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ABSTRACT We study LP to L9 mapping properties of nonconvolution singular integral op-
erators on R!, whose kernels are obtained by truncating the Hilbert kernel 1/z in ways that
depend linearly on the input variable. Some of these operators arise as special cases of the
bilinear Hilbert transform and they are shown to map LP to L? for ¢ < p.

1. Introduction

It is still unknown whether the bilinear operator with two different rates of translation

Hlg.0)@) = p. [ glt—an)fe—0F

— o0

maps L x LP into LP, for 1 < p < 400. Taking g to be a characteristic function, gives
rise to a class of operators whose P — L7 mapping properties are studied below.

For a, b, d real numbers and f a function on R!, let

ax+d

(1.1 Hopal)a) = [ $-0%F.

axr+b

where the integral in (1.1) should be interpreted in the principal value sense when
(ax + b)(ax + d) < 0. Note that for a # 0, H,p 4 is not a convolution operator. When
a=1,Hypq=H(fX[—q,—p) is the Hilbert transform composed with multiplication by the
characteristic function of the interval [—d, —b]. When a = 0, Hy 4 is a well understood
operator. In the sequel, we will concentrate our attention to a # 0, 1.
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An easy calculation shows that < H, qf,9 >=< f,H}, ;9 > for f, g test functions,

where
—H .o v a ifa>1
* — a—1’a—1%a—1
a,b,d —H . a o Ha<l.

a—1’a—1’a—1

(1.2)

Therefore, the classes £1 = {£Hupa @ 0# a < 1} and Lo = {£Hupq4 @ a > 1} are
preserved under the map T — T™*. As we shall see, the operators in £; and L5 map
LP into L9 for 1 < q < p < oo. This is of course naturally impossible for convolution
operators, which must be identically equal to zero if they have such a property. See [StW]
page 33, 4.11.

Let us introduce some notation. LP will always be LP(R'). For a function f(x) on R!,
7 € R, and § > 0, fs(x) will denote the function f(dz), f(z) the function f(—z), and
- f(x) the function f(z + 7). In this paper the upper and lower limits of our integrals are
allowed to be arbitrary real numbers and all integrals are interpreted in the principle value
sense when necessary. Throughout, Cy ., will be a generic positive constant depending
on the parameters k, [, and m.

Since for a # 1 H, 4 is not a convolution operator, it doesn’t commute with transla-
tions. Nevertheless, it commutes with dilations in the following sense:

(1.3) Hap,a(fs) = (Ha,sp,6af)s-
The main result concerning H, 4 is the following:

Theorem 1. Let a, p, q be real numbers satisfying a # 0, 1 <p < oo, 1 < q < p, and

q < oo. Then, the operator Hqp g maps LP to LT with norm < Cp, 4 4|b — d|¢11 P
Next, we consider slightly different truncations of the Hilbert kernel. Let
alz|+d
dt
(1.4) (lopaf)@) = [ s
alz|+b

where (1.4) should be interpreted in the principal value sense if (a|z| + b)(alz| + d) < 0.
We have the following;:

Theorem 2. Let a, p, and q be as before. Then 1,4 maps LP to LT with norm <
11
Cp7Q7a b - d| 4 P.

Finally, for a # 0, and ¢ # 0, we define the operators
cx+d clz|+d
dt dt
(15)  (Hopea@) = [ =05 ad (Ggea@) = [ -0,

azx+b alx|+b



where the integrals above are taken in the principal value sense when it is appropriate.
Surprisingly, these two classes of operators behave very differently when a # c¢. An example
in section 6 shows that H, j . 4 may not map LP to any L?. However, we have the following
Theorem regarding I, p . 4:

Theorem 3. When a, ¢ are nonzero, the operator I, . q maps LP to LP, for 1 < p < +o0.

In general, the operators I,y .4 do not map LP to LY for g # p, nor LP — LP for p =1
or oo. Examples are given in section 5. So Theorem 3 is sharp in this sense.

The main tool in the proof of the Theorems above is the following Lemma, which is a
variation of a result of Hardy. Its proof is postponed until section 6 (appendix).

Lemma. For every 1 < p < oo and every non-zero real o there exists a positive constant
Cp.a such that for all f € LP(R") the operator

“+oo

(Tof)(x) = / f(t— )

ax

@
t

satisfies:
(Z) HTOéf”LP(O,oo) < Cp,a“f”LP Zf a >0 and
(ii) | Tafllr (00,00 < Cpallfllr if a<O.

We break the proof of Theorem 1 in the following three cases which are treated in
sections 2, 3, and 4 respectively:

A. 1<p<oo, 1<g<p, and O0<a<l.

B.p=oc0, 1<¢<oo, and a>0 (a#1).

C.l<p<oo, 1<qg<p, and a>1.

Once these three cases have been established, duality, (1.2), and the fact that the map

a — —%7 is a bijection between (0,1) and (—o0,0) can be used to show that Theorem 1

also holds for a < 0, (and thus to complete its proof).

2. Thecase 1 <p<oo, 1<¢g<p, and 0O0<a<l.

Fix p, ¢ and a as indicated. We are going to show that there exists a constant C, 4.4
such that

(2.1) [ HapafllLe < Cpgalb—dfs™ 7| fl e

(2.1) will follow by interpolation from

(2.2) [HapafllLr < Cpalb—=d[* || f]zn
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and

(2.3) [1Hapafllzr < Cpall fliLe-

Without loss of generality, we may assume that d > b. Also, a simple dilation argument
and (1.3) show that it suffices to prove (2.2) and (2.3) with d—b = 1. We therefore assume
that d — b = 1. Changing variables, we write

(1—a)z—b
(2.4 i = [ I
(1—a)z—d

We consider the following three cases:

Case 1 :
Case 2 :
Case 3 : —

T
T

We start with case 1. Note that if z > —%, the quantity = — ¢ in (2.4) is positive. Using
(2.4) we obtain

+00 400 (l—a)z—b "
[ Hpap@laz< [ [ 1r@) S de
7% 7% (1—a)z—d

_g ft(fz +oo %

d d

_ / F(8)] / it / F(8)] / g by Fubini
_b_q b b thb

0 +oo

1 1

:/}f(t—g)\ln e / |f(t—§)\1n‘t+ta dt
—1 0
=1+1I.

We now estimate I and I1. For 1 < p < oo, set
By = [[In[1 4+ 3] | (—o0,400) < +00.

By Holder’s inequality we have

(2.5) 1T < ||f||Lp{ / h

1
N

P’ o L
w1 e} =By
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and

1
Y

0 ’ P
r<flerd [ pulsss s 2l ar)
— e 0 { [ ol a1+ 3o
(2.6) <|flle ™ {a¥ [In| 2| | + B, }.
(2.5) and (2.6) now imply

400

(2.7) | WHasaf) @ do < Cpa 1115

Qo

To obtain the LP estimate in this case, note that for x > —g

ax+d +o0
(Hapah@l < [ 1fe-01F< [ lfe-0F
azx+b a(m_’_g)
e dt
= [N @ T = TN+ ) = (T D))
a(w—l—%)

which maps LP to LP(—2, c0) by the Lemma. We conclude that

(238) (

We proceed with case 2. Note that if z < —%, the quantity x —t in (2.4) is negative. Using
5

o0 1

p
IHa,b,dflpdx) < Cpallfllzo-

—

Qo



(2.4) we have

d d
~a —q (1—a)z—0b
dt
[(Hap,af)(z)]dz < |f(2)] P dx
—00 —o0 (1—a)z—d
thd _dy,
dx ..
/ |f(t)] / dt+ / dt by Fubini
b d b
1
=/|f(t—$)|1n\7“ [ 1= Dl 5
—00 0
1
< 2||fllira” ¥ By + [ fllze | In| 325 [| = Cpall fllzr-
Also note that for x < —g
ax+d J —ax—b p +o0 J
t t t
(@< [ fa=01f= [ sarof< [ a0
ax+b —ax—d a(fmfg)
r dt -
= [ 1t r - DI =Tl g e - 8 = g (T ) @),
a(—x—g)
which maps LP to LP(—o0, —%). We therefore obtain
_d 1 _d
a 5 a
(2.9) / |Ha’b7df|pdflf + / |Ha7b,df|dl’ <Cha | fllLe-
Case 3 is different. For —g <z < —g, we write
axr+b
(210)  (Hupaf)x) = /f:c—t / fa—n

axr+d



Since
a1 1
(2.11) Vo oy S @ P N ooy € a7 Coll fllr,

it suffices to bound the L' and L? norms on [—2, —2] of the other two terms in (2.10).
We now estimate these terms.

I i +o0
‘/f(x—t)%‘é / |f(:v—t)]%: / !f(t—x)|%

ax+d ax+d

a(a:Jrg)
e dt
212 = [ [f(dri-@e D) T =Tl e+ D= 4 (L)@
a(m—l—%)

Also

‘/fa:—t '/fZC—i-t ‘ /+OO \f(ac+t)|%:

—ax—>b

+oo
(2.13) / Pt (o= ) D =T i~ 2) = (Tl F)) @)

b
a(—x—a)
An application of the Lemma gives the following LP estimate

(2.14) la (Talla D)ot 2y < ITalla FDl o000y < Cpaa

f||Lp7

and consequently the L' estimate

(2.15) la (Talla FD s -2,y S @ 7 N2 (Talla D) pr -2 —2) < Cpall fllo-

Similarly, we obtain

(2.16) | (Tl o D)t 2y < Tl £

|LP[0,oo) S Cp,aHfHva

and the corresponding L' estimate

@17) s (Tl o D st 2y < @ P s (Tl D) oot -2y < Cpallfllzn-



Using (2.10)-(2.17) we conclude that for 0 < a < 1

(2.18) | Hapafll oo a—oy + 1 Haaf oot 5 < Crall e

a

(2.7), (2.8), (2.9), and (2.18) now imply

[Hapafllr + 1 Hapafller < Cpallfller,

which completes the proof of (2.2) and (2.3).

An application of the M. Riesz-Thorin interpolation Theorem ([Z] page 95), gives the
required estimate (2.1).

3. Thecase p=oo, 1<¢g<oo, and a>0 (a#1).

Fix a, p and ¢ as indicated. As in the previous section, we can reduce matters to the
situation when d — b = 1. We must show that

(3.1) [ Hap,afllLs < Coqgll fllee-
We consider the same three cases as in section 2.
For = > —% we have
ot dt +d + b4 1
ar x4+ 242
(Hunaf@l < [ 1o =01 < Iflo= 255 = i | PTe e
ax+b a
and since obviously
+
/ r+o+, + g
x + a a
_b
it follows that
(3.2) [ Hapaf o= 00) S a AP
Fox = < —g we have
ax+d
Hosd@l< [ 15601 % <] e
T z—1t) — ~ In
ab,d < = = L - +§
ax+b
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and since

e +4d_1ig BY
/(miada do < 21 < oo,
T+ . a
we obtain
(3.3) [ Hab,df | La(—oo,—2) < a” 9Byl fllze-.
Finally for —% <z< —% we argue as follows: Observe that for az + b <t < ax + d we
have —ax—d—g <z-—t< —ax—b—% and thus b —d — g <z-—t< d—b—%. We have
ar+d J ar+d d
t t
Hudo) = [ Ha-0F = [ g0
az+b ax+b

It follows from (2.18) that

HHa,b,deLq[—g,—g] SCq,a||fX[—1—g,1—g]”Lq
(3.4) <Cqa(24+ )7 fllee = Cf o Il fllL
We conclude from (3.2), (3.3), and (3.4) that (3.1) holds.

4. Thecase 1<p<oo, 1<qg<p, and a>1.

Fix a, p and ¢ as indicated. As before we assume that d — b = 1 and consider the same

three cases as in section 2. Observing that x —¢ > 0 in (2.4) when = > —g, we have

+o0 +oo (1—a)z—b it
[ Hsap@laz< [ [ 15w da
_b b (1—a)z—d
400 (a—1)z+d J
t
—~ —t d
[ [ e
_b  (a—1)z+b
1+2 2;72 d +o0 ;;j d
~ x ~ X ..
= / £ ()] :L'+tdt+ / |f(®)] / a:—i—tdt by Fubini
P .-
1 +oo
(4.1) :/|f(t+§)]ln]ﬁ\dt+ / ]f(t+§)]ln|tj%|dt.
0 1
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". Controlling (4.1) using Holder’s inequality, we obtain:
+oo

(4.2) / (Hapaf)(@)] dz < (10|22 + a7 By) ||f]|s-

Qo

When z < —%, the expression z — ¢ in (2.4) is negative. We then have

_E (1—a)z—0b

/| Huaf@ldz< [ [ f

—o0  (l—a)z—d

dx

- E (a—1)z+d

- [ o=

—oo  (a—1)z+b

d_, t=b d d
a a—1 a Ta d
- / 1)l / - x_tdt-l— / 1F(0)] / — x_tdt by Fubini
—o0 —d d —d
=1 a ! =)
—1 0
(4.3) - / |f(t+g)|1n\t+t%|dt+/\f(t+g)|ln\aﬁl}dt.
— 00 —1
As observed, the function ln} " j T ‘ is in L?'. By Holder’s inequality, (4.3) is bounded by
1 “
(44) (CL p/Bp/ +1n|m‘) ||fHLp.

Adding (4.2) and (4.4) we obtain

+oo

(4.5) | (Hosap@lde+ [ |(Honaf)a)ldo < Cpal Flur
_b —oo

The corresponding LP inequalities for cases 1 and 2,

(4.6) [Heap,dfll o~ 00) ¥ 1HapafllLr(—oo,—2) < Cpall fllze,

as well as the estimates for case 3,

(4.7) |Haaf ot ) + | Hapaf 12y < CpallFllzo,

are obtained as in section 2. Comblmng (4.5), (4. 6), and (4.7) we obtain the required
result.
10



5. Comments on Theorems 2 and 3

The proof of the LP — L7 boundedness of I, 4 is similar to that of H,p 4. The only
point of deviation is that one needs to consider the cases x > 0 and z < 0 separately. The
details are omitted.

The following example shows that the first operator in (1.5) may not map LP to L9.
Let fr = X|—r,0 where L > 0. A simple calculation shows that Hy g 2,0fr is identically
equal to In2 on the interval (—oo, L]. This makes it impossible for H; 920 fr to belong to
any Lebesgue space.

We now discuss the proof of Theorem 3. Since the line of ideas of its proof is similar to
that of Theorem 1, we are going to be sketchy.

We consider the cases x > 0 and x < 0 separately. We begin with the case x > 0. We

have the following three subcases:

(i) :L‘>0anda:>max(_é _4);

C

(i) 2 >0and min(—2,—-2) <z < max(—2,-2);
(ii) 2 >0and 2 <min(—2,—2).
In subcases (i) and (iii) I, c,qf can be estimated by the operator Ti, of the Lemma

applied to a translate of f or its reflection f , as in section 2. In subcase (ii) write

(5.1) (Hopeaf)(z) = / fa—p 2 / fle-n

where M = max(ax + b,cx + d) and m = min(ax + b,cx + d). Note that in this case t
doesn’t change sign in the integrals above. Therefore, the second and third terms in (5.1)
can be estimated using the Lemma in section 1. We omit the details.

When z is negative, we have the following three subcases:

(i) x<0andx>max(b é))
(ii) x < 0 and mln(b d)<$<max(b g>;
b d)

(ili) 2 <0and x <min(g, ¢

In subcases (i) and (iii) we apply the Lemma directly and in subcase (ii) we use (5.1),
the boundedness of the Hilbert transform on L?, and the Lemma.

Finally we show that I, .4 may not map LP to LY when p # q. Let f1, = X(—o0,1] @8
before and consider the operator I o2,0. An easy calculation shows that I1 o207 is equal
to the constant In2 on the interval [—Z, L] and to In |££2| outside this interval. If I3 g 2,0
mapped LP tp L9, the inequality ||I1,0,2.0fzle < Cpqllfrlz» would imply Li < Czl),qL%
for some C;, , > 0. This can hold for all L > 0 only when p = ¢q. Also, considering I 02,0
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and I 1 2 o we conclude that boundedness from L' — L' and L> — L* holds sometimes,
but not always in Theorem 3.

6. Appendix. Proof of the Lemma.

For @ = 1 this is a known Lemma due to Hardy. See for instance [HLP] Theorem 319
or [S] appendix A3. Its proof is based on the estimate:

400 400
dt 1 dt
(6.1 @n@i< [ el = [ e S
+ (1+t)te
0 0
Then Minkowski’s integral inequality gives
+oo
dt
(6.2) T3 f | £e(0,00) < —— [[fllr0,00) < Cp I flLe-
J (L+t)tr

The case o > 1 is a consequence of the case o = 1, in view of the fact that

(6.3) ‘/ft—x /|ft—x|—

We now do the case 0 < o < 1.

+oo +oo +oo
d d d
[ re-0F]s [re-af- [ o

(a—1)zx
o dt Fa dt
Gt MO
0 0
11—«
= [ 1rmi - / (o) 75 =TT
0

As before the LP(0,00) norm of term /1 is bounded by Cj, || f||zr(0,00)- Now

l—«

dt
(6.4) I= O/ f(— t:p)\tvm
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and another application of Minkowski’s integral inequality gives that the LP(0,00) norm
of I is bounded by

«

1—
dt
(6.5) 11l 2o oo / L alf e
) tr(1-1)

Part (i) of the Lemma is proved.

We now prove part (ii). For « < 0 and z < 0 we have

+oo +oo +oo
d d d
a0 [re-af- [ o
ax ax (a_l)gg
- a dt
- /1) |f<t)|t_—1=1_/a eanleh

Since 1 — a > 1, the function t_%(t — 1)~ is integrable on [1 — «, 00) and Minkowski’s
integral inequality will give the desired conclusion.

The following n*" dimensional analogue of the Lemma in discussion can be obtained
similarly. This was independently observed by [SoW]| (Lemma 2).

Remark. Let a > 0. For a function f on R", let

(6.6 Tuf)@) = [ F0) s
2

Farfalt

Then T, maps LP(R™) into itself for 1 < p < oo.
Indeed, changing variables and using polar coordinates, we write

400

67 @@ = [ el = [ 4] S et
RBn snt

r=

Taking LP norms (in x) and using Minkowski’s integral inequality, we obtain

400
rm=Ldr
6.8 T p(En) < Wh_ _
( ) ” fHL (Rm) = 1( / T;(Tn+an)

13

)Hfumm = Cpmall Fllir s

r=0



where w,,_; denotes the area of the unit sphere S”~! C R™. This finishes the proof.

Finally, we have two comments to make.

It would be interesting to know for which measurable sets A(x), the truncated Hilbert
kernel % XtcA(z) gives an operator bounded on LP. The results in this paper answer this
question for sets A(z) = {t:alx|+b <t <c|z|+d} and A(x) ={t:ax+b<t < cx+d}.

The big question is whether the bilinear Hilbert transform

o0

(6.9 Hig. N =pv. [ ge+0iw-0 T

-0

maps L x LP into LP, for 1 < p < +00. As of this writing, M. Lacey and C. Thiele report
significant progress on this problem.
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