A MULTILINEAR SCHUR TEST AND MULTIPLIER OPERATORS
LOUKAS GRAFAKOS AND RODOLFO H. TORRES

ABSTRACT. A multilinear version of Schur’s test is obtained for products of LP
spaces and is used to derive boundedness for multilinear multiplier operators acting
on Sobolev and Besov spaces.

1. INTRODUCTION

The classical Schur test provides a criterion for boundedness of positive operators.
We extend this result to the multilinear setting. As an application we prove bounded-
ness for certain multilinear multiplier operators acting on products of Besov spaces.
These operators are not positive, but appropriate discretization techniques reduce
their study to positive tensors acting on spaces of sequences. In that setting Schur’s
test can be applied. This application extends a result of Coifman and Meyer for
multilinear multipliers [3], [15], to diagonal Besov spaces (and in particular Sobolev
spaces). Related results have been recently obtained in [2], [20], and [9] using different
techniques.

The arguments related to the multilinear Schur test are elementary, yet powerful,
since they provide nontrivial necessary and sufficient conditions for positive multilin-
ear operators to be bounded on products of L” spaces. These results are discussed in
Section 2. In Section 3 we set up the background for the aforementioned application.
The details of the proof are given in Section 4.

The authors started this collaboration while they were at the Mathematical Sci-
ences Research Institute, Berkeley, during the program in Harmonic Analysis, Fall
1997. They want to thank the MSRI and the organizers of the program for providing
a very inspiring research atmosphere.

2. A MULTILINEAR SCHUR TEST

Let us recall a known version of Schur’s test. Let X and Y be measure spaces
equipped with nonnegative, o-finite measures and let T" be a linear operator taking
measurable functions on Y to measurable functions on X. We assume that 7" is an
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integral operator which can be written in the form

Tf@»=1/z<uawf@»d%

for some nonnegative kernel K (x,y) > 0. We denote by T* be the formal transpose
operator

1°f) = [ Ke.o)f(e) ds
Also, for 1 < p < 0o, we denote by p’ = p/(p — 1) the dual exponent.

Theorem. (Schur’s test). Let A > 0. The following are equivalent.

(a) T maps LP(Y') to LP(X) with norm less than or equal to A.

(b) For all B > A there exists a measurable function h on'Y, 0 < h < oo a.e., such
that

T*(Th)»™') < B h#~! a.e.

(c) For all B > A there exist measurable functionsu onY andw on X, 0 < u, w < 00
a.e., such that

T(w"') < Bw” a.e.
T*(w?) < BuP a.e.

Before we discuss the multilinear case we mention some related history. The test is
named after I. Schur who gave a sufficient condition for a square matrix to map (*(Z)
to [*(Z), see [17]. This result was extended by Hardy, Littlewood, and Polya [10] on
[P, for 1 < p < o0; see also [11]. In 1959 Karlin [13] proved that (a) implies (c¢) above
when p = 2. In 1963 Aronszajn, Mulla, and Szeptycki [1] proved that (c¢) implies (a)
for all 1 < p < 0o, and Gagliardo [8] established the equivalence between (a) and (c)
for all 1 < p < oo (his paper was published two years later). In 1990 Howard and
Schep [12] introduced the equivalent condition (b) involving only one function.

In the multilinear setting, a version of Schur’s test for weighted L? spaces was
proved by Cwikel and Kerman [4]. They showed that a positive n-linear operator
maps a product of weighted LP spaces into a weighted L" space if and only if a
set of 3n + 5 conditions involving (n + 1)(n + 2) functions hold. In this article we
give a new set of n + 1 conditions involving only n + 1 functions to characterize
boundedness of such operators. We work with unweighted Lebesgue spaces since we
can always incorporate the weights with the measures, when the resulting measures
are also o-finite. We also obtain a version of Schur’s test in the off-diagonal case
L/r> 377, 1/p;. Here we need a set of n + 2 conditions involving n + 1 functions to
characterize boundedness. These versions of Schur’s test are better suited for certain
applications as indicated in Example 1 and Theorem 3.

We now set up the background for the multilinear version of Schur’s test. Let
X1,...,X, be measure spaces equipped with nonnegative, o-finite measures p;, j =
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1,...,n. Also let X be another measure space with nonnegative measure p. Let
(1) K(z,z1,...,2,) >0
be a nonnegative measurable function on the product space X x X; x --- x X,,.

Consider the n-linear operator 1" with kernel K, that is

T(fl,...,fn)(x):/x--- ; K(x,zq,...,zn) fi(z1) ... folxn) dus (1) .. dpn(24),

defined for suitable measurable functions f; on X;. T'(f1,..., f,) is then a measurable
function on X. Since T is n-linear it has n transposes. The j** transpose 7%/ of T is
the transpose of the linear operator

g—>T(fla'--7fj—17g7fj+17---afn)

with the functions f; fixed for k # j. It is easy to check that the kernel K of the
operator T is

Kj(ﬂf,l’l, ey L1, X5, Ljg1y - - - ,l‘n) = K(Ij,[l)l, ey i1, Ty L1y - - ,f[)n).
Fix indices 1 < py,...,pp, r < 00 satisfying
1 1 1
2) =
b Pn r

We are interested in finding a necessary and sufficient condition for T" to map the
product of Lebesgue spaces LP'(X;) X --+ x LP*(X,,) into L"(X). We have the fol-
lowing.

Theorem 1. Let A > 0. The following are equivalent.
(a) T maps LP(X7) X -+ x LP»(X,,) to L"(X) with norm less than or equal to A.

(b) For all B > A there exist measurable functions h; on X; with 0 < hy,..., h, < o0
a.e., such that
(3)  T9(hy,.. hyor, T(hay oo ) ™ by, hy) < BTRP T a.e.

foralll <75 <n.
(c) For all B > A there exist measurable functions u; on X; and w on X with
0<uy,...,un,w< oo a.e., such that

Py, P ! v’

T(uyt ug?, ... ubr) < Bw a.e.
T*l r o Ph ph, < Bu™

(4) (W up?, ... ubr) < Buf a.e.
T*n p/1 p/2 ™ < B Pn

(Ut ug?, .., w") < Bub a.e.

We now prove this result. For notational simplicity we only give the proof in the
case n = 2. The general case presents no differences, only notational inconveniences.
Set p1 =p, p2=¢q, 1 =f, fo =9, u1 = u, and uy = v below.
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Proof. Let us start by proving that (b) implies (¢). We are given hy and hy satisfying
(3). Define u, v, and w via u? = hy, v9 = hy and Bw" = T(hy, hy). Then (4) is
clearly satisfied for this choice of u, v, and w.

We now prove that (c) implies (a). We will estimate the L™ norm of T'(f, g) using
duality. Let f € LP(X,), g € LX), and h € L' (X) which we can assume to be
nonnegative. Then,

@)ué@%ﬂgﬁdu=1AH[;/QKX%xbxﬂh@&ﬂﬁﬁﬂxﬂdu@ﬁMﬂ%ﬁmn@ﬁ‘

Write the integrand above as L(z, xq, x2) M (z, x1, x2) N (x, 21, £5) where

u(x:l)pl/rlv(‘rz)q//rl

L(z,xq,29) = h(x) K(x, x4, $2)1/Tl,

w(z)
M(z,x1,19) = f(xl)w(x)":(’z(a;:g)q /pK(x,xl,mg)l/p, and
1
v'/q r/q
N(x,21,29) = g(xz)u<xl)v(x3(x) K (x, 21, 22)"1.

Here we used the facts that 1/p+1/q=1/r, 1/r'+1/g=1/p"  and 1/p+1/r" = 1/q .
We now apply Holder’s inequality with exponents 77/, p, ¢ to the functions L, M, N
with respect to the measure dy; (z1)dps(ze)dp(z) in Xy x Xo x X to control (5) by
the product

hr f 1/p gq , 1/q
(/ T(u” | v )du) ( T*l(w v? )d,ul) (/ T2 (uP ,wr)dpQ) :
x w’ x, W x, V¢

Fubini’s theorem above is justified by the o-finiteness of the spaces. Now using (4)
we conclude that the above (and hence (5)) is bounded by

11,1
Bl L Lol gl

and invoking duality this implies (a).

We now concentrate on the third part of the equivalence, the fact that (a) implies
(b). Without loss of generality we assume that A = ||T|| = ||[T*|| = [|T**| = 1,
where the norms are taken on the correct spaces. We therefore take B > 1 in the
argument below. We introduce operators R(f,g) and S(f,g) acting on functions f
on X; and g on X5 as follows

R(f,9) = T*N(T(f.9)"",9)"",  S(f,9) =T, T(f,9)"")"".
Observe that for f € LP(X;) and g € LI(X5) the following estimates are valid.
(6) IR 9l < WAL G oIl
(7) 1SCF o) < IS Nl (e
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In fact, to verify (6) we use that T maps LP x LY — L" and that T*' maps L" x LI —
L*" in the sequence of inequalities below.

IR(f, 9)llze = T (T(f.9)"" , ) |I"/F
<||TIFP|T(f, 9) 1277 gl

— | TP P\IT(f, )1 gl
< T2 FIB P Mgl = I gll .

Likewise for S(f,g). Now set B; = B'"/? > 1 and B, = B"7/9 > 1. Use the fact
that X; and X5 are o-finite to select functions f; > 0 a.e. on X; and ¢g; > 0 a.e. on
Xy such that || fi]|zr < (By —1)/By and ||g1||rs < (B2 — 1)/Bs. Define sequences f,,
on X; and g, on X, inductively by setting

1 1

(8) fn+1 f1+— (fn7gn)a In+1 :gl+_s(fnagn)
By B,

We claim that || f,||zr(x,) < 1 and similarly ||gn||re(x,) < 1 for all n. This is best

seen by induction. Clearly ||fi||zr < 1 and ||g1]/z« < 1. If we have || f,||zr < 1 and

llgnllze < 1 for some integer n, then

B, -1

gl < 1

1
nsrllee < L filler + ol E(Fns ga)llir <

and similarly for g,1.

Since the kernel K > 0 we have that 7', T*!, and T"*? are increasing functionals in
every argument and thus so are R and .S. This implies that the sequences f, and g,
are increasing. Let h; be the pointwise limit of f,, as n — oo and hs be the pointwise
limit of g, as n — oco. Fatou’s Lemma implies that ||hq]|z» < 1 and ||hs||re < 1 which
tell us that h; and ho are finite a.e. Clearly h; > f; > 0 a.e and hy > g1 > 0 a.e.

Next we will show that R(f,,g,) and S(fn, gn) converge to R(hy, hs) and S(hy, hs)
pointwise. Observe that the Lebesgue dominated convergence theorem implies that f,,
converges to hy in LP(X;) and g, converges to hy in L9(X53). Then T'(f,, g,) converges
to T'(hy, he) in L7(X) and thus T(f,, gn)™/" converges to T'(hy, hy)"/" in L™ (X). The
continuity of T*! implies that T**(T(fn, gn)™’" , gn) converges to T* (T'(hy, hy)"/™ | hy)
in L’ (X,) and hence R(f,, gn) converges to R(hi,hs) in LP(X,). Hence some subse-
quence of R(f,, gn) converges to R(hi, hy) a.e. Here we are using again the fact that
the underlying spaces are o-finite. However, since R(f,,¢,) is increasing it follows
that the whole sequence converges to R(hq, hs) a.e. Similarly we prove that S(f,, g»)
converges to S(hy, he) a.e.

Now letting n — oo in (8) we obtain that

1
f1 + —R(hl, hg), a.e
By
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These two equations imply that

TN (T (hy, ha)™/" , ho) <B"RYY a.e
T*2(hy, T(hy, hy)"") <B"hY/" a.e
which is the required conclusion since we showed that 0 < hq, hy < 00 a.e. O

We now give a concrete application of Theorem 1.
Example 1. Let X; = Xy = --- = X,, = (0,00) with the usual Lebesgue measure
and let T" be the n-linear Hilbert operator

T(f1,- .\ fn / / fla) . altn) Qg

(x 4214+ +x,)"

Observe that T coincides with all of its transposes. Let 1 < pqi,...,pp, 7 < 00
satisfy (2) as before. To show that 7" maps LP! X --- x LP* into L" it suffices to find
U, - . ., Uy, w satisfying condition (4). For 1 < j < n set

1 o,
uj(z;) = x; l/p]pj, and  w(r)=u

—1/rr’
Using induction, it is not hard to see that all the conditions in (4) are satisfied with
equality and appropriate constants for this choice of u; and w. This implies that T'
maps LP*(0,00) x --- x LP*(0,00) into L"(0, 00).

Next we discuss how to modify conditions (b) and (c) in Theorem 1 to characterize
boundedness of positive multilinear operators in the off-diagonal case

9) >y —
For the corresponding result in the linear case (n = 1 below) see [8] and [18]. We

have the following.

Theorem 2. Let 1 < py,pa,...,pn, 7 < 00 satisfy (9) and let A > 0. The following
are equivalent.

(a) T maps LP*(X;y) X --- x LP"(X,,) to L"(X) with norm less than or equal to A.
(b) For all B > A there exist measurable functions h; on X; which satisfy 0 <
hi,...,h, <00 a.e. such that

T (ha, .. oy, Ty ho) ™ By, hy) < BTREP T a.e.

foralll1 <73 <mn, and

(10) [ @) @) ) < B
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(c) For all B > A there exist measurable functions u; on X; and w on X with
0<uy,...,uny,w< oo a.e., such that

T(u]fll,ugé,...,uﬁ%) < Buw" a.e.
T*l(w’",ugé,...,uﬁ%) < Buj" a.e.
T*"(ufa,ugé,...,wr) < Bub" a.e.
and
(11) / T, o) (@) (z) du(z) < B.
X

Proof. The proof follows from a minor modification of the proof of Theorem 1. As
before we take n = 2 for simplicity.

We show that (a) implies (b) by exactly repeating the corresponding argument in
the proof of Theorem 1. It is noteworthy to observe that nowhere in that argument
we used that 1/r = 1/p+ 1/q. (In particular, this part of the proof holds for any
exponents 1 < p,q,r < c0.) The new condition (10) also follows because

/ T(hy, hs)" dp = / T(hy, he)T(hy, ho)"™ dp = / T (T (hy, ho)"'™ hy)hy dpy
X X

X1
S/ BThli)/p/hl d,LLl = BT/ hﬁ) d,ul S BT;
X1 X1

since we proved in the previous theorem that ||h||r» < 1.

We show that (b) implies (c) by defining u, v, and w as before.

To see that (c) implies (a), modify the argument in the proof of Theorem 1 as
follows. In (5) write the integrand as

L(z,xq,29) M (2, 21, 22) N (2, 21, 22)O(x, 21, T3),
where the new factor is
O(z, 1, 29) = u(xl)l—p’/r’—p'/qv(a:z)1—q’/r’—q'/pw1—r/p—r/q(m)K(xl7 I, x3)1/r—1/p—1/q‘

Now apply Holder’s inequality with exponents ', p, ¢, and (1/r — 1/p — 1/q)~%.
The new factor is controlled using condition (11). Here we use the assumption that
1/r>1/p+1/q. O

3. WAVELET DISCRETIZATION OF BILINEAR OPERATORS AND BESOV SPACES

We shall use the discrete Littlewood-Paley definition of Besov spaces (see [16] and
[19] for details). We fix a function ¢ in the Schwartz space S(R™) whose Fourier
transform satisfies \$(§)| > 0 in the annulus 7/4 < || < 7 and is zero everywhere
else. Set ¢,(z) = 2"¢(2"x). For 0 < p,s < oo and any real a, the homogeneous
Besov space BI‘}’S(R”) can be defined to be the collection of all tempered distributions
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modulo polynomials (S’/P) such that

1/s
(12) 11l g = (Z (2”°‘||f*¢u||m>s> < 00,

v

We will consider the “diagonal” case s = p which we will simply denote by Bg. These
spaces measure oscillatory properties of functions both at large and small scales. In
particular for p = 2, these spaces coincide with the (homogeneous) Sobolev spaces.
It is true that (B;“)* = Bz;a, for 1 <p < 0.

Based on the work of Frazier and Jawerth [5] the function ¢ in (12) can be chosen
to generate an almost orthogonal wavelet (¢—transform) decomposition of the Besov
spaces. That is, every f € Bg‘ can be written in the form

(13) £ =S U b
v,k
and
1/p
(14) 7y ~ (4 pizesmzmmy)
v,k

where v ranges over Z, k over Z",
Gur () = 22(2" — k),

and (-,-) stands for the pairing of distributions and test functions. See also [14] and
[7].
Let by be the space of all sequences s = {s,} for which

1/p
(15) ||8||I}]‘} = <Z (‘Syk|21/(a+n/2—n/1)))1?) < .

v,k

Using (13) we can associate to every bilinear operator a discrete tensor

A - {CL()\TR, Vk7 :U’l)} - {<T<¢Uk7 ¢;Ll>7 ¢Am>}7
that is,
(16) T(f7 g) = Z Z Z a(/\mv Vk:v /’['l)<f7 ¢Vk><ga ¢ul>¢)\m~
Amoopl vk
We consider also the associated trilinear form
(17) A(f7 g, h) = Z Z Z a()‘ma Vk) H’l)<fa ¢Vk‘><g7 ¢ul><h7 qb)\m)
Amoowul vk
Because of (14), T maps B;}l X 33‘2 into BTO,‘3 if and only if the tensor A maps Bg‘l X 632

into b23. Note that the right hand side of (15) is the LP norm on Z x Z" with respect
to the measure

4P — {da];p} _ {2y(a+n/2—n/p)p}‘
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It follows that we can realize the discrete trilinear form in (17) on L? spaces. More
precisely, for three sequences s = {s,;}, t = {t,u}, and u = {uyy, }, we will consider

A(s,t,u) = Z Z Z a(Am, vk, pl)syrt utism

Amoul vk
=D 3> KO, vk, i) syt di d5T
Am oul vk
where
{L/)\m _ u}\m2_)\(a3+n/2_n/7«)r/r’2)\(—a3+n/2—n/r’) _ u}\mQ—)\(a37’+(7‘/7‘/—1)”/2)
and
(18) K (Am, vk, pl) = a(Am, vk, pl)2~ (1 tn/2-n/pipy=ploztn/2=n/a),

We will apply then Theorem 1 to the (discrete) bilinear integral operator with kernel
| K (Am, vk, ul)| as an operator from LP(Z x Z™,d*'P) x LI(Z x Z™,d**7) into L"(Z x
Z™, d*»"). A similar approach was used by Frazier and Jawerth [6] in the linear case.
Note that

g L (ZxZn,do3r) = ||u||LT’(Z><Z”,d*°‘3”'/) = H“Hi);,“i“

Therefore, from the wavelet decomposition and the estimate
[A(s,t,u)] < CHSHLP(ZxZn,d%P)”tHL‘I(ZxZ”,da?’q)Hﬂ”Lr’(zin,dasfy
with s = {< f, ¢ >}, t ={< 9,0 >}, and u = {< h, ¢5,,, >}, it will follow that
| <T(F0). > | < Ol s ol I oo
and by duality T" will map Bg‘l X B(?? into Bﬁ“"’

4. ESTIMATES ON THE TENSORS OF BILINEAR MULTIPLIERS

We consider bilinear multipliers

179 = [ [ olenFeameaan
with symbols satisfying
(19) 8¢ 0o (€. m)| < Cps(1€] + )~ 171D

for all (£,7) # (0,0) and all multi-indices § and §. Such operators are a priori defined
for functions in the space Sy given by

So={fe8:9f(0)=0 for all v}.
It is easy to verify that the class of bilinear multipliers with symbols satisfying (19)
is closed by taking either transpose. The symbols of the formal transposes are given
by o*1(&,m) = o(=(§ +n),n) and 0*%(&,n) = o(&, —(§ +n)).
In the following lemmata we recall some basic estimates. The first one follows
from some usual integration by parts arguments, while the others follow from stan-
dard computations using the cancellations involved to subtract appropriate Taylor
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polynomials. For brevity in the presentation we will not repeat the computations
here, but full details are given in [9].

Lemma 1. Let T be a bilinear operator with symbol o(£,n) satisfying (19). Then,
for any family of almost orthogonal wavelets {¢,1} as in Section 3,

2m/29m/2 1o (27, 2)1

Y <
|a T(¢l/k7¢#l)(‘r)| — ONv'Y(l +2y|x - 2—Vk|)N(1 + 2“|ZE _ 2—,ul|)N

for all v and all N > n.

Lemma 2. Let 1) be a function in R™ that satisfies

2>\n/2

(20) [oa(w)] < CN(l_i_Z)\‘x_x)\DN

and

(21) Ua(x)xde =0 forall |[y| <L -1
RTL

Let 1,,,, be another function satisfying
020/ i (2, )
(1+27|z — 2, )N (1 + 2¢|z — 2,[)N

for some x,, x, in R", and all N > n. Suppose that X > max(v, ). Then for all
N > 0 we have

(22) [0 u(z)] < Cn forall |v| <L

OA(@) (@) dr| <
R”
Cn NI 2—(>\—max(u,,u))L 2—)\n/2 21/n/2 2,un/2
(1 + 2minO0) |2y — 2, )(1 + 2min(w) |z, — 2, [)(1 + 2minGN) |z, — 23]))V

Lemma 3. Suppose that 1, satisfies
ovn/29v)|
(14 2tz — z,|)N

for somex, in R"™ and all N > n. Suppose also that 1, 5 is another function satisfying
(22) for v =0 and also

(23) 07, (z)| < Cx for all |y| < L

(24) Yur(z)xdr =0 forall |y| < L-—1.
Rn

Assume that max(u, \) > v. Then for all N > 0 we have

b (@) () da| <
R’ﬂ
Cn N 2—(max(u,)\)—V)L 92— max(p,\)n/2 2min(u,>\)n/2 21/n/2
0+ 20, = 2, (L 20, — ) (L 20y = 2 )

When no cancellation is assumed, we have the following.
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Lemma 4. Suppose that 1, ¥, ¥y are functions defined on R™ satisfying the fol-
lowing estimates for all x € R"™

2un/2

(25) |t ()] SCN(I + 2|2 — x, )V
2/111/2

(26) |ty ()| SON(1+2“|$—$M|)N’
An/2
(27) 0n(0)] <Oy

(14 2Nz — 2y )V

for some x,, x,,, vy in R" and all N > n. Then the following estimate is valid

| @l @) do <
On N2 max(v,u,A\)n/2 2med(1/,,u,)\)n/2 2min(1/,,u,)\)n/2
O+ 2z, — 2,1+ 2, — 2] (1 20— m )

where med(v, u, \) is one of the parameters (v, p, A) chosen so that min(v, pu, A) <
med(v, g, ) < max(v, 1, A).

We can now use the above to estimate the entries of the discrete tensor associated
to the bilinear multiplier operators under consideration. To simplify the notation we

define .
B(vk, pl) = (1 4 2™t |27V — 271]))
and similarly B(ul, Am) and B(Am, vk).
Lemma 5. Let T be a bilinear operator with symbol o(&,n) satisfying (19) and let
{éu1} be a family of almost orthogonal wavelets. Then the bilinear tensor associated

with T', {a(Am, vk, pul)} = {{T(duk, Ou); dam) }, satisfies the following estimates with
N >n:

Cn NL 2—()\—max(u,u))L 2—)\n/2 2un/2 2;m/2
(B(vk, pl) B(pl, Am) B(Am, vk))N
for all L >0 and A > max(v, u).

(28) |a(Am, vk, pl)| <

Cn NI 2—(V—max()\,u))L 2—Vn/2 2>\n/2 2un/2
(B(vk, pl) B(ul, \m) B(Am,vk))N ~’
for all L >0 and v > max(u, \).

(29) la(Am, vk, )| <

Cn NL 2—(y—max()\,y))L 2—,un/2 2)\n/2 21/n/2
(B(vk, ul) B(pul, Am) B(Am, vE))N
for all L > 0 and p > max(v, ).

(30) la(m, vk, )| <

Cn N2 max(v,pu,\)n/2 2med(1/,,u,)\)n/2 2min(1/,,u,)\)n/2

(B(vk, pl) B(ul, Am) B(Am, vk))N ’

(31) la(Am, vk, ul)| <
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for all v, u, \.
In addition under the indicated cancellation conditions the following estimates hold:
if for all |y| < L —1

(32) [ T )@z =0,

then
On NL 27(1”[13,)((1/,[1,)7)\)[/ - max(v,u)n/2 2min(u,,u)n/2 2)\n/2

(33) la(Am, vk, pl)| < (B(vk, pl) B(ul, \m) B(Am, vk))N ’

when A < max(v, u);
if for all |y < L —1

(34) /T*1(¢Am, ) (z)x"dx =0,

then
On NI 2—(max()\7u)—u)L 92— max(\,u)n/2 2min()\,u)n/2 2Vn/2

(B(vk, pl) B(ul, \m) B(Am, vk))N ’

(35) la(hm, vk, ul)| <

when v < max(A, 1);
and if for all |y| < L —1

(36) /T*2(¢Vk, Oxm)(z)x"dx = 0,

then
Cn NI 2—(max()\,l/)—p,)L 92— max(\,v)n/2 2min()\,l/)n/2 2;1,77,/2

(37)  la(Am, vk, ul)| < (B(vk, ul) B(pl, \m) B(Am, vk))N ’

when p < max(A, v).

Proof. Using Lemma 1 the estimate (28) follows from Lemma 2 with ¢\ = ¢y,
and ¢, = T(¢uk, ¢u). Similarly (31) follows from Lemma 4. If we assume the
cancellation in the operator stated in (32), then (33) follows from Lemma 3. The
other estimates can be obtained in similar fashion reversing the roles of the parameters

v, i, and X since the transposes T*' and 77 are in the same class as 7.
O

Remark 1.

The cancellation conditions in Lemma 5 are always satisfied when the parameters
v, i, and X\ are far apart. In fact, it is easy to see that the conditions in (32) are
equivalent to

(38) [ 39330160~ 9Bt~ Dly-o e =0

Because on the condition on the support of the generating function (E, the above are
always satisfied if | — u| > 10. Similarly with the cancellation conditions involving
the transposes of T'.
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5. BILINEAR MULTIPLIERS ON BESOV SPACES
We will use Schur’s test to obtain boundedness results for bilinear multipliers.

Theorem 3. Let oy, a0 >0, 1 < p,q,r < oo, 1/p+1/q=1/r. Let T be a bilinear
multiplier operator whose symbol satisfies (19). Assume also that T*' and T** satisfies
the cancellation conditions (34) and (36) with L = Ly > 0412—: + QQ% and L = Ly >
al% + 0@1%. Then T can be extended to be a bounded operator from B;“ X Bg‘z’ mnto
Bg1+a2'

Proof. We want to apply Theorem 1 to the discrete bilinear integral operator with
kernel | K (Am, vk, pl)| defined in (18) and as explained in Section 3. Thus, with the
same notation therein, we need to find three sequences v = {u,;}, v = {vu}, and
w = {wym }, such that

(39) SAM — ZZ | K (Am, vk, ul)|u? kvuld%’pdaz’q < Cwh, .
ul vk
(40) S =N K (A, vk, pl) [, di e dot < Cuby
m o pl
(41) SHt = Z Z | K (Am, vk, pl) [ub ), dosPdiiree” < Cvly,
vk Am

Denoting by S the bilinear operator with kernel |K|, the above are exactly the
conditions

S (w", v?) < CuP
S*2 (P w") < C’Uq,

required by Schur’s test. We will estimate the left hand sides of (39)—(41) by splitting
each of them into six different sums. Each of these sums will be denoted by symbols
of the form S\ " m> Where the superscripts indicate the parameters that are kept
fixed and the subscripts are set so that v, u, and A\ are in nonincreasing order from

left to right. Thus, for example,
Vk,ul Am Z Z Z Z |K )\m vk Iul) ’uykvq dal,pdo&,q’
v2p p>X k

where the summations indices are v, u, k, and [. We clearly have

)\m Am
S < S b Am Suk Amol T P plvk am T S)\m vl T S;d Amuk T Sim vk

The roles of the variables v and y are similar. Thus, to estimate S we only need
to discuss the three sums with, say, v > u. By reversing the roles of v and u, the
estimates for S¥* and S* are also seen to be analogous and therefore we will only
treat the latter.
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We start with the simpler case p = ¢ = ' = 3, a1 = as = a. We choose
0 < € < 3a/2 and we claim that

Uy = 2—1/(30(—}-71/2—6)2/37

V= 2—,u(304+n/2—e)2/37
Wy = 2—)\(3o¢+n/4—e)2/3’
do the job. As explained before, it suffices to consider the following nine sums.

5.1. Estimate for Sﬁll’yk’/\m.

We use (29) and bound B(ul, Am)~! by 1. Summing in m and then in k& produces
a constant factor. Hence,

(No cancellation is needed.)

GHl

pl,vk,Am S
C Z Z 27(/L*I/)LZ*MTL/QQZITL/22)\TL/22)\(3&777,/4)2*#(3&4””/2)2711(305+’n/276)27)\(3a+ﬂ/476)
H2V v\
<C Z 2V(L+n/2—3a—n/2+e)2/1(—L—n/2—304—n/2) Z 2)\(71/24-30[—71/4—3(1—71/44—6)‘
u>v v>A

Since € > 0, we obtain

l —L—n—3a v(L—3a+2e¢
Sﬁl7yk’)\m < 02;1( L 3 )22 (L—3a+2 )
uzv
If we choose L > 3a — 2¢ we obtain
S,ul < C2—y(6a+n—2€)

pl,vk, Am

as desired.

5.2. Estimate for Sﬁll,)\m,z/k' (We use the cancellation in T*'.)

We use (35) with L > 3a — € and bound B(Am, vk)~! by 1. Summing in m and k
produces a constant. Hence,

l
S;ljl,/\m,z/k S
C Z Z 27(u7u)L27,Lm/22ukn/22)\n/22)\(3a7n/4)27,u(3a+n/2)27u(3a+n/275)27)\(3a+n/4fe)
HZA AZ>VY
<C Z 2,u(—L—n/2—3oz—n/2)2>\(n/2+3a—n/4—3a—n/4+6) Z 2V(L+n/2—3a—n/2+e)‘
n>A A>v

Since L — 3a + € > 0, we obtain

l —L—n—3a M L—3a+2¢
Sﬁl,)\m,uk S OQM( ) Z 2 ( - )
B>

Again using L > 3a — 2¢ we obtain the right estimate.
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5.3. Estimate for Sﬁ,i’#l’/\m.

Using (31), bounding B(Am,vk)~! by 1, and summing in m and k produces a
factor of C2"=1" We get,

(No cancellation is needed.)

wl
Suk,,ul,)\m S

(v=—p)no—vn/2oun/20Xn/20A(3a—n/4)o—u(3a+n/2)g—v(3a+n/2—e) g—A(3a+n/4—e)
C ) alvmmngmin/2gun/2gin/2) 2 2 2

V2p p>A
<C Z 2#(7n+n/273a7n/2)2V(nfn/273afn/2+e) Z 2)\(n/2+3a7n/473a7n/4+e).
v>p HZA

Since € > 0, we obtain

S#l < Cz,u,(fnffia) Z 2711(3&726)7

vk,ul,Am
VZ>p

which gives the desired estimate because 3o — € > 0.

5.4. Estimate for S% ke (We use the cancellation in T*'.)
We use the estimate (35) with L > max (3« — €, ¢€) and bound the same factor in
the denominator as in the previous case. Summing in m and k produces now a factor

of C20=1n  vielding

l
Sf(m,/,d,l/k S
C Z Z 2()\7u)n27()\71/)L2n/2(7)\+,u+u)2)\(3a7n/4)27u(3a+n/2)271/(3a+n/276)27)\(3a+n/476)
AZp pzv
<C Z 2#(—n+n/2—3a—n/2) 2)\(n—L—n/2+3a—n/4—3a—n/4+e) Z 21/(L+n/2—3a—n/2+e)
A>p u>v
< CQM(—N—G‘X+L+€) Z 2—)\(L—e)’

AZp

and the right estimate follows.

5.5. Estimate for S*

vkame (No cancellation is needed. )

We use again (31) as in the estimate for SHl and the fact that € > 0 to get,

vk,ul,Am
wul
Suk,)\m,,ul S

CZ Z 2(V—u)n2—yn/22un/22)\n/22>\(3a—n/4)2—#(3a+n/2)2—1/(3a+n/2—e)2—)\(3a+n/4—e)

V2P VZAZ W
< C«Z 2u(—n+n/2—3a—n/2)2V(n—n/2—3a—n/2+e) Z 2>\(n/2+3a—n/4—3a—n/4+e).
v>p VAL
< 02u(7n73a) Z 271/(3&726)’
v>p

which sums to C'2#(-"=30+2¢) hecause 3o — 2¢ > 0.
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5.6. Estimate for Sf\ifn’yk#l. (No cancellation is needed.)
This time we use (28) with L > 3a — € and bound B(vk, ul)~! by 1. Summing in

k and then in m gives rise to a factor of C2*~#" and hence

Sﬁffﬂ,uk,ul S
A—p)no—(A—v)Lon/2(—A+pu+v)or(3a—n/4) o—p(3a+n/2) g—v(3at+n/2—e) o—A(3a+n/4—e)
CY > 2lmng 2 2 2 2 2
AZpp AZv>p

< C«Z 2#(—n+n/2—3a—n/2)2)\(—L+n—n/2+3a—n/4—3a—n/4+e) Z 21/([/-‘1—77//2—304—71/2-‘1-6)'

AZp AZv>p
< CZM(—n—3a) Z 2>\(—3o¢+2e) < OQ_M(N—HSOC_%),
A>p
5.7. Estimate for S);", ... (No cancellation is needed.)

We use (31) and bound B(ul, Am)~! by 1. Summing in [ and k produces a factor
of C2=Y" We then estimate
Sx\m

vk,ul,dm S

(v=XN)no—vn/2un/20Xn/20—v(3a+n/2—¢)o—u(3a+n/2—c)
CY > 2l hngrim/agum/2pin/2) 2

VA U>u>A

< CZ 2)\(—n+n/2)2u(n—n/2—3a—n/2+e) Z 2u(n/2—3o¢—n/2+e)'

v>A v>p>A

< 02)\(—n/2—3a+e) Z 2u(—3a+e) < CQ—A(n/2+6a—2e)'

v>A

5.8. Estimate for Sﬁg’yw. (We use the cancellation in T** and Remark 1.)
By Remark 1, for v << A we have as much cancellation as we want in 7*2. We use
(37) and bound B(vk,ul)~* by 1. This time summing in k and [ produces a factor

of C2-)" We proceed with

Skt <
C Z Z 9A=v)ng—(A=p)Lo—An/29un/29vn/29—v(3a+n/2—€)9—pu(3a+n/2—¢)
A>v >
<C Z A(n—L—n/2)gu(—n+L+n/2-3a—n/2+e) Z ou(L+n/2=3a—n/2+e)
A>v v>p

If we choose L large enough,
Si\\m,yk,ul < 0/2-D) Z gv(L—n—6a+20) < (rg—A(n/2+6a—2¢)
A>v
On the other hand if A ~ v, we use the cancellation in T*?, (37), with L > 3a — ¢
and we replace v by A in the above computations to obtain

Sz)\\rrg,uk,yl S
C Z 2—(A—u)L2—>\n/22un/22>\n/22—>\(3a+n/2—e)2—,u(3a+n/2—e)

AZp
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< OZA(—L—3a—n/2+E) Z 2#(L+n/2—3a—n/2+e)7

A>p
and the right estimate follows.
5.9. Estimate for Sﬁ‘,?f/\mvul. (We use the cancellation in T*?.)

We use the cancellation in 7*? and (37) with L > 3a — ¢ and B(vk, ul)~' bounded
by 1. Summing in k£ and [ produces

Sl//\lzl)\m,ul S
C Z Z 2(1/—)\)712—(V—u)L2—Vn/22/Ln/22/\n/22—u(30¢+n/2—e)2—#(3a+n/2—e)
v2A A
<C Z 2)\(—n+n/2) 21/(—L+n—n/2—3a—n/2+e) Z 2#(L+n/2—3a—n/2+e) )
v\ AZ>p

< 02/\(L—n/2—3a+e) ZQV(—L—?»OH-E) < C2—A(n/2+6o¢—2e)‘

v>A

This concludes the proof in the case p =g =1"=3 and a; = as = a.

5.10. The general case. (1/p+1/q+ 1/ =1, ay,a5 > 0.)
The general case is only notationally more complicated. We want to find three
sequences of the form

—vx
Uyl = 2 Y,

—x
Uul:2 ,uu’

Wxm = 2—)\1')\7

for some x,, x,, and z, real which satisfy condition (c) of Theorem 1. Homogeneity
considerations (counting the powers of 2 in the previous calculations) show that
Ty, T, Ty must be solutions of the system of linear equations,

_p/xl/ + qr, —TTx = F<&27 Q)
(42) pr, =gz, —rey = F(a,p)

—p'x, — ¢z, —r'zy = —n/2
where
F(y,2)=(y+n/2—n/z)z — (a1 + ag + n/2 — n/r)r.

The system (42) has infinitely many solutions which can be written in the form,

Ty = o +ag+n/2r —¢e/r
(43) x, = ' /p'q 4+ agr' [pp’ +n/2p" — e’ /pp
v, = arr'/qq +agr'[p'd +n/2¢ —er'/qq
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with € arbitrary. It is rather tedious but completely elementary to check that all the
computations carried out in the case p = ¢ = ' = 3 can be repeated in the general
case if € > 0 is chosen so that

/ 7,,/ 7,,/

,
Ly >ap— +ap——e—>e>0
q p p

/ ,r,l ,r,l

r
Ly >a1— +ap— —e— > ¢ > 0.
q q

/

Because of the hypotheses of the theorem, these conditions can always be achieved if
we choose ¢ small enough. We spare the reader from these routine computations, but
we work out a particular case, say the term S’A‘;’ul’yk, to illustrate what is needed.
Proceeding as in 5.4 we use (34) with

/ / / / / /

r r r r r r
L>max(e,a1— +ay— —e—) =a1— +ay— —e—
q p b q p b
and obtain
!
ng,ul,uk —

C Z Z 2(>\—,u)n2—(A—V)L2(—>\+,u+1/)n/22>\(a1+a2+n/2—n/r)r2—,u(a2+n/2—n/q)q2—l/ryp/2—)@)\1"

A>p p>v

<C Z 2,u(n/2—nq/2—o¢2q) 2)\(—L—n/2+nr/2—nr/2r’+5) Z 2V(L—alr’/q’—agr’/p—i—ar’/p)

A>p n2v

< Cotnf2mnaf2=osa+Lmarr! /g —car'[p+er'/p) § 9=A(L=)

AZ>p
< C2u(n/2—nq/2—oz2q+L—a1r’/q’—ozgr’/p-‘,—ar’/p—L—l—a)
— 2—Mear’/q +azr’(1/p+q/r")+nq/2—n/2—e(r" /p+1)

— (9 HTua,

where in the last equality we have used the facts that

11 1

pg v P’

11

2 20 2¢’
and

r! 1 !

pe q  ad
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