BILINEAR FOURIER INTEGRAL OPERATORS
LOUKAS GRAFAKOS AND MARCO M. PELOSO

ABSTRACT. We study the boundedness of bilinear Fourier integral operators on products
of Lebesgue spaces. These operators are obtained from the class of bilinear pseudodif-
ferential operators of Coifman and Meyer via the introduction of an oscillatory factor
containing a real-valued phase of five variables ®(x, y1, y2,£1,&2) which is jointly homo-
geneous in the phase variables (£1,&2). For symbols of order zero supported away from
the axes and the antidiagonal, we show that boundedness holds in the local-L? case.
Stronger conclusions are obtained for more restricted classes of symbols and phases.

1. INTRODUCTION

We initiate the study of a class of operators that extend the classical Fourier integral
operators to the bilinear setting. The results in this work are of introductory nature but
they indicate that there is probably a rich and extensive underlying theory that awaits to
be developed. The present work only touches on certain aspects of the theory.

The results of this article extend known results concerning bilinear pseudodifferential
operators; these operators have been introduced and extensively studied by Coifman and
Meyer [CM1], [CM2], [CM3]. They have the form

P,(f1, fo)(x) = / (2, &1, &) fr(€1) fo(€a) 2™ € dg, de, (1)

R2n
where f7, fo are smooth functions with compact support on R” and o is symbol of 3n
real variables, usually taken to be in some Hormander class. Here f denotes the Fourier
transform of the function f defined by f(§) = [z, f(z)e > dz. A classical theorem
of Coifman and Meyer [CM3] states that if o is a symbol in the Hérmander class S°
uniformly in z, then the operator P, admits a bounded extension on products of Lebesgue
spaces whose indices are related as in Holder’s inequality. An extension of this theorem
to Lebesgue spaces with indices p < 1 including some endpoint cases was obtained by
Grafakos and Torres [GT1] and in some special cases by Kenig and Stein [KS].
A bilinear pseudodifferential operator can also be written in the form

Py(f1, f2)(x) = / e2rilmy) Gt @) &) g (2 & &) f1(y1) fo(y2) dyrdyad€idés (2)

R4n
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where fi, fo are smooth functions with compact support. Written in this form, we may
allow the symbol ¢ to also depend (smoothly) on the variables y; and y. This extra depen-
dence does not present any difficulties in the theory; in fact the aforementioned Coifman-
Meyer bilinear multiplier theorem is also valid for symbols of the form o(x,y1, o, &1, &2)
that depend smoothly and have compact support in the variables y;,y.. The results in
this article are of local nature and for this reason the symbols we consider indeed have
compact support in the variables x, yq, yo.

Looking at the bilinear pseudodifferential operator written in the form (2), it is only a
matter of introducing an appropriate oscillatory factor to create a bilinear Fourier integral
operator. To set the framework for this theory, we first recall some definitions.

We assume that we are given a smooth function b(z, y1, y2, &1, €2), a real number m, and
a compact subset () C R" such that b is supported in () x Q) X () in the first three variables
and all multiindices 7, y1, 72, a1, oo in (Z1)", there exists a constant C' = Cjy| (1] jya|le1],as|
such that

07071 0,2081 0520(x, y1, Yo, §1,&2)| < C(1 + & + o) lenllez]

7Yl TY2

for all (z,y1,y2) € @xQxQ and &, & € R™. Such functions are called Hormander symbols

of order m. In this article, we often use the notation E for the pair (£1,&) € R x R".
We are concerned with bilinear Fourier integral operators (FIO) of the form

F(fr, fo)(x) = / Ty, 7,E) () folys) dfdE,  z € R, (3)

RA4n

where b is a symbol of Hormander type and & is a real-valued phase that satisfies some
nondegeneracy conditions. In this work, we focus attention to phases in reduced form

<I>(a:,17,5) =(@—y) &G+ (@ —y) L+v(,,%) (4)

where ¥(z, &, &) is smooth function on R™ x (R™\ {0}) x (R™\ {0}) and is homogeneous
of degree 1 jointly in the variables (&, &s).

Setting ¢(z, E) =z (& + &)+ Y(x, é’), the nondegeneracy conditions required in this
article can be formulated as follows:

det (g, ) #0 (5)
and

det ((,055752) 7é 0 (6)

on the support of the symbol.

We end this section by providing a motivation for the study of the topic of bilinear FI1Os.
Inspired by certain restriction problems, we consider the issue of restricting solutions of
certain hyperbolic PDEs along subspaces of half the spacial dimension. We present a
typical problem that may arise in the case of the wave equation on R" x R™ x R.
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Consider the wave equation on R** x R with coordinates (z,t), where x = (2/,2"),
2, e R"and t € R

2n
82U 82’& , , au / ,
> oz o @0 =hEeE), G0 = A@)a")

Jj=

For each fixed t, the solution u(x,t) can be written as a sum of Fourier integral operators
with phases &1 = (2/—¢/)-&'+ (2" —y")-" £t \/|&|? + |£"]?, where £ = (£/,£") € R"xR™ is
the dual variable of (2, 2"). When one considers the restriction of the solution u(a’, 2", t)
along the diagonal ' = z”, one obtains two bilinear FIOs with phases ®, and ®_ acting
on the pairs of functions (fo, go) and (f1,91). To determine if this restriction lies in
LP(R™), it is natural to investigate the boundedness of these FIOs when the initial data
fos 90, f1, g1 lie LP1(R™).

2. THE MAIN RESULTS

For bilinear operators T that map LP* x LP? — [P with 1/p; +1/p, = 1/p, the local-L?
case is the situation where 2 < py, po, p’ < co. In this case, the trilinear form

(f1, f2, f3) = (T(f1, f2), f3)

is bounded by ||T|[|| f1llze1 || f2ll ez || f3]| . and the functions f1, fa, f3 are locally in L?. The
Banach case is the situation where the indices satisfy 1 < py, p2, p < oo, while the quasi-
Banach case is the most general situation where the index p is allowed to be less than
1 (but greater than or equal to 1/2). We now state our main results that concern the
local-L? case, the Banach, and quasi-Banach space cases under different assumptions on
the associated symbols. In the rest of the paper |&| ~ |&| means ¢ < |&]/]&| < ¢t for
some ¢ > 0.

Theorem 2.1. (Local-L? case) Let F be a bilinear FIO with phase satisfying (5) and
(6) and symbol of order zero which is compactly supported in the first three variables and

whose last two variables are supported in a conical set U of the form |&| = |&a| = [&1 + &2
such that for (&1,&) € U we have

€] < V@ (2, 7,€)| < col] (7)

for all x,y1,y2 € R™. Then the bilinear FIO F maps LP*(R") x LP?(R") — LP(R")
whenever 2 < py, pa, p’ < 00.

Corollary 2.2. Suppose that the function 1 in (4) is is independent of x (such as in the
case of the wave equation phases (x —y1) - & + (v — yo) - & £ /|&1)? + [&2|?). Let F be
the associated bilinear FIO having a symbol of order zero which is compactly supported in
the first three variables and whose last two variables (&1,&) are supported away from the
antidiagonal, i.e., in a conical set U of the form |&1| =~ |&| =~ [&1 + &|. Then the bilinear
FIO F maps LP*(R™) x LP»(R") — LP(R"™) whenever 2 < p1,pa, p’ < 00.
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Proposition 2.3. (Banach case) Let F be a bilinear FIO with phase satisfying (5) and
(6) and symbol of order m that is compactly supported in the first three variables. Then
F maps L*(R™) x L=(R") — L*(R") and L=(R") x L}*(R") — L*(R") whenever
2n —1
m < 5 .

Proposition 2.4. (Quasi-Banach case) Let F be a BFIO with phase satisfying (5) and
(6) and symbol that is compactly supported in the first three variables. Assume that the
phase ® of F can be written as sum ® = &1 + &y of two non-degenerate linear phases,
see (19). If the order of the symbol is —(n—1)(1/p—1) and 1 < py, ps < 2, then F maps
LPY(R™) x LP2(R") — LP(R™), where 1/p =1/p; + 1/ps.

3. PRELIMINARY LEMMAS

The following lemmas contain straighforward extensions of the standard 77 lemma
and of Schur’s lemma in the context of bilinear operators.
Given a bilinear operator T', the adjoints 7' and T*? are defined by the relations

<T*1(f1,f2), g> = (fl, T(97f2)> and <T*2(f1,f2)> 9> = <f2, T(f1,9)>

for all functions f, g, h in a dense subclass of the domains of the operators.

Lemma 3.1. Let T be a bilinear operator and let 1 < p,p1,ps < 00.
(a) We have that T : LP* x LP? — L* with norm at most A if and only if

[T (T (ha, ha), ha)ll oy < A2(|Pa | zor (|l oz [| s o2 (8)
and this happens if and only if
172 (ha, T (ha, ha))ll 1oy < A2[|Pallzor [ ol o [| s o2 (9)

for all functions hq, ho, hs in the appropriate domains.
(b) We have that T : LP* x L? — LP with norm at most A if and only if

|17 (hy, T (ha, hs)) e < A%[[Ba o |zl oo | s v (10)

for all functions hy, ho, hs in the appropriate domains.
(c) We have that T : L* x L2 — LP with norm at most A if and only if

I T(T* (ha, o), ha)) e < A2 Ba| ot B oo [| P | 2 (11)
for all functions hy, ha, hs in the appropriate domains.

Proof. In all of these assertions, the boundedness of the operator easily implies statements
(8)—(11). Conversely, we focus on case (c), since the other cases are similar.
As a consequence of (11) we have that

(T(T (R, hz), ha)), Thall ) | < A2 [Pl por | oo | e [ es | e
and taking hy = hg we have
(T(T™ (ha, h2), o)), ha) | < A% [[Bal 7 122
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from which it follows that
(T (ha, ha)), T (ha ha))| < A2 Ral[ 1ol
and thus 7*! maps L? x L”? to L2 Hence T maps L? x LP> to LP. O

The preceding result can also be formulated in a straightforward way for m-linear
operators. The following extension of Schur’s lemma to the m-linear setting appeared in
[BBPR] and [GT?2]. It will be useful to us when m = 2, 3.

Lemma 3.2. Let K(yo,1...,Ym) be a function on RV such that for all 0 <i < m
we have

Sup/ ’K(ymyla7ym)’dy0dyldym:Az<ooa

y; €ER"

where gy\z 1s indicating that the integration variable dy; is missing. Then the m-linear
operator

T(fr,--s fm)(@) = K@,y ym) fr(yn) - fon(Ym) dyn - - dym

Rmn

maps LP* X --- x [P — LP with bound
[1é/p'/1}/p1 CAY/Pm
whenever 1/py + -+ 1/ppm, = 1/p where 1 < py1, ..., pm,p < 00.

Proof. We provide the easy proof when m = 3. Taking a function f, in L?, we calculate
|7 (f1, fa, f3)||zr via duality as follows:

1/p'
T (f1. fa, f3)(y0) fo(¥o) dyo‘ < (/RM 1K (Yo, Y1, Y2, y3)| | fo (o) [P dyo dy: dyzdy3)

‘ R”

1/p1
(/4 | K (Yo, y1, Y2, y3) || f1(y1) |* dyo dys d?/zdyz)
RTL
1/p2
(/4 | K (Yo, y1, Y2, y3) || f2(y2) |P* dyo dy d?/zdyz)
RTL

1/p3
(/4 | K (Yo, Y1, Yo, y3) || f3(ys) |7 dyo dyy dys dys)
Rn
< AP foll g AP Full s A5TP2| Foll e AYP | £ s

in view of Holder’s inequality with respect to the measure |K (yo, y1, Y2, ¥3)|dyody: dyadys
and of the hypotheses on 7. O
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4. THE LOCAL-L? CASE

In this section we prove Theorem 2.1. Set

We consider a bilinear FIO F given by

F(fr fo) (@) = / AT . 07) fu (1) fo (y2) i i (12)
R n
where b(z,¥,7) is a Hormander symbol of order 0 which has compact support in the
variables z,y;,y2. We study mapping properties of the operator (12) originally defined
for smooth functions with compact support fi, fo.
We point out that, as it is standard in this theory of Fourier integral operators, the
above definition must be interpreted in a weak sense in general. For, we can write

1
(1 + 7)™
and then integrate by parts in ¢ the integral in (12) to obtain an equivalent form that
converges absolutely.

We pick a nonnegative smooth function 3 on the real line supported in the interval
[7/8,2] equal to one on [1,7/4] and a function (3, supported in [0, 2] such that

i@ —F) _

Y

(I — Ay)Neile@i=3)

Bo(t) + > B *) =1

for all ¢ > 0. For notational convenience we set 3 (t) = 3(27%¢).
We decompose the bilinear FIO accordingly

Ffu, o)) = / ST TNz, 7,7) () folye) difdif

R4n

e M=y, (2,7, 17) fr(y1) fa(y2) Ay dif

[
NE
WE

k=0 k'—0 Y R*"

fk’kl(fl; fZ)(J;) ’

[
WE
WE

=
Il

0 k'=0

where by (z,7,7) = Be(lm|)Be (|n2])b(x, ¥, 7). The case k = k' = 0 is trivial as the
symbol of the corresponding operator is a smooth function with compact support in all
variables. The same comment applies to all terms of the form |k|, |&’| < ¢q for some ¢y > 0.

Recall that the symbol b is supported in the conical region || & |n2| = |m1 + 12|. This
assumption translates to a condition relating k& and k" as follows: |k — k'| < ¢ for some
constant ¢ > 0.This reduces the double sum in k and &' above to essentially one sum
where k is arbitrary and &’ is within a fixed distance from k. Matters therefore reduce to
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the study of the bilinear FIO

F(fu fo)@) = | fulyn) falye)bla, 5, 7)1 (2 )2 27  n )P &D =0 dgdi - (13)

R4TL
where v, and 7, are smooth functions with compact support that do not contain the
origin. (These functions are the same as the previously defined (3.)
We first obtain an orthogonality lemma saying that the uniform boundedness of the
F}’s implies the boundedness of their sum.

Lemma 4.1. Let Fy be as in (13) and let p1, p2, p be indices that satisfy 2 < p1,pa,p’ < 00
and pil + p% + 1% = 1. Suppose there exists a constant A < oo such that for all f1, fo in

Cge (i.e., smooth functions with compact support) we have

sup | Fx(f1, o)l eeny < Al fillzes || 2l e

Then

S" Rl )
k=1

15 also bounded from LP* x LP? — LP,

Proof. We define Littlewood-Paley operators A,, by setting A,,(f)"(§) = f(g)w@-mg),
for m > 1 and Ao(f)" (&) = f(f )10 (€), where v is a smooth function that is supported in
an annulus that does not contain the origin in R™ and is equal to one on a smaller such
annulus, while 1y is smooth and equal to one on ball containing the origin and supported

in a bigger ball. We pick ) such that Y *°_j¥,(§) = 1, where ¢,,,(§) = ¥(27™¢).
Inspired by the work of [Se|, we introduce the decomposition

Fe(fr, f2) = ZZZA Fe(Aj f1, 85, 12) -

m=0 j1=0 j2=0
The key observation is that when the indices m, ji, jo are near the index k, then we

may exploit orthogonality, while when they are away from k there is decay in all variables
involved. We precisely quantify this statement. We note that

A Fk(Ajlfla A]2f2 / / Kmkyl g2 (,’L‘ yl’yz)f1<y1)f2(y2> dyldy2 ,
where
1 1(0-(x—u)+7-(Z—7 w,E)—z-€ — _
Km,k,jl,jz($7y1,y2) = W/( ) (O (z—u)+7-(F=7) +o(ug) 5)5(2 kfl)ﬁ(Q k§2)

X (27O (27 Iy ) (2772 na )b, 2, € ) du dZ d6 dif dE .

We consider first the case near the diagonal, i.e., the case where m = k+c¢, 71 = k+ ¢y,
Ja = k + co, where ¢, ¢y, ¢y are integer constants that satisfy max(|c|,|c1|, |c2]) < Cy for
some Cy > 0. There are finitely many such terms and we fix one such choice of ¢, ¢y, cs.
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Suppose first that 2 < py, pa, p’ < 0o. Let us set Li(f1, f2) = ApreTor (Dpre, 1, Dver f2)
and start with f, € LP, f, € LP? and h € L”'. Then, inspired by [GL], we may write

ZLk fi, fo), } = }Z (Fr(Akper f1, Akt f2), Ak+ch>’
/n (Z |Fk(Ak+01f17 Ak+02f2)|2) UQ(Z |Ak+ch|2> 1/2d5(]
<Z|Akh| )

] Il
Lr

where the last inequality follows from the Littlewood-Paley theorem. It will suffice to
estimate the LP norm of the previous square function above. We have

IN

IN

H Z|Fk Ajrer f1, Dty [2)] )

C,p (Z | k(A f1, Ak+c2f2)|2>
k

p

[(Z 15t e )
k

< [ S IRGuah At ds
L R

= Z ||Fk(Ak+c1f17 Ak+c2f2)||1£1’
k

< AP Ak il 1Ak ves foll e
k

where we used the fact p < 2 and the uniform boundedness of the operators Fj. Now
applying Holder’s inequality for sequences and using the embeddings ¢* C ¢P* [ ¢P* (since
p1, P2 > 2) we obtain the following

S8 ill |8 ol
< (X8 il (S el )
/ DILYSAT dx)p/f’l ( / S i)
< ( / ) (kZchlflI?)m/z )" (k/ (Z| Moo )"
) H<Z‘A’f+‘*f1 )N (S aven )

< Cz”leLlefQHLpza
by the Littlewood-Paley theorem.

LP1 P2
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We are still considering the case near the diagonal but we now suppose that the point
(p1,p2,p) in [2,00)% x [1,2] is one of the “vertices” (2,2,1), (2,00,2), or (00,2,2) of the
local-L? triangle. When (p1, pa,p) = (2,2,1) we argue as follows:

| 2 AkeFBisa fi Besaf)| |, € Y AkeFuBbse frs Besafo)|
k k

Lt

< C Z ||Fk(Ak+C1f17Ak+02f2)”L1
k

< CAZ HAkerfl”LQ||Ak+c2f2HL2
k

< ca(Shauanll) (Slawarl,)
k k

< C"Allfill2llfollzz -

When (p1, p2,p) = (2,00,2) there is a similar argument. Using the orthogonality of the
Aj.’s on the Fourier transform side, we have

| > AP A fi Ause)| £ OO AP Bk fis Asen o)
k k

1
2

2
L2

< Z Hsz(Akz-i-qflaAk—l—czfQ)HQLz
K

< A2 Z ||Ak+clf1HizHAkJr@f?”ioo
k

< C"A | fillz2 ) falli -

The situation (p1, pa, p) = (00,2, 2) is symmetric with (py, p2, p) = (2, 00,2).
We now consider the case where max(|k — m|, |k — ji|, |k — j2|) > Co. We look at the
expression defining K, 1 j, j, and we consider the phase of the exponential in it which is

—

®(u, 21,2, €1,6) = p(u, §) + 0+ (w —w) +77- (F— ) — 7+ €.
Note that V, = ®(u, €) is equal to the following vector in (R™)3
We claim that
V| > ¢ max(2F, 2™, 271 272) . (14)
Indeed, recall that |n;| & 271, |ny| &~ 272, |&,] ~ 2%, |&] ~ 2%, and |A] ~ 2™. Moreover, by
in view of (7) we have |V, p(u, )| ~ |£| ~ 2%. Thus
|V| Z |vu¢<u>g> - 9| + |§1 - 771| + |€2 - 772| Z maX(ka 2m72j172j2)
whenever max(|k —m|, |k — j1|, |k — 72|) > Co.
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Using this estimate for V' and integrating by parts in K, j, ;, with respect to the
variables u, Z we obtain the pointwise bound

|Km,k,j1,jz (x,y1,92)| < Cnm max(Qk’ 2m. 2]‘1’ 2j2)—M

for any integer M, whenever max(|k —m|, |k — ji|,|k — ja|) > Cp.

Let @ be a cube centered at the origin in R™ which contains the support of b in each of
the first three variables. When one of x,y1, 32 is not in (), then we can also integrate by
parts with respect to the corresponding variables 6, 7;, 72 in the integral defining K, . ;, i,
to obtain the extra decay (1 + |2|)™", (1 + |yu|)™™", or (1 + |ya|)™™', respectively for
’Km,k,jl,jz (x, 11, yg)}. These extra factors can also be inserted when some of x,y;,y, are
in () since in this case they are comparable to constants.

Combining these observations, we conclude the following estimates for all x, ¢,y € R"

max(2F, 2m, 271 242)~M
L |2)M (1 + [ )M (1 + [ )M
It follows from these estimates via the bilinear Schur lemma (Lemma 3.2) that a bilinear
operator with kernel K, 1 j, j, is bounded from LP* x LP? — LP for all 1 < py,pe,p < o0
with norm at most max(2%,2m 291 272)=M,
These estimates show that

Z Aka(Aj1f17Aj2f2>

k)m’jlva

’Km,k,jl,jz (l’, Y1, y2)

< Cumr (

< Cllfiller [ f2llzree
p

L

where the sum is over the indices that satisfy max(|k — m/|, |k — ji|, |k — ja|) > Cb.
This concludes the proof of the lemma. O

It remains to show that the F}’s are bounded in the local-L? case uniformly in k. We
introduce a slightly different notation by setting A = 2% in (13) and also we define an
operator T\ by setting

T/\(fla fz) = A2an(f17f2) :

Obviously, the uniform boundedness of the Fj’s from LP' x LP? to LP is equivalent to
boundedness of Ty from LP! x LP?* to LP with norm that decays like A=2" for \ large.
This is the assertion of the next lemma which is proved via a bilinear adaptation of the
classical 71" argument.

Lemma 4.2. Let a = a(x,y1, s, &1, &) be a smooth function on R™™ whose (&1, &2) support
is contained in the set {(£1,&) € R x R™: |&| = [& + & ~ & = ¢}t for some ¢ > 0.
Let ® be a non-degenerate phase function and consider the bilinear operator Ty as

To(fu, fo) () = / oz, 7.)eMETE) L (y1) fo(ys) A dE |

R4n
Then, if 2 < p1,p2,p’ < 00 and p% + pig + z% =1 there exists a constant C > 0 such that

IT5(frs Sl < A [ fullpn 1 2l

"n the published version of this paper the condition |€1] & |&1 + &2| was mistakenly omitted
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for X sufficiently large.
Proof. Recall the assumption that the phase function

(I)(xaylay27£17§2) = @(xaé-lagQ) —T-Y1 — T Y2

is non-degenerate, that is det (¢, ¢,) # 0 and det (¢, ¢,) 7 0 on supp a, and ¢ is homoge-
nous of degree 1 in £&. We consider the trilinear operator

T (T3 (f1, f2), f3) Z/Rgn f1(21) fo(22) fa(23) K (7, 21, 22, 23) d21 dza 23,

where
K(xu 21, 22, 23) - / ei/\[q)(%y’zgf)_é(%’y@’ma(x»?J7 2’3,5)(_1(217 Y, 22, 5) dgdfdy. (15)
R5n
Then,

v(yvfhf%(l,@) [@(J}, Y, =3, 517 52) - q)('zl’ Y, 22, Cla CQ)}
= Viy&1.62.1.02) [90(95751’52) —y-&—z- & — (90(217 (,G)—y -G —2- CQ)}
= (Cl - 517 §0§1(‘r7§17§2> - Y, ()052(1:751752) —Z3, Y — <)DC1(217C17 C2)7 Z2 — SOC2(217C17<2>> .

Therefore,

’v(y,&,&,ﬁ,@) [(I)($a Yy, =3, 617 62) - (I)(Zla Y, 22, Cl? §2)] ‘

~ & — Gl + [e (2,6, &) — y| + [weu (2,61, &) — 23] + |, (21, G, G2) — )|
+ e (21,¢1, G2) — 22 -

Integrating by parts in (15) in all variables we obtain that for all N > 0 there exists a
constant C'y such that ‘K(:E, 21, 22, Zg)‘ is less than or equal to

C/ 1 ‘ 1 ‘ 1
e T+ NG = QDY (T4 Nepe, (0,60,6) —yDN (1 + Mg, (,61,6) — 2N

1 1 o
' dydéd 6
W+ N (1. ) — 0D 1+ Noga o, o, Ga) — a0 % 119

where B = {(y,&1, 6,01, () € R ¢ Jy| < O, [€],[C] = Ca}.

We need to show that the kernel K satisfies the hypotheses of Lemma 3.2. We first
consider the integral fR3n | K (x, 21, 29, 23)| dzdz1dzy. We integrate first in the variable zo
in (16) and we obtain a factor of A=". Then we integrate in z; by making the change of
variables 2| = Ag¢, (21, (1, (2) — Ay and using the fact that det ¢, ¢, # 0 on the support
of a. This provides another factor of A™. Then we integrate in y which provides another
factor of A™" and finally the integral in &; will also yield a factor of A™". The remaining
integrals are over compact regions and the final result is that

/ |K (2, 21, 20, 23)| dx dzy dzgy < C A"
R3n
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with C independent of A. A similar calculation yields that

/ |K (21, 22, 23)| dx dzy dzg < C A",
R3n

We now consider the integral fR3n | K (x, 21, 29, 23)| dv dzg dz3. We integrate (16) with
respect to the variables 22, 23, ¥, & in this order to obtain a factor of A=#" and the remaining
integrals are over compact regions. We deduce the estimate

/ | K (z, 21, 22, 23)| dx dzy dzg < C A"
R3n
with C' independent of A. Analogously, we obtain the estimate
/ |K (21, 22, 23)| d2y dzp dzg < C A4
R3n

Thus, the kernel K of the trilinear operator 7)(f1, f2, f3) = T (T;l(fl, fa), fg) satisfies
the hypotheses Lemma 3.2 with constants Ay = A; = Ay = A3 = CX\7*"; thus the
conclusion of Lemma 3.2 holds for 7, and in particular we obtain that

||T>\||Lrl L2 X L3 —Lr < C N\

whenever 1/r; + 1/ry + 1/r3 = 1/r and 1 < rq,79,73 < 00. Taking (ry,r9,73,7) to be
either (py, p2, p2, py), or (p1, 2,0, p) or (P, pe, p2, p) we deduce that 7, satisfies conditions
(8), (9), and (10) of Lemma 3.1. We conclude that Ty maps LP' x LP? to L” with norm at
most a constant multiple of A" when 1/p; +1/ps = 1/p, 2 < p/, ps < 00, and one of the
indices py, pa, p is equal to 2. This region consists of the three sides of the local-L? triangle
1/pr+1/ps = 1/p, 2 < p/,ps < 0o. Boundedness for the points in the interior of the
triangle follows by interpolation (that also yields the required bound on the norm). [

5. PROOF OF PROPOSITION 2.3

Let ¥ € f?go(RQ”), with supp¥ C {€ : 271 < |¢] < 4} and such that ¥o(¢) +
> o2 W(279€) = 1, where W is in Cg°(R?") with support near the origin.

Next, for each j select a set of unit vectors {f_;” } of cardinality ¢27("=1/2 such that
|§3’ — @/| ~ 279/2 and such that the union of the balls of radii 277/ centered at the

£Y covers the unit sphere in R*". Let {x%} be a partition of unity on the unit sphere
subordinate to this covering. Extend these functions to all of R?**\ {(0,0)} as functions
homogenous of degree 0.

We now write
oo ¢2i(2n—1)/2

—
—

where by(z,7,€) = b(x, 7, )Wo(E) and b (x,7,€) = b(z, 7, g)xg(é)\p(z—ﬂé) Moreover,

we define
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Via this decomposition we express F = Fo + > . >, Fy, where F is the bilinear
integral operator with kernel K7

Fi(f1, f2) () = K5 (2.9) fi(yn) folys) dy

R2n

Write

—

¢($7€)—ﬂ'g:¢£1($7@)'51—yl'§1+90£2(37a5)'52—y2‘§2+H}/($a€)a

where

HY (2,€) = p(x,8) — pel, &) - €.

We introduce the differential operator

L=1+ 22362 +2A ),

where (5; ) denotes a (2n — 1)-dimensional set of coordinates orthogonal to 53’ . We have

Lemma 5.1. If b € S™, then for all N > 0 there exists C' > 0 such that
LY (M5O (2, 5.8) ) | < €2, (17)

Proof. In order to prove the estimate, notice that, since b7 lies in S™ and is localized in

the set |€ | & 27, the worst case is when all the derivatives fall on the exponential factor.
Notice however that

b (2, 4.6)] < C2™.

The lemma will follow if we prove that !LN ety ($’5)| < Cly for all N > 0, which is a
consequence of the estimates below:

\ak HY(2,€)| < C27%,
(ii) ‘V’(“ V),H]’-’(xf)} < C27IF /2,

for 5 in the support of 0%, for all 0 < k, k" < N. Here, and in what follows, we denote by

0’ the projection of the vector 0 of R2" onto the subspace orthogonal to 5”.
The estimates (i) and (ii) follow from the fact that H is homogeneous of degree 1 in £
and that |€| = 27, as in [St] p. 407. O

Next we estimate the kernel K7 integrating by parts. Set

A($,g,g> = @51(377’5;'/) '51 i '51 +(P§2(x,g) '52 — Y2 '527
then

1 v
Ky ) < | Lo (e, 6)) €
! (1 + 22]|£}/ . VgA’Q + 2]|(V€A)’|2)N R2n ( )
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From this it follows that [K7 (x, )| is controlled by
C 2jm2j+j(2n—1)/2

(1 + 22j|£;/ (SD& (l’,f;) — Y1, ()052(1.75;) - 3/2) ’2 + 2j|(()0£1 (.I',f;’) - Y1, (1052('%75;) - y2)/|2)
In order to prove that T = 7.3 F7 is bounded T': L' x L — L' it suffices to show

that
Z g [sup//|Kj”(:v,y1,y2)|dxdy2} < 0. (18)
j v Y1

—

Perfoming the changes of variables u = ¢ (z, {Z’), v = (7, &) — y2 we see that

/ / |K;(xaylay2)|dmdy2
2im9i(n+t3)
< C/ / — - ~ dudv
v Jre (14229187 (u — 1, 0) |2 + 27| (u =y, 0)'[?)

= CQjm/ / 1 ~ dudv
wJre (14| (u,v)]?)

= (Cm .

N

Therefore, the norm of F : L' x L>® — L! is bounded by a constant times

ZZ sup/ / | K7 xyl,y2|dxdy2]<C’ZZQ””<CZQ””+" 12 <

as long asm+n—1/2 <0, that is m < —(2n —1)/2. O

6. PROOF OF PROPOSITION 2.4

We consider a bilinear FIO with a Hérmander symbol o(z,y1, 32, &1, &2) whose phase
has the form

O(2,9,€) = [P1(z,61) —y1 - &) + [P2(7,§2) —y2 - &2 (19)
where each each expression inside the square brackets is a non-degenerate linear phase;
that is, ¢1 and ¢, are C'™ functions real on R" x R™\ {(0,0)}, homogeneous of degree 1
in & and &, resp., and they satisfy the non-degeneracy conditions

det(dy)ee, 0. j=1,2

on the support of the symbol, which are equivalent to (5) and (6) for ¢ = ¢1 + ¢o.
In this case the associated bilinear FIO has the form

T,(f1, f2)(x) 2/4 o(x,y1,Y2,&1,82) f1(yr) f2(y2)e Uz=y1)-&1gi@—y2) L2 pi01(@:81) pid(@,62) dyd§
Rin

We assume that the symbol ¢ has compact support in the variables x, y;, .. Denote the
support by @, that is, the function (z,y1,y2) — o(x,y1, Y2, &1, &) is supported in the set
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Q x Q x Q. We cover the set () by a finite collection of balls of radius 2 and we introduce
a smooth partition of unity subordinate to this collection of balls. We may therefore
write the symbol o(z,y1,92,&1,&2) as a finite sum of symbols o,(z, y1, y2, &1, &2), where
each o, is supported in a ball of radius 2 in the variables y; and y,. We fix such a p and
by a translation we may assume that o, is supported in the ball of radius 2 centered at
the origin in the variables y; and y,. For notational convenience we set o, = o in the
argument below.

We introduce a smooth function ¢ on R** whose support in contained in the annulus
1/2 < |€| < 2 such that

o(€) + Zcm’é‘ )=1

for some smooth function (, supported in a ball centered at the origin.

—

We set 00<xay17y2>€1_z€2) = o (7, Y1, Y2,81,82)C0(§ ), and for j > 1set 0j(z, y1, 42,61, &2) =
o(z,y1, v, &1,€)C(277€). We split the symbol o as

o0
o =0+ E op
Jj=1

and this introduces a decomposition of the bilinear FIO

T, =T, +§:Taj.

j=1
As T,, has a symbol that is compactly supported in all variables, one trivially obtains

T, (f1, f2) ()] < Cllfillvll ol xo()

Consequently, T, maps L' x L”> — LP for any 1 < py,py < oo with 1/p=1/p; + 1/ps.
We focus therefore our attention to the sum of the operators 7T;,,. Fix a j > 1 for the
moment. For every x € R", the function

(y17y27€17€2) = Uj(x7yluy272j§172j€2) (20)

is supported in B(0,2)*, where B(0,2) is the ball of radius 2 centered at the origin in R".
Since B(0,2) is contained in [—m, 7|, by expanding the function in (20) in Fourier series
over [—, 7|* (as in the work of Coifman and Meyer [CM1], [CM2]) we obtain that for
all y1,y2,&1, & € R™ the function o(z, y1, 2, 2°&1, 27&5) is equal to

SN ST ST i, ) v S )y (4 (6 ()
U1EZL™ bocZ™ k1 €Z™ kocZ™

where 7 is a smooth function on R" equal to 1 on the square [-5/2,5/2]" (and thus on
the ball B(0,2)) and vanishing outside the square [—m,7|". The coefficient ¢; , ;. ;. (2)
of the Fourier series expansion is equal to

1 S e
o(x, 91, Yz, 2761, 206)C (&), &) e v tlevathi&ithata) gi ge
(27T>4n [_71-’7-{-]477,
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To estimate Cz17€2,k17k2 (x) we integrate by parts and we use the fact that o is a Hormander
symbol of order m to obtain the estimate

Z Cnp 2714 27|61] + 27[&|) "X 1 jacity P4 1ea]2 <4

(L4 [PV A+ G PN+ [k )N (L + [k [2)Y
< Cy 2™
T (A OP)YA PNV R PV RN

|C£1 H2,k1,k2 ('I) ’
r=0

We define
5’?1],\22&1,1@2@) = 2_jmcél,€27k1,k:2 (@) (L4 |G PN+ 6PN A+ [k V(L + k)Y
and we note that
~j,N
12y .01 0 (2)] < Cvxe() - (21)
We introduce modulation operators M(g)(x) = g(x)e?*® and a smooth function with

compact support a(z) which is bounded by 1 in absolute value and is equal to 1 on the
set (). Using the above decomposition, we express

S Tn(fuf) = 30 SN, o) F (M () 2) FR O (Far)) (@),

1,2,3,4 j=1
where

Yo=Y Y A k)TN Y@LV Y ()Y,

1,2,3,4 ki€Zm kocZ™ lheZm loeZm

Fj1 and sz are FIOs With non-degenerate phases —y1 - &+ ¢1(x, &), —ya - &o + Pa(x, &2)
and symbols a(z)e? "k1€1y(279¢)), a(x)e? k22 (279&,) | respectively.

We now fix indices 1 < p1,ps < 2 and 1/2 < p < 1 where 1/p = 1/p; + 1/ps. To obtain
the required estimate for the LP quasi-norm of the operator Zj’;l T,,(f1, f2), due to the
rapid convergence of the sums in 21?273’ 4, it suffices to obtain the same estimate the LP
quasi-norm of the expression
e

|27, P M ) P2 ()|
j=1

Setting m = my + may, for some my, my < 0 and using (21), we control the preceding
expression by

CNH ( Z |2jm1F]'1(M€1 (fln))‘Q)l/Q(Z ’2jm2F’]2(MK2 (f277))‘2)1/2

Jj=1 Jj=

Lp
and this is at the most
= jm 1/2 - im 1/2
O (X l2m m ) P) 2 [(S0 m FR O )
-

=1 7=1

. (22)

via Holder’s inequality (1/p = 1/p1 + 1/p2).
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To control each of these terms, we make use of the following lemma:

Lemma 6.1. Let my < 0. Then we have the estimate

N 1/2
|1t oR)| < e+ k) liglln (23)
j=1
whenever pil — % = —L and 1 < p; < 2. Here b is a positive constant that depends only

on py and n.

Proof. By Khinchine’s inequality matters reduce to estimating

|3 o250

where €; = +1. This is a FIO with the following symbol of order m; < 0

Lr1

(z,&) — a(z) Z 5j2jm16i2*jk‘1‘£1n(2_j€1) )
j=1

A careful examination of the proof of Theorem 2.2 in [SSS| shows that the constant
depends only on finitely many derivatives of the symbol and thus it grows at most poly-
nomially in |k;|. By interpolation the same assertion is valid on LP* for p; € (1,2) and
thus the claimed estimate (23) folllows. O

Using this lemma for F} and F? and choosing N large enough (say bigger than (b+n)/p)
we obtain that expression (22) is bounded by a constant multiple of

(L )" (1 A+ Vo2 l)* |, (Frm) o (1M, (Fom) | oo

Consequently, we deduce the estimate

I>r

1 | 1 1 n 1 Iy my me m
P Ay 2 p 2) n—-1 n—-1 n-1

when 1 < p1, ps < 2. This completes the proof of Proposition 2.4

< Clfiller 1 f2ller2
Lr

where

Remark 6.2. Proposition 2.4 can be extended to the range 1 < pi,ps < 2, when LPi is
replaced by the local Hardy space h' whenever p; = 1.

Indeed, Corollary 2.3 in [SSS] says that FIOs with symbols of order —(n —1)/2 map h!
to h', in particular they map h' to L' (and an examination of the proof there indicates
that the constant depends on finitely many derivatives of the symbol). Consequently, one
has the estimate

S im1 1/2
|1t o) | < e+ k) ligl (24)
j=1
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when m; = —(n—1)/2. Taking g = My, (fin) and noting that k! preserves multiplications
by smooth bumps and modulations, we obtain the required conclusion. 0

The authors would like to acknowledge the recent work of Bernicot and Germain [BG]
on bilinear oscillatory integrals which seems to mildly overlap with our present work.
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