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Abstract Let (X , d, µ) be an RD-space with “dimension” n, namely, a space of homogeneous type in the

sense of Coifman and Weiss satisfying a certain reverse doubling condition. Using the Calderón reproducing

formula, the authors hereby establish boundedness for paraproduct operators from the product of Hardy spaces

Hp(X ) × Hq(X ) to the Hardy space Hr(X ), where p, q, r ∈ (n/(n + 1),∞) satisfy 1/p + 1/q = 1/r. Certain

endpoint estimates are also obtained. In view of the lack of the Fourier transform in this setting, the proofs are

based on the derivation of appropriate kernel estimates.
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1 Introduction

The theory of Calderón-Zygmund singular integrals on Euclidean spaces and the real variable methods
subsequently developed are of fundamental importance in harmonic analysis and of wide use in partial
differential equations, several complex variables, operator theory, potential theory, and other areas.

Paraproduct operators on Euclidean space R
n (cf. [23, pp. 302–305]) play a crucial role in establishing

the original proof of the T 1-theorem of David and Journé [8]. For locally integrable functions f and g on
R

n, the paraproduct operator ΠL is defined by

ΠL(f, g) :=
∑

j∈Z

(Ψj ∗ f) (Φj−3 ∗ g), (1.1)

where Φ is a radial Schwartz function satisfying supp Φ̂ ⊂ {ξ ∈ R
n : |ξ| � 1} and Φ̂(ξ) = 1 whenever

|ξ| � 1/2, Φj(·) := 2jnΦ(2j ·) and Ψj := Φj − Φj−1 for all j ∈ Z. We observe that an alternative but
equivalent way of expressing (1.1) is

ΠL(f, g) :=
∑

j∈Z

Ψ̃j ∗ ((Ψj ∗ f)(Φj−3 ∗ g)), (1.2)

where the Fourier transform of Ψ̃ is supported in {ξ ∈ R
n : 1

16 < |ξ| < 2} and is equal to 1 on the annuals
1
8 < |ξ| < 9

8 . For all p, q, r ∈ (0,∞) satisfying 1/p + 1/q = 1/r, Grafakos and Kalton [10] proved that
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ΠL is bounded from the product of Hardy spaces Hp(Rn) × Hq(Rn) to the Hardy space Hr(Rn) (here
Hp(Rn) = Lp(Rn) when p ∈ (1,∞)); they also proved several endpoint estimates, when some indices are
equal to 1 or ∞. Many of the results in [10] are proved by a variant of the classical method of Coifman and
Meyer (cf. [4,5]), expressing the bilinear multiplier as a sum of products of linear multipliers via Fourier
series. The study of paraproducts falls within the general theory of multilinear operators developed by
Coifman and Meyer. Parproducts arise in numerous situations involving productlike operations and have
been systematically studied in several articles; in addition to the aforementioned articles of Coifman and
Meyer, see also [2, 10, 13, 14, 19] and the references therein.

The main aim of this paper is to extend the boundedness results in [10] concerning the paraproduct
operators to the setting of the so-called RD-spaces. The lack of Fourier transform techniques in this
setting forces the introduction of a new approach in the study of this problem. This approach is based
on suitable kernel estimates, inspired by those obtained in [13] for products of three wavelets.

Recall that X is called an RD-space if it is a space of homogeneous type in the sense of Coifman and
Weiss [6,7] and it also satisfies some reverse doubling condition; see [16,17] or Definition 2.1 below. Spaces
of homogeneous type present a natural setting for the Calderón-Zygmund theory of singular integrals;
see, for instance, [7]. It is well-known that structures of spaces of homogeneous type encompass several
important examples in harmonic analysis, such as Euclidean spaces with A∞-weights (of the Muckenhoupt
class), Ahlfors n-regular metric measure spaces (namely, μ(B(x, r)) ∼ rn for all x ∈ X and r > 0), Lie
groups of polynomial growth (see, for instance, [1,25,26]), and Carnot-Carathéodory spaces with doubling
measures (see [20–22,24]). All these examples fall under the scope of the study of RD-spaces introduced
in [16, 17].

Function spaces on spaces of homogeneous type including RD-spaces have been widely studied. Assume
that X is an RD-space with “dimension” n; see Remark 2.2(i) below. Han et al. [17] established a theory
of Triebel-Lizorkin and Besov spaces on X . In [16], Han et al. also established a Littlewood-Paley theory
of Hardy spaces Hp(X ) for p ∈ (n/(n+1), 1]. These Hardy spaces are further proved to be coincided with
some of Triebel-Lizorkin spaces in [17], and the characterizations of these Hardy spaces on RD-spaces via
various maximal functions are also given in [11].

It should be mentioned that atomic Hardy spaces Hp
at (X ) for all p ∈ (0, 1] on spaces X of homogeneous

type were first introduced by Coifman and Weiss [7]. Moreover, Coifman and Weiss [7] further established
a molecular characterization for H1

at (X ). Under the assumption that X is an Ahlfors 1-regular metric
measure space, Maćıas and Segovia [18] obtained the grand maximal function characterization for Hp

at (X )
with p ∈ (1/2, 1] via distributions acting on certain spaces of Lipschitz functions; Han [15] established a
Lusin-area characterization for Hp

at (X ) with p ∈ (1/2, 1]; Duong and Yan [9] characterized these atomic
Hardy spaces in terms of Lusin area functions associated with certain Poisson semigroups.

Paraproduct operators on RD-spaces naturally appear in the extension of the classical T 1-theorem of
David and Journé for these spaces; see [17, Theorem 5.56]. Paraproducts on RD-spaces have the form

P (b, g) =
∑

j∈Z

D̃j (Dj(b)Sj(g)), (1.3)

where b ∈ BMO(X ), g is any “smooth” function, {Sj}j∈Z is an approximation of the identity (see
Definition 2.3 below), Dj := Sj − Sj−1 for all j ∈ Z, and {D̃j}j∈Z is the sequence of operators appearing
in the Calderón reproducing formula (see Lemma 3.4 below) which possess similar properties as those of
{Dj}j∈Z. For any b ∈ BMO (X ), it is proved in [17, Theorem 5.56] that P (b, ·) is a singular integral with
a standard Calderón-Zygmund kernel (see [17, pp. 166–169]) and bounded on L2(X ).

Motivated by the definitions given in (1.1)–(1.3), we define paraproduct operators on X as below.

Definition 1.1. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0, ε ∈ (0, ε1 ∧ ε2), {Sj}j∈Z and {Aj}j∈Z be two (ε1, ε2, ε3)-
AOTI’s. Set Dj := Sj −Sj−1 and Ej := Aj −Aj−1 for j ∈ Z. Let β, γ ∈ (0, ε). The paraproduct operator
Π is defined by setting, for all f ∈ (G̊ε

0(β, γ))′, g ∈ (Gε
0(β, γ))′ and x ∈ X ,

Π(f, g)(x) :=
∑

j∈Z

Ej(Dj(f)Sj(g))(x). (1.4)
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In Definition 1.1, (ε1, ε2, ε3)- AOTI is the abbreviation of the approximation of the identity of order
(ε1, ε2, ε3), where (ε1, ε2, ε3) in some sense measures the “smoothness” of Sk; (G̊ε

0(β, γ))′ and (Gε
0(β, γ))′

are the distribution function spaces on X . See Section 2 below for the appropriate definitions.
At this point, the series in (1.4) is formal and we will show its convergence in the proofs of our main

results. Moreover, it is easy to see that if f ∈ BMO(X ) and g ∈ L∞(X ), then the series in (1.4) converges
in (G̊ε

0(β, γ))′.
The main result of this paper concerns boundedness of Π on products of Lebesgue and Hardy spaces

and is stated below. For convenience, when p ∈ (1,∞), we sometimes denote Lp(X ) by Hp(X ) since they
coincide; see Remark 2.6(i) below.

Theorem 1.2. Let ε be as in Definition 1.1 and the paraproduct operator Π be as in (1.4). Assume
that p, q, r ∈ (n/(n+ ε),∞) satisfy 1/p+1/q = 1/r. If max{0, n(1/r−1)} < β, γ < ε, then Π is bounded
from Hp(X ) × Hq(X ) to Hr(X ).

We describe the main ideas used in the proof of Theorem 1.2 in Section 3 below. By applying the
inhomogeneous discrete Calderón-Zygmund reproducing formula (see Lemma 3.6 below) we decompose
each Dj(f)Sj(g) into the sum of “smooth” functions and we reduce the estimate for ‖Π(f, g)‖Hr(X )

to that in (3.10) below. To prove (3.10), we respectively apply the homogeneous discrete Calderón-
Zygmund reproducing formula (see Lemma 3.4 below) to break up f and the inhomogeneous discrete
Calderón-Zygmund reproducing formula (see Lemma 3.6 below) to break up g. Then we use Lemma 3.8
and Proposition 3.2 below to bound these summations with some maximal operators (see (3.23) below).
The desired result is obtained via the Fefferman-Stein vector-valued maximal function inequality; see
(3.26) below. In addition, we point out that some basic estimates presented in Lemmas 2.7 and 2.8 and
Remark 2.9 below are used throughout the proof.

Some endpoint estimates regarding boundedness of paraproduct operators as in (1.4) are also proved
in Section 4, via the singular integral theory on RD-spaces.

Theorem 1.3. Let ε be as in Definition 1.1 and Π be as in (1.4). Assume that q ∈ (n/(n + ε),∞). If
max{0, n(1/q − 1)} < β, γ < ε, then Π satisfies the following boundedness estimates :

(a) BMO(X ) × Hq(X ) → Hq(X ), where Hq(X ) = Lq(X ) for q ∈ (1,∞);
(b) BMO(X ) × H1(X ) → L1(X );
(c) BMO(X ) × L∞(X ) → BMO(X );
(d) BMO(X ) × L1(X ) → L1,∞(X );
(e) Hq(X ) × L∞(X ) → Hq(X ), where Hq(X ) = Lq(X ) for q ∈ (1,∞);
(f) L1(X ) × L∞(X ) → L1,∞(X ).

Remark 1.4. Indeed, Theorems 1.2 and 1.3 still hold if in (1.4) we relax the assumptions of Ej ,
Dj and Sj to the following: Ej satisfies (i) and (ii) of Definition 2.3 and

∫
X Ej(w, x) dμ(w) = 0 =∫

X Ej(x, w) dμ(w); Dj and Sj satisfy (i) and (iii) of Definition 2.3 and
∫
X Dj(x, w) dμ(w) = 0.

To the best of our knowledge, Theorems 1.2 and 1.3 are also new even when X is an Ahlfors n-regular
metric measure space.

The paper is organized as follows. In Section 2, we review notation, the notions of RD-spaces, approx-
imations of the identity, spaces of test functions, the Hardy spaces, and a few basic estimates. Theorems
1.2 and 1.3 are proved in Sections 3 and 4, respectively.

We make some conventions on notation. Let N := {1, 2, . . .}, Z+ := N∪ {0} and R+ := [0,∞). Denote
by C a positive constant independent of the main parameters involved, which may vary at different
occurrences. Constants with subscripts do not change through the whole paper. We use f � g to denote
f � Cg. If f � g � f , we then write f ∼ g. For any a, b ∈ R, set a ∧ b := min{a, b}.

2 Preliminaries

We begin with recalling the notions of the space of homogeneous type in the sense of Coifman and
Weiss [6, 7] and the notion of RD-spaces [16, 17].
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Definition 2.1. Let (X , d) be a metric space with a regular Borel measure μ such that all balls defined
by d have finite and positive measures. For any x ∈ X and r > 0, set B(x, r) := {y ∈ X : d(x, y) < r}.
The triple (X , d, μ) is called a space of homogeneous type if there exists a constant C1 ∈ [1,∞) such that
for all x ∈ X and r > 0,

μ(B(x, 2r)) � C1μ(B(x, r)) (doubling condition). (2.1)

The triple (X , d, μ) is called an RD-space if it is a space of homogeneous type and there exist constants
κ ∈ (0,∞) and C2 ∈ (0, 1] such that for all x ∈ X , 0 < r < diam (X )/2 and 1 � λ < diam (X )/(2r),

C2λ
κμ(B(x, r)) � μ(B(x, λr)), (2.2)

where and in what follows, diam (X ) := supx, y∈X d(x, y).

Remark 2.1. (i) For a space X of homogeneous type, by (2.1), there exist C3 ∈ [1,∞) and n ∈ (0,∞)
such that for all x ∈ X , r > 0 and λ � 1, μ(B(x, λr)) � C3λ

nμ(B(x, r)). Indeed, we can choose C3 := C1

and n := log2 C1. In some sense, n measures the “dimension” of X . When X is an RD-space, we obviously
have n ∈ [κ,∞).

(ii) It was proved in [17, Remark 1.2] that X is an RD-space if and only if X is a space of homogeneous
type with the additional property that there exists a constant a0 > 1 such that for all x ∈ X and
0 < r < diam (X )/a0, B(x, a0r) \ B(x, r) = ∅. Consequently, a connected space of homogeneous type is
an RD-space. See also [27] for more equivalent characterizations of RD-spaces.

Throughout this paper, we always assume that X is an RD-space and μ(X ) = ∞, and set Vδ(x) :=
μ(B(x, δ)) and V (x, y) := μ(B(x, d(x, y))) for all x, y ∈ X and δ > 0. It follows from (2.1) that
V (x, y) ∼ V (y, x). The following approximations of the identity on RD-spaces were introduced in [17],
whose existence was proved in [17, Theorem 2.6].

Definition 2.3. Let ε1 ∈ (0, 1], ε2 > 0 and ε3 > 0. A sequence {Sk}k∈Z of bounded linear integral
operators on L2(X ) is called an approximation of the identity of order (ε1, ε2, ε3) (in short, (ε1, ε2, ε3)-
AOTI), if there exists a positive constant C such that for all k ∈ Z and all x, x′, y and y′ ∈ X , Sk(x, y),
the integral kernel of Sk is a measurable function from X × X into C satisfying

(i)

|Sk(x, y)| � C
1

V2−k(x) + V2−k(y) + V (x, y)
2−kε2

(2−k + d(x, y))ε2
;

(ii)

|Sk(x, y) − Sk(x′, y)| � C
[d(x, x′)]ε1

(2−j + d(x, y))ε1

1
V2−k(x) + V2−k(y) + V (x, y)

2−kε2

(2−k + d(x, y))ε2

for all d(x, x′) � (2−k + d(x, y))/2;
(iii) Sk satisfies (ii) with x and y interchanged;
(iv)

|[Sk(x, y) − Sk(x, y′)] − [Sk(x′, y) − Sk(x′, y′)]| � C
[d(x, x′)]ε1

(2−k + d(x, y))ε1

[d(y, y′)]ε1

(2−k + d(x, y))ε1

× 1
V2−k(x) + V2−k(y) + V (x, y)

2−kε3

(2−k + d(x, y))ε3

for d(x, x′) � (2−k + d(x, y))/3 and d(y, y′) � (2−k + d(x, y))/3;
(v)

∫
X Sk(x, w) dμ(w) = 1 =

∫
X Sk(w, y) dμ(w).

With all the notation as in Definition 2.3, if {Sk}k∈Z is an (ε1, ε2, ε3)- AOTI with bounded support,
namely, there exists a positive constant C such that Sk(x, y) = 0 whenever d(x, y) � C2−k, then {Sk}k∈Z

is an (ε1, ε′2, ε
′
3)- AOTI for all ε′2 > 0 and ε′3 > 0. Such an {Sk}k∈Z is called to be an approximation of the

identity of order ε1 with bounded support (for short, ε1- AOTI with bounded support); see [17, Definition
2.3] and [17, Theorem 2.6] for the existence of 1- AOTI with bounded support.



GRAFAKOS Loukas et al. Sci China Math August 2010 Vol. 53 No. 8 2101

The following notion of the space of test functions on X was given in [17]; see also [16].

Definition 2.4. Let x1 ∈ X , r ∈ (0,∞), β ∈ (0, 1] and γ ∈ (0,∞). A function ϕ on X is called a test
function of type (x1, r, β, γ) if there exists a positive constant C such that

(i) |ϕ(x)| � C 1
Vr(x1)+V (x1,x) (

r
r+d(x1,x))

γ for all x ∈ X ;

(ii) |ϕ(x) − ϕ(y)| � C( d(x,y)
r+d(x1,x))

β 1
Vr(x1)+V (x1,x)(

r
r+d(x1,x))

γ for all x, y ∈ X satisfying that d(x, y) �
(r + d(x1, x))/2.
Denote by G(x1, r, β, γ) the set of all test functions of type (x1, r, β, γ). If ϕ lies in G(x1, r, β, γ), its norm
is defined by

‖ϕ‖G(x1, r, β, γ) := inf{C : (i) and (ii) hold}.
The space G(x1, r, β, γ) is called the space of test functions.

Fix x1 ∈ X . Let G(β, γ) := G(x1, 1, β, γ). It is easy to see that G(β, γ) is a Banach space. For any
given ε ∈ (0, 1], let Gε

0(β, γ) be the completion of the space G(ε, ε) in G(β, γ) when β, γ ∈ (0, ε]. Then,
it is easy to see that ϕ ∈ Gε

0(β, γ) if and only if ϕ ∈ G(β, γ) and there exist {φi}i∈N ⊂ G(ε, ε) such that
limi→∞ ‖ϕ − φi‖G(β,γ) = 0. If ϕ ∈ Gε

0(β, γ), we then define ‖ϕ‖Gε
0(β,γ) := ‖ϕ‖G(β,γ). It is easy to see that

Gε
0(β, γ) is a Banach space and for the above chosen {φi}i∈N, ‖ϕ‖Gε

0(β,γ) = limi→∞ ‖φi‖G(β,γ).

Set G̊(x1, r, β, γ) :=
{
ϕ ∈ G(x1, r, β, γ) :

∫
X ϕ(x) dμ(x) = 0

}
. The space G̊ε

0(β, γ) is defined to be the
completion of G̊(ε, ε) in G̊(β, γ) as above, where ε ∈ (0, 1] and β, γ ∈ (0, ε]. For ϕ ∈ G̊ε

0(β, γ), we define
‖ϕ‖G̊ε

0(β,γ) := ‖ϕ‖G(β,γ).

Denote by (Gε
0(β, γ))′ and (G̊ε

0(β, γ))′, respectively, the set of all bounded linear functionals on Gε
0(β, γ)

and G̊ε
0(β, γ). Define 〈f, ϕ〉 to be the natural pairing of elements f ∈ (Gε

0(β, γ))′ and ϕ ∈ Gε
0(β, γ), or

f ∈ (G̊ε
0(β, γ))′ and ϕ ∈ G̊ε

0(β, γ).
Now we recall the definition of Hardy space on X ; see [17, Definitions 5.8 and 5.14].

Definition 2.5. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0, ε ∈ (0, ε1 ∧ ε2) and {Sk}k∈Z be an (ε1, ε2, ε3)-AOTI .
For k ∈ Z, set Dk := Sk − Sk−1. Let p ∈ (n/(n + ε),∞) and

max{0, n(1/p− 1)} < β, γ < ε. (2.3)

Then the Hardy space Hp(X ) is defined to be the set of all f ∈ (G̊ε
0(β, γ))′ such that

‖f‖Hp(X ) :=
∥∥∥∥

{∑

k∈Z

∣∣Dk(f)
∣∣2

}1/2∥∥∥∥
Lp(X )

< ∞. (2.4)

Remark 2.6. (i) When p ∈ (1,∞), by [17, Proposition 5.10], the Hardy space Hp(X ) coincides with
Lp(X ) with an equivalence of norms.

(ii) For p ∈ (n/(n + ε), 1], the definition of the Hardy space Hp(X ) is independent of the choice of
(ε1, ε2, ε3)- AOTI ’s and of the distribution spaces (G̊ε

0(β, γ))′ with β and γ satisfying (2.3); see [17, Remark
5.9]. Moreover, it was proved in [27] that the spaces Hp(X ) are also independent of the choice of ε ∈ (0, 1).

(iii) With the notation of Definition 2.5, for any α ∈ (0,∞) and f ∈ (Gε
0(β, γ))′, we define the

nontangential maximal function Mα(f) of f by setting, for all x ∈ X ,

Mα(f)(x) := sup
k∈Z

sup
d(x, y)�α2−k

|Sk(f)(y)|; (2.5)

see [11, Definition 2.9]. For any given p ∈ (n/(n + ε),∞), it was proved in [11] that for all f ∈ (Gε
0(β, γ))′

with β, γ satisfying (2.3), the following holds:

‖f‖Hp(X ) ∼ ‖Mα(f)‖Lp(X ). (2.6)

Recall that the centered Hardy-Littlewood maximal operator M is defined by setting, for all f ∈
L1

loc (X ) and x ∈ X ,

M(f)(x) := sup
r>0

1
μ(B(x, r))

∫

B(x, r)

|f(y)| dμ(y). (2.7)
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Coifman and Weiss [6, 7] proved that M is bounded on Lp(X ) for p ∈ (1,∞), and also bounded from
L1(X ) to L1,∞(X ).

We conclude this section with some useful estimates (see Lemmas 2.7 and 2.8 below), which are
used throughout the whole paper. The proofs of the statements in Lemma 2.7 below are contained
in [17, Lemma 2.1] and [16, Lemma 2.1].

Lemma 2.7. Let X be an RD-space, δ > 0, a > 0, r > 0 and θ ∈ (0, 1).
(a) For all x, y ∈ X and all r > 0, μ(B(x, r + d(x, y))) ∼ μ(B(y, r + d(x, y))) ∼ Vr(x) + V (x, y) ∼

Vr(x) + Vr(y) + V (x, y) ∼ Vr(y) + V (x, y).
(b)

∫
X

1
μ(B(x,r+d(x,y)))(

r
r+d(x,y))

a dμ(x) < C uniformly in x ∈ X and r > 0 if a > 0.
(c)

∫
X

1
μ(B(x,r+d(x,y)))(

r
r+d(x,y))

a|f(y)| dμ(y) � CM(f)(x) uniformly in f ∈ L1
loc (X ) and x ∈ X .

The following estimate is established in [17, Lemma 3.2].

Lemma 2.8. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0, {Sk}k∈Z and {Ak}k∈Z be two (ε1, ε2, ε3)-AOTI ’s. Set
Pk := Sk −Sk−1 and Qk := Ak −Ak−1 for all k ∈ Z. Then for any δ ∈ (0, ε1 ∧ ε2), there exists a positive
constant C, depending on ε1, ε2 and δ, such that the kernel of P�Qk, denoted still by P�Qk, satisfies that
for all k,  ∈ Z and all x, y ∈ X ,

|P�Qk(x, y)| � C2−|k−�|δ

V2−(k∧�)(x) + V2−(k∧�)(y) + V (x, y)

(
2−(k∧�)

2−(k∧�) + d(x, y)

)ε2

. (2.8)

Remark 2.9. (a) Assume that {Qk}k∈Z satisfy properties (i) and (ii) of Definition 2.3, {P�}�∈Z satisfy
(i) of Definition 2.3 and

∫
X P�(x, y) dμ(y) = 0 for all  � k. By an argument similar to the proof

of [17, Lemma 3.2], we still obtain the estimate (2.8) with  � k.
(b) Assume that {P�}�∈Z satisfy properties (i) and (iii) of Definition 2.3, {Qk}k∈Z satisfy (i) of Definition

2.3 and
∫
X Qk(x, y) dμ(x) = 0 for all k � . Then by the symmetry and (a) of this remark, we also obtain

the estimate (2.8) with k � .
(c) If we only assume that {P�}�∈Z and {Qk}k∈Z satisfy property (i) of Definition 2.3, then the estimate

(2.8) holds whenever k = .

3 Proof of Theorem 1.2

The whole section is devoted to the proof of Theorem 1.2. First we prove an auxiliary lemma, which is
a variant of [13, Lemma 1].

Lemma 3.1. Let ε ∈ (0,∞). Then there exists a positive constant C, depending only on ε, C3 and n,
such that for all w ∈ X , r ∈ (0,∞) and R ∈ (0,∞),

J (w; r, R) :=
∫

d(x,y)<R

1
Vr(y) + Vr(w) + V (y, w)

(
r

r + d(y, w)

)ε

dμ(y)

� C max
{(

R

r

)ε

, 1
}

VR(x)
Vr(x) + Vr(w) + V (x, w)

(
r

r + d(x, w)

)ε

. (3.1)

Proof. Suppose first that R � 10r. In this case, if d(x, w) � 20r, then for all y ∈ B(x, R), we have
d(x, y) < 10r � d(x, w)/2 and hence d(y, w) � d(x, w)− d(x, y) > d(x, w)/2, which together with Lemma
2.7(a) implies (3.1). If d(x, w) < 20r, then by (2.1), we obtain

J (w; r, R) � μ(B(x, R))
μ(B(w, r))

� μ(B(x, R))
μ(B(w, r + d(x, w)))

(
r

r + d(x, w)

)ε

,

which combined with Lemma 2.7(a) yields (3.1).
Now we assume that R > 10r. In this case, we set

A1 := {y ∈ X : d(x, y) < R, d(y, w) � d(x, w)}
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and A2 := {y ∈ X : d(x, y) < R, d(y, w) < d(x, w)}. Using Lemma 2.7(a), we obtain

∫

A1

1
Vr(y) + Vr(w) + V (y, w)

(
r

r + d(y, w)

)ε

dμ(y) � VR(x)
Vr(x) + Vr(w) + V (x, w)

(
r

r + d(x, w)

)ε

.

To estimate the integral in (3.1) over the set A2, we consider the following two cases. If d(x, w) � 2R,
then by (a) and (b) of Lemma 2.7, we have

∫

A2

1
Vr(y) + Vr(w) + V (y, w)

(
r

r + d(y, w)

)ε

dμ(y) � 1 � VR(x)
μ(B(x, r + d(x, w)))

(
R

r + d(x, w)

)ε

,

which implies the desired estimate. If d(x, w) > 2R, then d(y, w) > d(x, w)/2 whenever y ∈ A2. Thus,
∫

A2

1
Vr(y) + Vr(w) + V (y, w)

(
r

r + d(y, w)

)ε

dμ(y) � VR(x)
μ(B(x, r + d(x, w)))

(
r

r + d(x, w)

)ε

.

Combining the last three formulae above yields that (3.1) holds when R > 10r, which completes the
proof of Lemma 3.1.

For the sake of simplicity, in the sequel, we use the following notation: for any given ε ∈ (0,∞), j ∈ Z

and all x, y ∈ X ,

Kε(j; x, y) :=
1

V2−j (x) + V2−j (y) + V (x, y)

(
2−j

2−j + d(x, y)

)ε

. (3.2)

Using Lemma 3.1 and borrowing some ideas from [13], we obtain the following result.

Proposition 3.2. Suppose that {Gk}k∈Z, {Ak}k∈Z and {Sk}k∈Z are measurable functions from X ×
X → C satisfying that there exist positive constants C, a and σ such that for all k ∈ Z and x, y ∈ X ,
Gk(x, y) = 0 whenever d(x, y) � a2−k and

|Gk(x, y)| + |Ak(x, y)| + |Sk(x, y)| � C Kσ(k; x, y). (3.3)

Then for any given σ′ ∈ (0, σ), there exists a positive constant C̃ depending on C, a, σ, σ′ and C3 such
that for all j, k,  ∈ Z satisfying  � max{k, j} and all x, z, w ∈ X ,

∫

X
|G�(x, y)Ak(y, z)Sj(y, w)| dμ(y) � C̃ Kσ(k; x, z)Kσ′(j; x, w). (3.4)

Proof. By the support condition of G�, (3.3), Lemma 2.7(a) and (2.1), we obtain
∫

X
|G�(x, y)Ak(y, z)Sj(y, w)| dμ(y)

�
∫

d(x,y)<a2−�

1
μ(B(x, 2−�))

1
μ(B(z, 2−k + d(y, z)))

×
(

2−k

2−k + d(y, z)

)σ 1
μ(B(w, 2−j + d(y, w)))

(
2−j

2−j + d(y, w)

)σ

dμ(y)

�
∞∑

t=0

2−tσ 1
μ(B(x, 2−�))

1
μ(B(w, 2t−j))

×
∫

d(x,y)<a2−�

d(y,w)∼2t−j

1
μ(B(z, 2−k + d(y, z)))

(
2−k

2−k + d(y, z)

)σ

dμ(y), (3.5)

where the notation d(y, w) ∼ 2t−j means that 2t−j � d(y, w) < 2t−j+1 for t � 1 and d(y, w) < 2−t for
t = 0.

Fix t � 0. If there exists y ∈ X satisfying that d(x, y) < a2−� and d(y, w) < 2t−j+1, then we have
d(x, w) < (a + 2)max{2−�, 2t−j} < (a + 2)2t−j since  � j, which further implies that 2−j + d(x, w) �
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(a + 3)2t−j . By this, Lemma 3.1 and Lemma 2.7(a), we obtain that the last formula in (3.5) is bounded
by a constant multiple of

∞∑

t=0

2−tσ 1
μ(B(x, 2−�))

μ(B(w, 2−j + d(x, w)))
μ(B(w, 2t−j))

2tσ′

× 1
μ(B(w, 2−j + d(x, w)))

(
2−j

2−j + d(x, w)

)σ′

× max
{

a2−�

2−k
, 1

}σ
μ(B(x, a2−�))

μ(B(z, 2−k + d(x, z)))

(
2−k

2−k + d(x, z)

)σ

, (3.6)

where σ′ ∈ (0, σ). We now use 2−j + d(x, w) � (a + 3)2t−j again, σ′ ∈ (0, σ), (2.1) and the fact  � k to
bound (3.6) by a constant multiple of

∞∑

t=0

2−tσ2tσ′Kσ′(j; x, w)Kσ(k; x, z) � Kσ′(j; x, w)Kσ(k; x, z). (3.7)

Combining (3.5), (3.6) and (3.7) yields (3.4). This finishes the proof of Proposition 3.2.
Next we recall the cube constructions on X , which provide an analogue of the grid of Euclidean dyadic

cubes on spaces of homogeneous type; see [3].

Lemma 3.3. Let X be a space of homogeneous type. Then there exist a collection {Qk
α ⊂ X : k ∈

Z, α ∈ Ik} of open subsets, where Ik is certain index set, and constants δ ∈ (0, 1) and C4, C5 > 0 such
that

(i) μ(X \ ∪αQk
α) = 0 for each fixed k and Qk

α ∩ Qk
β = ∅ if α �= β;

(ii) for any α, β, k,  with  � k, either Q�
β ⊂ Qk

α or Q�
β ∩ Qk

α = ∅;
(iii) for each (k, α) and each  < k, there exists a unique β such that Qk

α ⊂ Q�
β;

(iv) diam (Qk
α) � C4δ

k and each Qk
α contains certain ball B(zk

α, C5δ
k), where zk

α ∈ X .

In fact, one can think of Qk
α as being a dyadic cube with diameter rough δk centered at zk

α. In what
follows, for simplicity, we may assume that δ = 1/2; see [17].

In the sequel, we use the following notation. For k ∈ Z and τ ∈ Ik, we denote by Qk,ν
τ , ν =

1, 2, . . . , N(k, τ), the set of all cubes Qk+j0
τ ′ ⊂ Qk

τ , where Qk
τ is the dyadic cube as in Lemma 2.7 and j0

is a positive integer satisfying
2−j0C4 < 1/3. (3.8)

Denote by zk,ν
τ the “center” of Qk,ν

τ , and by yk,ν
τ any point of Qk,ν

τ .
The following discrete homogeneous Calderón reproducing formula is proved in [17, Theorem 4.13].

Lemma 3.4. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0, ε ∈ (0, ε1 ∧ ε2) and let {Pk}k∈Z be an (ε1, ε2, ε3)-0-
AOTI . Set Gk := Pk − Pk−1 for k ∈ Z. Then for any fixed j0 satisfying (3.8) large enough, there
exists a family {G̃k}k∈Z of linear operators such that for any fixed yk,ν

τ ∈ Qk,ν
τ with k ∈ Z, τ ∈ Ik and

ν ∈ {1, 2, . . . , N(k, τ)}, and all f ∈ (G̊ε
0(β, γ))′ with β, γ ∈ (0, ε) and x ∈ X ,

f(x) =
∑

k∈Z

∑

τ∈Ik

N(k,τ)∑

ν=1

μ(Qk,ν
τ )G̃k(x, yk,ν

τ )Gk(f)(yk,ν
τ ),

where the series converges in (G̊ε
0(β, γ))′. Moreover, the kernels of the operators {G̃k}k∈Z satisfy properties

(i) and (ii) of Definition 2.3 with ε1 and ε2 replaced by any ε′ ∈ (ε, ε1 ∧ ε2), and
∫

X
G̃k(w, x) dμ(w) = 0 =

∫

X
G̃k(x, w) dμ(w)

for all k ∈ Z and x ∈ X .

The inhomogeneous discrete Calderón reproducing formula (see [11, Theorem 3.3]) stated in Lemma 3.6
below, and established in [17] in the case 0 = 0, is a main ingredient in the proof of Theorem 1.2.
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Definition 3.5. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0 and 0 ∈ Z. A sequence {Sk}∞k=�0
of linear operators is

said to be an inhomogeneous approximation of the identity of order (ε1, ε2, ε3) (for short, (ε1, ε2, ε3)-0-
AOTI ), if Sk satisfies (i) through (v) of Definition 2.3 for all k ∈ {0, 0 + 1, . . .}.
Lemma 3.6. Let ε1 ∈ (0, 1], ε2 > 0, ε3 > 0, ε ∈ (0, ε1 ∧ ε2) and 0 ∈ Z. Let {Pk}k∈Z be an (ε1, ε2, ε3)-
0-AOTI . Set G�0 := P�0 and Gk := Pk − Pk−1 for k � 0 + 1. Then for any fixed j0 satisfying (3.8)
large enough, there exists functions P̃�0(x, y) and {G̃k(x, y)}∞k=�0+1 such that for any fixed yk,ν

τ ∈ Qk,ν
τ

with k � 0 + 1, τ ∈ Ik and ν ∈ {1, 2, . . . , N(k, τ)}, and all f ∈ (Gε
0(β, γ))′ with β, γ ∈ (0, ε) and x ∈ X ,

f(x) =
∑

τ∈I�0

N(�0,τ)∑

ν=1

{∫

Q
�0,ν
τ

P̃�0(x, y) dμ(y)
}{

1

μ(Q�0,ν
τ )

∫

Q
�0,ν
τ

P�0(f)(w) dμ(w)
}

+
∞∑

k=�0+1

∑

τ∈Ik

N(k,τ)∑

ν=1

μ(Qk,ν
τ )G̃k(x, yk,ν

τ )Gk(f)(yk,ν
τ ),

where the series converges in (Gε
0(β, γ))′. Moreover, P̃�0 and G̃k for k � 0 + 1 satisfy (i) and (ii) of

Definition 2.3 with ε1 and ε2 replaced by any ε′ ∈ (ε, ε1 ∧ ε2), and for all x ∈ X ,
∫

X
P̃�0(w, x) dμ(w) = 1 =

∫

X
P̃�0(x, w) dμ(w)

and ∫

X
G̃k(w, x) dμ(w) = 0 =

∫

X
G̃k(x, w) dμ(w)

when k > 0.

Remark 3.7. The constant C appearing in (i) and (ii) of Definition 2.3 for P̃�0 and {G̃k}∞k=�0+1,
depends on j0 and ε′, but not on 0; see [11, Remark 3.4].

The following technical lemma proved in [17, Lemma 5.3] is also crucial in the proof of Theorem 1.2.

Lemma 3.8. Let ε > 0, k′, k ∈ Z, and yk,ν
τ be any point in Qk,ν

τ for τ ∈ Ik and ν = 1, 2, . . . , N(k, τ).
If r ∈ (n/(n + ε), 1], then there exists a positive constant C depending on r such that for all ak,ν

τ ∈ C and
all x ∈ X ,

∑

τ∈Ik

N(k,τ)∑

ν=1

μ(Qk,ν
τ )

1

V2−(k′∧k)(x) + V (x, yk,ν
τ )

2−(k′∧k)ε

(2−(k′∧k) + d(x, yk,ν
τ ))ε

|ak,ν
τ |

� C2[(k′∧k)−k]n(1−1/r)

{
M

( ∑

τ∈Ik

N(k,τ)∑

ν=1

∣∣ak,ν
τ

∣∣r χQk,ν
τ

)
(x)

}1/r

,

where C is also independent of k, k′, τ and ν.

Proof of Theorem 1.2. Let ε1 ∈ (0, 1] and {P�}�∈Z be an ε1- AOTI with bounded support. Set G� :=
P� − P�−1 for all  ∈ Z. For any N ∈ N, f ∈ Hp(X ) and g ∈ Hq(X ), we consider

ΠN (f, g) :=
∑

|j|�N

Ej(Dj(f)Sj(g)).

Suppose for the moment that ΠN (f, g) is a Cauchy sequence in Hr(X ). Then ΠN (f, g) converges in
Hr(X ) as N → ∞ to an element of Hr(X ) that we will denote by Π(f, g). To prove Theorem 1.2, by
(2.4) and Remark 2.6(ii), it suffices to show that for all N ∈ N,

‖ΠN(f, g)‖Hr(X ) ∼
∥∥∥∥

{∑

�∈Z

|G� (ΠN (f, g))|2
}1/2∥∥∥∥

Lr(X )

∼
∥∥∥∥

{∑

�∈Z

∣∣∣∣
∑

|j|�N

G�Ej (Dj(f)Sj(g))
∣∣∣∣
2}1/2∥∥∥∥

Lr(X )



2106 GRAFAKOS Loukas et al. Sci China Math August 2010 Vol. 53 No. 8

� ‖f‖Hp(X )‖g‖Hq(X ). (3.9)

Indeed, if (3.9) holds, then we can use Fatou’s lemma to pass the limit to Π(f, g) and obtain the bound-
edness of Π from Hp(X ) × Hq(X ) to Hr(X ).

Now we prove (3.9). For any j ∈ Z, applying Lemma 3.6, we obtain that for all x ∈ X ,

(Dj(f)Sj(g)) (x) =
∑

τ∈Ij

N(j,τ)∑

ν=1

{∫

Qj,ν
τ

P̃j(x, z) dμ(z)
}

1
μ(Qj,ν

τ )

∫

Qj,ν
τ

Pj(Dj(f)Sj(g))(z) dμ(z)

+
∞∑

k=j+1

∑

τ∈Ik

N(k,τ)∑

ν=1

μ(Qk,ν
τ )G̃k(x, yk,ν

τ )Gk (Dj(f)Sj(g)) (yk,ν
τ )

holds in (Gε
0(β, γ))′, where yk,ν

τ is an arbitrary fixed point in Qk,ν
τ , all {G̃k}k�j+1 have vanishing property

and P̃j with no vanishing property. Consequently, we have
∑

|j|�N

G�Ej (Dj(f)Sj(g)) (x)

=
∑

|j|�N

∑

τ∈Ij

N(j,τ)∑

ν=1

{∫

Qj,ν
τ

G�EjP̃j(x, z) dμ(z)
}

1
μ(Qj,ν

τ )

∫

Qj,ν
τ

Pj(Dj(f)Sj(g))(z) dμ(z)

+
∑

|j|�N

∞∑

k=j+1

∑

τ∈Ik

N(k,τ)∑

ν=1

μ(Qk,ν
τ )G�EjG̃k(x, yk,ν

τ )Gk (Dj(f)Sj(g)) (yk,ν
τ )

=: ZN
1 + ZN

2 .

In this way, the proof of (3.9) reduces to the estimate

∥∥∥∥

{∑

�∈Z

∣∣ZN
1

∣∣2
}1/2∥∥∥∥

Lr(X )

+
∥∥∥∥

{∑

�∈Z

∣∣ZN
2

∣∣2
}1/2∥∥∥∥

Lr(X )

� ‖f‖Hp(X )‖g‖Hq(X ). (3.10)

We first prove that ‖{∑�∈Z
|ZN

2 |2}1/2‖Lr(X ) � ‖f‖Hp(X )‖g‖Hq(X ). Lemma 3.4 yields that for all w ∈ X ,

Dj(f)(w) =
∑

k′∈Z

∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

μ(Qk′,ν′
τ ′ )DjG̃k′ (w, yk′,ν′

τ ′ )Gk′ (f)(yk′,ν′
τ ′ ). (3.11)

Using Lemma 3.6 again we obtain that for all w ∈ X , we have

Sj(g)(w) =
∑

τ ′′∈Ij

N(j,τ ′′)∑

ν′′=1

{∫

Qj,ν′′
τ′′

SjP̃j(w, z) dμ(z)
}

1

μ(Qj,ν′′
τ ′′ )

∫

Qj,ν′′
τ′′

Pj(g)(z) dμ(z)

+
∞∑

k′′=j+1

∑

τ ′′∈Ik′′

N(k′′,τ ′′)∑

ν′′=1

μ(Qk′′,ν′′
τ ′′ )SjG̃k′′ (w, yk′′,ν′′

τ ′′ )Gk′′ (g)(yk′′,ν′′
τ ′′ ). (3.12)

Thus, for all k � j + 1, τ ∈ Ik and ν ∈ {1, 2, . . . , N(k, τ)}, in view of (3.11) and (3.12), we may write

Gk(Dj(f)Sj(g))(yk,ν
τ ) =

∑

k′∈Z

∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

∑

τ ′′∈Ij

N(j,τ ′′)∑

ν′′=1

μ(Qk′,ν′
τ ′ )Gk′ (f)(yk′,ν′

τ ′ )

×
{

1
μ(Qj,ν′′

τ ′′ )

∫

Qj,ν′′
τ′′

Pj(g)(z) dμ(z)
}

×
∫

Qj,ν′′
τ′′

Gk(DjG̃k′ (·, yk′,ν′
τ ′ )SjP̃j(·, z))(yk,ν

τ ) dμ(z)
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+
∑

k′∈Z

∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

∞∑

k′′=j+1

∑

τ ′′∈Ik′′

N(k′′,τ ′′)∑

ν′′=1

μ(Qk′,ν′
τ ′ )μ(Qk′′,ν′′

τ ′′ )

× Gk′ (f)(yk′,ν′
τ ′ )Gk′′ (g)(yk′′,ν′′

τ ′′ )Gk(DjG̃k′ (·, yk′,ν′
τ ′ )SjG̃k′′ (·, yk′′,ν′′

τ ′′ ))(yk,ν
τ )

=: J1 + J2. (3.13)

Now we estimate J2. For any given σ ∈ (0, ε1 ∧ ε2), by (a) and (b) of Remark 2.9, we have

|DjG̃k′(w, yk′,ν′
τ ′ )| � 2−|j−k′|σ Kσ(j ∧ k′; w, yk′,ν′

τ ′ ).

Since k′′ > j, using Remark 2.9(b), we obtain that

|SjG̃k′′ (w, yk′′,ν′′
τ ′′ )| � 2−|j−k′′|σ Kσ(j; w, yk′′,ν′′

τ ′′ ).

From these two estimates and Proposition 3.2, we deduce that for any given σ ∈ (0, ε1 ∧ ε2),

|Gk(DjG̃k′ (·, yk′,ν′
τ ′ )SjG̃k′′ (·, yk′′,ν′′

τ ′′ ))(yk,ν
τ )|

� 2−|j−k′|σ2−|j−k′′|σ Kσ(j ∧ k′; yk,ν
τ , yk′,ν′

τ ′ )Kσ(j; yk,ν
τ , yk′′,ν′′

τ ′′ ), (3.14)

which further implies that

J2 �
∑

k′∈Z

∞∑

k′′=j+1

2−|j−k′|σ2−|j−k′′|σ

×
{ ∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

μ(Qk′,ν′
τ ′ )Kσ(j ∧ k′; yk,ν

τ , yk′,ν′
τ ′ )Gk′ (f)(yk′,ν′

τ ′ )
}

×
{ ∑

τ ′′∈Ik′′

N(k′′,τ ′′)∑

ν′′=1

μ(Qk′′,ν′′
τ ′′ )Kσ(j; yk,ν

τ , yk′′,ν′′
τ ′′ )Mα(g)(yk′′,ν′′

τ ′′ )
}

,

where α ∈ (0,∞) is arbitrary and Mα is as in (2.5) with Sk there replaced by Pk. Moreover, from Lemma
2.7(a) and Lemma 3.8, it follows that

J2 �
∑

k′∈Z

∞∑

k′′=j+1

2−|j−k′|σ2−|j−k′′|σ2[(j∧k′)−k′]n(1−1/θ)2(j−k′′)n(1−1/δ)

×
{
M

( ∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

|Gk′ (f)(yk′,ν′
τ ′ )|θχ

Qk′,ν′
τ′

)
(yk,ν

τ )
}1/θ

×
{
M

( ∑

τ ′′∈Ik′′

N(k′′,τ ′′)∑

ν′′=1

|Mα(g)(yk′′,ν′′
τ ′′ )|δχ

Qk′′,ν′′
τ′′

)
(yk,ν

τ )
}1/δ

, (3.15)

where θ, δ ∈ (n/(n + σ), 1]. Due to the arbitrariness of yk′,ν′
τ ′ ∈ Qk′,ν′

τ ′ and yk′′,ν′′
τ ′′ ∈ Qk′′,ν′′

τ ′′ , we obtain
that (3.15) still holds if |Gk′ (f)(yk′,ν′

τ ′ )| and |Mα(g)(yk′′,ν′′
τ ′′ )| are, respectively, replaced with

inf
yk′,ν′

τ′ ∈Qk′,ν′
τ′

|Gk′ (f)(yk′,ν′
τ ′ )| and inf

yk′′,ν′′
τ′′ ∈Qk′′,ν′′

τ′′

|Mα(g)(yk′′,ν′′
τ ′′ )|.

For all z ∈ X , by Lemma 3.3(i), we have

M
( ∑

τ ′∈Ik′

N(k′,τ ′)∑

ν′=1

inf
yk′,ν′

τ′ ∈Qk′,ν′
τ′

|Gk′ (f)(yk′,ν′
τ ′ )|θχ

Qk′,ν′
τ′

)
(z) � M(|Gk′ (f)|θ)(z). (3.16)



2108 GRAFAKOS Loukas et al. Sci China Math August 2010 Vol. 53 No. 8

Similarly, for all z ∈ X ,

M
( ∑

τ ′′∈Ik′′

N(k′′,τ ′′)∑

ν′′=1

inf
yk′′,ν′′

τ′′ ∈Qk′′,ν′′
τ′′

|Mα(g)(yk′′,ν′′
τ ′′ )|δχ

Qk′′,ν′′
τ′′

)
(z) � M([Mα(g)]δ)(z).

Inserting this and (3.16) into (3.15), and invoking the fact

∞∑

k′′=j+1

2−|j−k′′|σ+[j−k′′ ]n(1−1/δ) � 1,

we finally obtain that

J2 �
∑

k′∈Z

2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ){M(|Gk′(f)|θ)(yk,ν
τ )}1/θ{M([Mα(g)]δ)(yk,ν

τ )}1/δ. (3.17)

The estimate of J1 is similar to that of J2. In fact, an argument similar to (3.14) yields that for all
z ∈ Qj,ν′′

τ ′′ ,

|Gk(DjG̃k′(·, yk′,ν′
τ ′ )SjP̃j(·, z))(yk,ν

τ )| � 2−|j−k′|σ Kσ(j ∧ k′; yk,ν
τ , yk′,ν′

τ ′ )Kσ(j; yk,ν
τ , z).

Moreover, by Lemma 2.7(a), it is not difficult to see that for all z, yj,ν′′
τ ′′ ∈ Qj,ν′′

τ ′′ ,

Kσ(j; yk,ν
τ , z) ∼ Kσ(j; yk,ν

τ , yj,ν′′
τ ′′ ) (3.18)

with equivalence constants independent of yj,ν′′
τ ′′ and z. From Proposition 3.2, it follows that for any fixed

yj,ν′′
τ ′′ ∈ Qj,ν′′

τ ′′ , we have
∫

Qj,ν′′
τ′′

Gk(DjG̃k′ (·, yk′,ν′
τ ′ )SjP̃j(·, z))(yk,ν

τ ) dμ(z)

� 2−|j−k′|σμ(Qj,ν′′
τ ′′ )Kσ(j ∧ k′; yk,ν

τ , yk′,ν′
τ ′ )Kσ(j; yk,ν

τ , yj,ν′′
τ ′′ ). (3.19)

From (3.8), the definition of Qj,ν′′
τ ′′ and Lemma 3.3(iv), we deduce that for any given α ∈ [1/3,∞),

∣∣∣∣
1

μ(Qj,ν′′
τ ′′ )

∫

Qj,ν′′
τ′′

Pj(g)(z) dμ(z)
∣∣∣∣ � Mα(g)(yj,ν′′

τ ′′ ). (3.20)

Applying (3.19) and (3.20), and following the same argument as that in the proof of (3.17), we also obtain
that J1 has the same upper bound estimate as in (3.17).

Combining the estimates of J1 and J2 yields that for all j ∈ Z, k � j + 1, τ ∈ Ik and ν ∈
{1, 2, . . . , N(k, τ)},

∣∣Gk(Dj(f)Sj(g))(yk,ν
τ )

∣∣ �
∑

k′∈Z

2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)

× {M(|Gk′ (f)|θ)(yk,ν
τ )}1/θ{M([Mα(g)]δ)(yk,ν

τ )}1/δ. (3.21)

Now we estimate ZN
2 . Using (a) and (b) of Remark 2.9, we obtain that the kernel of G�Ej has the

same size condition as those of 2−|j−�|σEj∧�. By this and (j ∧ ) < k, we further apply Remark 2.9(b)
and obtain that for all j,  ∈ Z, k � j + 1, τ ∈ Ik and ν ∈ {1, 2, . . . , N(k, τ)},

|G�EjG̃k(x, yk,ν
τ )| � 2−|j−�|σ2−|(j∧�)−k|σ Kσ((j ∧ ) ∧ k; x, yk,ν

τ )

� 2−|j−�|σ2−|j−k|σ Kσ(j ∧ ; x, yk,ν
τ ). (3.22)

Combining (3.21) and (3.22) yields that

|ZN
2 | �

∑

|j|�N

∞∑

k=j+1

∑

k′∈Z

∑

τ∈Ik

N(k,τ)∑

ν=1

2−|j−�|σ2−|j−k|σ2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)μ(Qk,ν
τ )
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× Kσ(j ∧ ; x, yk,ν
τ ){M(|Gk′(f)|θ)(yk,ν

τ )}1/θ{M([Mα(g)]δ)(yk,ν
τ )}1/δ.

Then using the arbitrariness of yk,ν
τ ∈ Qk,ν

τ , Lemma 3.8 and a similar argument as that used in (3.16),
we obtain that for any given λ ∈ (n/(n + σ), 1],

|ZN
2 | �

∑

|j|�N

∞∑

k=j+1

∑

k′∈Z

2−|j−�|σ2−|j−k|σ2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)2[(j∧�)−k]n(1−1/λ)

×
{
M

( ∑

τ∈Ik

N(k,τ)∑

ν=1

inf
yk,ν

τ ∈Qk,ν
τ

[{M(|Gk′(f)|θ)(yk,ν
τ )}λ/θ

× {M([Mα(g)]δ)(yk,ν
τ )}λ/δ]χQk,ν

τ

)
(x)

}1/λ

�
∑

|j|�N

∞∑

k=j+1

∑

k′∈Z

2−|j−�|σ2−|j−k|σ2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)2[(j∧�)−k]n(1−1/λ)

× {M([M(|Gk′(f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)(x)}1/λ,

which combined with the fact that
∑∞

k=j+1 2−|j−k|σ2[(j∧�)−k]n(1−1/λ) � 2[(j∧�)−j]n(1−1/λ) implies that

|ZN
2 | �

∑

|j|�N

∑

k′∈Z

2−|j−�|σ+[(j∧�)−j]n(1−1/λ)2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)

× {M([M(|Gk′ (f)|θ)]λ/θ [M([Mα(g)]δ)]λ/δ)(x)}1/λ. (3.23)

From this and Hölder’s inequality, we deduce that

∑

�∈Z

∣∣ZN
2

∣∣2 �
∑

�∈Z

[ ∑

|j|�N

∑

k′∈Z

2−|j−�|[σ−n(1/λ−1)]2−|j−k′|[σ−n(1/θ−1)]

]

×
∑

j∈Z

∑

k′∈Z

2−|j−�|[σ−n(1/λ−1)]2−|j−k′|[σ−n(1/θ−1)]

× {M([M(|Gk′(f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)(x)}2/λ. (3.24)

It is easy to verify that
∑

|j|�N

∑

k′∈Z

2−|j−�|[σ−n(1/λ−1)]2−|j−k′|[σ−n(1/θ−1)] � 1

and ∑

�∈Z

∑

|j|�N

2−|j−�|[σ−n(1/λ−1)]2−|j−k′|[σ−n(1/θ−1)] � 1.

Inserting these two estimates in (3.24) yields that
∑

�∈Z

|ZN
2 |2 �

∑

k′∈Z

[M([M(|Gk′ (f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)(x)]2/λ. (3.25)

Since σ ∈ (0, ε1∧ε2) and p, q, r > n/(n+ε), we choose n/(n+σ) < δ < (q∧1), n/(n+σ) < θ < (p∧1) and
n/(n+σ) < λ < (r∧1). Then r/λ > 1, p/θ > 1 and q/δ > 1. Using (3.25) and the Fefferman-Stein vector-
valued maximal function inequality on spaces of homogeneous type (see [12, Theorem 1.2], [17, Lemma
3.14] or [21, (2.11)]) together with Hölder’s inequality, we obtain

∥∥∥∥

{∑

�∈Z

|ZN
2 |2

}1/2∥∥∥∥
Lr(X )

�
∥∥∥∥

{ ∑

k′∈Z

[M([M(|Gk′ (f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)]2/λ

}λ/2∥∥∥∥
1/λ

Lr/λ(X )

�
∥∥∥∥

{ ∑

k′∈Z

[M(|Gk′ (f)|θ)]2/θ[M([Mα(g)]δ)]2/δ

}λ/2∥∥∥∥
1/λ

Lr/λ(X )
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∼
∥∥∥∥

{ ∑

k′∈Z

[M(|Gk′ (f)|θ)]2/θ

}1/2

[M([Mα(g)]δ)]1/δ

∥∥∥∥
Lr(X )

�
∥∥∥∥

{ ∑

k′∈Z

[M(|Gk′ (f)|θ)]2/θ

}1/2∥∥∥∥
Lp(X )

‖[M([Mα(g)]δ)]1/δ‖Lq(X )

�
∥∥∥∥

{ ∑

k′∈Z

|Gk′ (f)|2
}1/2∥∥∥∥

Lp(X )

‖Mα(g)‖Lq(X )

� ‖f‖Hp(X )‖g‖Hq(X ), (3.26)

where in the last step we used (2.4) and (2.6).
To obtain (3.10), we still need to show

∥∥∥∥

{∑

�∈Z

|ZN
1 |2

}1/2∥∥∥∥
Lr(X )

� ‖f‖Hp(X )‖g‖Hq(X ). (3.27)

Observe that once we have obtained

|ZN
1 | �

∑

j∈Z

∑

k′∈Z

2−|j−�|σ+[(j∧�)−j]n(1−1/λ)2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)

×{M([M(|Gk′(f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)(x)}1/λ, (3.28)

then (3.27) follows just by the arguments analogous to those used in the proof of (3.24) through (3.26).
To prove (3.28), by an argument similar to (3.22), we use Remark 2.9 and obtain that for a certain
σ ∈ (0, ε1 ∧ ε2),

|G�EjP̃j(x, z)| � 2−|j−�|σ Kσ(j ∧ ; x, z). (3.29)

Notice that for all j ∈ Z, τ ∈ Ij , ν ∈ {1, 2, . . . , N(j, τ)}, x ∈ X and all z, yj,ν
τ ∈ Qj,ν

τ ,

Kσ(j ∧ ; x, z) ∼ Kσ(j ∧ ; x, yj,ν
τ ). (3.30)

Therefore, the combination of (3.29) and (3.30) yields that for any fixed yj,ν
τ ∈ Qj,ν

τ ,
∣∣∣∣
∫

Qj,ν
τ

G�Ej P̃j(x, z) dμ(z)
∣∣∣∣ � 2−|j−�|σμ(Qj,ν

τ )Kσ(j ∧ ; x, yj,ν
τ ) (3.31)

with constant independent of yj,ν
τ ∈ Qj,ν

τ .
For any z ∈ Qj,ν

τ , the estimate of Pj(Dj(f)Sj(g))(z) is similar to that of (3.21). In fact, using (3.30)
and proceeding as for estimates of J1 and J2 (see (3.13) through (3.21)), we also obtain that for any fixed
yj,ν

τ ∈ Qj,ν
τ and all z ∈ Qj,ν

τ ,

|Pj(Dj(f)Sj(g))(z)| �
∑

k′∈Z

2−|j−k′|σ+[(j∧k′)−k′]n(1−1/θ)

×{M(|Gk′(f)|θ)(yj,ν
τ )}1/θ{M([Mα(g)]δ)(yj,ν

τ )}1/δ, (3.32)

where the constant is independent of z, yj,ν
τ ∈ Qj,ν

τ and j ∈ Z.
We insert (3.31) and (3.32) in the expression for ZN

1 . Using an argument similar to that used in the
proof of estimate (3.23), we obtain that (3.26) also holds for ZN

1 . The details are omitted. Thus (3.27)
holds for ZN

1 . Therefore we prove that (3.9) holds.
We still need to verify that ΠN (f, g) is a Cauchy sequence in Hr(X ). Indeed, by (2.4) and Remark

2.6(ii), it suffices to show that for all N, M ∈ N and N < M , when N → ∞,

‖ΠM (f, g) − ΠN (f, g)‖Hr(X ) ∼
∥∥∥∥

{∑

�∈Z

∣∣∣∣
∑

N<|j|�M

G�Ej (Dj(f)Sj(g))
∣∣∣∣
2}1/2∥∥∥∥

Lr(X )

→ 0.
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To see this, observe that it suffices to show that when N → ∞,

∥∥∥∥

{∑

�∈Z

∣∣ZN
1 − ZM

1

∣∣2
}1/2∥∥∥∥

Lr(X )

+
∥∥∥∥

{∑

�∈Z

∣∣ZN
2 − ZM

2

∣∣2
}1/2∥∥∥∥

Lr(X )

→ 0. (3.33)

We show (3.23) by proceeding as in the proof of (3.10) but with
∑

|j|�N there replaced by
∑

N<|j|�M ,
and we obtain

∑

�∈Z

∣∣ZN
2 − ZM

2

∣∣2 �
∑

k′∈Z

∑

N<|j|�M

2−|j−k′|[σ−n(1/θ−1)][M([M(|Gk′(f)|θ)]λ/θ [M([Mα(g)]δ)]λ/δ)(x)]2/λ.

Then we divide the summation over k′ into two parts:
∑

|k′|>N/2 and
∑

|k′|�N/2. Observe that for all
k′ ∈ Z,

∑
N<|j|�M 2−|j−k′|[σ−n(1/θ−1)] � 1, and in particular, if |k′| � N/2 we have

∑

N<|j|�M

2−|j−k′|[σ−n(1/θ−1)] � 2−N [σ−n(1/θ−1)]/2.

From these, we further deduce that
∑

�∈Z

∣∣ZN
2 − ZM

2

∣∣2 �
∑

|k′|>N/2

[M([M(|Gk′(f)|θ)]λ/θ[M([Mα(g)]δ)]λ/δ)(x)]2/λ

+ 2−N [σ−n(1/θ−1)]/2
∑

k′∈Z

[M([M(|Gk′ (f)|θ)]λ/θ [M([Mα(g)]δ)]λ/δ)(x)]2/λ.

This combined with an argument similar to (3.26) yields that

lim
N<M, N→∞

∥∥∥∥

{∑

�∈Z

|ZN
2 − ZM

2 |2
}1/2∥∥∥∥

Lr(X )

= 0.

Likewise, limN<M, N→∞ ‖{∑�∈Z
|ZN

1 − ZM
1 |2}1/2‖Lr(X ) = 0. Hence, (3.23) holds and we obtain that

{ΠN (f, g)}N∈N is a Cauchy sequence in Hr(X ) whenever f ∈ Hp(X ) and g ∈ Hq(X ). This finishes the
proof of Theorem 1.2.

4 Proof of Theorem 1.3

We begin with some known results related to singular integrals on spaces of homogeneous type; see [6].
Let T be a linear operator bounded on L2(X ) with kernel K, which is locally integrable on (X × X )
\{(x, x) : x ∈ X}. Assume that for any f ∈ L∞(X ) with bounded support and x /∈ supp f ,

Tf(x) =
∫

X
K(x, y)f(y) dμ(y). (4.1)

Moreover, there exist positive constants C and σ ∈ (0, 1] such that for all x, y ∈ X ,

|K(x, y)| � C
1

V (x, y)
; (4.2)

and that when d(x, x′) � d(x, y)/2,

|K(x, y) − K(x′, y)| + |K(y, x) − K(y, x′)| � C
d(x, x′)σ

d(x, y)σV (x, y)
. (4.3)

Using the Calderón-Zygmund decomposition method, Coifman and Weiss [6, pp. 74–75] proved that if T

satisfying (4.1) through (4.3) is bounded on L2(X ), then T is bounded on Lp(X ) for all p ∈ (1,∞), and
also bounded from L1(X ) to L1,∞(X ).
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Recall that any locally integrable function f is said to be in BMO(X ) if and only if

‖f‖BMO(X ) := sup
B

1
μ(B)

∫

B

|f(x) − fB| dμ(x) < ∞,

where the supremum is taken over all balls B of X and fB := 1
μ(B)

∫
B

f(y) dμ(y); see [7] for more details.
For the operator T as above, by using the boundedness of T on L2(μ) and the regular conditions of its
kernel K, and proceeding as in [23, p. 156, Proposition 1], it is easy to see that T is bounded from L∞(X )
to BMO (X ).

Recall that T ∗1 = 0 means that for any f ∈ L2(X ) with bounded support and
∫

X
f(x) dμ(x) = 0,

we have that
∫
X Tf(x) dμ(x) = 0. The following boundedness of T satisfying (4.1) through (4.3) on the

Hardy spaces Hp(X ) was established in [28, Proposition 3.1].

Lemma 4.1. Let T be a linear operator bounded on L2(X ) with kernel K, which is locally integrable
on X × X \ {(x, x) : x ∈ X} and satisfies (4.1) through (4.3). Moreover, assume that T ∗1 = 0. Then T

is bounded on Hp(X ) for all p ∈ (n/(n + σ), 1], where σ is as in (4.3).

Proof of Theorem 1.3. To show (a) through (d), we temporarily freeze b ∈ BMO(X ). By (1.4), the
operator Π(b, ·), namely,

Π(b, g)(x) :=
∑

j∈Z

Ej(Dj(b)Sj(g))(x) for all g ∈ (Gε
0(β, γ))′,

has kernel

Kb(x, y) =
∞∑

j=−∞

∫

X
Ej(x, z)Dj(b)(z)Sj(z, y) dμ(z) for all x, y ∈ X .

It was proved in [17, Theorem 5.56] that Π(b, ·) is bounded on L2(X ) with operator norm a constant
multiple of ‖b‖BMO(X ), and moreover, Π(b, ·)∗1 = 0, the kernel Kb is a standard kernel satisfying that
there exists a positive constant C such that for all x, y ∈ X ,

|Kb(x, y)| � C‖b‖BMO(X )
1

V (x, y)
; (4.4)

and that when d(x, x′) � d(x, y)/2,

|Kb(x, y) − Kb(x′, y)| + |Kb(y, x) − Kb(y, x′)| � C‖b‖BMO(X )
d(x, x′)ε

d(x, y)εV (x, y)
. (4.5)

We remark that to obtain (4.5), we only need the regular condition of Ej with respect to the first variable
and the regular condition of Sj with respect to the second variable. Using these facts and the previous
discussion in this section, we know that (a) through (d) of Theorem 1.3 hold.

Now we show (e) of Theorem 1.3 for the case p ∈ (1,∞). For any N ∈ N, f ∈ Lp(X ) and g ∈ L∞(X ),
set ΠN (f, g)(x) :=

∑
|j|�N D�Ej(Dj(f)Sj(g))(x). By Remark 2.6, Lemma 2.7(c) and (2.8) together with

Hölder’s inequality, we have that for N, M ∈ N and N < M ,

‖ΠN(f, g) − ΠM (f, g)‖Lp(X ) �
∥∥∥∥

{∑

�∈Z

∣∣∣∣
∑

N<|j|�M

D�Ej(Dj(f)Sj(g))
∣∣∣∣
2}1/2∥∥∥∥

Lp(X )

�
∥∥∥∥

{∑

�∈Z

∣∣∣∣
∑

N<|j|�M

2−|�−j|ε′M
(
Dj(f)Sj(g)

)∣∣∣∣
2}1/2∥∥∥∥

Lp(X )

�
∥∥∥∥

{ ∑

N<|j|�M

|M(Dj(f)Sj(g))|2
}1/2∥∥∥∥

Lp(X )

. (4.6)
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Furthermore, the Fefferman-Stein vector-valued maximal function inequality on X and

sup
j∈Z

‖Sj(g)‖L∞(X ) � ‖g‖L∞(X )

imply that the last quantity in (4.6) above is bounded by a constant multiple of

∥∥∥∥

{ ∑

N<|j|�M

|Dj(f)Sj(g)|2
}1/2∥∥∥∥

Lp(X )

� ‖g‖L∞(X )

∥∥∥∥

{ ∑

N<|j|�M

|Dj(f)|2
}1/2∥∥∥∥

Lp(X )

,

which tends to 0 as N → ∞. This shows that ΠN (f, g) is a Cauchy sequence in Lp(X ) and, hence,
ΠN (f, g) converges to an element in Lp(X ) which we denote by Π(f, g). The previous argument also
proves that

‖Π(f, g)‖Lp(X ) � ‖g‖L∞(X )

∥∥∥∥

{∑

j∈Z

|Dj(f)|2
}1/2∥∥∥∥ � ‖f‖Lp(X )‖g‖L∞(X ).

To show (f) and the remaining part of (e) of Theorem 1.3, we freeze the second function g ∈ L∞(X ).
Proceeding as in [17, Theorem 5.56], we obtain that the kernel of Π(·, g), say

Kg(x, y) =
∞∑

j=−∞

∫

X
Ej(x, z)Dj(z, y)Sj(g)(z) dμ(z),

is also a standard kernel satisfying (4.4) and (4.5), with ‖b‖BMO(X ) there replaced by ‖g‖L∞(X ). Then
using the arguments in the beginning of this section and Lemma 4.1 together with the boundedness of
Π(·, g) on L2(X ), we obtain (e) and (f) of Theorem 1.3. This finishes the proof of Theorem 1.3.

Remark 4.2. From (2.5) and the existence of 1- AOTI with bounded support together with the
independent of ε of Hp(X ) (see [27]), we deduce that the Hardy space Hp(X ) is well defined for all
p ∈ (n/(n + 1), 1]. From this, we deduce that the results of Theorems 1.2 and 1.3 are valid for p, q, r ∈
(n/(n + 1),∞).
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18 Maćıas R A, Segovia C. A decomposition into atoms of distributions on spaces of homogeneous type. Adv Math, 1979,

33: 271–309

19 Muscalu C, Pipher J, Tao T, et al. A short proof of the Coifman-Meyer paraproduct theorem. Preprint, available at

http://www.math.brown.edu jpipher/trilogy1.pdf

20 Nagel A, Stein E M. Differentiable control metrics and scaled bump functions. J Differential Geom, 2001, 57: 465–492

21 Nagel A, Stein E M. On the product theory of singular integrals. Rev Mat Iberoamericana, 2004, 20: 531–561

22 Nagel A, Stein E M, Wainger S. Balls and metrics defined by vector fields I. Basic properties. Acta Math, 1985, 155:

103–147

23 Stein E M. Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton, NJ:

Princeton University Press, 1993

24 Stein E M. Some geometrical concepts arising in harmonic analysis. Geom Funct Anal, 2000, 10: 434–453

25 Varopoulos N Th. Analysis on Lie groups. J Funct Anal, 1988, 76: 346–410

26 Varopoulos N Th, Saloff-Coste L, Coulhon T. Analysis and Geometry on Groups. Cambridge: Cambridge University

Press, 1992

27 Yang D, Zhou Y. New properties of Besov and Triebel-Lizorkin spaces on RD-spaces. Manuscript Math, to appear

28 Yang D, Zhou Y. Boundedness of sublinear operators in Hardy spaces on RD-spaces via atoms. J Math Anal Appl,

2008, 339: 622–635



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


