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Abstract

We study interpolation, generated by an abstract method of means, of bilinear operators
between quasi-Banach spaces. It is shown that under suitable conditions on the type of
these spaces and the boundedness of the classical convolution operator between the corre-
sponding quasi-Banach sequence spaces, bilinear interpolation is possible. Applications to
the classical real method spaces, Calderén-Lozanovsky spaces, and Lorentz-Zygmund spaces
are presented.

1 Introduction

Motivated by applications in harmonic analysis, we are interested in interpolation of bilinear
operators defined on products of quasi-Banach spaces. The main aim of this paper is to prove
interpolation theorems for bilinear operators on quasi-Banach spaces generated by certain inter-
polation methods. We study a problem for the abstract method of means as well as for the real
interpolation method.

Let us briefly outline the content of the paper. In Section 2 we establish notation and
recall basic facts concerning quasi-Banach spaces and interpolation. In Section 3 we introduce a
notion of special type of convexity for bilinear operators between quasi-Banach couples and we
prove a bilinear interpolation theorem using the method of means, under the condition that the
associated convolution operator is bounded on the parameter spaces involved in the construction
of these methods. In view of a remarkable result of Kalton [13], the convexity parameters of
the bilinear operators that take values in so called natural quasi-Banach spaces, are nicely
determined by the types of the domains of the quasi-Banach spaces. We also prove continuous
inclusions between spaces generated by the method of means and the Calderén-Lozanovsky
method applied to certain classes of couples of Banach lattices satisfying the upper or lower
lattice estimates. We give applications in the context of weighted Orlicz spaces. In particular,
we obtain that the method of means determined by the corresponding weighted quasi-Banach
spaces £p, and £, and any couple of weighted quasi-Banach lattices (L, (wo), Ly, (w1)) coincide,
up to equivalence of norms, with the Calderén-Lozanovsky space ¢(Lp,(wo), Lp, (w1)).

In Section 4 we discuss applications of these results in the context of interpolation be-
tween quasi-Banach spaces generated by the real method of interpolation as well as to Calderén
Lozanovsky spaces that include, in particular, Orlicz spaces.
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In Section 5 we discuss abstract K or J interpolation method of bilinear operators between
quasi-Banach spaces satisfying weaker convexity type conditions. These results are used for
special weighted sequence spaces for which the classical convolution operator is bounded. As a
consequence, bilinear interpolation theorems for Lorentz-Zygmund spaces are obtained.

2 Definitions and notation

A quasi-norm || - || defined on a vector space X (over real or complex field K) is a map X — R
such that

(i) ||lz]| > 0 for = # 0,
(ii) ||azx|| = |a| ||z|| fora €K, z € X,
(i) llz + yll < C(lzll + gl for all z,y € X,

where C' is a constant independent of z, y.

Let 0 <p <1. Wecall || -| a p-norm if we also have
(iv) [lz+yll? <[lz]|” + ly||P for all z,y € X.

A quasi-Banach space X is said to be p-normable, 0 < p < 1, if there exists an equivalent
p-norm || - ||, on X and a constant C’ such that

1 4 oo @alle < O (a2 + oo+ [la]l2) 2.

for all x1,...,x, € X. An l-normable space is simply called normable. While clearly any p-
normable space is a quasi-normed space, a theorem of Aoki and Rolewicz (see [14]) asserts that
any quasi-normed space X has an equivalent p-norm, where p satisfies C' = 21/P~1 with C is as

in (iii), defined by
. 1
lzl| = inf (3" [lzl5) ",
k

where the infimum is taken over all finite sequences {1} C X satisfying ), z; = .

If || - || is a quasi-norm (resp., p-norm) on X defining a complete metrizable topology, then
X is called a quasi-Banach space (resp., p-Banach space).

We shall use standard notation and notions from interpolation theory, as presented, e.g., in
[2], [3]. Throughout this paper we will let (2, ) = (2,%, 1) be a complete o-finite measure
space and Lo(u) will denote, as usual, the space of equivalence classes of real valued measurable
functions on , equipped with the topology of convergence (in the measure p) on sets of finite
measure. By a quasi-Banach lattice on {2 we mean a quasi-Banach space X which is a subspace
of Lo(p) such that there exists v € X with v > 0 and if |f| < |g| a.e., where ¢ € X and
f € Lo(p), then f € X and || f||x < ||lg||lx. A quasi-Banach lattice X is said to be mazimal if
its unit ball Bx = {z; ||z|| < 1} is a closed subset in Lo(u).

In the special case when 2 = Z is the set of integers and p is the counting measure then a
quasi-Banach lattice F on € is called a quasi-Banach sequence space on Z, and in this case we
denote by E’ a Kothe dual space of E.

If X is a quasi-Banach lattice on (Q) and w € L°(u) with w > 0 a.e., we define the weighted
quasi-Banach lattice X (w) by ||zl x(w) = [lzw|x-

Given 0 < p < oo and a quasi-Banach lattice X let X? denote the p-convezification of X.
Here XP consists of all z such that |z|P € X and is equipped with the quasi-norm ||z|| = |||=[?||'/.



Let 0 <t < oo and A = (Ap, A1) be a couple of quasi-Banach spaces. We equip Ag + A1
(resp., Agp N A1) with the quasi-norm K(1,a) (resp. J(1,a)) where K(t,a) = K(t,a; A) and
J(t,a) = J(t,a; A) are the functionals of J. Peetre, defined by

K(t,a; A) = inf {[lall4, + t lalla,; @ = ap + a1}

and

J(t,a; A) = max{||a| 4y, [|all 4, }-
It is easy to see that if A; is pj-normable (j = 0,1) then both Ag+A; and ApNA; are p-normable
with p = min{pg, p1 }.

If X = (Xo,X1) and Y = (Yp,Y1) are couples of quasi-Banach spaces, we let £(X,Y)
be the quasi-Banach space of all linear operators T : X — Y (which means, as usual, that
T : Xo+X; — Yo+Y is linear and the restrictions 7| x; are bounded operators from X; to Y; for
J =0, 1). The space is equipped with the quasi-norm ||T'||%_ 3 = max {[|T||xo—=vy, |7l x1-v: }-

We will deal with vector-valued quasi-Banach sequence spaces. Let E be a quasi-Banach
sequence lattice on Z and let X be a quasi-Banach space. The vector sequence x = {x, }nez
in X is called strongly F-summable if the corresponding scalar sequence {||z,| x }nez is in E.
We denote by E(X) the set of all such sequences in X. This is a quasi-Banach space under

pointwise operations, and a natural quasi-norm on it is given by [|z||gx) = |[{l|znllx}|e. Tt
is easy to check that if E is p-Banach and X is ¢-Banach space then F(X) is r-Banach with
r = min{p, q}.

Let X be a quasi-Banach couple. A couple E = (Ey, F1) of quasi-Banach sequence lattices
on Z is said to be a parameter of the method of means on X if EgN Ey < £, for some 0 < p < 1
such that the quasi-Banach space Xg 4+ X; is p-normable. Throughout the paper, for such
E = (Ey, F1) and X, the space denoted by J5(X) = Jg, g, (X) = X gy, 5, is built by the method
of means consisting of all x € Xy + X7 which can be represented in the form

T = Z u, (convergence in Xy + X7)

with {u,} € Ey(Xo) N E1(X1). We note that Jz(X) is a quasi-Banach space under the quasi-
norm
2]l := inf max {|{uwn} m(x0): [{un} e 0 )
where the infimum is taken over all the above representations of .
In fact, the continuous inclusion Fy N Ey < £, implies that there exists a constant C' > 0
such that

> Ml x, < C Il go(xo)ne (x)
nel

for any {uy,} € Fo(Xo) N E1(X7). Since Xy + X7 is p-normable, we conclude that the linear map
J defined by J({zn}) := > ,cz ®n is continuous from Eg(Xo) N E1(X1) into Xo + X;. Thus
the quotient space

(Eo(Xo) N Eq (Xl))/ker(j)

is a quasi-Banach space. Since it is isometrically isomorphic to J5(X), we conclude that Jz(X)
is also a quasi-Banach space.

3 Main results

In this section we prove interpolation theorems for bilinear operators between spaces generated
by the method of means. An operator 1" defined on a product of two quasi-Banach spaces X xY



and taking values in another quasi-Banach space Z is called bilinear if it is linear in each of the
two variables, and bounded, i.e., there is a constant Cy such that for all zx € X and y € Y we
have

1T (2, y)llz < Collz||x [[ylly-

The smallest Cy so that the above inequality holds for all x € X and y € Y is called the norm
of B and will be denoted by ||T||xxy—z-

Inspired by a remarkable result of Kalton [13] we introduce the following terminology: we
say that a bilinear operator T': X XY — Z between quasi-Banach spaces is said to be s-bilinear
convez (0 < s < 1) if there exists a constant C' > 0 such that for all finite sequences {z;}7_; C X
and {yj}}l:l C Y, we have

n n
I3 s uill, < CUT Iy 2 (3 i lsliy)
j=1 j=1
In the case when s = 1, we say, in short, that B is bilinear convex.

The triple (X, Y, Z) of quasi-Banach spaces is said to be s-bilinear (resp., bilinear) admissible
whenever there exists C = C'(X,Y,Z) > 0 such that any bilinear operator T : X x Y — Z is
s-bilinear convex (resp., bilinear convex).

In view of the result of Kalton ([13], p. 311), it follows that if X is a quasi-Banach space of
type p, Y is a quasi-Banach of type ¢, and Z is a natural quasi-Banach space, then the triple
(X,Y, Z) is s-bilinear admissible where 1/s =1/p+ 1/q.

Let us recall that a quasi-Banach space X is of type p (0 < p < 2) if there exists a constant

C > 0 so that . .
EY eran|]P < (X el
k=1 k=1

where {1} is any sequence of independent Bernoulli random variables with
P(e’-jk = 1) = P(Ek = —1) = 1/2

It is well-known that for 0 < p < 1, X is of type p if (and only if) X is p-normable; if p > 1 and
X is of type p, then X is a Banach space (see [14], p. 99 and p. 107).

A quasi-Banach space is called natural [15] if it is isomorphic to a subspace of an L-convex
quasi-Banach lattice. A quasi-Banach lattice X is said to be L-convex if there exists 0 < e < 1
so that if u € X, with |Ju|| =1 and 0 < xp <u (1 <k < n) satisfy (z1 + ... + z,)/n > (1 — d)u,
then maxj<p<, ||zk|| > €.

The following lemma will be useful in the proof of the main result of this section.

Lemma 3.1. Let X be a p-normable quasi-Banach space and let {xy ,»} be an infinite matriz in
X with k,m € Z. Assume that the series Y .y Tk m—r 15 unconditionally convergent for every

p .
meZ and Y, cq || >wez xk,m—ka < 00. Then the double limit M}]{IIEOOZ‘MSM D_ljI<N Tk

exists in X and
i 3 3 e = 3 (3 wns).

|k|<M [j|<N meZ  kEZ

Proof. Let up, := > cy Thm—k for m € Z. Fix e > 0. Since Y, |lum|/; < co and the series
Y kez Thm—k converges unconditionally, there exists my € N such that

1S =3 (O wrmi) |5 < /2

|m|<mg meZ kel



and
oD wrmenlf <e/4,

Im|>mo  k€EFm

where F), is any finite subset of Z. Furthermore, there exists ky € N such that for any k,, > kg

with |m| < myg, we have
Z H Z xk»m—k“X <€/4.

\m\ﬁmo ‘k‘>km
Let M and N be positive integers with M > kg and N > mg+ kg. We define two subsets A and

B of Z x Z by setting
A={(k,j); |k <M, |j| <N}

and
B={(k,j); |kl <ko, |j+Fkl <mo}.

For m € Z we let F,,, = {k; €Z; (k,m—k) € A} and ky,, = max{k eZ; ke Fm} Since B C A,
we conclude that k,, > ko, whenever |m| < mg. This implies that the two last inequalities hold
for F}, and k,, just defined. It is easy to verify that

S T Y e Y Y mt XY m

|k|<M |j|<N [m|<mo |m|<mo |k|>km |m|>mo k€Fm

Combining this identity with the above three norm inequalities, we deduce

1Y D aes = D (O wkmi)lx <e

|k|<M |j|<N meZ keZ

for M > kg and N > mg + ko. This proves the assertion. ]

Let X = (Xo,X1), Y = (Yp,Y7) and Z = (Zy, Z1) be quasi-Banach couples. We will say
that T = (Ty,Ty) is a bilinear operator from X x Y into Z, and write T' € B(X,Y;Z) if
T; : Xj xY; — Zj is a bounded bilinear operator (j = 0,1) and Ty(x,y) = Ti(x,y) for any
r € XgNX; and y € YyNY;. If additionally X, Y and Z are intermediate quasi-Banach spaces
with respect to X, Y and Z, respectively, then we say that T € B(X,Y; Z) extends to a bilinear
operator from X X Y into Z provided that Ty has a bilinear extension from X X Y into Z.

Note that any (Tp,T1) € B(X,Y;Z) defines a bilinear operator T" (resp., T*) which will
be called in the sequel a natural bilinear extension of (Ty,Th) from (Xo + X1) x (Yo N'Y7) into
Zo+ Zy (resp., (XoNXy) x (Yo+Y1) — Zo+ Z1) by

T%(x,y) := To(wo,y) + Ti(71,9)

for any x = zo + 21 and y € YoNY; (resp., T (x,y) := To(x,yo) + Ti(x,y1) for any z € XoN X3
and y = yo +y1 € Yo + Y7 with yg € Yy and y; € Y1. It is easy to see that T° (resp., T') does
not depend on the representations of x € Xy + X (resp., y € Yo + Y1).

An operator T = (Tp, T1) € B(X,Y; Z) is said to be (s, s1)-bilinear convex (0 < sq, s1 < 1) if
there exists a constant C' > 0 such that for any finite sequences {z;} C XoNX; and {y;} C YonY;
the following holds for £ = 0,1

I Telesoui)l 5, < O Tillxsviosze (30l 13 lusllss ) /.
J J

In the case when sy = s1 (resp., so = s; = 1), we say, in short, that 7" is s-bilinear convex (resp.,
bilinear convex).



Throughout the paper we will consider the convolution operator 7 of sequences defined for
= {2 and y = {ng}> by

T(Zvay)n = Z §k NMn—k, N E Z..
keZ

We now state the main theorem of this section:

Theorem 3.1. Let X = (Xo,X1), Y = (Yo, Y1), and Z = (Zy, Z1) be quasi-Banach spaces and
let T = (Ty, T1) € B(X,Y;Z) be (so, 51)-bilinear convex. Assume that Ej, F; and G; are quasi-
Banach sequence spaces on Z such that (E;°, EY'), (Fy°, Fy'), and (G, G1') are parameters of
the method of means on X, Y and Z, respectively. If the convolution operator T is bounded from
E; x Fj to Gj (j =0,1), then T extends to a bilinear operator T from YESO,Efl X ?FOSO’Flsl into

7050 o1 with the norm estimate
0 Y1

171l < max | G Il xr, -6, 17511, xv,-2,]

for some C; >0 (j =0,1).

Proof. Let z € X := YESO,Efl andy €Y := ?F(JSO’Flsl. For € > 0 pick {ux} € E}°(Xo)NE}' (X1)
and {v,} € F§°(Yo) N Fy* (Y1) such that

x = Z uy, (convergence in Xo + X1), y= Z v (convergence in Yy + Y1)
k€L keZ

and
Hurdl s () < Al IRoedlpesy) < A +e)lylly-

Since the convolution operator 7 is bounded from E; x F; — G; and T' = (Tp,T1) is (so, 51)-
bilinear convex, we immediately deduce that if S := Ty, then the series

> S(uk, vim—r)

keZ

converges unconditionally in both spaces Zy and Z; for all m € Z, and thus also in Zy + Z.
Furthermore if we set 2, := >,y S(uk, vm—k) for m € Z, we obtain for some C; > 0

IA

. v 1/s;
[llzmllz; 3l g, Ci 511 x; ;- 2, || (luwll 3 (ol Dl 5,

CillTilIx;xv;-2; 1Tl By x Fya;l{urd g2 x;) {ok P v

IN

< (L4 CllTlle x -, 1Tl xv; -2 2l lylly-
These calculations show that the sequence {zp, }mez lies in Gi°(Zo) N G7*(Z1) and
Hzm g zoynas () < (L +€)? max [Ci I T5llx; xv; =2, 1T By = |2l x Nlylly-
Our hypothesis that (G0, G*!) is a parameter of the method of means on (Zj, Z1) implies that

for some 0 < p <1
Z HzmH%o-‘y-Zl < 0.

meZ



Applying Lemma 3.1, we deduce that the double limit
T(x,y) mlérgoo Z Z S(ug,vj)
[k[<m |j]<n
exists in Zy 4+ Z1 and

T(z,y) = Z Zm (convergence in Zy + 7).
meZ

Combining the above remarks yield T\(x, y) € Z = 7G30 a with

IT(z, y)llz < CA+e) |lzllx [lyly,

where C' = max;—o,1 [C; | Tjl|x,xv; -2, |7l ;% 6 -
Since € is arbitrary, to onclude it is enough to show that T defines a required bilinear extension
of T. To see this recall that the natural extensions 7° : (Xo + X1) x (YoNYy) = Zo + Z1 and
Ly (Xon X1) x (Yo + Yy) — Zo + Z are bilinear operators. This implies that the following
limits exist in Zy + Z1 for all k,j € Z
lim Z S(uy,vj) = T°(z, v ),

m—00
k| <m

and
. N\ 1
nhm E S(ug,vj) =T (uk,y).

l71<n

Combining this with the fact that double limit z := limp n—oo D j51<m 2o|j1<n S (Uk, v;) exists
in Zy + Z1, we easily obtain

#=Jim 3t 30 Suo) = Jim T 30 0)

l7]<n [k|<m liI<n
and
z= lim E ( hm E S (ug, v; ) = lim Tl( E uk,y).
m—0o0 m—0o0
|k|<m |J|<n [k|<m

This shows that the double limit
T(x,y) mlér_rioo Z Z S(ug, vj)
|k[<m |j|<n

is 1ndependent of the representations of x = ), ., ux and y= > kez Uk Therefore, we conclude

that 7' is a bilinear operator from X x Y into Z. Since T is an extension of T, the proof is
complete. O

From the point of view of applications the following corollary is of independent interest.

Corollary 3.1. Assume X = (Xo, X1), Y = (Yo, Y1) are couples of Banach spaces of type 2 and
Z = (Zy, Z1) is a couple of natural quasi-Banach spaces. Let (Eo, Ev), (Fo, F1) and (Go,G1) be
parameters of the method of means on X, Y, and Z, respectively. If the convolution operator T
is bounded from E; x Fj to Gj, for j = 0,1, then any T = (Tp,T1) € B(X,Y;Z) extends to a
bilinear operator T from YEmEl X VFO,F1 into ZGO,G1 which satisfies the norm estimate

171l < max [ lI7llz; xr, -6, 1T5]x,xv,-2,]

for some C; = C(X;,Y;,Z;) >0 (j=0,1).



Proof. Using Kalton’s [13] result, we conclude that both triples (Xo, Yo, Zy) and (X1, Y1, Z1) are
bilinear admissible, thus Theorem 3.1 applies. O

We conclude this section by giving applications to methods of means generated by weighted
quasi-Banach sequence spaces determined by quasi-concave functions. Recall that a positive
function p on (0, 00) is said to be quasi-concave if p is non-decreasing and the function ¢ — p(t)/t
is non-increasing. A quasi-concave function p is called a quasi-power if s,(t) = o(max{1,t}) as
t — 0 and t — oo, where s,(t) := sup,~q (p(tw)/p(u)) for t > 0.

Lemma 3.2. Let p be a quasi-power function and let ®y, ®1 be quasi-Banach sequence spaces on
Z such that ®; — s (j = 0,1). Then the following statements are true for Ey = ®¢(1/p(¢"™))
and By = ®1(¢"/p(q")) and any ¢ > 1:

(i) EoNEy < £, for any r > 0.
(ii) X g, m, is a quasi-Banach space for any quasi-Banach couple X .

(iii) If p(t) = tY, 0 < 0 < 1 and ®; = by, 0 < pj < oo, then for any ¢ > 1 and any
quasi-Banach space X

where 1/p=(1—0)/po+6/p1.

Proof. (i). Since p is a quasi-power function, it follows (see, e.g., [17], p. 80-81)

</000 (min {1, ;}p(s))r ﬁ) v = p(t)

S

for any r > 0. In particular, this implies that for any ¢ > 1

C(r):= (Z (min{l,q_"}p(qn))r>1/r < 0.

nez

Thus if ®; — l for j = 0,1, it follows that
Eo N EL = Loo(1/p(q")) Nloo(q"/p(q")) = Loo(max{1/p(¢"),q" /p(¢")})-
Consequently there exists a constant K > 0 such that for any ||{&,}||g,nE, < 1, we have

1€n| < K min{p(q"), p(¢")/q"}

for all n € Z. Thus |[{&n}]e, < C(r)K, ie., EgNE} < £,
Clearly that (ii) follows by (i) and the remarks in Section 2.
(iii). It is shown in [27] that if 1/p = (1 — 6)/po + 6/p1, then the formula

XEO,El = X61p7

holds with ¢ = e. It is easy to see that the proof works for any g > 1. O



Theorem 3.2. Assume that X = (X9, X1), Y = (Yo,Y1) and Z = (Zy, Z1) are quasi-Banach
spaces and T = (Typ, T1) € B(X,Y; Z) is (so, s1)-bilinear convex. If pj,q;,7; € [1,00) and 1/r; =
1/pj+1/q;—1 for j = 0,1 and 1/p = (1 —0)/(sopo) +6/(s1p1), 1/q = (1—0)/(s0q0) +0/(s101),

1/r=(1—-0)/(sor0) +0/(s1m1) and 0 < § < 1, then T extends to a bilinear operator T' from
Xop x Yy, into Zg, which satisfies the norm estimate

HT” < Jni%‘)% Cj HT]‘”XJ'XYJ‘—)ZJW

for some constant C; >0 (j =0,1).

Proof. The hypothesis on the indices imply by Young’s theorem that the convolution operator
is bounded from £, x £, into ¢, and thus also from ¢, (a??) x qu(aje) into £y, (a??) for any
a>0,j=0,1. Applying Theorem 3.1 and Lemma 3.2, the required conclusion follows. O

We note that the triple (L, Ly, Z) is s-bilinear admissible for any natural quasi-Banach space
Z, when 1/s = 1/u+ 1/v, with (u,v) = (p,q) whenever 0 < p,q < 2, (u,v) = (2,2) whenever
2 < p,qg < o0, and (u,v) = (p,2) whenever 0 < p < 2 < ¢ < oo. Thus the obtained results
may be applied to many bilinear operators such as bilinear multipliers. Recall that a bounded
measurable function o on R™ x R” gives rise to a bilinear operator W, defined by

Wo(f.9) = / /n o (€,0) F(€) §(n)eX™ @&+ qedn

where f, g are Schwartz functions and (,) denotes the inner product in R™. In this case o is
called the symbol of W,.

The study of such bilinear multiplier operators was initiated by Coifman and Meyer. A
theorem of them [6] says that if 1 < p,q < oo, 1/r =1/p+ 1/q and the function o on R"™ x R"
satisfies

08 0%a(&,m)| < Cap(|€] + In|) 71717,

for sufficiently large multi-indices o and (3, then W, extends to a bilinear operator from Lj,(R") x
Ly(R™) into Ly o (R™) whenever r > 1. Here as usual L, o, denotes the space weak L,.. This result
was later extended to the range 1 > r > 1/2 by Grafakos and Torres [8] and Kenig and Stein
[16]. Multipliers that satisfy the Marcinkiewicz condition were studied by Grafakos and Kalton
[9]. The first significant boundedness results concerning non-smooth symbols were proved by
Lacey and Thiele [18], [19] who established that W, with (&, n) = sign({ + an), o € R\ {0,1}
has a bounded extension from L,(R") x Ly(R"™) to L.(R™)) when r > 2/3. Extensions of this
result were subsequently obtained by Gilbert and Nahmod [7]. Bilinear operators can also be
defined on quasi-Banach spaces, such as the Hardy spaces Hp; see for instance [10] for the action
of bilinear Calderén-Zygmund operators on real Hardy spaces.

We discuss here only a general application.

Theorem 3.3. Let pj,qj,7; € [1,00) and 1/r; = 1/pj +1/q; — 1 for j = 0,1 and let 1/p =
(1=0)/po+0/(2p1), 1/qg=(1-0)/q0+0/2q1), 1/r = (1 —=0)/ro +6/(2r1) and 0 < § < 1.
If X = (Xo,X1), Y = (Yo, Y1) are Banach spaces such that both Xo and Yy are of type 2 and
Z = (Zy,7Z1) is a couple of natural quasi-Banach spaces, then any T € B(X,Y;Z) extends to a

bilinear operator T' from Xg, X 797,1 into 797T which satisfies the norm estimate
Il < € max [T x;xv; -z,

for some constant C' > 0.



Proof. Using the aforementioned result of Kalton’s, we conclude that the triple (Xo, Yy, Zp) is
admissible and (X7, Y1, Z1) is 1/2-admissible, thus Theorem 3.1 applies. O

Using the well-known results on interpolation by the real method method between L, spaces
(see, e.g., [2], Theorem 5.3.1) and the facts that any L,-space with 2 < p < oo is of type 2 and
any Ly~ with 0 < ¢ < oo is L-convex, we obtain the following corollary for Lorentz spaces:

Corollary 3.2. Let pj,qj,7; € [1,00) and 1/r; = 1/pj +1/q; — 1 for j = 0,1 and also let
1/p=(0-0)/po+0/2p1,1/qg=(1-0)/q0+0/q1, 1/r = (1=0)/ro+6/r1 and 0 < < 1. If2 <
uj,vj <00 (j=0,1) and 0 < tg,t; < oo, then any bilinear operator T : (Lyy, Ly, ) X (Lyy, Ly, ) —
(Lty,00, Lt,,00) has a bounded extension from Ly y, X Ly, q into Ly, where 1/u = (1—0)/ug+6/uq,
1/v=(1-=0)/vg+0/v1 and 1/t = (1 —0)/to + 0/t1, when to # t1, up # u1, and vy # v1.

Corollary 3.2 yields, in particular, bounds for the bilinear Hilbert transforms and bilinear
Calderén-Zygmund operators from products of Lorentz spaces into another Lorentz space.

4 Applications to Calderéon-Lozanovsky spaces

In this section we prove a bilinear interpolation theorem for Calderén-Lozanovsky spaces. We
show that under certain geometric conditions continuous inclusions hold between the method
of means spaces and the Calderén-Lozanovsky spaces. In the case of quasi-Banach couples of
weighted Ly-spaces, we obtain equalities of these spaces. Certain results in this direction for
Banach spaces were shown in [24]. Following these ideas we extend some of these results for
quasi-Banach lattices (see, Theorem 4.1).

Throughout this paper we denote by P (resp., U) the set of all functions ¢ : Ry x Ry — Ry
that are positive (resp., concave), non-decreasing in each variable, and homogeneous of degree
one (that is, p(As, A\t) = Ap(s,t) for all A, s, > 0).

Let ¢ € U and X = (Xo,X1) be a couple of quasi-Banach spaces on a measure space

(Q, ). Following Calderén [4] and Lozanovsky [21], we define the space ¢(X) = ¢(Xo, X1) of

all z € Lo(p) such that |z| = ¢(|zol,|z1]) for some z; € X;, j = 0,1. We note that p(X)

is a quasi-Banach (resp., Banach whenever X is a Banach couple) lattice equipped with the
quasi-norm (resp., norm)

]| = inf { max{[lzollx,, lz1llx, }s 2] = @(zol, |21]) =; € X;, j=0,1}.

In particular, if we take ¢(s,t) = s, 0 < @ < 1, we obtain in this way the spaces X} /X7

introduced by Calder6n [4]. The properties of the Banach lattice ¢(X) have been studied in
Lozanovsky (see [21] and references given therein).

Following Kalton [13], a quasi-Banach lattice X is said to be p-convez, 0 < p < oo, respec-
tively g-concave, 0 < q < o0, if there exists a constant C' > 0 such that

n

103 k) < € (3 fenl?)

k=1 k=1

respectively,
n

(,ﬂi laell)* < € (32 feal®) |

k=1

for every choice of elements x1,...,z, € X.
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A quasi-Banach lattice X is said to be satisfy an upper p-estimate, 0 < p < oo, respectively
a lower g-estimate, 0 < q < oo, if there exists a constant C' > 0 such that for any choice of
elements

n
< C p 1/p’
I lzggnlwkl | < (; [Eia)

respectively
(37 ) < O3 Jol
k=1 k=1

It is clear that if X is maximal, then the notion of an upper p-estimation is equivalent to the
condition that

oo
H sup |xg| H <C (Z ||a:k||p)1/p
k21 k=1
holds for all disjointly supported infinite sequences.
We note that p-convexity implies p-normability and this in turn yields an upper p-estimate.
For p = 1, 1-convexity is equivalent to normability (as a Banach lattice).
In the sequel, a function ¢ € P is said to be a quasi-power provided that the function
t — ¢(1,t) is a quasi-power. It follows by Lemma 3.2 that if ¢ is a quasi-power, then for any
0 < po,p1 < oo the couple (Eo, E1) = (€py(1/0(1,27)),4,,(2"/p(1,27))) is a parameter of the
method of means on any couple (Xo, X;) of quasi-Banach spaces. The space (Xo, X1)gy,E, is
denoted by ¢(Xo, X1)pg.pr -
If X is an intermediate quasi-Banach space with respect to a quasi-Banach couple X =
(Xo0,X1), we define its Gagliardo completion X¢ to be the space of all limits in Xy + X; of
sequences {x,} that are bounded in X, equipped with the quasi-norm

—

||| xe = inf sup ||z, x,
{xn} n>1

where {z,} C X has the same meaning as above. It is easy to check that if X is a maximal
quasi-Banach lattice on a measure space, then its Gagliardo completion X¢ equals to X.

We have the following result:

Theorem 4.1. Assume that (Xo, X1) is a couple of quasi-Banach lattices on a measure space
(Q, ). Then the following continuous inclusions hold for any quasi-power function ¢ € U:

(i) If X; satisfy an upper p;-estimate (j = 0,1), then
(X0, X1)popr = ¢(Xo, X1)“
(ii) If X; is mazimal and satisfy an upper pj-estimate (j = 0,1), then
©(Xo, X1)po,pr = ¢(Xo, X1).
(ili) If X; satisfy a lower gj-estimate (j = 0,1), then

QD(XOa Xl) — @(X()v Xl)tIO,ih'

11



Proof. (i). Let x € ¢(Xo, X1)pyp, With ||z]| < 1. Then

m
x = m}égloo Z ug  (convergence in Xy + X7)
k=—n
with [[{un/@(1,2")}He,, (x0) < 1 and [{2"un/@(1,27)}|, (x,) < 1. Since ¢ is a quasi-power, the
series ) | - Uy, is r-absolutely convergent in Xo + X for some 0 < r < 1. Thus, in particular,
{lun(w)|} € £ for almost all w € €. Since X; satisfy an upper p;-estimate (j = 0, 1), there are
positive constants Cy and C7 such that for

0 ||

T, = sup € Xy
" ke ©(1,28)

and .
2% ug |

1

T, = sup e X
" ke ©(1,28)

and we have ||20||x, < Cp and ||z} ||x, < C; for all n € N.
We apply Carlson’s inequality (see [12], Corollary 3.1) which states that for any quasi-power
function ¢ € U there exists a constant C' > 0 such that for any finite positive sequence {a,} the

following inequality holds with p = ¢(1,-):

a 2k ay,
ak§C<p<sup , Sup )
Combining this inequality with the above estimates yields

| > wn| < Colay, o),

k=—n

e, > p . uk € ¢(Xo, X1) with H PRy “kH < Cmaxj—, Cj for all n € N. Since

n
nh_)r{,lo I Z Uk — xHX0+X1 =0
k=—n
the proof of (i) is complete.
(ii). The result follows by a minor modification of the proof of (i).

(ili). Let 0 < = € ¢(X) and |z ,x) < 1. Then z = ¢(xo,21) for some 0 < z; € X; such
that ||z;]|x, <1, j =0,1. Since ¢ is a quasi-power function, it follows that the support of z is
contained in the intersection of the supports of x¢ and x1. Hence, without loss of generality, we
may suppose that z, xg, 1 are not equal to zero on the domain €.

Define for any k € Z,

Ap = {w e 28 < 21 (w)/zo(w) < 2k+1}

and
Yk = TXAp, Uk = TOXA,, Vk = T1XA-

Clearly yr € Xo N X1. Is is easily seen that for any k € Z, we have

i < 2(1,2%) uy,
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and

p(1,2%)
ok

This implies that for any positive integer n the following estimates hold

—n Yk -n
0< > m<e(1,27) )] o.an S 212w

k<—-n k<—-n

Y < V.

¢(1,2") 2P yi n

0< E < E < (2 1 .

= Yk > on 90(172k) > 90( 5 )$1
k>n k>n

Combining these estimates, we obtain

N —M-1 0o
b 3l = o ul ol 3wl

2C (1,27 M1 20 p(27 V1) 1)

A

IN

for any positive integers M and N. Since ¢ is quasi-power, the right hand of the above inequality
approaches 0 whenever M, N — oo This implies that the series ), , y, converges to x in
Xo + X1. Furthermore, by the fact that {A4,} is a sequence of pairwise disjoint measurable
subsets whose union is equal to §2, we have

A
2 1,0 = 2 2

and

2" |y
Zk: (1, 29) < Zk:vk <.
Now assume that X satisfy a lower g;j-estimate (j = 0,1). Combining the above inequalities
yields
{:vk/cp(l,Zk)} € £y, (Xo) and {Qkxk/gp(l,Qk)} € Ly, (X1).

Consequently = € ¢(Xo, X1)g,q: - O

Since any L,-space is maximal and satisfies both a lower p-estimate and an upper p-estimate
for any 0 < p < oo, the following corollary is an immediate consequence of Theorem 4.1.

Corollary 4.1. If ¢ € U is a quasi-power function, then for any 0 < pg,p1 < oo and weights
wo and wi

SD(LPO (w0)7 Lpl (wl))pwpl = SD(LPO (w0)7 Lp1 (wl))‘

It is well known (see, e.g., [26]) that for any ¢ € U and any couple (L, (wo), Ly, (w1)) on
(Q, ) with 0 < py < p1 < 00, the Calderén-Lozanovsky space ¢(Ly,(wo), Ly, (w1)) coincides up
to equivalence of norms with the generalized Orlicz space of all f € L°(u) such that

/Q M (P 7Y | £1/0) (w0 /a01)? dp

for some A > 0. Here 1/¢ = 1/py — 1/p1 and M is an Orlicz function such that M~1(¢)
= @(tV/Po t1/P1) for t > 0.

We conclude this section by showing a particular application of Theorems 4.1 and 3.1 to
bilinear operators on Orlicz spaces. For others results we refer to [23].
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Theorem 4.2. Let @, p1, 9 € U be quasi-power functions such that ¢(1, st) > C (1, s) p1(1,t)
for some C' >0 and all s,t > 0. If 1 < pj,q; <oo, 1 <r; <oo (j=0,1) are such that 1/r; =
1/pj+1/q;—1, then any operator T : (Lp,(uo), Lp, (u1)) X (Lgy(v0), Lq, (v1)) = (Lo (wo), Lr, (w1))
extends to a bounded bilinear operator from @o(Lp,(uo), Lp, (u1)) X ©1(Lgy(v0), Lg, (v1)) into
SD(LTO (wl)a Lh (wl))'

Proof. 1t is easy to see that if the convolution operator 7 is bounded from E x F' into G, then
it is bounded from F(u) x F(v) into G(w) whenever there exists a constant C' > 0 such that
the sequences u = {ug}, v = {vg} and w = {wy} satisfy the condition w, < Cu,_j vi for some
C > 0 and all k,n € Z. Our hypothesis implies that the convolution operator is bounded from
lp, x Ly, into £, (j =0,1), and thus Theorem 3.1 and Corollary 4.1 apply. O

5 Bilinear interpolation between J and K-method spaces

In this section we show that bilinear interpolation is possible under weaker assumptions on
quasi-Banach couples. We recall that if X = (Xo, X1) is a couple of quasi-Banach spaces and
E is a parameter of the K-method (i.e., E is a quasi-Banach sequence space on Z such that
{min(1,2")} € E), then the K-method space is a quasi-Banach space Kg(X) (denoted also by
X ) consists of all x € Xy + X7 such that {K (2", x; X)} € E. The space is equipped with the
quasi-norm ||z|| := |[{K (2", z; X)}| &-

In what follows the method of means Jz(X) (on a quasi-Banach couple X) generated by
a couple E = (E, E(2")) is called J-method space (on X) and is denoted by Jg(X) and E is
called a parameter of the J-method on X (resp., a parameter of J-method if it is a parameter of
J-method on any quasi-Banach couple X). For the study of abstract J and K Banach method
spaces we refer to [5] and [3].

In the spirit of the previous terminology we introduce the following: Let X = (Xo, X1),
Y = (Yp, Y1), and (Zy, Z1) be couples of quasi-Banach spaces. We say that a bilinear operator
T = (To,T1) : X x Y — Z is right (vesp., left) s-convex (0 < s < 1) if there exists a constant
C > 0 such that, for any x € Xo N X; and any finite sequence {y;} C Yy NY; (resp., any
y € YoNY7 and any finite sequence {x;}7_; C Xo N X1) we have

n n
1> To(x,95)| 5, < ClTollxoxvo-20 12 x0 (D [P
i=1 =1

(resp.,

n n
1Y Til )|l 5, < C T xvisz lylvi (D lzil1%,) ).
=1 i=1

In the case when s = 1, we simply say that 7" is right (resp., left) convex.

Clearly if T € B(X,Y;Z) is (s, s)-convex, then it is right and left s-convex. In particular
if X = (Xo,X1), Y = (Yp,Y7) are couples of Banach spaces of type 2 and Z is any couple of
natural quasi-Banach spaces, then any operator T' € B(X,Y; Z) is convex.

If a quasi-Banach space X is intermediate with respect to a quasi-Banach couple (Xo, X1),
the closed convex hull of Xy N X7 in X is denoted by X°.

The following theorem is an extension of the classical Lions-Peetre result (see, e.g., Bergh
and Lofstrom [2], Theorem 4.4.1 and Exercise 3.13.5, or Lions and Peetre [20], Zafran [28] and
Astashkin [1]).
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Theorem 5.1. Let X = (Xo,X1), Y = (Yo,Y1) and Z = (Zy, Z1) be quasi-Banach space.
Assume that E° is a parameter of the J-method space on X and both F*, G* with 0 < s < 1 are
parameters of the K-method such that the convolution operator T is bounded from E X F into
G. Then the following statements are valid:

() If T € B(X,Y;Z) is left s-convex, then it extends to a bilinear operator from Jgs(X) X
KFS (?)O mnto KES (7)

(i) If T € B(X,Y;Z) is right s-convez, then it extends to a bilinear operator from Jgs(X) x
KFS (?)O mto KGS (7)

Proof. (i). Fixe > 0, z € Jgs(X) and y € Yo NY;. Then there exists {ux} C XoN X7 such that
{J(2F, up; X)} € E with

Iy < (14 ) I{T(2°, up; X}l -

Let 70 : (Xo + X1) x (YoNY1) — Zy + Z; be a natural bilinear extension of T. Since T is
s-convex, there exists a constant C' > 0 such that for any n € Z, yo € Yy and y; € Y7 with
Yo +y1 =y, we have with ||T']| := max;—o1 || T}|| x,xv; -z

IN

1T, o)1, + 2 170, 91) 1,

< CITI (3 Nl Nwollsy + 2 i, Nyl )
keZ

2= T (2 T8 w0 (lwollva + 27 flusllv)*).
keZ

IN

Taking the infimum over all decompositions y = yo + y1, we obtain

K2, Tx,y); Z)° < 2" C T Y T2 ues X)* K (27, ;7).
keZ

Combining these relations with the fact that the convolution operator 7 is bounded from E x F
into G and ¢ is arbitrary we obtain

1T @, 9l 2y < 2 CITN Tl xS N2l 0 ) 190 s ()

This concludes the proof of (i). Using a natural bilinear extension T : (XoN X1) x (Yo +Y1) —
Zy + Z1, we prove (ii) in a similar way. O

From the point of view of applications in the above theorem the case £ = F' = G seems
interesting. Let us remark that from the proof of Lemma 3.2, it follows that for any quasi-power
function p and 0 < p < oo the weighted quasi-Banach sequence space E = £,(1/p(2")) is a
parameter of both the J and K-methods of interpolation. Moreover, we have Jp(X) = Kg(X)
for any quasi-Banach couple X = (Xo, X1) (see [11], [22]), and therefore we write X, instead
of Jp(X) or Kg(X). It is easy to check that Xo N X; is dense in X, whenever 0 < p < oo.
Combining these remarks with Theorem 5.1, we obtain immediately the following:

Corollary 5.1. If 1 < p,q,r < oo satisfy 1/r = 1/p+ 1/q — 1, then any left or right convex
operator T € B(X,Y;Z) ewtends to a bilinear operator from Xgp X qu into Zg, for any
0<6<1.

15



Corollary 5.2. If 0 < p < o0 and p is a quasi-power function such that

Clp) :=

—k
p(2" H < 00,
nez P ( )}k (€p)’

then any left or right convex operator T € B(X,Y; Z) extends to a bilinear operator from Ypﬁ,, X
Y,p into Z,,.

Proof. The proof closely follows the proof of the result of [1] for the Banach case. Let E :=
(1/p(2™)), 0 < p < oo. Fixx = {{,} € E and y = {n,} € E. Then we have

) iy | P2 P2 H)

H{ g’“ }

Im(z,9)lle < Clp) [lx] & [yl e

Therefore the convolution operator 7 is bounded from Ex F into E, and Theorem 5.1 applies. [

I7(z,y)n| <

{22 M),

This implies that

We conclude the paper by discussing some applications to Lorentz-Zygmund spaces. Let
(2, 1) be a measure space. Let 0 < p < 00, 0 < ¢ < 00, and 7 € R. Recall that the Lorentz-
Zygmund space Ly, 4(log L)" is defined as the space of all functions that satisfy

@)
~([" @ras g )7 (1)" %) " < oo
0

for 0 < g < oo and

1flpoon = sup  (¢77(1+ [logt])? f*(1)) < oo
0<t<p(£2)

whenever ¢ = oo. This space coincides with the classical Lorentz space L, 4 if v = 0.
In the next and final result all considered couples are defined on any finite measure space.

Theorem 5.2. Assume that 2 < pyp < p1 < 00, 2 < qp < q1 <00, 0 < rg <7 <00 and
1/p=01-0)/po+0/p1, 1/g=1-0)/q0+6/q1, 1/r = (1 —8)/ro+60/r1 with0 < 6 < 1.
If T : (Lpy, Lp,) X (Lgy, Lgy) = (Lry, Ly ), then T has a bounded extension from L, ¢(log L)Y x
Ly s(log L)Y to Ly s(log L)Y for any v < —1 and 0 < s < 0.

Proof. Tt is easy to check that if f(¢) = t*(1 + |logt|)?, where 0 < a < oo, 7 € R, then
sp(t) = t*(1 + |logt|)P!. Thus f is a quasi-power function whenever 0 < a < 1, v € R. Further
it is well known (see, e.g., [25]) that if 0 < v, ug,u; < 00, ug # uy and f(t) = t(1 + |logt|) ™
(0< 0 <1,v€eR), then

(Lugs Luy) fo = Luw(log L)?

where 1/u = (1 —6)/ug+ 0/u;.
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Now, following [1] we define a function ¢ by ¢(t) = t® In°(C1/t) for 0 < ¢ < 1 and ¢(t) =
t?In?(Cot) for t > 1, where 0 <a<b<1,¢>1,d>1and C; > e’ Cy > e?d/(1 —b). Then
1 is a quasi-power function and for 0 < p < oo the function p defined by p(t) =t/ (t) satisfies

1
C(p) = su

[t 0@, , <o

Observe that if A = (Ag, A1) is a quasi-Banach space such that A; < Ap, the K functional
is constant for ¢ > 1. This easily implies that for any quasi-power function p and 0 < p < oo
the real method space (A, A1), consists of all a € Ay equipped with the quasi-norm

- ([ (SRy ey

Now, fix 0 < # < 1 and v < —1. Taking a = 1 — 0 and ¢ = —v, we conclude that the
real method space (Ao, A1),, generated by a quasi-power function p = t/1(t) defined above
depends only on p restricted to (0,1). Clearly on the interval (0, 1) the function p is equivalent
to f(t) = t?(1 + |logt|)", thus using the interpolation formula of Merucci [25] and the fact that
our hypothesis 2 < pg < 00, 2 < go < oo implies by Kalton’s result [13] (by Ly, and L,;, j = 0,1
are of type 2) that T is bilinear convex, we may apply Corollary 5.2 to conclude the proof of
the theorem. O
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