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Abstract

We show that multilinear interpolation can be lifted to multilinear operators from spaces
generated by the minimal methods to spaces generated by the maximal methods of
interpolation defined on a class of couples of compatible p-Banach spaces. We also
prove mutlilinear interpolation theorem for operators on Calderén-Lozanovskii spaces
between Ly-spaces with 0 < p < 1. As an application we obtain interpolation theorems
for multilinear operators on quasi-Banach Orlicz spaces.

1 Introduction

In the study of many problems which appear in various areas of analysis it is essential
to know whether important operators are bounded between certain quasi-Banach spaces.
Motivated in particular by applications in harmonic analysis, we are interested in proving
new abstract multilinear interpolation theorems for multilinear operators between quasi-
Banach spaces. Based on ideas from the theory of operators between Banach spaces, we use
the universal method of interpolation defined on proper classes of quasi-Banach spaces. It
should be pointed out that in general the interpolation methods used in the case of Banach
spaces do not apply in the setting of quasi-Banach spaces. The main reason is that the
topological dual spaces of quasi-Banach spaces could be trivial and the same may be true
for spaces of continuous linear operators between spaces from a wide class of quasi-Banach
spaces.

We introduce relevant notation and we recall some definitions. Let (X, |- ||) be a quasi-
normed space. A quasi-norm induces locally bounded topology. A complete quasi-normed

space is called quasi-Banach space. If in addition we have for some 0 < p <1

[z +yll” < llzl” + lyll”, 2,y € X,
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then X is said to be a p-Banach space (or if p = 1 a Banach space). A theorem of Aoki and
Rolewicz (see [6]) states that every quasi-Banach space is p-normed for some p € (0, 1].

Throughout the paper we use the standard notion from the Banach space theory and
interpolation theory. We refer to [2] and [3] for the fundamentals of interpolation theory
that will be of use.

A pair A = (A, A1) of quasi-Banach (p-Banach) spaces is called a quasi-Banach (p-
Banach couple) if Ay and A; are both algebraically and topologically embedded in some
Hausdorff topological vector space. For a quasi-Banach (p-Banach) couple A = (Ag, A1) we
define quasi-Banach spaces AgN A1 and Ay + A1 equipped with the natural norms. A quasi-
Banach space A is called intermediate with respect to A provided AgNA; — A — Ag+ Ay,
where < denotes the continuous inclusion map.

Let A = (Ap, A1) and B = (By, B;) be quasi-Banach couples. We denote by L(A4, B)
the Banach space of all linear operators T: Ay + Ay — By + By such that the restrictions
of T to A; are bounded operators from A; to B; for i = 0,1. We equip £(A, B) with the
quasi-norm

17155 = masc{| T ag—sos 1 714, -

Let A and X be quasi-Banach couples. Following Aronszajn and Gagliardo [1], the orbit
of an element a € Ay + A; in X is the quasi-Banach space Ox(a, X) = {Ta; T € L(A, X)}
equipped with the norm

Joll = inf{| Tl5_x: Ta = ).

If we assume that Ag + A; has a total dual space, then Xg N X; — Oz(a,f) and so
F(-) := O4(a,-) is an ezact interpolation functor, i.e., for any quasi-Banach couples X and
Y and every operator T' € £(X,Y) we have T: F(X) — F(Y) with

1T pxy—p) < ITlx—y

Fix 0 < p < 1. Let A = (Ap, A1) be a quasi-Banach couple such that Ay + A; has a total
dual space, and let A be an intermediate quasi-Banach space with respect to A. For any
quasi-Banach space X we define the p-interpolation orbit space G%Z)(Y) as the space of all
r € Xg + X such that

o
T = Z Than,  (convergence in Xg+ X1),
n=1

where T, € L(A,X), a, € A, and > o2 (|| Thll5 5 llan]4)P < co. We set

. > 1/p
lellg, = inf (Y- (1Tulla_xllanlla)?)

n=1

where the infimum is taken over all admissible representations of x as above.



We notice here that if X is a p-Banach couple, then G%p(Y) is a p-Banach space,

intermediate with respect to X. Moreover we have
A _
¢4 (X) = F(X)

for any interpolation functor F such that F(X) is p-normed space and A — F(A) (see [8,
Proposition 2.1]).

Suppose we are given a quasi-Banach couple B and an intermediate quasi-Banach space
B with respect to the couple B. Following [1], we define for any Banach couple X the space
Hg(Y) of all # € Xo + Xy such that supyp_ _<; [|T%([p < oc. The quasi-norm in Hg(Y)
is given by

Il ) = sup {7l |1 Tl < 1}

Note that if F' is an interpolation method, then F(X) — Hg(f) for any quasi-Banach
couple provided F(B) — B. This property, according to Aronszajn and Gagliardo [1]

motivates calling Hg the maximal interpolation functor.

2 Main results

For each m € N the product X; x - -+ x X, = [[\"; X; of Banach spaces is equipped with
the norm ||(z1,...,Tm)|| = maxi<i<m ||zil|x,- We denote by L, (X1 X -+ x Xp,,Y) the
quasi-Banach space of all m-linear bounded operators defined on X7 x - -+ x X,,, with values

in a quasi-Banach space Y, equipped with the quasi-norm

1T = sup{[|T (21, s xm)lys [leallxy < 1o flomllx,, <1}

As in the case where m = 1, we write £(X1,Y") instead of £;(X1,Y).

Let Y = (Yp,Y1) and X; = (Xo;, X1;) for each 1 < i < m be couples of quasi-Banach
spaces. If an operator T' € L,,(II7",(Xo; + X14), Yo + Y1) is such the restriction of T' is
bounded from X1 X -+ X X, to Y for j = 0,1, then we write T € L, (II", X;,Y).

Assume that X; are quasi-Banach spaces intermediate with respect to X; for 1 <i <m
and Y is a quasi-Banach intermediate with respect to Y. If there exists a finite constant
C > 0 such that for every T € L,,(II",X;,Y), the restriction of T is bounded from
X1 X+ x Xy to Y with ||T]| < C, then Xq,...,X,, and Y are called C-multilinear inter-
polation spaces with respect to (X1,...,X,,) and Y (we write for short (Xi,..., X;,;Y) €
Minto(X1,..., Xm;Y)).

Our first result is the following.

Theorem 2.1. Let G%;p be a p-interpolation orbit for each 1 < ¢ < m and let Hg be
a maximal interpolation method. Assume that (Ay,..., Amn; B) € Mintc(Ax,. .., An; B),

then for any p-Banach couples X1,...,Xm and any quasi-Banach couple Y, we have

(Ggip(Yl), o G%:’p(fm); HE(Y)) € Mintc(X1,..., Xm; ).



Proof. Let X; := ng’p(yi) for each 1 < i < m and Y := Hg(?). For j = 0,1 fix
T € Lp(I1" (Xoi + X14), Yo + Y1) such that ”THEm(le,‘..,Xjn;Yj) < 1. Assume that z; € X;
and x; = S;a; with a; € A;, where S;: A; — X;. For a given R: Y — B with |R|y_5 <1
define an operator Ur: II" | (Ag; + A1;) — Bo + By by setting

UR(’Ul, S ,Um) = RT(Slvl, Ceey vam), (7)1, C ,Um) S H?;l(AOz + Ah)

For 7 = 0,1 we have

m

URCut - um) 1By < IRy BTN 2, X vy L LIS, 0 a0
i=1

and so Ug € L, (A1 x - -+ x Ay, B) with and its norm satisfies
m
Uzl < T 1Sill% .-
i=1
Our hypothesis gives that Ur € L,,(A1, ..., A, B) and
m
IURll 2, (AL, A, B) < CH 1Sillz, =,
i=1
Consequently, we obtain
[T (1, @m)lly < sup{[|[RT(S1v1, ..., Smvm)|8; | Rly_p < 1}

= sup{||[Ur(a1, ..., am)|B; [ Rlly_5 < 1}

m
TS, llail .-

=1

IN

Suppose now that for each 1 <i<m
o
T; = Z Sijai;  (convergence in Xo; + X1;),
j=1
where Sj;: A — X, a;; € A; are such that

[o.¢]
S (S5l —x, llasglL4,)? < oo,
=1

<

Since T' € L, (I} (Xo; + X14), Yo + Y1) we conclude that

o0 o0
T(x1,...,om) = Z e Z T(S1j,a1515 - - s Smjpm@mjn,)  (convergence in Yy + Y7).
J1=1 Jm=1
Estimate (1) yields for each ji,...,jm

m

IT(S1j20151, - Smjmmin) Iy < C ] 183117, %, las.lla,
=1



and so
o0

> 1/p
1T am)ly < C( S 3 1T (S 101 S i) 1)

Jj1=1 Jm=1
o0 m

(
(> 3 TSl asta)?) "

Jji=1 Jm=11=1

IN

o0

m /
I (3 (1535115, v, laigla)) "

=1 :

Combining the above estimates, we conclude that T' € L£,,(X; x --- x X,;,, Y') with || T|| < C,
and this completes proof. ]

Our results could be applied to the real methods of interpolation. Let 0 < p < 1.
Following [9], a quasi-Banach space F is said to be (p, J)-nontrivial, if

E s by + 6,(27).

Let E be a nontrivial (1, J) quasi-Banach lattice. For any quasi-Banach couple (Xg, X1) we
denote by Jg(X) the space of all x € X + X1, which can be represented in the form

T = Z Tn, xn € XoN X1 (convergence in Xy + X1),

with {J(2", 2,; X)} € E where J(t,z; X) = max{||z| x,, t||z| x,} for all z € XoN X7y, t > 0.
The space Jg(X) is said to be a J-space provided it is a quasi-Banach space under the
quasi-norm,

]| = inf [[{J (2", 23 X) }|

where the infimum is taken over all representations of x =) x, as above.

Theorem 2.2. For each 1 <i < m let X; be p-Banach couples and let Jg,(X;) be J-spaces
generated by quasi-Banach lattices on 7 intermediate between €, = (£, £,(27™)), and let Hg
be a mazimal interpolation method. Assume that (Ei,...,Em;B) € Mintc(ly,...,0; B).

Then for any quasi-Banach couple Y we have

(JEl(Yl) JEm( ) HB( )) EMZntc(Xl,...,Xm;?).
Proof. Tt follows from [8, Theorem 3.2] that the continuous inclusion map
Jg, (X)) — GF (X)), 1<i<m

ep 7p

has norm less or equal than 1. Thus the required statement follows from Theorem 2.1. [

We refer to [5] where interpolation of bilinear operators between quasi-Banach spaces

was studied by the method of means.



3 Multilinear interpolation between Orlicz spaces

In what follows we let (Q,u) := (Q,3, 1) be a complete o-finite measure space and let
L(2, 1) = LP(u) denote the space of equivalence classes of real valued measurable functions
on 2, equipped with the topology of convergence (in the measure ;1) on sets of finite measure.
By a quasi-Banach lattice on €2 we mean a quasi-Banach space X which is a subspace of
L%() such that there exists u € X with v > 0 and if |f| < |g| a.e., where ¢ € X and
f € L), then f € X and || f]|x < |lgllx- A quasi-Banach lattice X is said to be mazimal
if its unit ball Bx = {x; ||=|| < 1} is a closed subset in L%(y).

In the special case when ) = Z is the set of integers and pu is the counting measure then
a quasi-Banach lattice E on () is called a quasi-Banach sequence space on Z.

If X is a quasi-Banach lattice on (2, 1) and w € L°(u) with w > 0 a.e., we define the
weighted quasi-Banach lattice X (w) by ||z x(w) = ||z w||x-

Throughout the rest of the paper for given measure spaces (£2;, 3;, ;) 1 <i < m, we let
(©, %, 1) to be a product measure space with Q := Q) X - X Qp,, ¥ := 31 X --- X ¥, and
W= 1 X -+ X Wy, be a product measure space.

We define a map &®: LO(u1) x - - - x L%(u) — L°(u) by

®(f177fm):fl®®fm’ (fla"'vfm) GLO(/“) X"'XLO(/‘Lm)v

where f1 ® -+ ® fin(wi, ...y wm) = fi(w1) - -+ fn(wm) for all (w1, ... ,wm) € Q1 X - X Q.
Next we state a useful result in terms of applications.

Theorem 3.1. Let 0 < pg,p1 < 1 and X; be quasi-Banach lattices on (£, u;) that are

intermediate with respect to (LPO(u;), LP*(p;)) for 1 < i < m and let Y be a quasi-Banach

space intermediate with respect to a quasi-Banach couple (Yp,Y1). Assume X is a quasi-

Banach function lattice on (2, u) such that Q: X1 X -+ x X, — X with H®H < C} and
(X,Y) € intc, (LPO(n), LP* (p); (Yo, Y1)). Then, with C' = C1Cs, we have

(X1 oy X X) € Minte (L (1), I () - % (L7 (bt )s P (1) s (Yo, Y1)

Proof. In [13] Vogt identifies the tensor product
Lp(ﬂl)®p T ®pr(ﬂm) (2)

for m = 2, however the proof works for each positive integer m > 2. In our setting this
implies that there are continuous linear operators Tp: LPO(u) — Yy and T7: LP*(p) — Y3
such that

T(fiyes fm) = To@(f1,-- s fm)y  (froeoos fn) € [T 27 (wa),
=1



and

m
T(gla s 7gm) = T1®(gla s 3gm)7 (917 cee ,gm) € H Lpl(ul)
j=1
In particular this yields that for all (f1,..., fm) € [Tit; (Lpo (1s) N LP* (124)),

T(fr, - sfm)=To(i® @ fn)=Ti(i® D fm).

The density argument (via (2)) implies that Tp = 77 on LPO(u) N LP*(u). Consequently, the
operator T LPO () + LP* (1) — Yo + Y1 given by T(f) = To(fo) + Ti(f1) for any f = fo+ fi
with f; € Ly, (u) for j = 0,1 is well defined. Since T = Tj on LPi(p), it follows

T (L7 (p), L2 (1) — (Yo, Y1)

Hence we have T = TR with

T
T2 (L7 (1), 17 (1)) % - % (P (s Ly () -2 (D), 175 (1))~ (¥, Ya).
Our interpolation hypotheses imply that

T:X1><--~><Xm@>Xi>Y.

with | 7| < |7 ||| < C1C4, and this completes the proof. O

To obtain a variety of applications we recall some interpolation constructions. Let &
denote the set of non-vanishing functions ¢: [0,00) x [0,00) — [0,00), which are non-
decreasing in each variable and positively homogeneous of degree one. We define ®( to be
a subset of all ¢ € ® such that ¢(1,¢) — 0 and ¢(t,1) — 0 as t — 0.

We consider the Banach couples ¢y = (cg, co(27™)) and foo := (foo, £oo(27")) of sequences
on Z. If ¢ € ® (resp., p € @), then ay, € co+ cp(27") (resp., ay € loo +Lo(277)).

For any ¢ € ® (resp., ¢ € ®¢) and any quasi-Banach couple X, we denote by (Xo, X1),

(resp., p¢(X)) the interpolation orbit space Og,(ay, X) (resp., Oy (ap, X)). It was shown in
[10], [9] that for a large class of couples of quasi-Banach lattices these spaces are connected
with the Calderon-Lozanovskii spaces.

We recall that if X = (Xp, X1) is a couple of quasi-Banach lattices on a measure space
(2, 1) and ¢ € ®, then the Calderén-Lozanovskii space p(X) = ¢(Xo, X1) consists of all
x € LO(p) such that |z] = ¢(|zol, |21]) prae. for some z; € X; with [lz;|lx, <1, j =0,1.

The space ¢(X) is a quasi-Banach lattice equipped with the quasi-norm [7])

[l = inf {maxj—o.1ll2;llx;; @(|wol, |21]) = |2[}.

If ¢ is a concave function then (X, X;) is a Banach lattice provided (Xy, X1) is a Banach
couple (see [7]). In the case when (s, t) = s, (X)) is the Calderén space (see [4]).



We note that in analogy with the Banach case the following continuous inclusion
©(Xo, X1) = @e(Xo, X1)

holds for all couples (X, X1) of quasi-Banach lattices and ¢ € ®. It was shown in [10, 11]
(see also [9]) that for any ¢ € @ the following continuous inclusions hold for a large class

C of couples (Xp, X1) of quasi-Banach lattices,
o1(Xo, X1) — (Xo, X1)p — @e(Xo, X1)5, (3)

where ¢(Xo, X1) is a Calderén-Lozanovskii space and ¢;(Xop, X1)¢ is the Gagliardo comple-
tion of ¢(Xp, X1) with respect Xy + X1, i.e., the space of all limits in Xy + X of sequences
{z,,} that are bounded in X = p(Xp, X1); this space is equipped with the quasi-norm

lzllxe = inf sup flnllx,

i
Tn} n>1

where {z,} C X has the same meaning as above.
The class C contains p-convex quasi-Banach lattices with 1 < p < oo. Recall that
a quasi-Banach lattice X is called p-convex if there exists a constant C' > 0 such that if

T1,...,Tn € X then

n
1=

I(35 )] = (S

Notice that if ¢ € ® then ¢ = ¢o + 1, where ¢1(s,t) := as + bt for all s, > 0 with
a = lims_o4 ¢(1,5), b =lims_o4+ ¢(s,1). Thus a, = ay, + ay,,. Clearly that

P(X) = o(X) + ¢1(X)

for any couple X of quasi-Banach lattices. Since ¢y € ®, thus combining the above re-
marks and the mentioned inclusions (3), we can easily deduce that the following continuous
inclusions

©(Xo, X1) = we(Xo, X1) — (X0, X1)°

are true every ¢ € ® and all quasi-Banach couples (Xo, X7) € C.

Theorem 3.2. Let L. and L%, with 0 < po,p1 < 1 be weighted spaces on measure spaces
(Qi, i) for 1 < i < m, and let (Yp,Y1) be a couple of quasi-Banach spaces such that Yj
is po-normed and Yy is a p1-normed space. Assume that for some p1,...,0m,p € ® there
exists C' > 0 such that p(1,t1 - tp) < Co1(1,t1) -+ om(1,ty) for all ty, ...ty > 0. Then
any operator in Lo, ((LPO(u1), LPL(p1)) X+« - X (LPO (), LP* () ), (Yo, Y1)) lies in

L (o1 (L7 (p1), L (p1)) X - - X m (Lo (ttm), Lipy (1)), 0e(Yo, Y1)



Proof. Tt is clear that the condition ¢(1,t1-+t;,) < Cp1(1,t1)-om(1,ty) for all tq, ...ty >

0 is equivalent to
o811 Smyt1 - tm) < Co1(s1,t1) - @m(Smstm),  sit; >0, 1 <i<m.
This easily implies that for any measure space (2;, ;) with 1 <i < mand v := v X -+ X,

Q) pr (L (v1), L (11)) X - -+ X om (DX (vim), P (vm)) — (L7 (v), L (v))

with ||®] < C.

Without loss of the generality we my assume that 1/q := 1/pp — 1/p1 > 0. Based on
ideas of Stein-Weiss [12], for each 1 < ¢ < m set 7; = (w}i/powéi/pl)?ai = (wo;/7)P° and
dv; = oydp;. For f € LY(v;) define S;(f) = 7;f and note that for each 1 < i < m and
7 =0,1 we have

ISif sy = Wz o S € T
This shows that S; is a positive isometrical isomorphism between quasi-Banach couples
(L., L)) and (LPo(v;), LP* (1)) for each 1 < i < m, and so

Si(wi(Ligy,» Ligy,)) = 0i(LP (vi), L (v)), 1 <i<m.
This implies that the operator S given by

S(fiseeos fn) = T(ST f1s o5 S5 fim)
for all (f1,...,fm) € [1i2q(LP(v;) + LP' (1)), satisfies

S € Ln((L7(v0), L (1)) % - - - X ((LP? (vm), L7 (vm)), (Yo, Y1)).-

Applying Theorem 3.1, we conclude that S is bounded from [, ¢;(LPi(v;), L' (1)) to
ve(Yp, Y1). The above isometries yield that the operator

T: o1 (L (vo), L7 (v0)) X -+ X om (L (vm), LP (1)) — @u(Yo, Y1)

is bounded, and this completes the proof. O

We give below applications of Theorem 3.2 to quasi-Banach Orlicz spaces. First we
recall that if ¢ is an Orlicz function (i.e., ¥: [0,00) — [0,00) is an increasing, continuous
such that 1(0) = 0), then the Orlicz space Ly on a given measure space (£2, 41) is defined
to be a subspace of LY(u) consisting of all f € L°(u) such that for some A > 0 we have
Jo WAf]) di < 0o. We set

11l = inf {3 > 0 [ wisi/au= 1},



If there exists C' > 0 such that ¢ (¢/C) < (t)/2 for all t > 0, then

If+glle <CUFllw + llglle),  f9 € Ly,

and so Ly is a quasi-Banach space. In what follows we consider only Orlicz spaces LY
generated by Orlicz functions 1) which satisfy the above inequality.
It is well known (see [9], [11, pp. 460-461]) that for any ¢ € ® and any couple (L5, LT},)

on a measure space (€2, ) with 0 < po,p1 < 0o we have

SO(LPO

wo?

Lyt) =Ly

with equivalence of the quasi-norms, where Lj; is the generalized Orlicz space generated
by the function M (u,t) = 1 ( (w1 (t)/Praw(t) ~1/P0)0) (wo(t) /w1 (t))? for all w > 0 and t € Q.
Here 1/q = 1/po — 1/p1 and % is an Orlicz function given by ¥~1(t) = o(t'/0, t/P1) for all
t > 0. Lps is equipped with the quasi-norm

I£la = int {3 >0 [ (£ du <1},
Q
In particular we have
@(LP°, LP) = Ly.

We note also that a simple calculation shows (see [11, p. 459]) that in the case 0 < py =
p1=p =00,
SO(L{;)()? prl) = L?/SO(’LUO,UH)' (4)

Our final result is the following:

Theorem 3.3. Let Ly(v) and Ly, (u;) for 1 <i < m be Orlicz spaces. Assume that there
is a constant C and 0 < pp < p1 < 1 so that P(t1 - - - tm) > C1(t1) - - - Ym(tm) for
all t1,...,tm > 0 and assume that the functions t — (t)/tP°, t — ;(t)/tP are non-
decreasing and t — (t) /tPr, t — ;(t)/tP* (1 < i < m) are non-increasing. Then for every
T € Lon((LP (1), TP (12)) % 5 (TP (s, TP i), (EP (), 171 () we have tha

T € Lon(Lyy (1) % -+ x Ly, (), Ly ().

Proof. First observe that if an Orlicz function ¢ is such that the function ¢ — ¢(t)/tP° is
non-decreasing and ¢t — ¢(t)/tP* is non-increasing, respectively. Then the function t —
¢~ 1(t)/tY/Po and t — ¢~ 1(t)/t'/P1 is non-increasing and non-decreasing, respectively. This
implies that the function p: [0, 00) — [0, 00) defined by p(0) = 0 and

B1(t) = /P p(e /M1 g s,
is a quasi-concave, i.e., t — p(t) is non-decreasing and t — p(t)/t is non-increasing.

10



Now define p € ® by ¢(s,t) =tp(s/t) for t > 0 and 0 if ¢t = 0. Then, we have
¢ (t) = (/P Py > 0.
Thus, it follows by (4) that for any measure space (€2, ) we have that
Ly(v) = @(LP(v), L7 (v)),

up to equivalence of quasi-norms.

Combining our hypotheses, we conclude that there exist ¢, ¢; € ® such that

Ly(v) = o(LP(v), P (), Ly, (i) = @i(LP (pa)), LP (i), 1 <i<m

with o(1,¢1 - tp) < C1(1,t1) - - - (1, t,) for some C > 0 and for all ¢4,...,¢, > 0. An
application of Theorem 3.2 completes the proof. O
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