2= <t < 2=k~ we have the following almost orthogonality estimate for $j(-, xy) and
(cf. [21, Lemma 6]),

9—a(jAk)y

(2704(]’/\]@) + |$ _ $I|)1+’y .

(A.10) [ % 65 C,an)@)| < c2molkl

Let S := {I;4(1) = 2720+N) 2=zl <11 and for [ € N, let

) 3—aGAR)
L 00n — 9-al+N) gat-1) o 1T =1l _ o
(A.11) T = {I,E(I) =2 ,2 < =GR <2 )

Then J;cr, 1 is contained in an interval I centered at z with length |UI€% I| < 2-alAR) 9l Therefore,

9—a(jAk)y

(1 Z( iy (27O — g [) T cal(D)]pj * §(21)ls
LI)=2—20

S DL D SRS eI
Ie%;
1
—al a(jNk—j ~ r
(A.12) gmelttmgalnk=y) <IZ$ 1P *f($1)|ﬁ>
€4

1

o 1 v
9—al(147)ga(iAk—j) /Z 5 r
f([) B ‘pj * f(xl)haXI

I1e%;

A
e LM I

N
I
<

<

2—al(1+’¥—%)2a(j/\k—j)(1—%) M Z Iﬁ] % f(xl)ngI (%)
o(I)=2—2G+N)

A
M8

N
Il
<
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for any |z* — 2| < 2C2~**+N) and 0 < r < 1. In the last inequality, we replace the integral by the
average over the interval CoI and then by the maximal function. The implicit constants above depend
on a, N, Cy.

Note that the summation in (A.12) over [ converges if we choose 1 > r > ﬁ If substituting (A.10)
and (A.12) into (A.9), we get for given dyadic interval J with £(J) = 2-(*+N)

r

sup_ [ 5 §(0) sxs (u) S 27 lkalfgelnk= D=2 & oo EiEnhxs | (W) x(u)

veCoJ j £(I)=2—2(G+N)

for any v € J. Using Holder inequality as in the proof of the discrete Young inequality [la * b[;2(z) <
llalli(z)|lblli2(z), and the fact that

3 gelk-ilsgaling- N1-3) < 0 < 0
k
for some C' > 0 independent of j, we obtain

g—a(k—1) =

ZZ/ UZ%IO)J|¢t*f( )5 X (u Z{ (;iréflﬁj*f(xﬂ_%)a) (u)} ,

where the summations are taken over dyadic interval .J and I with £(.J) = 2=*(k+N) and ¢(I) = 2-*U+N)|
respectively. Then

ZZ/ oo )\,r)XJdt Z{M (21: inf |3 * f( )Ima)}

k jez”’?” ;
Lt L7

[V

2
r

(v}
2
T
|
N

1
T

[V

< inf |7, 2
S|{ 22 20 ik 195+ (@) 5

Jj I 5

%

_ : ~. 2
= ||{ 2222 inf 15 + (@) 5

J I

Ll

by the Fefferman-Stein vector-valued maximal function inequality [15] for 1/r > 1. We derive the
required conclusion by

g—a(i—-1)

2 —a(i—1)
1 dt 1 2 dt
inf |p; 2 — _ inf —| < —inf
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using the Minkowski inequality and the Cauchy—Schwarz inequality. g
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