Multiple Weighted Norm Inequalities for Maximal
Multilinear Singular Integrals with Non-Smooth Kernels

Loukas Grafakos, Liguang Liu, and Dachun Yang

Abstract Weighted norm inequalities for maximal truncated operators of multilinear
singular integrals with non-smooth kernels in the sense of Duong, Grafakos, and
Yan are obtained; this class of operators extends the class of multilinear Calderdn-
Zygmund operators introduced by Coifman and Meyer and includes the higher order
commutators of Calderén. The weighted norm inequalities obtained in this work
are with respect to the new class of multiple weights of Lerner, Ombrosi, Pérez,
Torres, and Trujillo-Gonzalez. The key ingredient in the proof is the introduction of
a new multi-sublinear maximal operator that plays the role of the Hardy-Littlewood
maximal function in a version of Cotlar’s inequality. As applications of these results,
new weighted estimates for the m-th order Calderén commutators and their maximal
counterparts are deduced.

1 Introduction

We consider multilinear operators T initially defined on the m-fold product of Schwartz
spaces on R™ and taking values into the space of tempered distributions,

m times

——
T:S8x--x8—8.

Every such operator is associated with a distribution kernel on (R™)”™*!. Throughout the
paper, we assume that the distribution kernel coincides with a function K defined away
from the diagonal yg = y1 = - = ¥y, in (R™")™H! and T is associated with the kernel K
in the following way:

T(fla"' afm)(w) _/( nym K(xvyla"' ,ym)fl(yl)fm(ym) dyl"'dmi (11>

whenever z ¢ NJLysupp fj and f1,- -+, f, are C°° functions with compact support.
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Recall that T is said to be an m-linear Calderdn-Zygmund operator if it satisfies (1.1),
moreover, there exist positive constants A and e such that K satisfies the size condition

A
m mn
2 ke=o Yk — ye’)

for all (yo,y1, " ,ym) € (R")™! with yo # y; for some j € {1,2,---,m}; and the
regularity condition

|K (Yo, y1, -+ 5 ym)| < ( (1.2)

‘ €

Aly; —y;
(oo by — il

whenever 0 < j < m and |y; —y3| < %maxogkgm lyj —yk|. We denote by m-CZK (A, €) the
collection of all kernels K satisfying (1.2) and (1.3). A thorough study of such operators
was undertaken in [8].

Recently, Lerner, Ombrosi, Pérez, Torres, and Trujillo-Gonzélez [10] developed a multi-
ple weight theory that adapts to the multilinear Calderén-Zygmund operators. Precisely,

|K (Yo, 5 Yjs - > Ym) — Ko,y ym)| < )mn+e, (1.3)

for P = (p1,- -+ ,pm) and % = p% 4+ -4 i with 1 < p1,-- ,pm < 00, we say that
W= (w1, ,wy) belongs to Ay if
1 mosq 1 \ /75
[W]a, = sup </yw> (/w J) < 00, (1.4)
r cubes @ Q| Q ]1;‘[1 Q| Q !

m  p/Dj.

1-p’. /
where vg = HFl w;"; when p; = 1, (ﬁ fQ w; J)p/pj

is understood as (infgw;)™?. In

[10, Corollary 3.9] the following multiple-weight estimate concerning the classical multi-
linear Calderén-Zygmund operators was obtained:

Theorem A Let T' be an m-linear operator with a kernel K € m-CZK (A, ¢). Suppose
that for some 1 < ¢1,---,¢m < 0o and % = q%"‘"""q%n T maps LT x --- x LI to L4.
Lot 1< pryoe vpm < 00, 5 = 2ot L B (o ), @ = (wn, -+ ) € Ag
and vy = [[7L, wi/pj. Then
(i) T can be extended to a bounded operator from LP!(w;) X - -+ X LP™(wy,) to LP(vg)
if all the exponents p; are strictly greater than 1;
(ii) T can be extended to a bounded operator from LP!(wy) X - - - X LP™ (wy,) to LP*°(vgz)

if some of the exponents p; are equal to 1.

In this paper, we replace the regularity condition (1.3) by weaker regularity conditions
on the kernel K given by assumptions (H1), (H2) and (H3) described below. These
assumptions were introduced in the work of Duong, Grafakos, and Yan; see [6, 5].

Let {A;}+~0 be a class of integral operators, which play the role of the approximation to
the identity; see [4]. We always assume that the operators A; are associated with kernels
at(7,y) in the sense that for all f € Upe[1 o) LP and = € R",

Af(e) = [ ae.9)fw)
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and that the kernels a;(x,y) satisfy the following size conditions

—n/s T —
oo )| < o) = eoon (220 (15)

where s is a positive fixed constant and h is a positive, bounded, decreasing function
satisfying that for some 7 > 0,

lim 7" *"h(r®) = 0. (1.6)

T—00

Assumption (H1) Assume that for each j € {1,--- ,m}, there exist operators {Agj)}bo
with kernels {a;};~0 that satisfy conditions (1.5) and (1.6) with constants s and 7, and

there exist kernels {Kt(] )}t>0 such that for all ¢ > 0,
:/( : KD @y, ym) Fiyn) - fon(ym) dy -~ dyg

for all = ¢ NYL, supp fj and fi,---, f, are C* functions with compact support. Assume
also that there exist a non-negative function ¢ € C(R) with supp ¢ C [—1,1] and a positive
constant € such that for all z,y1, - ,ym € R™ and t > 0 we have

|K(«’137y17‘ te 7ym) - Kt(])(xvyla”' 7ym)|

A ly; — yk\) Ate/s
(Ormy |z —wwl) 2 tl/s oy |z — )™

1<k<m,k#j

for some A > 0, whenever 2t/ < |z — y;|.

Denote by m-GCZKy(A, s,n,¢€) the collection of all kernels K that satisfy the size
estimate (1.2) and assumption (H1) with parameters m, A, s, n, €.

The following weak type endpoint estimate, proved in [6, Proposition 2.1], is the anal-
ogous version of the m-linear Calderén-Zygmund theorem proved in [8, Theorem 1].

Theorem B Let T be an m-linear operator with a kernel K € m-GCZKy(A, s,n,¢€)
as in (1.1). Suppose that 7" maps L% X --- x L% to L? with norm ||T||pe1x...x Lam —La,
where 1 < g1, -+, ¢m < 00 and é = qil +- 4+ q%' Then T can be extended to a bounded

operator from the m-fold product space L! x --- x L' to L™ with norm at most a
positive constant multiple of A + ||T'|| Lot x...x Lam —La-

Recall that the j-th transpose T*/ of T is defined via

<T*](f17 ,fm),h> = <T(f15 7fj*17h7fj+17"' 7fm)7fj>

for all f1,---, fm,h in S(R™). Notice that the kernel K*/ of T*/ is related to the kernel
K of T via the identity

K*j($7y17"' yYi—1, Y5, Yjr1, ot 7ym) = K(ijyla s Yji—1, Ty Yj41, " - aym)



4 Loukas Grafakos, Liguang Liu and Dachun Yang

If a multilinear operator T" maps a product of Banach spaces, X1 X --- X X,,,, to another
Banach space X, then the transpose 7% maps X X - - - x Xj1 x X X Xj x---x Xy, to
X. Moreover, the norms of 7" and T*) are equal. To maintain uniform notation, we may
occasionally denote T' by T and K by K*9.

Assumption (H2) Assume that for each i € {1,--- ,m}, there exist operators {A; i)}t>0
with kernels {at }t>0 that satisfy conditions (1. 5) and (1.6) with constants s and 7, and

that for every j € {0,1,---,m}, there exist kernels {K; 4:(8) }t>0 such that for all ¢ > 0
and all fi,---, fm, g in S(R™) with N, supp fi N supp g = 0,

<T*] fi,- A(Z fiseoe s fm)s )
/n/( . PO, y1, - ym) L) -+ o (ym)9(@) dys - - - dyn, d.

Moreover, assume that there exist a non-negative function ¢ € C(R) with supp ¢ C [—1, 1]
and a positive constant € so that for every j € {0,1,--- ,m}, every i € {1,2,--- ,m}, all
t>0and all z,y1, - ,ym € R™, we have

K*j(ajvyla e 7?/m) - K:hjy(l)xayl)' T 7ym)‘

A lyi — yk|> Ate/s
é m mn ¢ < + m mn-oe
(Zk:l ‘l‘ - yk‘) Z . t1/s (Zk’:l ‘ZE - yk|) *

1<k<m, k#i

whenever t'/5 < |z — ;] /2.

Kernels K that satisfy the size estimate (1.2) and assumption (H2) with parameters
m, A, s,n, e are called generalized Calderdn-Zygmund kernels, and their collection is de-
noted by m-GCZK (A, s,n,e). We say that T is of class m-GCZO(A, s,n,¢) if T is asso-
ciated with a kernel K in m-GCZK (A, s,n, ). The following boundedness property was
proved in [6, Theorems 3.1 and 3.2].

Theorem C Assume that T is a multilinear operator in m-GCZO(A, s,n,€). Assume
that for some 1 < q1,q92,* ,¢gm-1 < 00, ¢gm € (1,00) and ¢ € (0,00) satisfying % =
qil—|—---—|—q%n,Tmapqu1 X oo LI to L9, Let 1/m <p <oo, 1 <pi, - ,pm < 00 satisfy
% = p% 4+ 4+ Ii. Then the following hold:
(i) T can be extended to a bounded operator from LP* x --- x LPm to LP if all the
exponents p; are strictly greater than 1;
(ii) T can be extended to a bounded operator from LP! X --- x LPm to LP*° if some of
the exponents p; are equal to 1.

In either case, the norm of T is bounded by C(A + ||T||pa1 x...x Lam —La), Where C' is a
positive constant depending on A, s,n, €.

As in [9], we define the maximal truncated operator by

T*(f)(x) = sup Ts(f1:- - fm)(@)], (1.7)
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where, using the notation ¥ := (y1, - ,ym) and dy := dy; - - - dy,, we set
T5(f1,-+ s fm)(2) ¢=/ K(z,y1s - sym) fr(yn) -+ f(ym) dy.
Sy le—y;[>>62

Such maximal truncated operators for multilinear integrals were first introduced in [9].
The size condition of K (see (1.2)) implies that T*(f1,--- , fm) is well-defined pointwise
when every f; € L% with g; € [1, 00]; see [9, p. 1263].

It was proved in [9] that if 7" is an m-linear operator associated with a kernel K € m-
CZK(A,e), then boundedness of T' on one point, say T : L% x --- x LI — L4 for some
1<q1,++ ,gm < ocand % = qiﬁL' : '+q%’ implies that 7% : LP*(w)x---x LPm(w) — LP(w)
provided that w € Ni<j<mAp;, where 1 < p1,--+,pp < 0o and % =1 4. 4 Z%. In
[5], all results of [9] were generalized to multilinear operators of class m-GCZO(A, s,n, €)
with additional properties that their kernels satisfy the following assumption.

Assumption (H3) Assume that there exist operators {By}¢~o with kernels {b;};~o that
satisfy conditions (1.5) and (1.6) with constants s and 7, and also that there exist kernels

{K }t>0 such that for all z,y1,--- ,ym € R",

Kt(O)('rvylv T 7yWL) = K(Z>y1> T 7ym)bt(x72) dz
R’ﬂ

and that there exist a non-negative function ¢ € C(R) with supp ¢ C [—1, 1] and a positive
constant € such that for all x,y1, -+ ,ym € R® and t > 0 we have

|K($7yla"' aym) _K(O)(m Y, 7ym)|
|z — | At/
(Zk 1 |x—yk] Z ti/s (Ek:l |z — ykl) *

1<k<

for some A > 0, whenever 2t'/* < maxj<j<m |z — y;j|. Moreover, assume that for all
Y1, 5 Ym 6Rn7

0) A
’K( (xhyla”' 7ym)| S m mn (19)
! (X ket |z — wil)
whenever 2¢1/5 < min;<;<m | — y;|, and for all z,2’,y1,- -+, ym € R",
Ate/s
|Kt(0)(xa Y, 7ym) - Kt(O)(x/vylﬂ T 7ym)| < (1'10)

(hy e — )™

whenever 2|z — /| < t'/% and 2tY/* < minj<j<p, |z — y;|.

Using some ideas of [9, 5], we obtain the following multiple weighted variant of [5,
Proposition 3.3].
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Theorem 1.1 Assume that T is a multilinear operator in m-GCZO(A,s,n,€) and its

kernel satisfies assumption (H3). Moreover, for some 1 < q1,q2, " ,Gm-1 < 00, ¢m €
(1,00) and q € (0,00) satisfying % = q% + o+ q%’ T maps LY x --- LI to L9. Let
1 Spl;”' s Pm < o0, ;13 = %++Ii7 u_;: (wla'” 7wm) eAﬁ thhﬁ: (p17"' 7pm);

and T* be as in (1.7). Then,

(i) T* can be extended to a bounded operator from LPr(wi) X - -+ X LP™(wpy,) to LP(vg)
if all the exponents p; are strictly greater than 1;

(ii) T* can be extended to a bounded operator from LP'(w1) X - - - X LP™ (wy,) to LP'*°(vg)
if some exponent p; is equal to 1.

In either case, the norm of T* is bounded by C(A + ||T||po1 x...xLam —r14), where C is a
positive constant depending on A, s,n,€ and [w]a ;.

We remark that under the same assumptions as in Theorem 1.1 on 7', Duong et al. in
[5, Proposition 3.3] proved that if wq = - -+ = wp, = vg € Ni<j<mAp;, then (i) of Theorem
1.1 holds.

To prove Theorem 1.1, we introduce in (2.2) modified versions of the multilinear max-
imal operator M used in [10, Definition 3.1] (see also (2.1) below), called M, with
¢ €{0,1,...,m}. In Proposition 2.1 below, we show that these new operators M, have
the same weighted boundedness properties as those of M. The proof of Theorem 1.1 is
based on the boundedness properties of M, and the following Cotlar-type inequality:

T(f)@) < C { @)+ s W)ZMz(f)(w)} ,

(=1

where 7 is some small positive number; see Proposition 3.1 below. Consequently, this
inequality implies that Theorem 1.1 holds when all w; =1, 1 < j < m. The general result
of Theorem 1.1 is proved in Section 4.

The weighted boundedness of T" follows from Theorem 1.1 and a standard argument as
that used in [9, Corollary 3.5].

Theorem 1.2 With the hypothesis of Theorem 1.1, the following hold:

(i) T extends to a bounded operator from LP'(wy) X -+ X LP™(wy,) to LP(vg) if all the
exponents p; are strictly greater than 1;

(i) T extends to a bounded operator from LP*(wi) X --- X LP™(wy,) to L (vg) if some
exponent p; is equal to 1.

In either case, the norm of T is bounded by C(A + |T||pa1 x...xLam—ra), where C is a
positive constant depending on A, s,n, € and [w}Aﬁ.

Remark 1.1 Since classical Calderén-Zygmund kernels K in m-CZK(A,¢€) satisfy as-
sumptions (H1), (H2) and (H3), Theorems 1.1 and 1.2 are also valid for the maximal
truncated operators of m-linear Calderén-Zygmund singular integrals.
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Finally, we apply Theorems 1.1 and 1.2 to deduce the multiple weighted norm inequal-
ities for the commutator of A. P. Calderén and the corresponding truncated maximal
operators. Recall that the m-th Calderén commutator is given by

) — Aj(y))
y) +1

where A; =: q; for all j € {1,2,--- ,m}. These operators first appeared in the study

(A
Consi(on, s 1)) = [ T J)dy, VoeR  (L11)

of Cauchy integrals along Lipschitz curves and, in fact, led to the first proof of the L?-
boundedness of the latter.

When m = 1, it is well known that Cy is bounded from LP(R) x LY(R) to L"(R) when
1 <p,qg<ooand 0 <r < oo satisfying % = % + é; and moreover, it is bounded from
LP(R) x LI(R) to L™*°(R) if either p = 1 or ¢ = 1 and in particular it is bounded from
LYR) x L'(R) to LY?°(R); see [1] and [2]. The corresponding result that C3 maps
L' x L' x L' — L'/3* was proved by Coifman and Meyer; see [3], while the analogous
result for the m-th commutator C,,11, m > 3, appeared in Duong, Grafakos, and Yan [6].

These estimates are consequences of the boundedness of the commutators C,, 11 at a

single m + 1 tuple of points, such as
m
ICmr1(ar, - s am, P2 < Conll fllzz T llasllzee
j=1

a classical inequality proved by Calderén for m = 1, and Coifman and Meyer for m > 2.
Define e(z) := X(0,00)(2) for all z € R\ {0}. Since A’ = a;, we write Cjp41 in (1.11) as

Cr+1(ar, -+, am, f)(z)

—/R . K(z,y1, -+ Ymy1)ar(y1) - - - am(Ym) frns1 Yms1) dyr - - - dyma1,

where the kernel K is

(71)m€(ym+1—x) m
K(:ZI, Y1, 7ym+1) = ( m+1 H X(min{z, ym+1}, max{z, ym+1}) (yj) (112)
j=1

T — ym-i—l)

It was proved in [6, Theorem 4.1] that such a kernel K is of class (m+1)-GCZK(A,1,1,1)
for some constant A > 0. Consequently, for 1 < p1,-+ ;pm+1 < o0 and 0 < p < ©
satisfying % = p% +-- 4 }ﬁ, the m-th commutator Cp,+1 maps LP'(R) x --- x LPm+1(R)
to LP*°(R); and moreover, it maps LP*(R) x --- x LPm+1(R) to LP(R) if all p; € (1, 00);
see [6, Corollary 4.2]. It was proved in [5, Proposition 4.1] that the kernel K as in (1.12)
satisfies assumption (H3). As an application of Theorems 1.1 and 1.2 we have the following
conclusion.

Corollary 1.1 Let Cpy1 be as in (1.11) and C}, | the corresponding mazximal truncated

operator as defined in (1.7). Let 1 < p1, -+ ,pms1 < 00, &+ = p% + o+ pm1+1 and

7p

W= (w1, , Wny1) € Ap with P = (p1,-* Pm+1). Then,
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(i) both Cry1 and Cr,, extend to bounded operators from LP'(wy) X - -+ X LPm+1 (wp41)
to LP(vg) if all the exponents p; are strictly greater than 1;

(ii) both Cpy1 and C}, | extend to bounded operators from LP'(wy) X - -+ x LPm+1 (wy,41)
to LP*(vg) if some exponent p; is equal to 1.

2 Multilinear maximal operators

Lerner, Ombrosi, Pérez, Torres, and Trujillo-Gonzélez [10] introduced the following
multi(sub)linear operator M in order to control the multilinear Calderén-Zygmund op-
erators. The operator M is defined by that for all locally integrable functions f =
(fi.--  fm) and @ € R,

(7o) =g I | 2

where the supremum is taken over all cubes @) containing z; see [10, Definition 3.1].
Characterizations of the multiple weights in terms of M are proved in Theorem 3.3 and
Theorem 3.7 of [10].

Lemma 2.1 Let 1 < py1, - ,pm < 00, I%:p%%—”-—i-i, andﬁ:(pl,--- y Pm.) -
(i) If 1 < p1, -+ ,pm < 00, then M is bounded from LP*(wi) X -+ x LPm(w,,) to LP(vg)
if and only if W = (w1, ,wn) € Ap.
(i) If1 < p1, -+ ,pm < 00, then M is bounded from LP'(wy)X- - - X LP™ (wy,) to LP*°(vg)
if and only if W = (w1, ,wm) € Ap.

For any 7 > 0 and cube @, denote by ¢(Q) the side length of @), and by 7Q the cube
with the same center as @ and of side length 7¢(Q). Motivated by [10], for any 1 < ¢ < m,
we define

l
—knt i .

where the supremum is taken over all cubes ) containing x. For the convenience of
notation, we set My, (f) := M(f).

Recall that the Hardy-Littlewood maximal function M is defined for all locally inte-
grable functions f and all z € R" by

Z+1

M(f)(x) %gg|Q|/|f )| dy.

Obviously, for all 1 < ¢ <m, f = (f1,--- , fm) and € R",
M(f)(x) < Mo(f) <2HM il

7=1

The modified maximal operator M, has the same boundedness properties as those of M.
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Proposition 2.1 Let 1 < pi,--- ,pm < 00, + = i—l—---—i-pim, P = (p1,+++ ,pm) and

weAg. Let 1 <L <m and My be as in (2.2). Th?n,
(i) My is bounded from LP'(wq) X --- x LP™(wyy,) to LP(vg) if all the exponents p; are
strictly greater than 1;
(ii) My is bounded from LP1(wy) X -+ X LPm(wy,) to LP*>°(vg) if some of the exponents
p; are equal to 1.

Proof. We first prove (ii). It suffices to show that

M(F) (@) < O T {ME, (1fi1Pw; Jvg) (@) } P (2.3)

j=1
where M denotes the weighted centered Hardy-Littlewood maximal function, that is,
1
M, (fa) = swp— o [ (7 wlvaty) d
¢ r>0 Vﬁ(@(l‘?T)) Q(z,r)

where Q(x,r) denotes the cube centered at x and of side length r. In fact, if (2.3) holds,
then by an argument similar to that used in the proof of [10, Theorem 3.3] we obtain (ii).

Now we show (2.3). For any given j € {1,---,m}, by Holder’s inequality, we obtain
that for all cubes @,

@/ | f(y5)| dy;

1/p; / 1/p}
< 1al U 17 (w3)F 0303 dy]} [/ i p’dy]

< (M5 1P ) @)} | ,g?}”“ [@, [ iy dyj]l/pg,

where ( |Q| fQ wj(y;) 75/ dy; )75 is understood as (essinf g w;) ™1 if p; = 1. Therefore,

< T {02, (51703 /v (@) /7
j=1
00 1 1/p; 1/p’;
—knt Vﬁ(Q)] J{l w. (1) Pi/Pi ] !
A (IR [ s

Vw 2kQ) 1/p; 1 . 1/1’3’
. H [ 27| } [|2k@| G dyf} - 24

=(+1

For k > 0, denote by I;; the quantity in the square bracket. Notice that for all & > 0,
(essinf g w;) ™! < (essinf grg w;) . Then,

1/p; k 1/p} k 1/p;
@) 7112 QI] J[ 12°Q)| ]
e = H{ Ql ] { Q) va(2FQ)
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¢ 1

< [@]Y/P2knt va(Q) =17

s vg(28Q) .

Since vz € App C Ao (see [10, Theorem 3.6]), properties of A, weights imply that there
exists some 0 € (0, 1) such that for all cubes @ and all sets E C @,

vis(E) B[\
va(Q) = C<|Q> | (25)
Therefore,
= knt Vw(Q) Zﬁ:lp%
E 27 Ly < C E (2’“@) <C. (2.6)

k=0

Inserting (2.6) into (2.4) we obtain (2.3). Hence, (ii) holds.

1

To prove (i), the assumption « € Az and [10, Theorem 3.6] imply that w; P satisfies

the reverse Holder inequality, that is, there exist r; > 1 and C>0 such that for all
r € [1,7;] and all cubes @,

[«Q\/“’J( )y dx]w |@|/wf R

Let £ := minj<j<y, r; and

pm
1<]<mpm+(1—1/§)( -1)

Observe that ¢ < 1 and gp; > 1 for all 1 < j < m. We claim that for all z € R",

. o _ L
Me(f)(x) < O TTAME ([ f51P7w; /va] ) () } 7 (2.7)
j=1
If (2.7) holds, then by Holder’s inequality and boundedness of MYS_ together with an
argument as that used in the proof of [10, theorem 3.7] we obtain (i). Therefore it suffices

to show (2.7).
The estimates of (4.12) through (4.14) in [10] imply that for all cubes @ and 1 < j < m,

1
ol /Q 0] d

< —— [/ | £ ()| 7 w; (y;) v (y5) 1 qdya} " [/ w;(y; dy;
1Qvs(Q) ‘”’f Q

< &1 s P ol )90} 7 [V ]/ 7 L it dyj]l/p;-

]1—1/173'
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From this, the definition of My and (2.6), it follows that
~ ~ 1 [
Mo(f)(@) < C{My ([ £ w;/vg]®) (@) } i {Z 2_k”41e,k}
k=0

< C M2 (I Py fval?) ()} 3 |

which proves (2.7). This finishes the proof of (i) and hence Proposition 2.1. O

3 Cotlar’s inequality
The main aim of this section is to prove the following Cotlar-type inequality.

Proposition 3.1 Suppose that T is as in Theorem 1.1. Then, for all v > 0, there exists
a positive constant C = C(vy,n,m,n, s, ¢€,||¢||r=) such that for all f in the product space
LPUx oo X LP with 1 < p1,-++ ,pm < 00 and all x € R™,

T (f)@) < C { [aear(Hm @]+ asw) wa*)(x)} NCEY

(=1

where W = ||T|| j1 5. 1 [1/mooo -

Proof. By Holder’s inequality, it suffices to show that (3.1) holds for v € (0, %) Fix
v € (0,%) and z € R"™. Set

Soa) = {7 = (o) € B 5 min oyl <6/, (32

and

Us(x) := {gj’e Ss(x) : Z |z —y; 2 > 52}.
j=1

From (1.2), it follows that

sup Kz, g1, ym) frlyn) - fm(ym) dif
0>0 |JUs(x)
A
< sup

6>0/U<s(oc) (Z;n:”x_yj‘) 1y fon(ym)| dy (3:3)

For any y € Us(x), there exist ji,- -, jo with £ < m such that |x —y;| < 6/y/m if and only
if j € {j1,---,je}. Thus, the last integral in (3.3) can be written as a sum of integrals over
sets Ry, ... j, in (R™)™ for some {j1,---,j¢} C {1,2,---,m} and 1 < ¢ < m such that for
¥:= (Y1, ,Ym) € Rj, ... j,, we have that |x —y;| < §/y/m if and only if j € {j1, -, js}.
Set {k1, -+ km—¢}:={1,2,--- ,m}\ {j1,- - ,je} and

Qkh---,km,g = {(y]ﬂ?' ce 7ykm7e) € (Rn)m—ﬂ : ’1’ - y’%’ > 5/\/57 Vi= 1727"' 7m_€} .
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Then,

/ m & mn’fl(yl)fm(ymﬂdg
i i <Zj:1 |z — yjl)

¢ m—~{
SH/ \fji(yji)ldyji/ E_el e )V|rm Ayry - Yk,
i1 Jl—y;,1<5/vm oo (07 |2 = i)

Since

/ AT e (k)|
Dby e g (Z?;_lg ‘iL‘ - ykzD

dyk1 ce d?/km_g

m—~

—~ A
<C / | frs ()| Ay~ - Yy
Vz::() (2V5)mn 2v8 )\ /m<I ™ 1? |z— Yk, |<2v+1§//m e 1 L

we have

/R (Zm |A ‘)mn’fl@l)fm(ym)dﬂ
10 " ey

v(m—2) 1

2
Z & mnHwM/ 0 Doy sy 5001

X () duyr. ---d
H 2u+15/\/*) /Ixyki|<2"+16/\/ﬁ|fk2(ykl)’ Yk1 Yk

which combined with (3.3) gives that

m—1
sup| [ Ky ) i) Fonlum) dg\ <A M(P)@). (34
5>0 | JUs(x) =1

Also, notice that

@ <| [ K- ,ym>f1<y1>~-fm<ym>dg'

Us(x)

K('rvyh T 7ym)f1(y1) o 'fm(ym) dg .

‘ /{z7¢55(fv)t St lw—y;[2>62}
By this and (3.4), it suffices to prove that (3.1) holds with 7*(f) replaced by

T*(f) () = sup|T5(f1, -, fn) (@), (3.5)

6>0
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where

Ts(fr,-+  fn)(@) = /W ( )K(aﬁ,yl,--- s Ym) fr(yn) -+ fn(Ym) dY.
Y s\T

Fix § > 0 and let B := B(x, ﬁ) be the ball centered at x with radius ﬁ. Since

fe [[;~, LPs, it follows from Theorem C that T(f) € LP™, where 1% = p% +-+ ]i,

—

and consequently 7'(f) is finite almost everywhere. Set
Gs(f)(w,2) = [gs ( )K(Zvyla"' Ym) [r(yr) - fm(ym) dy - V2 € R,
J#Ss(x

and

~ )
= Tl n m: 1 — y < E— - y .
Us() {y € R") 12%2%"” yil < Jm < lr_ngE;Xm\x yg\}

Observe that for all z € B we have

I T5(F) (@) < |T5(F) (@) = Gs(f) (@, 2)| + IT(F)(z) = T(fo)(2)]

+ . K(Zvyla'” ’ym)fl(yl)fm(ym>d?7 ) (36>
Us(x)
where ﬁ) = (fixom, ** , fmXxoB). By an argument similar to the proof of (3.4) we obtain
that for all z € B(z, ﬁ),
m—1
5(x /=1

For all z € B and all t > 0, write
T5(f)(x) — Gs(f)(x, 2)]

J¢Ss(x) j=1

+/ KO @, ym) — K oyl T )| g
y¢Ss(x) j=1

+/ K o, ym) = Koy, )| T 15 ()] 7
§¢Ss(x) j=1

=71+ 2o+ Zs.

Let ¢ := (-°=)*. Then, for all z € B and ¥ ¢ Ss(x),
4ym

44
Az —z| < —— < 241/5 < min{ min [z —y;[, min |x—yj\}‘
1<j<m

9¢/m 1<j<m
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Thus, we can apply assumption (H3) to estimate Z;, Zs and Zs. In fact, by (1.8), we have

|z — yk|> i .
' S/Mé Ha 1|:c—yk| Z¢< s jHllfg(yj)l 7

Ate/s
7ess() (e [z — w))™ " ]1;[1 Y
=: Z171 + ZLQ.

For all 1 < k < m, since § ¢ Ss(x), it follows that |x — y| > % > t1/5, which together

with the support condition of ¢ implies that ¢ (lxtfi/?{f‘) = 0. Hence, Z1;; = 0. From this
and the definition of S5(z), we deduce that

ad C As¢ e .
71 =212 < Z/ — prepra. H | fi(y;)| dy
v=0 j=1

28/ ym<Y | e—yrl<2v 18/ vm (Dopey 1T — Ykl)

oo

C A
= Z (26) (ou symnte /Z H|fj (y;) dy

Tl <2415/ 3

271/6 ‘ . d .
- ;) 11;11 |B(x’2'j+15/\/m)| /Js(x,2v+15/m) 73wl dyg
< CAM(f) ().

To estimate Zs, notice that (1.10) implies that

Apels )
zgg/ T df = 7 < CAM(F ) @).
ge8s(x) (s o — ye)™ " H 7

—

An argument similar to that of Z; gives that Zs < CAM(f)(x).
Combining the estimates of Z; through Zs, (3.6) and (3.7) gives that for all z € B,

IT5(F)(@)] < CAY - M(f) (@) + IT(f)(2)] + T (fo)(2)l- (3.8)

(=1
Raising (3.8) to the power v, taking integral average over the ball B with respect to the

variable z, we obtain

Y

To(f) @)l < +MQT(PI)@) + o7 [ TP dz.(39

CAY " My(f)(x)
/=1

1

Since T is bounded from L' x --- x L' to LY/™* by Kolmogorov’s inequality, we have

/ IT(fo)(2) dz = mv/oo Nz € B |T(fo)(2)]Y™ > A} dA
B 0



Maximal Multilinear Singular Integrals 15

<m’7/ A min  |BJ, A~ IWI/mHHijQBHy dA
j=1

m
< cBI'" W T I fixosl],,
j=1

which further implies that

1 DAV R Il fixoBl Lt ;
{W/B|T(f0)(z)| dz} <C’WH B S CWMU)@).

Inserting this estimate into (3.9) we obtain (3.1), which concludes the proof of Proposition
3.1. O

Corollary 3.1 Let T be as in Theorem 1.1 and T* as in (1.7), 1 < p1, - ,pm < 00 and
%:p%—i-'--—i—ﬁ. Then,
(i) T* has a bounded extension from LP' x --. x LPm to LP if all the exponents p; are

strictly greater than 1;
(i) T* has a bounded extension from LP' X --- x LPm to LP*> if some of the exponents
p; are equal to 1.

In either case, the norm of T* is bounded by C(A + ||T||po1 x...xam —r14), where C is a
positive constant depending on A, s,n, €.

Proof. In fact, (i) and (ii) follow from Theorem C, Propositions 2.1 and 3.1, and an
argument similar to that used in [9, Corollary 2.3]. We omit the details. O

4 Weighted norm inequalities

In what follows, we denote by L2° the collection of all functions in L* with compact
support.

Proposition 4.1 Let T be as in Theorem 1.1 and T* as in (3.5). Let w € Aos and
0 be given as in (2.5). Then, there exists a positive constant C such that for all v >
0 sufficiently small, and all @« > 0, and f = (f1, -, fm) in the m-fold product space
LY x - x L,

w ({x eR": T*(f)(z) > 2" a, ZM@(f)(x) < ’ya})

(=1

< C(A+ W0 maypimy, ({x eR": T*(f)(z) > a}) , (4.1)

3

where W := ||T'|| Lot x.x Lam — L4

Proof. Set Q:={z e R": f*(f)(m) > a}. Since 2 is an open proper subset of R", we
consider the Whitney decomposition of 2. We write



16 Loukas Grafakos, Liguang Liu and Dachun Yang

(a) @ =J, Q. and these @Q),’s have disjoint interiors;

(b) VAl(Qy) < dist(Qy, QF) < 4v/nl(Qy);
(c) If the boundaries of two cubes @, and @, touch, then 1/4 < 4(Q,)/¢(Q,) < 4
(d) For any given @, there exist at most 12" @Q,,’s that touch it.

By this and (2.5), it suffices to show that for all @Q,,

|{x €Qu: T*(f)(x) > 2™, Y My(f)(x) < va}‘
/=1
< C(A+W)YmatimiQ,). (4.2)

Denote by E the set in the left hand side of (4.2). We may as well assume that there
exists &, € @, such that Y ;" Mo(F)(&) < vo; otherwise E = () and (4.2) holds trivially.

Property (b) implies that 94/n@Q, intersects QC. For each Whitney cube @, we fix
Q7 :=100nQ, and y, € abn @7 such that

max |2 — yy| < 9nU(Qy) < 40nK(Qy) < dist(yy, @Q1)Y). (4.3)

zE v
For each j € {1,--- ,m}, we set f](-) = fixq; and [ = f; — fJQ. Then FE is contained
in the union of 2™ sets of the form

Boy o am = {x €Qu: T (fi",---  fam)(@) > 20, Y Mu(f)() < w},
(=1

where a; € {0,00} for all 1 < j < m. Applying the boundedness of T* from L' x - - x L!
to LY/™ (see Corollary 3.1) we obtain

1/m

C(A+W)t/m
|Eo,... o] < —m / H 9 (y) | dif

1/m N m
“{;K)p«n@ﬂ/|@|

< C(A+W)Ymalimi,.

Thus, to obtain (4.1), it suffices to show that the remaining 2™ — 1 sets Eq, ... o,, are
empty if 7 is chosen to be very small.

Suppose that there are exactly ¢ of {av, -+ , ay, } are 0, where 1 < ¢ < m. By symmetry,
we may as well assume that a3 =--- = ay =0 and apy1 = -+ = an = 00. Then, for all
>0,z €@, and Ss(z) as in (3.2),

m

l
K( ) dif
/37%256() o 13 ) 11 7=

z:l—l—l
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<0Aﬁ F1(u)| dy; [T | filwi)] dunt - d
> ' o i\Yj Yj (Rm\Q)m— (Z;i@rl ‘.%' — yz’)mn Yo+1 Ym

<C’AZH/ |£5(y5)] dy;

k=07=1

[T [ fi(y)l
X —dye+1 dym
/{(y4+1,~--,ym>e<R">mmk1f<Q;><z;ig+1 -yl <2re(@;)y (2P(@5))™™
< CAM(f)(&)

< CAva,

which is bounded by 2« if we choose v > 0 small enough. In this way, we have that
Eq, . o, = 0 when there exist some a; = 0 and some aj = 0.

Now it remains to prove that Fu ... oo = 0. Set o= (f°, -+, f2°). Observe that for
alld >0and all z € Q,,

IT5(f>) (@) < |T5(F°°) (@) — Gs(f>) (@, y)| + G5 (F>) (@, )], (4.4)
where

Gs(F) (@, ) = / 8 ) L
Yeos(T j=1

Let t := (18n¢(Q,))®. Then,

IT5(F) (@) — Gs(F°) (@, 3)]| < / K (,7) — K @, ) [ 155 0) i

y¢Ss(x) j=1

+ / KO @, 7) — KO i) [] 1205 di7
y¢Ss(x)

+ /y oo I ) = K ) TS5 ) 9

=71+ 72y +Zs.
By (4.3) and the support condition of foo, we have that for any ¢ € supp fo" and x € Q,,

_ < 41/s /s « i — s /s « i —uil.
2z —y,| <t/°, 2t _lg}lgnm]yy yil, 2t _él}lgnm]a; Y|

Thus, we can apply assumption (H3) to estimate Zi,Zy and Zs. Indeed, by (1.8),

|z — yk!)m 0o (0 V| gt
“ S/ m (P 1|95—yk| mnz¢< tl/s jzl_Il‘fJ ()] g




18 Loukas Grafakos, Liguang Liu and Dachun Yang

Ate/s m
@y (R o —ye)™" ]1;[1 P

The support condition of ¢ and the fact 2t1/5 < mini<j<m | — y;| imply that

> 9 <’$t1/§k|) H|f] yi)l=0, Vye R")™

For x € Q,, & € Q, and yi ¢ Q}, we always have |z — yi| = |{, — yx|. Therefore,

Ats/s m
Z1 g/ mre L i)l dg
@n\Qxm (i o — ye)™" ]];[1 Y

Al "
<C e L1 1fi(ui)ldg
E@eym (i |6 — wl)™" ]1_[1 Y

- / At T | ()] z
— Jige@nym2i-10Qy) < 16 —uil<2i0(@5)y (Xhey |z — yil) ™"
< CAM(f)(&).

<C

Likewise, we have

Zs < CAM(F)(&)-
In view of (1.10), by using |y, — yk| ~ [£, — yk|, we estimate Zy by

€/s
7, < / _ At
E\Q)™ (g 1Yy — Ykl)

e L] 1fi(wi) dif < CAM(F)(&).

J=1

Combining the estimates for Z; through Zs yields that

IT5(F) (@) = G5(f) (@ y)| < CAM(F) (&) (4.5)

Finally, we claim that |G5(f)(z, ,)| < (1 + CAvy)a. If this claim holds, then by (4.5)
and (4.4), there exists v > 0 small enough such that 7*(f>)(z) < 2a. For such small
positive v, we have Eu ... oo = 0.

Now it remains to show the claim. Observe that

Gs5(f>) (@, yv)

B /(Rn)m 2 H B(z,6)UQ;)8 c(y;) dy |- (4.6)

We consider the following two cases.
Case 1: 6 > 18nl(Q,). In this case, by & € @, and = € Q,, there exists a large
constant a; > 1 such that

B(&y,a16) C (B(x,0) UQ}) C B(&y,a10),
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and that for all y; ¢ B(z,6) UQ}, by (4.3), we have
i =yl =y — = e — | > 6/2,

which implies that mini<j<p, |y, — y;| > §/2 for all ¥ € (R" \ (B(z,6) UQ;))™. Thus,

Gs(F) @)

IN

/ Ko 7) [ () dd| +
min |y, —y;|>5/2 i

= Z4 + Z57

K (o, i) [ [ £i(ui) di
j=1

Uy

where

— nym 0 *
Ulzz{yE(R) :1Ln1<n 1y — 3/3|> ,3j€{l,--- ,m} s.t. ijB($a5)UQu}-

Obviously, Z4 < f*(y,,) < «a since y, ¢ Q. To estimate Zs, we may as well assume that,
for some 1 < ¢ < m, y; € B(z,6) UQ;, when 1 < j < ¢ and y; ¢ B(x,d) U Q; for the
remaining y;’s. Notice that when £ = m, we have y; € B(z,0) UQ);, for all 1 < j < m.
Thus, by (1.2) and |y, — yk| = |&0 — Ykl,

£ (y5)l
75 < CA /‘ —ii————dy
5 H B(&y,a10) Jmn J
m—1 /£ m
ATl j=0+1 ’fj(yj)’
T / !f-(y-)!dy/ = Ao - dym
21]1;[1 B(&y,a106) 7 ! Dot Iyu—yk|>g (Zk=£+1 ‘yv_ykbmn *
<CAY M)
(=1
< CAvya

Combining the estimates of Zy and Zs yields that |Gs(f>)(z,y,)| < (1 + CAy)a.
Case 2: § < 18nl(Q,). In this case, there exists a large constant ag > 1, independent
of x € Q, and ¢, such that

a;'Q, C (B(x,0) UQ}) C a2Q,.
By this and (4.3), we have
Gs(f>) (@, 3)| <

< /
rnm [y —y;]>40nl(Qy)

1<5<

m
K(y,,§ II

m

+ K yl/7 H

Us —

= Z6 + Z7>
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where

U = {yj’e (R™)™ 121‘J11<n [y —y;| > 40nl(Q,), 35 € {1,--- ,m} s.t. y; € B(x,é)UQ;}.

Obviously, Zg < T*(yy) < «. Furthermore, similarly to the estimate of Zs and with the
same assumptions, we have

- [17%: 15 (y))]
j=1 a2Qy K(QV)mn

m—1 ¢ m
AT e 1£5(y5)]
+ZH/2 1fi(y5) ]dyj/ P e dyet1 - dym
1 j=172Qu

Z;cn=£+1 lyy —yi|>£(Qv) (Zk:€+1 |yl’ - yk’)mn

Z; < CA

The estimates for Zg and Z7 also give that |Gs(f>)(z,1,)| < (1 + CAy)a. This proves
the claim, and concludes the proof of Proposition 4.1. O

Proof of Theorem 1.1. To show (i), for all f = (fi,--- , fn) € L x---x L, applying
(3.4), Proposition 4.1 and Proposition 2.1 yields that
Lp(Vu_)'))

m
S M) H
/=1 Lp(”qi)
m m

> Mu(f) < CA+W) [TIill s

(=1 =

Then, the density of L® in LPi(w;) for all 1 < j < m together with a standard argument

implies (i). The weak-type estimate (ii) follows from an similar argument. We omit the
details. 0

™(f)

1T ()l oo ><C<A

<C(A+W)

LP(vg)

Proof of Theorem 1.2. The proof for Theorem 1.2 follows from an argument similar
to that used in [9, Corollary 3.5]. We omit the details. O
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