CHARACTERIZATION OF LP(R") USING THE GABOR FRAME
LOUKAS GRAFAKOS AND CHRIS LENNARD

ABSTRACT. We characterize LP norms of functions on R™ for 1 < p < oo in terms of
their Gabor coefficients. Moreover, we use the Carleson-Hunt theorem to show that
the Gabor expansions of LP functions converge to the functions almost everywhere
and in L? for 1 < p < co. In L' we prove an analogous result: the Gabor expansions
converge to the functions almost everywhere and in L! in a certain Cesaro sense.
Consequently, we are able to establish that a large class of Gabor families generate
Banach frames for LP(R"™) when 1 < p < oo.

1. INTRODUCTION

It is a well known fact that certain Gabor expansions form frames for the Hilbert
space L2(R™). In this paper we show that that these expansions also generate Banach
frames for LP(R™) when 1 < p < oco. The case p = 1 must be handled separately
using Cesaro-Fejér summability (instead of Dirichlet summability) of partial sums.
We also establish that certain Gabor expansions of LP functions converge to the
functions almost everywhere and in LP(R™) for 1 < p < oo, where the convergence
is interpreted in the Cesaro sense when p = 1. Moreover, we obtain frame inequali-
ties, that characterize the LP(R™) norm of f (up to equivalence) in terms of certain
sequence-space norms evaluated at the sequence of Gabor coefficients of f.

Recall that a family (f;);cs is a frame for a Hilbert space H if there exist constants
A, B > 0 such that

ANFIP <Y WL P < BlIFIP, forall feH
iel
In this paper the index set [ will, as usual, be denumerable. Frames were introduced
by Duffin and Schaeffer [6]. Also see Heil and Walnut [12] for an exposition.

Two analogues of Hilbert space frames for Banach spaces, atomic decomposi-
tions and Banach frames (which include atomic decompositions) were introduced
by Grochenig [10]. Also, see Christensen and Heil [4], Casazza and Christensen [3],
and Walnut [22]. These papers contain examples of Banach frames, and results on
the stability of Banach frames under perturbation.
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Our results show that Gabor expansions in LP(R"™), 1 < p < oo, once we slightly
widen the definition (without altering its essential features), may be viewed as Ba-
nach frames. We restrict our attention to frames that are tight in the special case
of L*(R™). We remark that Walnut [22] proves analogous results for certain Ga-
bor expansions in weighted L? spaces i.e. that these Gabor expansions are atomic
decompositions.

Our results for 1 < p < oo may also be phrased in terms of a concept introduced
in a paper of Kazarian, Soria and Zink [14]: Gabor systems (¢m.i)m.iczn, of the type
described below, form a quasibasis of LP(R™) (see [14] for the definition).

We note that simultaneously with this paper, K. Grochenig and C. Heil [11] recently
obtained frame characterizations of LP(R") related to those of the authors. For
1 < p < o0, the frame characterizations of L” in [11] hold for more general ¢ and
Y than those we consider. Moreover, the proof techniques used in [11], involving
modulation spaces, are different from ours. Finally, we remark that our paper is
more general than [11] in the sense that it includes a Gabor frame characterization
of L.

Throughout this section I and J will denote countably infinite index sets. More-
over, X, will denote a semi-normed vector space of scalar-valued sequences with
domain [, containing cgo(1), the space of all finitely non-zero scalar-valued sequences
on I. Let X be a Banach space. We will denote the Banach dual of X by A*. The
duality between any x € X and y € X* will be given by (z,y).

Definition 1.1. Let (f;)ier be a sequence in X and (y;);cr be a sequence in X*. The
pair ((y;)ier, (fi)ier) is called an atomic decomposition for X with respect to X, with
bounds A; and By, if

(a) ({z,1:));e; € Xy for each x € X;

(b) Allz|| < [I (€, ¥i))ier llx, < Bullz|, for all 2 € X; and

(c) x=> ez, ui) fi, for all x € X, with convergence in the norm of X'.

Definition 1.2. Suppose we are given a family of linear operators © = (7});e, where
each Tj : X3 — X, for some countable index set .J, and a sequence (y;);er in X*. The
pair ((vi)ier, ©) is called a Banach frame for X with respect to Xy, with bounds A;
and By, if we have

(a) K(z) := ((x,vi));e; € Xy for each x € X;

(b) Aullz]| < [| ((z, ¥:))ies llxy, < Bill]l, for all z € &; and

(c) for all z € X, limje; T;(K(x)) exists in the norm of X, and equals z.

We remark that in both Definitions 1.1 and 1.2 we have slightly broadened the
definition of Grochenig [10], where X, is assumed to be a Banach space. We are
assuming that X, is merely a seminormed vector space.

Concerning Definition 1.2, in [10] it is assumed that there exists 7' : Xy — X
that is linear and continuous on Ay, and for which x = T'(K(z)), for all z € X.
Moreover, to establish frame perturbation theorems in Christensen and Heil [4], it is
assumed that the usual delta sequence of vectors (e;);er in coo(I) is an unconditional
Schauder basis for X,;. Let us assume that (e;);e; is a Schauder basis for X (perhaps
not unconditional). For simplicity, and without loss of generality, let I = IN. Define
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J := N also. Further, let © = (7}),cs, where each T} : X; — X, is defined by
J
Ti(o) := Z a;T(e;) , forall a=(a;)ien , forall j€N .

=1

Then, clearly,

]. 2 E ) Y

lim T;(K(x))) =T(K(z)) =z .

jeJ

In summary, Definition 1.2 includes the original definition of a Banach frame.
We will be working on R"™. We use the following definitions for the Fourier trans-
form and the inverse Fourier transform of Schwartz functions f on R™:

-~

(1) Fe) = . fl@)e @ ¢de,  fV(z) = f(—z) = 5 Fl€)T e dg,

where x-§ =370 ;& if v = (21,...,2,) and £ = (&1, &)
Throughout this article @@ = [0,1]" will denote the unit cube in R™. Fix three
functions ¢, ¥ and o such that

(2) ¢, ¥ and o are complex-valued Schwartz functions on R" ; and

(3) gg, 1Z and ¢ are supported in Q.

We will assume the following structural relationship between ¢ and :
(4) 3 3E — wol) (€ — wol) = A, (ERT,
lezn
for some fixed wy and A with 0 < wp < 1 and 0 < A < co. We remark that (2) (or
(3)) implies that
(5)  By:= Sup Z |qz§ ¢ —wol)|* < 0o and By, := sup Z |@//J\(§ — wol)|?
R jezn SR ez

Similarly, B, < co. We will also assume the following concentration condition

6  c= /Q D(E)D(E) de —

> 0,

/@/) D(E + wos) dé

,,,,, eZ"\{O}
|s]|<w0
basically saying the overlap of ¢ with all its translates on the grid Z™\{0} is relatively

small compared with [[¢[|7,. Since the number ¢ in (6) tends to [, D(E)(E) dE > 0
as wo — 1, it follows that (6) is not a serious restriction on ¢ if wy is near 1.
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Finally, assume

/ 5(6)5(E Fans) de| > 0.
(s1,0y5n)€Zm\ {0} 1V @

1
\%|<w0

We define a pair of Gabor families (¢, 1)miezn and (¥, 1)miczn as follows. For all
m, [ in Z", let

B bmil) = 0la—m)E L (@) = U — m)e

The Gabor family (0, ;)m.cz» is defined similarly. An easy calculation using (1) gives
that

(9) Gmi€) = D€ = wolje>mim &0l
and similarly with ¢ and o. Let us denote by

(fr9)=[ [flx)g(x)dz
Rn
the usual inner product on R™. We observe that the equality
(10) D i) (fms) = Allf 172
leZ" meZn

is valid for all square integrable functions f on R™. Identity (10) is a consequence of
Plancherel’s theorem in L*(R"),

-~

remt (560 = (730 — o)) (m)

and

~

o (1 ) = (FC OB =) (s
Parseval’s formula in L2(Q),

S (FCHaC —wa)) m) (OB —wob)) ()

meZn

/(Xﬁ ““'ﬂ—mw(Zf@ﬂWWﬂ—wgﬁ;

reZn

and of the equalities below

ST ST s i) s o)

leZ™ meZn

_Z Z/f _T _S Z¢ _T_w()l $(§_S—WQl)d§

reZm seZm lezZn

_Z/V-WM%/WMW

reZn

applying (4) and the fact that the last sum in [ above vanishes when r # s, by (3).
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Let us just observe that when ¢ = %, (10) reduces to the tight frame identity

(11) DD I dmd P = Al

meZn leZn

a well-known fact about Gabor frames under assumption (4) with ¢ = .

Also, note that condition (5) guarantees (and is equivalent to) the fact that for
each f € L*(R"™), ({f, dm1))miczr and ({f, ¥m1))miczn are Bessel sequences. Indeed,
calculations similar to those immediately above show that

(12) > K bmd)? < Bsllflliz and > [ f bmn)? < Byllfl72 -

meZn leZn meZn leZn

Moreover, when combined with (4), (5) tells us that both (¢y.1)miczr and (Vn1)miczr
are frames for L*(R"), with frame bounds (A?/ By, By) and (A?/ By, By,), respectively.
In this paper we obtain results analogous to (10) for L” spaces by characterizing
the LP norm of a function f on R" in terms of its Gabor coefficients (f, ¢y,)-
We shall now state our results in LP(R™), 1 < p < oo, leaving the proofs and the
L! case for later sections. We begin with some estimates valid for Schwartz functions.

Theorem 1.3. Let ¢ and o satisfy (2). Let 0 < p < oo. Then there exists a constant
C, > 0 (depending only on p, n, and the functions ¢ and o) such that for all f in
the Schwartz class of R™ we have

2

meZnr

(13) Z<f’ ¢m,l>0-m,l

lezn

< Gyl fllzr-

Lp

In the opposite direction we have the following result.

Theorem 1.4. Let ¢ and o satisfy (2), (3), (4), and (7). Let 1 < p < oo. Then
there exists a constant D, > 0 (depending only on p, n, and on the functions ¢, 1,
and o) such that for all f in the Schwartz class of R™ we have

2\ 1/2

(14) Il <D, || S

mezn

Z <fa gbm,l)am,l

lezn

Lp
Combining Theorems 1.3 and 1.4 we obtain a characterization of the L” norm of a
Schwartz function on R™ in terms of its Gabor coefficients (f, ¢., ;) for 1 < p < oo.

Corollary 1.5. Let ¢ and o satisfy (2), (3), (4), and (7). Then for all f in the
Schwartz class of R™ and all 1 < p,q < oo we have the following equivalence of

norms
q> 1/q
)

(15) ||f||LP ~ ( Z Z(fv ¢m,l>0-m,l

lezn

mezZnr

with constants depending on p, n, and on the functions ¢, ¥, and o (but not on q).
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Remark 1.6. Even when p = ¢ = 2, the expression on the right of (15) is not a
constant multiple of the expression on the left in (11). Nevertheless, (15) provides a
generalization of (11) for p # 2. Moreover, the presence of the functions o,,; indicates
that the equivalent characterization of the LP-norm of f given in (15) depends only
on the sequence of Gabor coefficients ((f, ®m.))m., and not also on the functions ¢, ;.

Next we show that Schwartz functions are limits of their Gabor expansions.

Theorem 1.7. Let ¢ and 1 satisfy (2), (3) and (4). Every Schwartz function f
can be represented as the pointwise limit of an absolutely convergent series of Gabor
expansions as follows:

(16) @) =5 Y S bnduila).  zER

meZm™ leZn

Having established some basic facts about Gabor expansions of Schwartz functions,
we now pass to the main results of our paper. These results have to do with the
behavior of the Gabor expansions of arbitrary LP functions on R™ and the description
of the LP norm of a function in terms of its Gabor coefficients. In the theorem below
we use square summation instead of spherical summation in [ in view of the lack
of LP convergence (in general) of the spherical partials sums of a Fourier series of a
function f € LP(R") when n > 2 and p # 2. See [8]. We will denote the coordinates
of a lattice point [ € Z™ by 1,15, ..., 1,.

Theorem 1.8. Let ¢, ¢ and o satisfy (2), (3) (4), (6) and (7). Fiz 1 <p < oo and
f e LP(R"). Then

(17) Y b — f

mEZ™ |1|<L  |ln|<L
|m|<M

in LP and almost everywhere as M,L — oo. Moreover, for every f € LP(R") the
series

(18) Aﬁz(f) = Z T Z <f> ¢m,l>0m,l

l1|<L [ln|<L

converges in LP and almost everywhere to some function which we denote by

Am(f) = Z <f7 ¢m,l>0m,l-

leZn
q) 1/q

with constants depending only on p, n, and on the functions ¢, ¢ and o, but not on
q.

Further, for all 1 < q < oo we have

(19) 1£lze ~ (Z

meZn

Z <f7 ¢m,l>0m,l

lezn

Lp
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Let us now see how to use Theorem 1.8 to view our Gabor family ® = (¢1)miczn
as a Banach frame for X := LP(R").
Define & to be the set of all scalar-valued sequences o = (Qu1)miezn for which,

for all m € N, the sequence (S(Lm)) ren of functions given by

Sém)(&) = Z U Z Qi wm,l

[L|<L [ln|<L

converges in LP(R™) norm to some function s™(a); and moreover, for which the
sequence (5™ (a))mezn belongs to the Lebesgue-Bochner space LP(R", £2).
We remark that we could replace LP(R",¢?) by LP(R", (%) in the definition of X,
above. See, for example, Diestel and Uhl [5] for more about Lebesgue-Bochner spaces.
Next, for all o € Xy, define

ol = = [1(5™ @) mez | e o

- (Z |s<m><a>f) )

mezZn LP(R")

Then (X, | - |lx,) is a semi-normed vector space. Let J := N x N. Define O :=
(Thi,n)(m,p)es by setting, for each (M, L) € J and each a € Ay,

T () 32% Z Z Z Ot Vmyg -

mEZ™ |1|<L  |ln|<L
Im|<M

We have that © is a denumerable family of linear operators from X, into X and
Q= (Ymy = Gmi)miczn 1S a sequence in X* = L”(R™). Theorem 1.8 now gives
us properties (a), (b) and (c) of Definition 1.2; so that (®,©) is a Banach frame for
X = LP(R™) with respect to Xj.

Finally, we have a version of Theorem 1.8 when p = 1 where the LP-limit (18) is
replaced by an L! limit of the square Fejér means of the function f. The details are
in section 6: see Theorem 6.3. We remark that Theorem 6.3 may be viewed as a
discrete analogue of Theorem 1.5 of Benedetto [1].

2. THE PROOF OF THEOREM 1.3

We will use the Poisson summation formula to rewrite the expression
> {f Grd)Oma
leZn
appearing in (13) in a simpler form. Recall that the Poisson summation formula says
(20) gt =" glx —r),
lezm rezZn

whenever g and g satisfy |g(z)| + |[g(x)] < C(1 + |z])™° for some C,§ > 0. See for
instance [21] p. 252.
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Fix a Schwartz function f on R"™. Observe that

j£:<fa¢nm>anﬂ(x)

lezZn

—ofa—m) 3 et [ fg)aty— me 2ty
leZ"
T =) § v / PG —m)e vty
lEZ”
o2~ 1) § pamicant ( - >W)A<l>
lEZ"

(21) Z f(zx wior —m).

reZn

Let us consider the case p = oo first. Since ¢ and ¢ are Schwartz functions, for all
v > 0 there exists a constant C, > 0 such that the estimate below holds:

(22) ()] + o(2)] < Cu(1 + [z])™
Using (21) and (22) we obtain the bound

sup ( Z Z<f> D) Om(x)

z€R™ N 7 |1ezn
(72
_||f||Loo sup ( S (1—|—|$—m|)_”(2(1—}—|x— iﬂ“‘ml)‘”))
meZm" reZn
C'Q C’
COL o,

since for large enough v,

sup Z (1+]y—m]) ™" =C) < .
yERﬁ7n€Z"

We continue with the case 0 < p < oco. Let

An(f) =Y A bma)oma

lezn
We have that for all x € R",
> 1An(f)(x)
meZn
IU m)|
(23) Z Z |f(x ’|¢(1’——7‘—m)|
mezn rezn

cy i
< Z|f:v——rlz (1+ o —m)™(1+ |z — Lr—m]|)

0 rezn mezn
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Now use that (1 + |z — m|)(1 + |z — wior —m|) > (14 |w—10r|) to estimate the last
expression in (23) by
2 r— = c2cC x— =
@Z |f< wo)| Z 1 < v ~v/2 Z |f( wo)|.
i €l el Ve (1 + |z —m])/ wp T+ 15D

reZn mezn rezn

Note that C/ /2 < 09, for large enough v. Clearly, the positive homogeneous mapping

f(z — 2
eréz <1+|WLO|)V/2

is bounded on LP(R™) for 1 < p < oo by Minkowski’s inequality. For 0 < p < 1 we

have
|f z— )P v .
Z pu/2d$ SCYL/HfHLp?

ezn
if v > 2n/p. This gives the required conclusion.

|f(x

Z(—i" u/2

reZn

3. THE PROOF OF THEOREM 1.4 AND OF COROLLARY 1.5

A key observation we will use (proven below) is that for all m,l,s € Z"

(24) <Um,l: Um,s+l> = / Om,l (fﬂ)O’m’erl (33) dx

is independent of [. To see this, use Plancherel’s theorem and the simple formula in
(9) to obtain

—

<Um,ly Um,s—i—l) = <0/-m\,la Um,s+l>

_ /n@J(&)mO&

_ / (/T\(f . wol) 6727rim-(£7w0l) 8(5 — WS — u)(]l) 627rim-(£7w037w0l) dé

— ezt [ (e — anl) 5TE — o — nl) g
= g Zmiwoms 3 n
where
5= [ 550 —w)dy

Note that our hypotheses (7) and (3) imply that for k := (o, 0), we have

|k — Z 85| = || — Z |Bs| =:¢>0.
s€Z™\{0} seZm\{0}
lsjl<wg '

(Here, s; are the coordinates of the lattice point s.)
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By a similar calculation to the derivation of (10) above, or by polarizing (10) using
the identity

3
1 . .
(f.0) =7 D iIF + gl
k=0

we obtain the formula
(25) <f7g> :Ail Z Z<fa ¢m,l><gawm,l>7
meZr leZn

for f and g Schwartz functions. Now fix 1 < p < oo and let p’ be the dual index. To
complete the proof of Theorem 1.4, we will use (25) and duality; i.e.

[fllze = sup [{f,9)l,

lgll <1

noting that it is sufficient to only consider Schwartz functions g in the above supre-
mum. Then

[fllr = sup [{f, 9)]

lgll, <1

=A"' sup

lgll, pr <1

< At sup Z

lgll <1 2

Z Z <f7 ¢m,l>m

meZn leZn

Z <f7 ¢m,l> <g7 wm,l>

lezn

Now for each Schwartz function g and s € Z" define g, by
gs(z) = g(x) e ?™o™s  for all z € R™ .
Define 7(f, g) by
Z (f, ¢m,l> (9s5 ¢m,l>

lezZn

Z <f> ¢m,l> <gs; wm,l>

S€L ez |lezn
S sup Z Z ‘<f7 ¢m,l> <937¢m,l)‘
seZn meZr leZn
1/2 1/2
2 2
< sup (z S 106 ) (z S Vg0 ) )
S€Z™ \ ;nezn lezn mezn lezn

< sup By By || fll2 |9l 22
seidmn
= /By By || fllz2 lgll 2 < o0 .



CHARACTERIZATION OF L?(R"™) USING THE GABOR FRAME

Fix Schwartz functions f and g. Then,

Bl Y 1D F bma) (95 Yma)

meZ" |leZ™
= > 1D (Fs bud) (9 Cund) (O, Oma)| < U +T ; where
meZn |leZm
Z Z Z f¢ml wml’><0m,l7am,l’> 7and
meZm |leZ™ 'eZn

Z Z Z f (bml wm l’><0'm,l70-m,l’>

mezZn |leZn VezZn\{l}

Now,
U< [ 5 |(S tmidoni)) (X Gbmrtons@ )| ds
mezn lezn leZn
2 1/2 2 1/2
<[ (T [T omton@] ) (2| X @mrdonta) ) o
" Nmezn |lezn mezn |I'ezn
2 1/2 2 1/2
S (Z Z<fa¢m,l>0m,l ) (Z Z<g>wm,l>0m,l ) )
mezn |leZn LPIT N mezn |1ezn Lr
2 1/2
S (Z Z<fﬁ¢m,l>0m,l ) Z Z<ngm7l>0m,l )
mezn |1eZn LP1l mezn |iezn Lr
2 1/2
<|( T[S tromdon| )| clolu
meZn |leZn Ly

On the other hand, from the definition of I' and the verification of (24) above,

Z Z Z f ¢ml gawm,s+l><0—m,l>am,s+l>

mezZn [I€Zr sezZn\{0}

< Z ‘55‘ Z e—27riwom-s Z <f, ¢m,l> <gawm,s+l>
seZm\ {0} mezn lezn

=S S S 6 T )
s€Zm\{0} mezZn |lezn

<( X 1),

s€Z™\{0}



12 LOUKAS GRAFAKOS AND CHRIS LENNARD

Again, fix Schwartz functions f and g. Then fix t € Z". Applying our argument
immediately above to f and g¢; instead of f and g yields

B> 1Y bma) (96 ma)

meZm |leZn
201/2
= ( Z Z<f> Pm1)Om,l ) Cy [l gell o + Z 85| | v(f, 9¢)
mezZn |leZn Lr seZn\{0}
201/2
(S |Stmiond ) |l + | 181) 2000
mezZn |leZn Lr seZn\{0}

Since t € Z" is arbitrary, we may conclude that

o <| (S )/ L

mezn b s€Z™\{0}
Z <f7 ¢m,l>0-m,l

2 1/2
meZn [leZn

Now f and g are arbitrary Schwartz functions on R™. So, recalling the duality
introduced above, we see that

[fllr = sup [{f, )]

lgll, pr <1

Z<fa Pmi) T, Cy gl + Z 1Bsl | v(f,9);

lezn

and therefore

Cor llgllzo -
Lp

= A" sup

gl <1

Z Z <f7 ¢m,l>m

mezZn leZ™

Z <f7 ¢m,l> <g7 ¢m,l>

leZn
<A' sup ~(f,9)

lgll <1

(Cp/>
< 2 sup
€/ lgll <t 11\ ezn

(Ac> H (mezn S Gid) O

lezZm

< A" sup
lgll, <1 ) ezn

2

Z <f7 ¢m,l>0-m,l

lezZn
2 ) 1/2

This proves the converse inequality with constant D, < C,/(A¢) and completes the
proof of Theorem 1.4.
Let us now discuss Corollary 1.5. For a Schwartz function f recall our notation

An(f) =) A bma)Oma-

lezZn

g1l o

)1/2

Lr

Lp
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It follows from Theorems 1.3 and 1.4 that

1/2
ST lann|| <GD, <Z IAm(f)|2)

meZznr mezn

Lr Lp

To introduce the 7 norm, 1 < ¢ < oo, inside the LP norm above we argue as follows

) 1/2 12 1/2
(z (1) ) < | (sup 12000 (z IAm(f)|>
meZn Ip mezr meznr Lr
12 1/2
< | sup [An(f)] > 1A
mezr L? ||mezn Lp
1/2 ) 1/2||1/2
< || sup }Am(fﬂl (Opr>1/2 <Z ‘Am<f)’ ) )
mezn Lp meZn"
Lp
which implies that
1/2
(Z |Am(f)|2) < Cp Dy || sup |Am(f)}
meZn mezr L
Lp
Therefore
1/2 1/q
Il < D, (z IAm(f>\2> <D,6,D, (2 IAm(f)\q> |
meZn Ip meZn Iy

while the converse inequality follows from Theorem 1.3.

4. THE PROOF OF THEOREM 1.7

The absolute convergence of the series in (16) follows in a straightforward manner
from hypotheses (2) and (3), and the fact that f is a Schwartz class function.
Let us now verify (16) for a given Schwartz class function f. We have

Z Z <f7 ¢m,l>wm,l<x>

meZm leZ™

meZn leZn

~

=/ FO D o€ —wol) ™ > Geylw —m)de

lezZn mezn
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where &¢ ;(7) 1= ¥(z) e72™@ €0l for each x € R™. Applying the Poisson summation
formula, we see that

Z Z <f7 ¢m,l>wmyl($)

meZn leZn

—~

= [ F(6) 3 A€ —wol) ™ 3 bei(s) ¥ de

Rn leZn s€Zn

(5 o wol) 627rix-§ Z 7:/1\(3 + 5 . wol) 62m‘ag~s dg

lezZn se€Zn

Il
T
=)
o
(]
S

The interchange of summation and integration above, and the use of the Poisson
summation formula, are justified by the fact that the functions ¢, ¥ and f are in the
Schwartz class.

5. THE PROOF OF THEOREM 1.8

This theorem will be a consequence of the following Lemma.

Lemma 5.1. Fiz 1 < p < co. Then for any f € LP(R"™) the expressions

Afn(f) = Z Z <f7¢m,l>o-m,l

<L |ln|<L

converge in LP and almost everywhere to some function A,,(f) as L — co. Let

(26) K(f)=sup > |AL(S)].

L>0 mezZn
Then there exists a constant C,,,, > 0 such that for all f € LP(R") we have
IR e < Copnll Fllo-

Let us prove Theorem 1.8 assuming Lemma 5.1.

Proof. Denote by

SusN=7 3 3 X (b

meZ™ |L|<L  |ln|<L
lm|<M
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Given € > 0, there exists a Schwartz function fy such that || f — fo||zrr») < €. Then

|Sarcf — fllze

< ?\}HL) |Sarn(f — fo)l llee + 1Sa.L(fo) — follee + || f — Sfollze
Cpn

=— ¢t 152, fo) = follz» + ¢,

which can be made arbitrarily small if Sy, 1(fo) — fo in LP(R") as M, L — oo. But
Theorem 1.7 gives that Sy (fo) — fo a.e. (in fact everywhere). Since

1
1Sar,L(fo)] < Z/C(fo) e L?, for all M, L > 0,

by Lemma 5.1, we use the Lebesgue dominated convergence theorem to conclude that
|1Sar..(fo) — follzr < € for M, L large enough.

To prove that Sy rf — f almost everywhere as M,L — oo we first define the
oscillation Oy of an L? function f as follows:

Oy (z) = limsup lim sup lim sup lim sup | Sas, . (f)(2) — Sar.o (f) ()]

M—oco M'—oco L—x L'—o0

If we can show that for any f € LP(R™) and § > 0 we have
(27) H{z € R": Of(x) >} =0,

then the doubly indexed sequence Sy 1 (f) would be almost everywhere Cauchy and
thus it would converge almost everywhere, to some measurable function h. But, since
we also have LP-norm convergence to f, it would follow that h = f. Given € > 0,
find fy a Schwartz function as before. Then

Oy() < O () + Op— gy () = O, ()
since Oy, (x) = 0 identically. Then for 6 > 0 we have
H{z e R": Of(x) > 6}
<H{z e R": Of_p(x) > 5}
<{reR": 2?\}112 S (f = fo)(@)| > 0}
I — A2, I =Sl gy
Apgp Apgp P Apgp?

in view of the L” boundedness of K. Since the first term of this sequence of inequalities
is independent of ¢, letting ¢ — 0 we obtain (27). This completes the first part of
the proof of Theorem 1.8.

Let’s now prove (19). From Lemma 5.1, for all m € Z", AL (f) — A,.(f) a.e. as
L — oo. Thus, |AL(f)] — |An(f)| a.e. as L — co. By Fatou’s lemma in /;, the
following inequality holds a.e.:

> |An()] < liminf Y [ALH] <K -

mezn mezn

<or < e,
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Thus,

> A

meZm

< [IK(H[ee < Conll fllze ;

Lp
which proves one direction in (19) since

1/q
(28) ( > 1Am<f>|q>

mezZn

> A

meZmn

< Conll e

Lp

Lp

To prove the other direction in (19), we fix € > 0 and pick a Schwartz function f
such that ||f — follz» < e. Then || f|lr < e+ | follrr and Corollary 1.5 gives

£l <e+ I follr < e+ CollCY 1Am(f)) )],

mezZn
Sg"_C/nH Z |A 1/qHLP+OII7,nH(Z |Am(f0_f>|q)1/qHLP
mezZn mezn
<Call( D 12 /qHLﬁHCAnCPWEv

meZn

where the last inequality follows from (28). Since € > 0 was arbitrary, (19) is proved.
U

We next prove Lemma 5.1.

Proof. 1t is here where the Carleson-Hunt theorem is needed. Let us first discuss

some background material. For a positive integer L and z = (z1,...,x,) € R", let
n L n . 1
- sin(2m (L + 5)x;)
29 Dp(zy,... x,) = prikes | = 2
(29) (1, , Tn) H (Z e ) H sin(ﬂ'xj)
j=1 \k=-L 7j=1

be the square Dirichlet kernel on the n-dimensional torus T™ which we are denoting
by @ in this article. When n = 1, the Carleson-Hunt theorem [2], [13] says that for
1 < p < 00, there exists a constant Cj, > 0 such that for all 1-periodic functions F'
on R the inequality below holds

sup |Dy * F|
N>0

< Gyl F |l ze(o,1)-
Lr([0,1])

The extension to higher dimensions for the summing of Fourier series over squares is
a rather straightforward consequence of the one-dimensional result, and was obtained
independently by Fefferman [7], Sjolin [16], and Tevzadze [20]. This result says that
the inequality

(30)

< Cpl| Fllzeo,1ym)

L>0 Lr([0,1]7)

holds for all functions F' on R™ which are 1-periodic in each variable. We will use
this result to prove Lemma 5.1.
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Let us denote by C the Carleson operator
C(F) =sup|Dp * F|,
L>0

acting on functions F' on R" that are 1-periodic in each variable, where Dy is the
square Dirichlet kernel on @) defined in (29).

Now fix f € LP(R™) for some 1 < p < oco. Our Gabor function ¢ € L*(R") N
LP(R™), and so f(-) ¢(- —m) € LP(R™) N L'(R™). So, we have

AL (f)(x) =o(z —m }j/f By —m) rint=oigy,

I1;1<L
=o(x —m) . Dy (wo(z —y))f(y)d(y —m) dy
(31) =o(z —m) DL(WDZU - y)f(%o)qﬁ(%o —m) Z—Z
=o(xr —m /DLwox— Zf )%
kezn 0
:ifm—m((inuﬁwﬁ%—mw*m>wM»

where we used the periodicity of Dy. Set
Fu(f)(x) = Y fER)O(2EE —m).
kezn

Then F,,(f) is 1-periodic and belongs to LP(Q). By the Carleson-Hunt theorem,
F,.(f) % Dy, converges almost everywhere in R"™ to the 1-periodic function F,,(f) as
L — oo. We conclude that

(32) AL (£)(2) = —o(x — m) Ep(f)(w0z)

Wo

for almost all x € R"™ as L — oo. We now show that the convergence in (32) is also
valid in the L? (R”)—norm. Observe that the calculation in (31) implies that

) = sup Z AL (f

L>0

< Z lo(z —m sup Z / FW) oy — m)e*mo@=v)1lgy,
mez" 1<
~ L Z lo(z = m)| C (Fn(f)) (worr) =: K(f)(x).

If we knew that the map [ — I%(f) was a bounded operator on LP(R™), then we
would be able to use the Lebesgue dominated convergence theorem to deduce that
the convergence in (32) is also valid in L?(R"). But the L? boundedness of K would
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also imply that of K, giving the second conclusion of Lemma 5.1. It therefore suffices
to prove the boundedness of K to finish the proof of Lemma 5.1.

Pick v > 4n a large positive integer in the argument below. Fix f € LP(R"). By
the fact that

D, := sup < 00,
AP (ERE=T

and the convexity of the function (-)1” on [0, 00), we have

[ RGP e <Cons [ 5 ,;_ O () do
/ > +,1_m\> U () ) d

mezn

SC(En(f)) (@ —r)P da

Gy [ Y 5

reZn mGZ”

< WOPZ 2. +’_+m’) /C(Fm(f))(x—r)pda:.

reZm™ meZn

!I g —m\)

Now using the multidimensional Carleson-Hunt inequality (30) we obtain that the
last expression above is controlled by

" 1 P dr
Oynwopz Z |L—1—m| V/|Fm(f>(x_7")| d

reanGZn
1
<, Z Z / f(z= kNP do
VnwopreznmEZn +m| leZn 1+|w_m|)y| ( wo )|

—C;,/’r,zwopz Z Z +’_+m‘) (1+‘7~ k /|f m 7‘+k |pd1‘

reZdn™ meZm ke

Next we observe that the following inequality is valid

1 1
(415 +ml)” (0 + 5+ )
1 1 1

< v k k v
L+ 15 +m): A+ +ml) (L+]5])3

Using this fact and summing over m € Z" in the last triple sum above we obtain

RGP do < Uy 3 3 e [ P,

Rn rczn kezn

Summing first over r € Z™ we obtain

- " 1 z mn.
RPNy do < Oty 3 iy [ 10D do = Ol 11

R keZn (1+|w_k0|)%

This concludes the proof of the boundedness of K and hence that of Lemma 5.1 [
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6. THE L' CASE
For g € L*(R"), it is easy to check that the periodization G of g,

G(t)::Zg(t—r) , teR" .

reZmn

A
belongs to L'(Q). For H € L'(Q) we define the Fourier coefficient sequence H by

N ,
H(I) ::/H(t) e~ 2mitlgt . forall 1€ Z™ .

A
It is easy to verify that G(I) = g(l), for all [ € Z".
Let Qun be the N-th Fejér kernel defined by

1 sin (N 4 1)7ty)1? [sin (N + Dxt,)]°
(N + 1)~ sin(7ty) sin(rt,)
for all t = (t1,...,t,) € R", with the usual convention for evaluating the function

t — sin(ct)/sin(t) at t = 0. It is easy to see that for all H € L'(Q) we have

(H (@) = 7y SNy Y e

k1=0 li=—Fk1 kn=0 ln=—kn

It is well-known that €2y is an approximate identity as N — oo. This implies that
for all H € L'(Q) we have H xQy € LY(Q) and |H — H % Qu/||11g) — 0 as N — oo.
Consider now a fixed member f € L'(R"). As in the previous section, for all

m € Z" let
Zf(t—l—k:) <t+k m) _teR"

F,.(f) is the periodization of the function f(-/wp) ¢((-/wo) — m), and therefore F,,,(f) €
L'(Q). In a similar manner to the previous section, we can show that for all z € R",

Z > Y Y (fbmemite) = (ww;m)<Fm<f>mN><wa>.

k1=0 =K1 kn=0 ln=—kn
Let’s also consider the L*(R™) function

o(x —m)

(33) Lo (f)(x) = Eo(f)(wor) .

n
Wo

This function coincides with >, ;. (f, #m,) o,y pointwise when f is in Schwartz
class. For general f € L'(R"), we are about to show that

EESSD YD IR D) SRITER

k1=0 l1=—F1 kn=0 lpn=—kn



20 LOUKAS GRAFAKOS AND CHRIS LENNARD
converges in L'(R™) to the function T',,(f)(z). We will indicate this fact by writing
Cesaro-L' (R )Z (fs &ma) omy =T f)

lezn

throughout the subsequent discussion.

Theorem 6.1. For all f € Ll(R”) and for all m € Z", we have that

I8 TR 51 SR DI DTN R
kl 0 ll—fkl kn—(] ln—fkn Ll(Rn)
Proof. Fix f € L'(R") and m € Z". Then
E](Vm) = Fm(f Z Z Z Z f7 Cbml Om,l
k1 0 ll—flﬂ kn—O ln—fkn Ll(Rn)

[Fn () (wo()) = (Fn(f) * Q) (wo ()]

FoF) ) = (B (F) 5 o))
<o |, (1 o = ml) "

_ o / |Fm(f)(y)_(Fm(f)*QN)(y)|dy

o (1 + )
=ch, 3 / | Fin( f (+_(f_) ;ijy)(Z)l &

Here we set

_’M

11 (Rn)

L —m
wo

0<Qm(z)=C > 1 y<B,
( )

reZmn +__m

where B is finite and independent of z and m, for large enough v € IN. Therefore,
B < BIEw(f) = Fu($) * i@ — 0 -
as N — oo. O

Fix f € LY(R"). For all M € N we define
Pu(f) =Y Tulf)

m|<M
where each I',,(f) is defined as in (33). We will show that the series (Pus)aren
converges absolutely, for almost all x € R. We will do this, and prove that (Pys)a

converges in L'(R™)-norm, by proving that the corresponding series of absolute values
is Cauchy in L'(R").
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Theorem 6.2. For all f € L'(R™), there exists a function T(f) € L*(R") such that
i ([P (f) = TPl rmmy =0

Proof. Fix f € L*(R™) and M € N. Define F := {m € Z" : |m| < M}. Then

Am(f) = Z [T ()
meZM\F R
o(- —m)] r r
= me%n:\F Wy TEZZ:" ‘f< _“’_0>’ ‘qb( _w_o—m)‘ LY(R")

-0, Z Z/n /()] dy

nézie iez IR (1 |y = m|) (-l

£()
e s )//R T+ 1y~ mlp7

meZM\F reZn <1+ WL
0

= [ Uwlsudy

where, for all y € R",

1 C, ,
o (y) ::<Z W> 2 A+ly—mh? =

reZn meZ"\F

Now, for large enough v € N, C), < oo, and so 0 < |f()|é6m () < O |f()| €
LY(R™), for all M € N. Moreover, |f(y)| da(y) — 0 pointwise almost everywhere as
M — oo. Thus, via the dominated convergence theorem, we see that Ay (f) — 0 as
M — oo. 0

When we let o := 1), it follows from Theorem 1.7 that I'(f) = A f pointwise on
R"” for all Schwartz class functions f. The rest of this section is mainly devoted to
establishing the following convergence result.

Theorem 6.3. For every f € LY(R™), we have that

_Z N—|—1 ZZ ZZ (fs Pmi)¥ms — [

|m|<M k1=0 l1=—k1 kn=0 l,=—kp

in LY(R™) and almost everywhere as N and M independently tend to co.
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Proof. We will first show that for every f € L'(R"), we have that

N k1 N kn
(34) N+1 Z Zl--~kn20l2 (F. Em)0ms = T(f)

\<M —k =0 lp=—kn L1(R")

tends to zero, as N and M independently tend to oc.
Recall the operator Py, is defined, for all f € LY(R"), by

Puf= Y Tulf) .
|m|<M
Theorem 6.2 gives that
(35) S (1P (F) = TPl mny = 0

In view of (35), to establish (34) it is sufficient to show that for every f € L'(R"),
we have that

N k1 N kn
Z (Fm(f)_ﬁ z_: _z: Z_: _Z: <f7¢m,l>0’m7l> -0

Im|<M k1=0 li=—k1  kn=0 ln=—kn LR

as N — oo, uniformly in M. Let us denote the expression above by D](VM)( f)-
Fix f € L'(R") and N, M € N. Then we have

ZEOEDY W PN () = (Falf) x ool |
|m|<M L1(R"
(F)(woz) = (Fn(f) * Qn) (woz)]
< Chuwp / 2 (L1 |z —m]) dx
= / 1Fn () (y) — (Fn(f) *’&}N)(y)! dy
R™ ezn <1—|—’l—m>
e En()(2) = (Fnlf) WG]
Orgzjn/mgz:” <+w—0+§o—m>
/ > IR — (F(f) % ) (2)] Qu(2) dz .
Here,
0< Quiz)=C, 3 ! <B,

redn (
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where B, is finite and independent of z and m, for large enough v € N. Therefore,

RGNS

Q@ meZmn

<5 [ /(

Fix z and u, and let us consider the integrand

W(zu) = Y [Fa(f)(2) = Ful(f)(z = w)|

IO RCERES WIC S R

rezZn

3 (=) 1 (=] 5 oz )
+Z‘f<zur>

<¢L<2;]fQJ)f(jfﬁ E:‘feur)!m>

Here C), is a finite constant, for sufficiently large v € N. Note that 7, f := f(- — ),
for all @ € R™. It follows that

DM (f) < B, /
[~3.3]
g&@/
[_

We see that the integrand in parentheses, J(u) say, is a bounded function that is con-
tinuous at u = 0. A standard argument using Lebesgue’s dominated convergence the-

AJHAEAﬁ@W—EAﬁ@—uDQdeudz

ﬂ@—ﬁhﬁﬂf—wockﬁmwdu

1 1
2 2 meZmn

/ W(z,u)dz Qy(u) du
Q

I\J\»—‘

(I = T L s gy 1l 11y ) 2 ()

1 1m
373

orem (see, for example, Kicey [15], Appendix 2), now yields that J(u)Qn (u) du

converges to 0; and so D§§4)( f) — 0 uniformly in M as N — oo, as desired. Thus,
(34) is true.
Finally, note that the bounded linear operators Py, n defined by

Pyn(f) = Z N+1 Z Z Z Z (fs Pmi)om,

Im|<M k1=0 l1=—k; kn=0 lpo,=—kn
all map L'(R™) into L'(R"). Since for all f € L'(R™),

1Patv(F) = DO gy = O
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as N and M independently tend to oo, it follows from the Banach-Steinhaus theorem
that
B:= sup |[[Punl|lrp <oo .
M,NeN

Suppose now that o := 1. Because I'(fy) = A fo pointwise on R" for all Schwartz
class functions fo, it follows from a standard z-style argument, that

HPM,N(f) - Af“Ll(Rn) -0,

as N and M independently tend to oo, for every f € L'(R").

We have now established convergence of the Cesaro means in L'(R") and we turn
our attention to their a.e. convergence, in the case where o := 1.

We will need to know that the operator

F— sup |F * Qy]|
N>0
maps L'(Q) to LY*°(Q), where the latter space denotes weak L'. This result is
classical (at least in dimension one) but let us discuss its proof in general. We first
11

observe that for x € [—3, 5]" we have

N+1 N +1
Q ey Tp) <O
W ) S O N D T (Y + D)
for all N > 0. It is easy to show that the weak type (1,1) boundedness of the

operator F'+— supy-q |[F * Qx| on [—%, %]" is a simple consequence of the weak type
(1,1) boundedness of the operator
f—sup|f x|
e>0

1 1
I A ]
last fact we refer to Stein [18], page 69. See also [19] page 82 and [17].
Let us now denote the operator (HF) := supyg|F * Q| acting on 1-periodic
functions F'. As in the proof of the almost everywhere result in Theorem 1.8 it will
suffice to show that the operator

Gh)@) =

mezZn

maps L'(R™) to L¥*(R"), where as before we set

Fu(f)(@) =Y f(EE)$(LE —m).

keZn

on R", where ®.(z) = e "®(¢ ') and ®(x) . For a proof of this

7 (& —m)| s (Fu(r) + ) @),

Once this is established, the argument using the oscillation function Oy in the proof
of Theorem 1.8, applied with p = 1, gives the required result: ie. Py nyf — I'(f)
a.e. as M, N — oo; and so Py nf — Af ae. as M, N — oo when o := .

Pick a number ¢,, such that

S
c (14 [m[)m+t

™ meZn
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Then
n n C, (H(F,, T
Hx€R1|@ﬁ@N>AHS{xeR:72; u&&ggﬁﬁ)>”
v, Co (ME(H))(@) 1
Sm;n {reR it |§ i) > — (1+|m|)”+1}
<Y Y lwea-r: mumme > 2R

e I I

meZn 'I’EZ"
(1 + |m|)**! / | f (2]
dx
Qk- Zn

1+ % +m])»” 1+|$ ek )

1 n+1
+|—+m|) (L+|75r +m!

mezmn 'rGZ”

\
3
<

mEZ™ reZ™ keZ"

Now this expression is the same as the one that appears in the proof of Lemma 5.1
except for the harmless factor (1+|m|)"*. The same proof as in that argument gives
that the last expression above is bounded by a constant multiple of || f| L1 mny. O

The next corollary easily follows from the results and techniques developed so far.
We leave the details of the proof to the reader.

Corollary 6.4. Suppose that ¢ and o satisfy (2), (3), (4), and (7). Then for all f
in LY(R™) and all 1 < q < oo we have the following equivalence of norms

q\ 1/aq
[l = (Z ) :

meZmn I

Cesaro-L'(R") Z (f, 1) O,

lezn

with constants depending on n, and the functions ¢, ¥ and o, but not on q.

Let us now see how to use Theorems 6.1 and 6.3, with Corollary 6.4, to view
® := (Gm1)micze as a Banach frame for X := L'(R"). This time we define X, to be

the set of all scalar-valued sequences o = (@ 1)m ez for which, for all m € N, the

sequence (c%”)) ~ven of functions given by

" 1
(@) = mz >y Z Ul Vil

converges in L'(R"™) norm to some function ¢™); and moreover, for which the se-
quence (™ (a))mez» belongs to L' (R™, £?).
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Now, for all o € Xy, define
||O“/||Xd = H (C(m) (Oj))mezn HLl(R"jQ)
o\ 1/2

Z Cesaro-L'(R™) Z Ot Y

mezn lezn

L1(R")

Then (X, | - |lx,) is a semi-normed vector space. Let J := N x N. Define O :=
(Tn,n)(m,nyes by setting, for each (M, N) € J and each o € Ay,

1 1
TM,N(OZ) ::Z Z m Z Z Z Z Qi 7vbm,l .

‘m‘GZ” k1=0 l1=—k1 kn=0 ln=—kn
m|<M

We have that © is a denumerable family of linear operators from X, into X and
O = (Y := Gmi)miczn 1S a sequence in X* = L*(R™). Our results 6.1, 6.3 and 6.4
now tell us that (®,0) is a Banach frame for L'(R™) with respect to X, in the sense
of Definition 1.2.

7. DISCUSSION OF THE CONTINUOUS CASE

One motivation for considering the ¢? expression appearing in (15) comes from
the wavelet (or ¢-transform) characterizations of LP(R") of Frazier and Jawerth [9].
Another motivation for considering this ¢ expression is the continuous case, where
matters are much simpler.

Let us fix two nonzero Schwartz functions ( and 7 on R™ and let us define the
Gabor families associated with ¢ and 7

Cye(@) =T (@ — )
Mye(x) =T n(z — y)

by suitably translating and modulating (i.e. conjugating) the functions ¢ and 7, in a
way similar to the discrete case.
The following identities can be easily checked

Proposition 7.1. Let ( and n as before. Then for all f Schwartz functions on R"
we have

(36) [ 1.6 emelw)d = ) =gt ).

As a consequence we obtain

(37) | [ i@t ={ [ wec@a s

It follows that
s 1/s 1/s
wp ={[ ke e

w

[ (. Gmeone
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and that
s 1/s
dy} — () fllors

{/ n /Rn SRS .

for all 0 < p,s < oo, an identity that provides motivation for the consideration of
the expression in (15).

Let us now indicate why Proposition 7.1 is valid. Identity (36) is just a restatement
of Fourier inversion for the function x — f(z)((z — y), while (37) and (38) are trivial
consequences of (36).

REFERENCES

[1] J.J. Benedetto, Gabor representations and wavelets, Contemporary Math. 91 (1989), 9-27.

[2] L. Carleson, On convergence and growth of partial sums of Fourier series, Acta Math. 116
(1966), 135-157.

[3] P.G. Casazza and O. Christensen, Perturbation of operators and applications to frame theory, J.
Fourier. Anal. Appl., to appear.

[4] O. Christensen and C. Heil, Perturbations of Banach frames and atomic decompositions, Math.
Nachr. 185 (1997), 33-47.

[5] J.Diestel and J. J. Uhl, Jr., Vector Measures, Mathematical Surveys 15, American Mathematical
Society, 1977.

[6] R.J. Duffin and A.C. Schaeffer, A class of nonharmonic Fourier series, Trans. Amer. Math. Soc.
72 (1952), 341-366.

[7] C. Fefferman, On the convergence of Fourier series, Bull. Amer. Math. Soc. 77 (1971), 744-745.

[8] C. Fefferman, The multiplier problem for the ball, Ann. Math. 94 (1971), 330-336.

[9] M. Frazier and B. Jawerth, A discrete transform and decompositions of distribution spaces, J.
Funct. Anal. 93 (1990), 34-170.

[10] K. Grochenig, Describing functions: atomic decompositions versus frames, Monatshefte fir
Mathematik 112 (1991), 1-41.

[11] K. Grochenig and C. Heil, Gabor meets Littlewood-Paley: Gabor expansions in LP(R?),
preprint.

[12] C. Heil and D. Walnut, Continuous and discrete wavelet transforms, SIAM Review 31 (1989),
628-666.

[13] R. Hunt On the convergence of Fourier series, Proc. Conf. Orthogonal Expansions and their
continuous analogues, (Edwardsville, IL 1967), Southern Illinois Univ. Press, Carbondale IL,
1968, 235-255.

[14] K. S. Kazarian, F. Soria and R. E. Zink, On rearranges orthogonal systems as quasibases in
weighted LP spaces, Proc. Conf. Interaction between Functional Analysis, Harmonic Analysis
and Probability, University of Missouri-Columbia, June 1994, 239-247.

[15] C.J. Kicey, Irregular Sampling of Wavelet Transforms and Reconstruction, Ph.D. Thesis, Uni-
versity of Pittsburgh, 1996.

[16] P. Sjolin, On the convergence almost everywhere of certain singular integrals and multiple
Fourier series, Ark. Math. 9 (1971), 65-90.

[17] E. M. Stein, Mazimal functions: Poisson integrals on symmetric spaces, Proc. Nat. Acad. Sci.
73 (1976), 2547 —2549.

[18] E. M. Stein, Boundary behavior of harmonic functions on symmetric spaces: maximal estimates
for Poisson integrals, Invent. Math. 74 (1983), 63-83.

[19] E. M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals,
Princeton University Press, Princeton, NJ, 1993.

[20] N. R. Tevzadze, On the convergence of double Fourier series of quadratic summable functions
(Russian), Svobs¢. Akad. Nauk Gruzin. SSR 58 (1970), 277-279.



28 LOUKAS GRAFAKOS AND CHRIS LENNARD

[21] E. M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean spaces, Princeton
Univ. Press, Princeton, NJ 1971.

[22] D. Walnut, Gabor-type expansions in weighted spaces with regular and irregular lattices,
preprint.

LOUKAS GRAFAKOS, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA,
MO 65211, USA
E-mail address: loukas@math.missouri.edu

CHRIS LENNARD, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTS-
BURGH, PA 15260, USA
E-mail address: lennard+@pitt.edu

AND VISITING:, DEPARTMENT OF MATHEMATICS AND STATISTICS, MiaMI UNIVERSITY, OX-
FORD, OH 45056, USA

E-mail address: lennarcj@muohio.edu



