IMPROVED WEIGHTED ESTIMATES FOR HORMANDER
MULTIPLIERS VIA INTERPOLATION
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ABSTRACT. We prove an interpolation theorem for a class of Fourier multipliers on weighted
spaces. This allows us to improve the results of Beltran—-Roos—Seeger [2] and Berni-
cot—Frey—Petermichl [3] concerning weighted estimates for Hormander multiplier operators.

1. INTRODUCTION

For a Schwartz function f on R" we denote by f(£) = Jgn f(@)e 2™ dz its Fourier
transform. The inverse Fourier transform of f is denoted by fV and equals f(—f ). A Fourier
multiplier is an operator of the form f +— (af)v, where o is a bounded function on R™. A
Fourier multiplier associated with a function ¢ is denoted by T, and is called an L” Fourier
multiplier if it admits a bounded extension from LP(R") to itself, for some p € (1, c0).

A condition on bounded functions ¢ which imply that 7, is an L? Fourier multiplier for
some p € (1,00) is the following one due to Mikhlin [21]:

(1) 9°0(©)] < Calgl ™™, ol < [F]+1.

Inspired by the work of Hérmander [14], condition (1) has been relaxed in many ways, for
instance, if rs > n, the condition

1/r
(2) sup (Rﬂa_”/ |8°‘J(a:)|’"d$) < 4oo forall |a] <s,
R>0 R<|z|<2R
implies that the associated operator T, is L? bounded. A natural generalization of (2) is
(3) sup ||(I = A)2(Uo(2/))||- < 0o,  where rs > n.
jEL

Here (I — A)2 is a fractional power of the Laplacian A, and V¥ is a Schwartz function whose
Fourier transform is supported in annulus {{ € R" : 1/2 < |¢| < 2} and which satisfies

> ez V(277€) =1 for all £ # 0.
It is known that the condition (3) implies that 7, is bounded on L? for the range
1 1 1 S
(4) ‘ ’:—<—, 1<p<oo,
T n
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as shown by Calderén—Torchinsky [4]. The appearance of 7 in (4) is not necessary. In fact, if
1 <p<oo,0<s<n,and (3) holds, then T, is bounded on L” whenever

(5) 1 1

p 5‘ n
Some estimates near L' involving Besov spaces [25] were obtained by Seeger [22], [23] who
showed that

(6) T fline < C sup [T 0@ gy | F - 722
JE ’

On the critical line, Grafakos-He-Honzik—Nguyen [11] proved that if 1 <p < 2,0 < s < n/2,
and |5 — 3| = £, then T, is bounded from L? to L»? provided that

1P o ()]

B, < 0Q.

Grafakos and Slavikovd [10] later improved the space in (3) from L™ to L™*!, proving that
under the Lorentz—Sobolev condition
(7) sup [|(F = AW 0 (27) | rea oy < 00,
je

the operator T, is bounded on L? for all

(8)

Moreover, a counterexample of Slavikova [24] indicates that the boundedness of T, fails on
the critical line |1/p — 1/2| = s/n.

In contrast with the unweighted case, our understanding of the weighted theory for Fourier
multipliers remains rather limited. Kurtz and Wheeden [18] proved that if 1 < p < oo,
1 <r<2,rs>nand ps>n, and o satisfies (2), then the operator 7, is bounded on L”(w)
for every weight w € A,,/,. Additionally, Kurtz and Wheeden identified the sharp range of
power weights |z|? ensuring the boundedness of T, under (2). Later, Muckenhoupt—Wheeden—
Young [20] obtained a complete characterization of Fourier multipliers on power-weighted
spaces L*(|z]**). In the radial setting, Lee and Seeger [19] further showed that for quasi-radial
multipliers, weighted L? boundedness with power weights is equivalent to a one-dimensional
Sobolev condition on the multiplier.

Weighted extrapolation results for operators [6] [7] show that weighted boundedness of
an operator T at a single exponent extrapolates to weighted boundedness for all admissible
exponents. In particular, for the multiplier operator T, with s < n/2, the boundedness under
conditions (3) and (7) necessarily involves RH classes; otherwise the boundedness for power
weights would be incompatible with their extrapolation theory.

More recently, the work of Beltrdn-Roos-Seeger [2] shows that T, satisfies a sparse bound
whenever (3) holds. Combining their result with Proposition 6.4 of Bernicot-Frey-Petermichl
[3], one obtains the weighted estimate

Ty : LP(w) — LP(w) for all w € Ay 1y N RH,,

n

where ¢ > 1 satisfies

(9) .

1 1 1
S
ro 2 p pq

S
n
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In this paper, we investigate the relationship among the aforementioned parameters and
improve the range of the weights for which T, is bounded from L?(w) to L?(w) under condition
(3). We also provide examples that indicate the best possible results one might expect for
Fourier multipliers on weighted spaces. See Theorem 2.3.

Definition 1.1 (Muckenhoupt A, weights). Let 1 < p < co. A weight w (a locally integrable,
positive a.e. function) belongs to the class A, if

oy ) o 14 <.

where the supremum is taken over all cubes () C R™. For p =1, we say w € A; if
1
[w] 4, := sup —/ w(x) dz - (essinfw) ™! < oo.
e 1@l Jqg Q

Definition 1.2 (Reverse Holder RH, weights). Let 1 < ¢ < co. We say w € RH, if

o =ep ([ ra)” (y [rra) <

For ¢ = oo, we say w € RH, if
ess supQ w
(W], = sup T——=—— ~ < oo
@ 1 Joul

In this work, we prove an interpolation result (Theorem 5.1) that allows us to vary
the smoothness of a multiplier. This theorem is the main result of Section 5. As an
application of Theorem 5.1 we obtain an improvement of the best (up to now) known
results concerning weighted estimates for Fourier multipliers satisfying Hormander’s condition.
These applications are given in Section 6. In particular, one of these theorems (Theorem 6.1)
concerns the case p > 2 and 0 < s < § in which we prove that if % — % < 2,rs>n and

1— 2
(10) (=1+1T—1
2 p

then we have

T f Nl o <SupHI Ape@ )| Ml for  we Ay N RH,

In view of the work of Beltran—-Roos—Seeger [2] and Bernicot—Frey—Petermichl [3], until
now, the best available value of ¢ in (10) grew rapidly and tended to infinity as r — n/s.
In contrast, our index ¢ in (10) remains finite and is independent of . We also obtain an
analogous result (Theorem 6.2) in the case p = 2.

Additionally, we provide counterexamples (Theorem 2.3) indicating that Aps N RHn
ps
may be the optimal space of weights for which positive results hold.

Notation: We use the symbol A < B to denote that the quantity A is bounded by a constant
multiple of B, where the constant only depends on inessential parameters. We use A ~ B to
indicate both A < B and B < A.
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2. COUNTEREXAMPLE

To motive our study, we exhibit counterexamples that indicate restrictions on the weights
w if a Fourier multiplier 7, maps LP(w) to itself. These restrictions can be expressed in terms
of the weight classes A, and RH,.

Lemma 2.1. Let s > 0. Consider the multiplier

(1) o(€) = (1 4+ 4xlef?)
defined on R", where £ = (&1,...,&,). Then
(12) SIGIIZJH(I A3 (oW ()] 2 < oo,

Here W is a smooth function supported in an annulus centered at zero.

Proof. Case I: If s is an even integer, then we have

(1= A (To(2) =Y (Vo (2€) = ) Z( > (8P (€))271°1(8%0) (27€).

la|<s la|<s B<a
Moreover,
8 _ B—ry(,—2mics 1 s —sm
0l = | 0 ()| < X (D))

v<B
where n = (1,0, ...0). By two equations above, we get

(I — A)3(To(202)] < Z ZZ( )( ) Gan 5\11(6))2j(|/3|—5—7)(%+ €)=

|a|<s B<a v<B
<Y EX(5) ()i
|a|<s B<a v<pB

The term 27081757 is removed since |3| < |a| < s implies that 27(0#=5=7) < 1. Now we have
|(I — A) (\IJU(Qj'))| could be bounded by some compactly supported Schwartz function which
is in L' and its norm is independent on j. Thus we have

sup (7 - A)z(To(2))]

v<B

(13)

LA < Q.
Case II. If s is not an even integer, we find an even integer N such that N > s. Define
zN
Pz = [ (1= 8% (o) eue)ds

where ¢ € L5 with ||¢]| 2y = L.

When z = it,
JRCEISE

(14) < [l e (T — A)2
< On(1+ )52 Do (2
< o |l C s (1 + [t

[F(it)] < S [Wo(27))(€)w(€)de

= (Vo) n
f>

S
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The first inequality follows from Hélder’s inequality. By [9, Corollary 5.3.3], we have

(I = DAY osrr Sp (14 [¢))15F2 V1 < p < 0o, For any p € (0,00) (in this problem, we

can let p be 2) we choose py, p1 such that 1 < py < p < p1 < oo and apply the above lemma

to get |(1 — A)|moa st Snppopn (1+[E)21F2] 50 the second inequality follows.
Similarly, when z = 1 + 4t

Pl = | [ (- % ol
(15) < uwuL(%y,mn(I—A)TN (o], 2
< On(1+ [t)1% 1+2||<1 A [T (27)]|],2
< O (1+ [t

Here we applied case I to get the last inequality. B
Claim: F'(z) is analytic on the unit strip S and continuous on S.
The claim allows us to apply [9, C.0.4] to obtain

F(O)] < CogCLICE, W6 € (0,1).

Thus
sup Foo) = sup [ (1= )" (o)) (eue)dg
YEL's "™ peLs < JRY
=1 = A)E (T (2Ol 20
<CrpyOx " ORY

Proof of claim:

P = [ (- 8)% o u e
/n/n”‘”?'"' )5 (o (20)) ()™ (€

The double integral converges absolutely and the continuity of F'(z) on S is straightforward.
Now we show F'(z) is analytic on S. For any point zg in S, pick § > 0 such that

N ZoN

By [9, lemma 2.7.5] for 0 < &|z| < §, we obtain

(16)

’(1+47r2|77| )2 > —1

2N
! < = max{ (1 +4a” "), (1 + 4n*[n]*) ')

which gives

zN+2zgN zgN
— (1 +47%n)*) = N
2 . ( +4m |7]| ) 2 S T(1+47T2|77|2)

N
2

‘(1 + 47*|n|?)

In addition, ¥ and 1 are Schwartz functions, so we can apply the Lebesgue dominated

convergence theorem when the z derivative hits the term (1 4 472|n|?)*z . This yields the
analyticity of F'(z). O



6 LOUKAS GRAFAKOS, NAOYA HATANO, LIXIN HE

Proposition 2.2. Let 1 < p < oo and let o be as in (11). Suppose that T, is bounded from
LP(|x|P) to itself for some B € R. Then we must have

—sp < < sp.
Proof. Let e; = (1,0,...,0). Consider the function

-5
f@) =z +e| P (log ) X{lz+er|<1/5} (T)

for some 1/p < 6 < 1. Then

1\
|f(z)P|2)’ do =~ / |z +e| ™" (log —) dr < 0.
Rn |z+e1|<1/5 |z + e

o’(z) = Gy(x — e1),
where G is the Bessel potential. Then T,(f)(x) is nonnegative (since G, is positive) and
equals

|z + €]

Notice that

1 -5
T,(f x:/ y+e _”/p(log ) Gs(r —e1 —y)dy
e \y+61|§1/5| ! ly + el (=e-y)

1 —9
= / ly| P (10g —) Gy(r —y)dy
ly|<1/5 [yl

)
1
> —n/p 1 - . —n—i—sd.
> [ b (2 )l ol

lz—y[|<2

Let us now consider |z| < 2. Then when |y| < £ we have |z —y| <2 and |z —y| = |z, so

1 -0
|y~ (log —) |z —y| " dy

T,(f)(z) > c / m

ly|<1/5
—4
>0 I (log =) |z — ™ dy
— Jlw=1ys [y
S

1 —0
~ c|x|_”+s/ |y|_"/p (log —) dy.
lyl<lel/2 Y|

Since |z|/2 < 1/5, the last integral is equivalent to

1 )
]/ (log—) |
E

1\7° 2
T,(f)(x) > C|$|—n/17+8 (log H) ,  when |z| < £

so we obtain

Now, recall that we are assuming T, maps LP(|z|?) to itself. This implies that

-5
/ [|x|_”/1”+S <log |71\> ]p|x|ﬁda: < 00,
|lz|<2/5

and this implies that 5 > —ps.
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We now turn to the other assertion of the proposition. Consider the function

—0
—(n 1
g(z) = |z~ TP (log m) X{le|<1/5} (Z)

for some 1/p < § < 1. Since dp > 1, we have g € LP(|x|?).
Arguing as in the preceding example,

T, (g)(x) >c / 9(y)Gylx — er — ) dy

-0
1
—(n+8)/p _ o |mnt+s
ZC/ ly|<1/5 |y| (log |y|) |l’ €1 y| dy

|lz—e1—y|<2

Let us consider z in the region |z — e;| < 2. Then if |2 — e;| > 2[y|, it follows that

|z — ey —y| = |z — ey|. Moreover, if |y| < I then |z —e; —y| < 2. Then restricting the
integral to |z — e1| > 2|y|, we obtain

-5
1
|y‘f(n+,6’)/p (log _) dy.

T,(9)(x) > ez — er] ™ / m

ly|<|z—e1l/2

Hence,

(G2 )

—0
To(g)(@) > cli — eaf-+p (1og ) ~ when o — o] <

|z — e
Now, notice that the assumption

/ T, (g)(2)|z|?dz < oo
|lz—e1|<2/5

implies that ps — g > 0. ([l
Using the information from Proposition 2.2 we obtain the following result.

Theorem 2.3. Let 0 < s <n and 1 <p < 2. Suppose that q > 2 +1[or1<r < pﬂs] Then
there is a weight w in A, [or w in RH,| and a bounded function o on R™ satisfying

(17) sup [|(1 — A)2[lo(2-)]|| 2 < o0
JEZ

such that T, is unbounded from LP(w) to itself.

Proof. If ¢ > 22 +1, then we choose 3 satisfying ps < # < n(¢q — 1) and we note that |z lies

in A, but by Proposition 2.2, T, is unbounded from LP(w) to itself. Likewise, if 1 <17 < ot

then we choose 8 such that » > 8 > sp. Then the weight |z|# lies in RH, but —3 < —sp
and by by Proposition 2.2, T, is unbounded from LP(w) to itself. O

In view of Theorem 2.3 one may surmise that the largest class of weights w for which
boundedness of T, on LP(w) holds is Aps N RH n . This is unknown as of this writing.

We also remark that condition (17) in Theorem 5%3 can be replaced by the more restrictive
condition R
sup [|(1 — A)32 (Ta(27)) ||z < oo,
jez
for some r > n/s. This follows by a small adjustment in the proof of Lemma 2.1.
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The boundedness of T, on LP(w) whenever w lies is Aps | N RHn remains an open question
n ps
as of this writing. In this paper we make some advances in this direction, improving known

results, in particular, those of Beltran-Roos—Seeger [2] and Bernicot—Frey—Petermichl [3].

3. PRELIMINARIES
In this section we present some useful facts about the A, and RH classes.
Lemma 3.1 ([8, Corollary 7.2.6]). Let 1 < p < oo, then we have
4,=J A,
q€(Lp)

Lemma 3.2 ([15, Lemma 3.1]). w € RH iff w* € Ay 1= Ups1 4, with

TS

< [w]gm, < [w’]

oo

Lemma 3.3 ([16, Section I]). Define
Ti={w:[wls, <oo} for 1<p<ooandl<q< oo

Let 0 <o <oo, 1 <p<ooandve Ay, thenv € A p1 iff vE Ax. In fact, we have

and

[]a, < [v]a if0<o< 1.

1+E -

1
o o

Lemma 3.4 ([5, Theorem2.2] [16, Section I]). Let 1 < s < oo, then we have A5 =
Ay, o1 O RH, with
([wlrmwla, )" < [0, < (Wrmlwla, )"

Proof. This follows by combining Lemmas 3.2 and 3.3. U

—1
1+pT

Lemma 3.5 (]9, Theorem 8.6.9]). For any w € A,,1 < p < oo, and K > 1, and any r
satisfying

K—-1 1
K 23/261/e6n[w]AP

we have [w|gry, < K, i.e., for any cube Q in R,

() < e

Lemma 3.6. If 1 < ¢ < oo, then we have

\J rH,; = RH,.

7>q

1<r<1+
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Proof. Let w € RH, be arbitrary. By Lemma 3.2, we know that
wle A; for somel > 1.
It follows from Lemma 3.5 that there exists » > 1 such that
(w!)" =w? € A.
Applying Lemma 3.2 again, we conclude that
w € RHy,.

Since r > 1, we have ¢gr > ¢, and hence for every w € RH, there exists ¢ > ¢ such that
w € RH;. On the other hand, it is well known that the Reverse Holder classes are monotone,
namely

RH; C RH, for all ¢ > q.
Therefore,
\J rH; = RH,,
a>q
which completes the proof. 0

Lemma 3.7. Let 1 < p,p; < 00, 0 < s*,sF <n and 1 < q,q; < oo fori € {0,1}. Suppose
wo € Apysy N RHy, and wy € Ay sy N RH,, with P2 > 1, and these parameters satisfy

1 1- 1 5 1 T 1
b=t =it o) =00 L) (- )
n n n o p

b Do b1
where § € (0,1). Then

90 1-6

40 a1 0
4 Po q

"w, """ € A N RH,.
Proof. We finally use Hoélder’s inequality and Lemma 3.4 to conclude the proof. O

Lemma 3.8 (The converse to Lemma 3.7). Let 1 < p,q < oo and 0 < s* < n. For any fized
parameters

Go; q1,Po,P1 € (1700)7 SS>S>{ € (Oan>7 NS (07 1)7
with piTsf > 1 fori=0,1, satisfying
1 1-6 6
- = +—, s* = (1—0)s;+ 0s7,

p Po P

s* 1 st 1 ST 1
(E-D) = amom(E 1) con(i-L),
n p n Po no p1

and any w € Ay N RH,, there exist weights

n

wo € Am NRH, and w; € Am N RH,,

such that

@ l1-10 _q 0
wy -, Qg = — P, &1 = — —P.

q Po q P
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Proof. For a given w € A, NRH, = Aq(ps* 41 by Lemma 3.4, then there exist appropriate
n A\ =
choices of vy, v € Ay [17] such that
_g(st
w? = U1 Uy ( " %
g (P50 1y, 1=0 o (P11, 6
_ (Uvaq( 1) pop(vlv2Q( D\ 5P

where we defined

Consequently,
qO pu— * ql pu— *
Wo € .Aq ponso . = A$ N Rqu, wy € .Aql(plnsik . Aplnsl N Rqu.
This concludes the proof. O

Lemma 3.9. Letn > s >0, & <r, <1 < oo, and suppose that the multiplier o satisfies

sup H(I — A)*/? [\if a(2j‘)] ’ < 00.
JEZ L

Then we have
sup H(I — A)*? [\Il a(2j-)] ‘ L <00

jez
Proof. Let s > 0 and 1 < p;, q; < oo with i € {1,2}. we have
(1 = A2 (fg)lws SN = AV fllzoran|lgllzraas + || flloova [[(T = A)*2g]| Lrasa.

for
1 1 1 1 1
=4+ 1=—4=
p P P2 a Q2
by [12, Page 21]. Let p=1r4, p1 =11, q1 =11, @ =1}, f = Vo (2’+), g = 6 which is compactly

supported and § = 1 on supp (¥). Note that || - |- = || - ||z~ for 1 < r < co. Choosing
py > 1 satisfies L = Tll + pi so that

(T = A)2((F0(27))| e
< [T — A)2(0T0(27-))]| pre
ST = A)2(Te(27))]| HéHng F T (27) || | (1 — A)20)
SN = A2 (Vo (27) || 1 < oo

This provides the required conclusion. 0]

LPQ 77‘2

Theorem 3.10 ([1, Weighted Littlewood—Paley theory]). Let 1 < p < oo, and let w be a
weight. If w € A, and f € LP(w), then

(Z |Ajf|2> ~ [l e -

JEZ LP(w)
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Lemma 3.11 ([10, Theorem 8.6.9]). Assume that 0 < s <n and ¢ > n/s. Then we have
flz+277)

AT g S MG o R

L§®

sup
jEZ

where M, f = (M][|f|])V/* .

Lemma 3.12 ([10, Lemma 3.3]). Let 1 < p,po, p1 < oo be related as in
1 1-60 4

p Po P

for some 0 € (0,1). Given f € C*(R") and ¢ > 0, there exist smooth functions hs,
7 =1,..., Ng, supported in cubes on R™ with pairwise disjoint interiors, and nonzero complex
constants ¢ such that

Ne
(18) fo = I T e,
j=1

P
1fs = Fllz <& Wfviellne < U fllee +€)75, k=0,1L

Having completed this introductory material, we now state some recent results concerning
estimates of multipliers on weighted spaces. Our goal is to improve some of these results via
interpolation. This will be achieved in Section 6.

Proposition 3.13 ([2, Proposition 7.5]). Let 1 <py <2, n>s>0,1/r=1/py—1/2, and
o satisfies
sup ||(I — A)*2[Wa(27.)]|| - < A
JEL
for some A < 0o. Suppose one of these followings holds:
(i) 1<po<qo<2 ands>n(l/py—1/2) ie s/n>1/r.
(11) 2 < qo < 00 and s >n(1/pg — 1/q0) i.e. s/n>1/r+1/2—1/q.
Then we must have

||To||sp7 (po.af) Srosraosan A-
Remark : (i) and (ii) both imply that s/n > 1/r.

Proposition 3.14 ([3, Proposition 6.4]). Let 1 < pg < p < qo < oo. Suppose a linear
operator T on LP is bounded and

||T||Sp’y(p07q6) < OO?

then

1T || e () zrw) S ([W]a , [WRH o, )"
z (%)

1 q0—1>‘

where o = max( :
P—po’ q0—p

Combing Proposition 3.13 and Theorem 3.14 yields the following theorem.

Theorem 3.15 ([2] [3]). Let n/2 > s > 0, s/n > 1/r, and suppose that the multiplier o
satisfies

< 00.
nr

sup H([ — A)¥/? [\if O’(2j'):| ‘

JET
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Then the operator T, is bounded on LP(w) in the following three cases:
Case 1: p=2. If ¢ > 2 satisfies

s_ 1.1 1
nor 2 g

then T, is bounded on L*(w) for any weight
w e A%H N RH(q

’°

M‘O*

Case 2: p> 2 and%—%>%— . If q§ > p satisfies

s 1 1 1

nor 2 q

1
p

then T, is bounded on LP(w) for any weight
w € A€+g N RH(@)/.
Case 3: p < 2. The operator T, is bounded on LP(w) for any weight

we Ar, p NRH g,
T2 2y

provided that one of the following holds:
(i) 1§ﬁ<p<q§§2;

r 2
(i1) 2 < qf and

S 1>1 1

nor 2 q
. s 1 1 1 * : s s 1 1 1 1 1
Remark.E—;>5—%andq0>p1mp1y5>5—;>§—%>5—5.

4. WEIGHTED BOUNDEDNESS FOR HIGHER ORDER OF SMOOTHNESS

In this section we consider the weighted boundedness of multipliers for large s, in fact
s >n/2.

Theorem 4.1. Let 1 <p<ooand 0 < s <n. If

S

(1 - 8)5[bo (2"

n
5>§, weA%, sup < 00,

. Lﬂ,l
JEL s

then, for any bounded compactly supported function f on R™ ,
(1 - 8)s[bo(2")]|

1o fll2vw) Spo 510 | T
JEL Ls»

Proof. Let

n

Lt

K =sup H(I - A)g[\ila(Qj-)]‘
jJEL
Introduce the function © defined by

6=V (g) + (€)W (26),

and observe that R R
() =1 on supp V.
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Let A; and A? denote the Littlewood—Paley operators associated with ¥ and ©, respectively.

Ajf(z) = /Rn @(2_%)]?(5)62””{ d¢, A?f(:z:) = / (:)(2_j§)f(5)62m'xf dé.

n

Then,
AT = [ FOT (@76 oe)eme<de
= | (APS)" (O (27€) o(§)edg
= / (AP))" (7€) W (&) 0 (2€) i< g
- / / (ADS) (e €y (&) o (2€) 7 e’

n

_ /n (APf) (= + 2-@)(1 + ) [@,U (21.)}A (y)dy.

By the Holder and the Hausdorff-=Young inequalities in Lorentz spaces,
(A]@f) (x+277y)

AT () (@)] < 1+l [Bo (2] )

(1 + |y|)s L%"X’(R") L(%)/,l(R")
A® x+ 277 .~ ,
<o Jfl)( >y) |r= ) [80 2] .
CEaTI . L)
< oA @ +27y)
(L +[yl)* Lo ()

Note that by Lemma 3.1, there exists ¢ € (n/s, min(2,p)) which is close to 2 such that
w € Apq. Then for this ¢, by applying Lemma 3.11 we get,
o »
(T4 ]-]e

< My[A7 f](=).

, OO

wl3

L
By Theorem 3.10,

1 1

176 fllLr@w) < C (Z AjTaf2) <CK (Z(Mq[A?f])z)

jez o) jez ()
k
= CK || S (Ma9f19)a
JEZ P

La(w)
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Ak
.2
<Clp,s,n)K ||| Y 1A9fI ‘I)
JEZL P
La(w)
2
= Cps,m)K ||| Y A?fg) < C(p, s, n) K| f] Lp ()
JEZL
Lr(w)

n

where in the third inequality, since ¢ € (n/s,min(2,p)) which is close to % such that
w € Ap/q, which implies § > 1 and % > 1, we can apply the weighted vector-valued maximal
inequality. [1] O

5. INTERPOLATION THEOREM FOR FOURIER MULTIPLIERS

The main result of this article is the following interpolation theorem for families of Fourier
multipliers on weighted spaces which depend analytically on the smoothness parameter s.
This is based on an extension of the 3-lines lemma due to Hirschmann [13].

For the purposes of the following theorem, we define

B={feL*:R"— C|supp f C B(0,R)\ B(0,¢), forsome(<e<R<oo}

the space of all bounded functions whose support is compact and misses the origin. Note
that for any fixed p € (1,00), B is a dense subset of LP. Moreover, we have

/ |fIPw dx < Hproo/ wdx < oo,
R™ suppf

and B is dense in LP(w) for any weight w by [9, Proposition 8.2.2], so B is a dense subset of
LP(w) for any weight w.

Theorem 5.1. Let 0 <0 < 1,1 <p,p; <00, 1<q,q <o0,0<s,8,5 5 <n, % >
and r; > . Suppose that

1
P

1 1—-06 0

- = +_, S = 1_08 +887 S*: 1_88*+08*,

P p D (1=6)s0 + 651 (1=0)s; + 05}

1 1—-0 6 & 1y o L - . .

o o +7”_1’ Q<7_;) —(1_9)(10<f—p—0)+‘9Q1(ﬁ—p—1), i€ {0,1}.

Assume that for each i € {0,1} we have

(19) [ To fllriqwy S sup (1 = A)Z (Fo(27)) 1
J

Fllzei (wy)

for all o satisfying sup;cz [|(I — A)E(To(2-))||1rs < o0, all w; € Ayt NRHy, and all f € B.

Then we have

(20) [Tofllzrew) S sup 17 = 2)2 (Yo (7)) | 11| oy
J

for all o satisfying sup;cz [|(I — A)2 (Ve (20-))||pr < 00, all w € Aper N RH, and all f € B.
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Proof. For any function o satisfying

(I—A)%[@a(zj-)‘L <oo with 7> 2,
r s

(21) sup

jJEL

we denote
pj = —A)3E[o(2)], jeL
For a complex number z with 0 < R(z) < 1, we define
_(l—z)s +2zs T (1—z T, iATr _ A~ _
(22) () = U Ay [ 0] (k) d(2te),
keZ

where ® is a Schwartz function supported in the set {£ € R™ : 1/4 < |¢| <4} and ® =1 in
the support of .

Fix f,g € B, Given € > 0, by the density we can choose fi, g. € C5°(R") such that

23) s = fller <& Nge—gllr <&, and|[fi = fllez <&, lg- =gl <e
for any fixed p > 1. Let f¢ and ¢¢ be functions having the form (18), satisfying
(24) 15 = fellee <&, llgg — gullr2 <e,

and

r L
(25) [fillro < (Ifllze + )P0, I fiiellm < (1 fullze + )71,

= \"E\

pP_
gicllzro < (lgall o + €)% Ngipall or < Clgull o +€)71
Combining (23), (24) and (25), we have

(26) 1f5 = fllze <2e, lgg — glle> < 2e,

and

D D
[fitllzro < (Ufllze +28)70, 1 fiillo < ([ flle 4 2¢) 1,
(27) p/ pl

1g7llzro < (gl +26)70,  lgizall o < (gl +22)™.
Set
Ws, M = OX{w<s) + WX {s<war} + MX{wznr)
for 0 < 0 < M < oo. Then notice that

lim wsy =w pointwise.
§—=0,M—oco

Define
Fe) = [ Efe)gos
where
~ _901=-2z _4 =z 0 1-2 491 =z
nw:n{ﬁm$Ww¢w]w&ﬁwwf

and z is a complex number with 0 < R(z) < 1. It is straightforward to verify that F' is
analytic on the strip S = {z# € C : 0 < R(2) < 1} and continuous on its closure. Let
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z €T +itsatisfy 0 <7 < fandteR. set s, =(1—7)sg+ 751 and % = 1;0T + ;= where
7 € (0,1) By applying [9, Theorem 5.4.9(c) and Corollary 5.3.3] we obtain

(1— z)so+zsl _ r .
o2 ][z < sup H([ N R [mg‘ro +,.1261Ar990k] ‘
keZ [,
(1— z)SOJrzsl + LS ’iAngO
< C(n,r9,71, 80, 81)sup ||[(I — A)~ |g0k|ro 1% k
keZ LgT
20— T(1—
< C(n,r9,71, S0, S1) SUD H (I —A) it [|gpk\m( Ati? eZATg“”’“]
kEZ Lrr

< C'(n, 79,71, 50, 51) (1 + [t)EH sup Hwk'%(kz +Ez idrgpr
keZ

Lrr

= Cl(n, To, 71,50, 51)(1 + ’t|)[%1+1 iUIZD ”90ng .
S

Here the constant C(n,rg, 71,50, $1) is obtained from [9, Theorem 5.4.9(c) and Proposi-
tion 5.2.3]. Additionally, we have the estimate

Ne
1-R p R(z
172132 = S 11RO 1|2 < Clpo, prse, f) <
Jj=1

Similarly,

||g,§|li2 S C(pOaplagag) <00
Then

[F(2)] =

_ 4, _a1. =z A 90 1—2 491 =2
/ 0 {ff ‘ wo,a,quo wy 5qu1] (&) |:gz woé]\ZO wfazz\}] &) df‘
n

< [lo=l =
(28) /

QO 1 _a1. =z A qo 1—=2 91 =z Vv
{fs wprns? wlst] © [gz wi wlzﬂ <f>'d£

_490 . 1=-R(z) _ a1 R(=) q0 1=R(2) a1 R(2)
€ q PO q Pr1 g q Pro q P1
<llollz= || f5 - Wo 5,0 Wy 501 9z Wosn  Wism
L2 L2

S C(”a To, 71, S0, 51, €, f?ga 57 M)(l + ’t‘)[%]—i_l Sug H@]HE
Jje

Here the Fourier and inverse Fourier transform above are well defined. In fact,
_ 40, 1 z _a =z
& q q p1
I wo,a,M *w, SM
is a bounded and compactly supported function, so
90 1=z _ 4. =z
& q PO qa P11
I “Wosm Wism
lies in L?(R™). This implies

90 1—=2 a1 . 2z

N
{fs wy 5" wléMpl} € L*(R™).

Moreover, o, € L*>, then we have

90 1—=z _ a1 =z A
z[fs w05qM Wy 'y pl] e L*(R").

Hence we can get the first equality of (28) by [9, Prop 2.3.7].
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For any point zg in .S, pick > 0 such that

26<§R(2-@)<1.
q N

By [9, lemma 2.7.5] for 0 < £ - = <4, we obtain

a1, =z
q p1 __
e ~ ¢ 5 15M7 1,6,M 1>
which gives
a1, 24z a1, 20
q p1 q Pl
w —w
1,6,M 1,6,M g9 P1 P1
< = max{wi g, 1} < = max{M? 1}.
z q1 ) 4]

In addition, from the argument above of (28), the Fourier transform and the inverse Fourier
transform at the first line is in L*°, so we can apply the Lebesgue dominated convergence

theorem when the z derivative hits the term wlq(; ]’\} Also we use the similar way to deal with

other terms in F'(z) involving with z. This vields the analyticity of F ( ).

Then, we consider F'(1 + it) and F(it). For the function v 014it(27+), only finitely many
indices k near j contribute nonzero terms in (22).

Therefore, for each j € Z,

H (I—A) %[@Ulm(?j')]‘

LM

< H (I—A) 71[ (I—A) s1tit(e1—50) [|%|TO zt)+%(1+it)emrg@j}”
L
< CH (I - A) 1 [(I_A)_‘m_it(gw [|%|TO( it)+ = (1+z‘t)€iAer”)
<29) zt(51 s0) (1+ t) . L
e S e [P
L
< C(s0, 81,m)(1 + |t| Hw |—( it)+;5 (1+it) .

= C(so,s.m)(1+ [H) T [l 2

where we have used [9, Corollary 5.3.3] for the fourth inequality. By Holder’s inequality and
(19) we obtain

‘F(l + Zt)| < ”Tl-i-itflg-i-itHLpl Hgi-&-itHLP’l

90 it _ a1 1+it

(30) = HT01+it (fla-i—itwO,J,M wl,&?M P1 )HLpl (wli,M Hgl—i-thLPl

371 A~ .
Ssup [[(1 = 2)F o @] el gt al s
]GZ L™

q0 . it q1 141t

Note that fi,,, € C;°(R™) implies flﬂtwoéM wlf " € B, and the truncation gives
a

w5y € Apsy N RH,, . Combining (27), (29) and (30) we deduce

L
o
1,

(31)  [F(1+it)] S Clso,s1,m)(L+[t]) 2+ sup sl g (N flle + ) (gl +e)?
J
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Similarly, for \ilait(2j-), only finitely many indices k near j contribute in (22). Therefore, for
each 5 € Z,

|- A>%°[\ifau<2f'>1\

< H I—A 0 [ So+zt(s1 s0) [lsp~|%(1_it)+%it6il4rg%]}‘

Lo

< O||(1 = a)# [(1 - 2) " [y Ao |
(32) v

_ OH I A ”(91 50) [| ]| 0 (1— zt)+T1 ezATQLPJ}

Lo
< C(sg,s1,n)(1+[t])2 " T gidragy
Lo

= C(s0,s1,n) (1 + [t])2 " H%HE -

Now we can apply the Holder’s inequality and (19) to obtain
|F(it)] < N Tie fill Lo |95l ot
S sup |(7 = 2)# [oa(@)]| | fi ol -
JEL Lo
_ 90 1-—it _ a1 At q0

PO 9 P1

Here f5 € Cg°(R?) implies fw, 5™ w, 5" € B and the truncation gives that wy's oy lies

in Ay N RHy,. Therefore,

n

(33) |[F(it)] S Cso, 51,m)(1 + [t))=*! sup losll 25 (e + €)7o (llgll o + )7
J

A combination of (31), (33) and [9, Corollary C.0.3] yields
(34) [FOI S supllgill- (1 fllee +€)ligllr +e) - forall f,9 €B.
JE

Consider the following inequality

(35)

[ @ngas
where f,g € B and f§, g5 € C5°(R™). Set

< |F(0)] +

/n(fef)gdx —~ /n(fefg)gé da|.

qo 1—0 a . 6 q 1— +q
q9 P1 a on T g p1
Wo,s.M = Wolg pf Wilsp € (04 70 70 o, M & Pl)

and compute the second term above as follows

/n(fef)g dz — /n(fefé)gé da

— —

= / (0o fwysar)” - gwosns — (0o f5wy )" - g5we s A
n

_ = Vg e TT (e Vg
= Uefwg,a,M (gqwos )’ — Uefgwe,a,M - (gowes0r)" da

—_—

=\ [ o[k Giunsas — qwnsan)’ + (@unsan) g — Fugha)] da
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< lloslloo (I1f5wg 5. nrll 22 ghwe5.0r — gwo ez + Nlgwosalleell fwygar — Frwgsarllce)
< C(6, M, po, p1s 40, g1, Dl oolloo (1751 221195 = 9llzz + Nlgll2 11 f5 = Fll2)-

—_— —_— —_— —_—
In the calculation above, fw;éM, fgwe_;M, agfwo_l, agfgwe_;M gwg s and ggwg s s are all
in L2, so the corresponding Fourier transform and the inverse Fourier transform are well

defined. Letting e — 0 the second term of (35) goes to 0, by using the duality argument and
the fact that B is dense in LP(R™) we have

ITofller < SUIZD\|80j||LT||f||LP for all f < B,
J€

q019 a1 6

equivalently, replacing f — f - wy's 7 w5’y € B, we have

ITofll swie, mo, =T f|| wio, o, SSUp|gjllrllfll wie, wo
T s S B AT AR S R B LG P e 5
g0 1—-6 a1 6
where f € B C LP(wy'syp w57y ). Now we have prove that
it [ f g, ) = | Fllisggy for all £ € B
where
qo 1-60 491 6 a0 1-6 91 6
Wo,5,M = Wo's 1] Wy's we = wy' " w,"
Loga. g
First, fix M, we have that | fwg s (P is bounded by an integrable function, | fM a a P[P,

so we can apply the Lebesgue dominated convergence theorem to get

90 1-6 41 6
(lsli% Hf”LP(wg’é’M) = ||f||Lp(wg’M) with W 1= wqupo wff]\? '

Second, since | fwg P converges to | fwy|? increasingly as M — oo, applying the Lebesgue
monotone convergence theorem we have

A/lligloo ||f||Lp(w:g,M) = ||f||Lp(wg)
By Fatou’s lemma,

. o
IITafIILp(w?.%pwﬁ. ) S slminf HT(’fHLp(wiﬁ 3

Q
|

0,
78

]
oq

Consequently, we obtain

T w1-6 a0 S SU o, 4. 1-0 a1 o for all f € B.
oA, szt g, SRl s, g, forall
w010, @0,
Here w,' ™ w" ™" € Aps* N RH, by Lemma 3.7.
w.1-6, @ 0,
Finally, any given w € Aps* N RH, can be factored by Lemma 3.8 as w = w,’ ™ w," ™

with wy € A, roct N RH,, and w, € A,,ls N RH,,. Then the conclusion (20) holds for w in

view of this factorization. [
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6. APPLICATIONS

In this section we use our interpolation Theorem 5.1 to improve results concerning weighted
bounds of Fourier multipliers.

Theorem 6.1. Let 2 <p < oo, 0 <s < 3, % —L <5 andrs>n. Define
p n
1 — 28
q=14+—7.
2 p
Let w € Ag N RH; and o satisfy
(36) sup H(I — A)%[@a(2j~)]‘ 5 < 00.

JEZ

Then for any bounded compactly supported function f on R™ we have
T v S sup |(7 = 2o )]]| 1 fllzsun.
JEZ L

Proof. We fix 2 < p < oo and 0 < s < 5. For small g9,6; > 0 we define the following
parameters

1 €0 SS 1 1 €0 1 4 qg / 2
pu— y —_— = —7 p— 27 —_— = — _— = — —’ * p— , pu— <—> pu— —7
STl T P nor 2 2 3 T 0T \y) TG
1 1 1 & 2 — g9
S :5*: ——|—8)’n7 —:(——'——)7 :17 9:”—
o= (g no 272 J+ei—eo

This choice of parameters gives

s=(1—0)sy+ 0s;.
Next we choose p; > 2, s*(eq,€1), r(g0,€1), and ¢(gg, 1) such that
1 1-60 6

+ —, s*(eg,e1) = (1 — 0)sg, + Os7,
=t Sene) = (1 )55+ 0]

% — (=)= 0= geoe) (S - 2) = 1-m(E- ) +oa (D).

We observe that as £y9,e1 — 0 we have

0 7 €0 @7
7 He1—¢€o n
o) e R0-nran — 5
7°<€ol,el> :“‘9)%*9(%*%) — -,
q(€0,€1) = 2 t0tal—; _}%_%_%:1+1_i_s:q,

T Ty e0+201-0) I_
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For any given w € Ag N RH; and given r € (2,00), we choose sufficiently small €, &1 by
Lemma 3.6, such that for ¢ = q(g9,€1), s* = s*(€0,£1) we have
wE Apsx N RH,

r > r(eg,€1) > g

We explain why we have

(37) 175 fll v iy < Sup (7 = A)Z (B (7)) | Nl
J

for all o satisfying sup;cy ||(1 — A)E(Wo(2-))|[1rs < o0, all w; € Ayss NRH,, and i € {0,1}.
In particular, when ¢ = 0, one can verify that !
1 So So 1 1 1

o n oon 1o 2 q

so (37) is derived from Theorem 3.15 (case 1), and it is derived from Theorem 4.1 when i = 1.
Finally, via Theorem 5.1 we obtain

16 fll oy S sup [[(1 — A)
JEZ

N|o

(W (2D precoen || £l o)

for all o satisfying

(38) sup (I = A3 (T (27 ) || prico.ery) < 00
jE
Finally, we notice that all o that satisfy (36) must also satisfy (38) by Lemma 3.9. O

We have the following result in the case p = 2.

Theorem 6.2. 0 <s <%, rs>nandq=2—1.If

(39) sup |[(1 — A)3 [ (2]

JEZL

< 00,
LT

then, for any bounded compactly supported function f on R™ ,
(1= 2)3bo@)]|| I le2w)

HTO'fHL2(’LU) 5 sup
JEZ

for any weight w € As 1 N RHj.

Proof. For any fixed 0 < s < § and w € Asy1 N RHg, one may choose the following
parameters:
1 e s 1 1 &g 1 4 @\ 2
:2’ 3 :E’]’L’ —:—’ _— = — —_ = — —7 *: s :(—) :—’
bo o T w2 2y T 0T (5) T3
1 2—¢
p1:2, 81:S>{:(1—€1)’I’L, —:1—281, qlzl, HZH—O,
1 l—¢e1—¢9

such that s = (1 — 60)sg + 0s1, and then we choose p1, s*(€o,¢1), 7(€0,€1), and ¢(eg, €1) such
that

1 1-60 4

- = +—, $s"(eg,e1) = (1 —0)s; + 0s7,

5= L e = (- 0)55+ 05

I a1 _9)l+917 q(€0’51)<%* _ 1) ~ (1 _9)%(8_3 - 1) +QQ1<S_I _ 1)

(g0, €1) To T 2 n 2 n 2
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Letting 9,61 — 0 we obtain

= —&p S
f=—=1 — —,
1—e1—¢9 n
S*(€0,€1) 1 €0 1 S
=_(14+6 —(1—-0) —g — =+ —
n L+ 0+ 5 (1=0)—= ST
1 €0 S
——=(1-60)—+6(1-2 —_— -,
r(g0,€1) ( )5 ol 1) n
1-%—¢0 1—= 2
q<50751>:9 2 1 82n: n—l
3 —af+F(1-0) 6T 5

when 0 < s < 3. For a given weight w € As 4y N RHj;, we choose £9,£1 > 0 sufficiently small
according to Lemma 3.6 such that

n
W E Asecgepy) N RHy(cy ) and  — < 1(gg,61) <.

o s

This allows us to apply Lemma 3.8, yielding weights

Wy € Am N RHqO, wy € Am N Rqu,
such that
01—y Ug
w = wy' wy’ .

We now explain why for ¢ € {0,1} and any o satisfying
sup||(I — A)F (W o(27-))]
JEL

i <09,

we have the estimate

(40) |75 fll 2y S sup||(1 = A)
JEZ

S;

N

(T o(2"))]

LT f||L2(w2)7

for all w; € A,,s; N RH,,. In particular, when ¢ = 0, one can verify that

1 So So 1 1 1

- R — T a * 7

70 n nor 2 q

so (40) is derived from Theorem 3.15 (case 1), and it is derived from Theorem 4.1 when i = 1.
Finally, via Theorem 5.1 we obtain

175 fllr2(w) S sup [|(1 — A)
JEZ

N|o

(B0 o | 200

for all o satisfying sup;y [|(1 — A)2(Uo(27)|| preoery < 00. Finally, we conclude

I7o f ) S sup | = 8)3 (¥o(27)
J

|1 f1 22w

by Lemma 3.9 since r(gg,&1) < 7. O
Remark 6.3. (1) In both cases p > 2 and p = 2, the limiting exponent ¢(g¢,¢;) satisfies

q(€0,€1) —> q as &g,&1 —> 0
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where
1— 28
l+—7%, p>2
a=9q, 2
2
_n_17 p_27
S

and in either case we have § > pﬂs. Consequently, the conclusions of Theorems 6.1 and
Theorem 6.2 are consistent with Proposition 2.2.

(2) We now compare Theorems 6.1 and 6.2 with Theorem 3.15. In Theorem 3.15, there is
the following constraint

s 1 - 1 1 ‘o
nor 2 g D~ P
When % approaches 2, the corresponding reverse Holder exponent

*

q= (%’)/Hoo «— RH, — RH...

As a result, the boundedness of T, can only be obtained for a very small class of
weights.

In contrast, Theorems 6.1and 6.2 show that even if % is close to 2, boundedness of
the operator T, still holds for weights w in the class

AQ N RHq, p > 2,
w € 2
Al—i—%ﬂRH‘j’ p:2,
where the exponent ¢ remains a finite constant once s and p are fixed. This yields an

improvement of Theorem 3.15.

Theorem 6.4 (The case p <2). Let 1 <p<2,0<s<3, %—% < 2, andrs>n. Define
R x5 L -0t
QI_ 3 P= 77— ) q= = .
%—,% - 1a E—-1
Let w € A; N RH; and o satisfy
supH(I—A)g[\iJJ(Zj-)} < 00.
L’I‘

JEZ

Then for any bounded compactly supported function f on R™ we have

I, vt S sup |7 = )32 17 5o

Proof. Fix 1 < p < 2. Let

—_

it

q =1+

1
2

N |
=

We use a duality argument to prove that if
T, : L (R", w) — 7 (R™, )

then
T, : LP(R",w) — LP(R", w).
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First, we recall that the dual space of LP(R", w) is L” (R™, @) under the pairing
)= [ St de
In fact, one direction of this assertion follow by Holder’s inequality
@) [ f@e@lde = [ @@ @@ d < 1w ol
The adjoint (or transpose) T™* of a a linear operator 7" defined on B satisfies
(13) [ @n@ewids= [ )@ ds

for all f,g € B. Then by density, one extends (43) to all f € LP(w) and g € L¥ ().
For f € LP(w),we have

(44) \Tfllzpw) =  sup
geL? (@)
gl ()=

By the adjoint relation (43) and (42) we deduce

[ angas=|[ jaga

Combining (44) and (45) we have

| @p@ g

1

(45) < 1A zr ) 1779l 2o -

Rn

”TfHLP(w) < ”T*”Lp’(vj;)%Lp/(ﬁ;) ”fHLP(w)'
Hence
1Tl ey L) < NT N 2 (oy— 10 (2
Applying the same argument with p replaced by p’ and w replaced by w, we obtain the
reverse inequality, and therefore

1T Lo w)—sree) = 1T 2ot ()= 10 ()

In particular, if 7' =T, then

15 || e () pow) = T3] 10 () 10" (@)

(Notice that if o is real-valued, then T} = T,.)
Moreover, we observe that

1 1 —
-1 B —-—L-q
(I GA%/ORHq1 = w 1l EAq_l(%/_1>+1

/
= Ap, WhereP:ql(%—l)—i—l

_1=p -
— w P18 € Aps

/-1
— wPtT ¢ Ap

/
—1
— weE A;NRH;, Whered:p

1
nand p= —(P — 1)+ 1.
5@ and p q( )+

Eliminating the auxiliary parameter P, we obtain

/ ~ 1 + 1
7 P= 77" )
—1 (r —Daq

i
|
—_

qg=

NI
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where
1 — 28

q =1+

T
2 p’
These are exactly the relationships (41) of the indices in the statement of the theorem. [
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