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ApsTRACT In R2, we consider an analytic family of operators H,, z € C, whose convolution
kernel is obtained by taking —z — 1 derivatives of arclength measure on the parabola (t,t2)
in a homogeneous way, defined in such a way so that H_1 be the standard parabolic Hilbert
transform. For a fixed z, we study the set of p for which H is bounded on LP(R?) and for
the critical z that captures the degree of singularity of this operator on LP(RQ), we prove a
positive endpoint result.

1. Introduction. The role of curvature in Harmonic Analysis has received increasing
attention in recent years. The point of departure for work in this area has been the
connection between submanifolds of R™ and decay of the Fourier transform of compactly
supported surface distributions. Such decay estimates fail for submanifolds contained
completely in some hyperplane and in general the “amount” of curvature of the submanifold
is related to the rate of decay of the Fourier transform of the distribution.

Well known operators whose LP boundness is affected by curvature are singular inte-
grals along submanifolds of R™. Consider for example the case of an operator given by
convolution with a distribution which is singular along a submanifold of codimension 1.
Certain distributions give rise to convolution operators which are bounded on some but
not all LP. If a distribution depends analytically on a parameter z, for a given z, what is
the set of all p’s for which the associated operator is bounded on LP?

We study the case where the analytic family of distributions is obtained by taking —z—1
transverse derivatives of arclength measure on the parabola and doing so in a homogeneous
way. For 1 < p < 2, the operators H, are easily seen to be unbounded on LP when
Rez < 1/p—2 and one can show using Calderén-Zygmund theory and interpolation that H,
are bounded on LP when the above inequality is reversed. For the critical z = 1/p—2+10,
the kernel of H, lacks the amount of smoothness required by the usual singular integral
theory to establish LP boundedness. Nevertheless, the curvature of the parabola makes
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up for this lack of smoothness and enables us to prove positive results when the usual
methods don’t apply. For p = 1 we prove that these operators map H! to weak L' and
for 1 < p < 2 that they map LP to weak LP. We also prove that the first result is sharp in
the sense that for p = 1 all these operators, except one, don’t map L' to weak L'. Precise
statements of results are given in section 2.

2. Preliminaries and statements of results. We denote by C§° the set of smooth
functions with compact support Fix ¢ an even function in C§°(R) such that ¢ > 0,9 =1
on [—-1,1] and ¢ =0 off [-1,1]. For Rez > —1, define an analytic family of distributions
D, acting on test functions of the real variable u as follows:

<Dmﬁ=2r&#f‘/m—1VMu—nﬂde

By analytic continuation, see [GS], D, may be extended to a distribution—valued entire
function of z. For example, use (2.1) to define D, for Rez > —2

z -1 z
@) Daf= DL () [ a1 - ) () - F(1) duta.f()
for a suitable constant a, . Because of the I' function normalization we have

(2.2) (D-1, f) = f(1).
We now define an analytic family of distributions K, acting on the Schwartz class, S(R?),
as follows:

(2.3) (K, h) =pv /<Dz(u), h(t,ut?)) dt

where the integrand in (2.3) denotes the result of the action of D, on the function u —
h(t,ut?). Our analytic family H, is given by convolution with K, that is,

dt
(H.1)(@) = pv [ (Do(w), f(or = b2z~ ut?)
In view of (2.2), H_; is the Hilbert transform along the parabola (t,t?) studied in [SWA].
Fourier transform calculations and the method of stationary phase give the following:

Theorem 1. For Rez > —2, K,(£) is a C°° function on R\ {&; = 0} and for fized

& # 0 equals
2z+4

2243
VIl RE: 5—% \/ \52

&1

as & — 0. (Cy 2, Cy . are nonzero constants.)

(Sgn gl)CO,z + Cl,z

As a corollary we get that H, maps L? to L? if and only if Rez > —3/2. Our next
result is the following;:
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Theorem 2. For Rez = —1, H, maps H' to L.

Here H' denotes the usual parabolic real Hardy space homogeneous under the family of
dilations (w1, x2) — (re1,r*xs) as defined in [CT1]. This result is an extension of Theorem
3 in [C1]. Surprisingly, this theorem is sharp in the sense that H, are not of weak type
(1,1) when Rez = —1 and z is not —1. Therefore we have explicit examples of operators
with the same homogeneity as the parabolic Hilbert transform H_; which are not of weak
type (1,1). However, we don’t know whether H_; is of weak type (1,1).

In section 7 we discuss an interpolation theorem (Theorem 3), that enables us to replace
L' by H'! in the usual analytic interpolation when the target spaces are arbitrary Lorentz
spaces LP'4. As a corollary we obtain:

Theorem 4. For Rez=1/p—2,1<p <2, H, maps L? to Lre'

Our result is the best possible in the sense that H, doesn’t map LP to LP**° when
Rez < 1/p—2. However, we don’t know whether H, maps LP — LP when Rez = 1/p—2.

Finally we would like to make the following notational convention. Throughout this
paper, C,, c, will denote constants positive or complex that depend only on the fixed
parameters of the problem and on z and are allowed to grow at most exponentially in Im z
as |Im z| — oo.

3. Fourier transform asymptotics and L? estimate. In this section we will
compute the Fourier transforms K, of our distributions K,. It will turn out that

. . . dt
(3.1) K.(&1,6) = lim D, (t2&)e™2mit6 —
00 Js<p<n ¢

when Re z > —2. Before we prove (3.1) we will study the functions

5 e, dt
Gz,ﬁ,N(£17€2) :/ Dz(t2§2)e—27rzt§1 at

5<|t|<N t

and

GZ(@ = ;li% GZ,é,N(g) .
N—o0

We start with the following

Lemma 3.1. For all z with Rez > —2 and all £ € R?

gir% G.s.N(&) =G,(§) exists.
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PROOF. Fix z with Rez > —2. First note that
uF o))’
~ wl*W(u .
(3.2) D,(v) =2 (f) (v)e 2™,
(=)
By a formula on page 359 in [GS], (3.2) is equal to

2 (e ) @), e 0.

(3.3) c

Let’s call o
—z=1_ 7
@ (| * 1) (v).

L.(v)=c

L, is a C* even function on the real line because 1 was chosen to be even. We will need
the following lemma whose proof we postpone until the end of this section.

Lemma 3.2. There exists a nonzero constant C, such that L,(v) = C,|v|7*71 4+ R, (v)
where R, (v) as well as all of its derivatives are

O(lv|™) VM >0 as |v]— o0
with bounds that grow at most exponentially in [Im z| as [Im z| — co.

We now continue the proof of Lemma 3.1. Fix (£1,&) = € € R2. If & = 0 the assertion
of Lemma 3.1 is trivial. We may therefore assume that & # 0. Set A = &/ \/@ . Also
set €1 =sgn &, €9 =sgn &, & =6|&|7Y2, N/ = N|&|~Y/2. (sgnz is by definition 1 if
x>0, —1if x <0 and 0 if z =0.) We then have

- dt
Go.N(8) =/ Lz(t2§2)e*2m(t£1+t2§2) =
(3.4) S<|t|<N
' <[t[<N t

where we used the evenness of L, in the change of variables in (3.4). Since § — 0, N — oo
and ¢ is fixed we can assume that ¢’ <1 < N'. Write (3.4) as (3.5) + (3.6) where

(35) / Lz(t2)6—27'ri(t)\+€2t2) @
§'<tl<1 t

and

(3.6) / Lz(t2)672wi(t)\+52t2) @ '
1< [t <N t
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(3.5) is equal to

, N\ dt
/ (Lz(t2)e—27magt2 . Lz(o))e—Zﬂ”L)\t bt
6 <|t|<1 t

(37) e—27ri)\t -1

+Lz(0)/ S
5/ <t|<1 t

Because of the smoothness of L., (3.7) has a limit as 6’ — 0 (equivalently § — 0) equal to

; . dt —2miAt _ 1
68) [ (@t L epe N Ta L) [ S ar
[t]<1 t It <1 t

We now treat (3.6). We make use of Lemma 3.2 to rewrite (3.6) as

X dt
(3.9) cz / [t 725 22 4 RUA N
1<[t| <N ¢
where
Ri(}\,N/) — / Rz(t2)e—27ri(t>\+82t2) @
1<[t|<N t

(R, as in Lemma 3.2). The estimates for R, show that the integrand above decays like
1t|=™ ¥V M > 0 as |t| — 0 as therefore RL(\, N’) has a limit as N’ — oo (or N — 00). We
now prove a similar result for the main term in (3.9). We write it as

N’ N’
; dAx(t :
(310) Cs |:A)\(t)e—27m€2t2:| . Cz/ )\( ) e—27rla2t2 di
It|=1 it=1 dt

where Ay (t) = (—4mige) "L[t| 722~ %e~271A | We integrate by parts again to write (3.10) as

N/
_ 9 A i 2
2165 1 |:|t| 2z 46 2mi(tA+eat ):|
|t]=1
N/
— p— p— — p— 7 2
+ €065 2 |:t 1|t| 2z2-5, 2mi(tA+eat ):|
t|l=1
(3.11) | 'N

. 2
+ CZ7382_2)\ |:t—1 |t|—2z—4€—27rz(t>\+52t ):|
[t|=1

N/
2 d [(1dA
—2 —2mieat A
. 27 (2 (225 Ny g
tc 7462 /|t:1€ {dt (t dt )}
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It is easy to see that the expression inside the curly brackets in (3.11) decays at least like
|t|72Re==5 as |t| — oo. Since Rez > —2, (3.11) has a limit as N — oo. We have now
proved that (3.6) has a limit as N’ — oo (equivalently N — oo) which is equal to

ro—1_—2mix | g —2mi\ |y, —2miX
C,16q € T4, 06T T g Aem T

oo —2mieat? ﬂ 1% dt
(3.12) +CZ74/|t|:1e {dt(t i )}

+/Oo Rz(t2)6—27ri(€2t2+t)\) @
It|=1 t
Lemma 3.1 is now proved. Notice that G.(§) = (3.8) 4 (3.12).

Next, we study the functions G,, Rez > —2. We prove that they are C°° off the &;-
axis and we find their asymptotic behavior as £ approaches zero. Later we prove that
G, = KZ, Rez > —2 and therefore Theorem 1 will describe the behavior of the Fourier
transforms of K,. Until the end of this section, z will denote a complex number with real
part greater than —2.

Theorem 1. G.(§) is a C* function except at & = 0 and behaves asymptotically like

2z+3
/ . £2
(Sgn 51) . CO,;: + Cl,z % ez 2 &
1
2z+4
+0 '—'gfﬂ as & — 0.
1

Co.» is a fized nonzero constant and Cq , = Ci ,(sgn &2) is a nonzero constant depending
on sgn &s.

PROOF. We start by proving the smoothness of G, (§) when & # 0. It suffices to show
that (3.8) and (3.12) are smooth functions of A = &; / /|&2|.

Near £, when & # 0, &5 is a constant. Then differentiation under the integral sign shows
that (3.8) is a C'*° function of A. We will now prove the same for (3.12). Clearly (3.12)
is a continuous function of A\. To prove that it is C'"*° we need to be able to differentiate
under the integral signs. Each time we differentiate with respect to A we pick up a factor
of t which worsens the convergence of the integrals in (3.12). Suppose we want to show
that (3.12) is C*. After k — 2 partial integrations we write (3.12) as

k 00
(3.13) c’m}\je_%“‘ + Z o N / e‘2m(62t2+M)szj (t) dt
= It|=1
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where each A, ;(t) decays at least like [¢|2Re#7372F+7 a5 |t| — oo and the constants ¢, ,

c.,; depend on €. Near ¢, €5 is a constant and differentiation under the integral sign shows
that (3.13) is C* for all k. Since k was arbitrary, (3.12)=(3.13) is C*°.

To study the asymptotics of G, as €& — 0 introduce two even C'*° functions (, ¢ > 0
with compact support on the real line such that

(i) ¢ is supported in [t| € [§,1] and is equal to 1 for |¢| € [2, 3].
(ii) ((t) is supported in |t| < 100 and is equal to 1 for |¢| < 50.
We may assume that |[A\| > 1000. Because of (3.4), G, (&) is equal to

. dt
lim | /Lz(t2)e—2m<ﬂ+€2t2> — = (3.14) + (3.15) + (3.16) + (3.17).
220 JespsN
where
(3.14) pv/ LZ(tQ)e—ZTri(tA—i-Ezt?)C(t) @
1£|<100 t
—27e €2 2 — dt
(3.15) / L. (2)e 2t (1 (1)) (1 - oA 1)) &
50<|t]< 22 t
. dt
1 L. 42 —2mi(tA+eat?) AT &
(3.16) B i (t)e SN
‘ dt
(3.17) lim L. (t2)e2mi et (1 _ (x| ~1t)) =

N’ 612
oo J Sl <jl<N

Notice that 1 — ¢ doesn’t appear in (3.16) or (3.17) because ((t) = 0 when |t| > 1. To
treat (3.14) we need the following lemma whose proof we postpone until the end of this
section.

Lemma 3.3. Let a(u) be a C5°(R) function. Then

pv/ei)‘“a(u) du =a(0)imsgn X+ O(|A\~M)

u
for all M > 0 as|\| — co.

To apply the lemma, set a(t) = L.(t2)e~2™e2t"¢(¢). A simple change of variables
t — —2mt shows that (3.14) = —inL,(0) sgn & + O(JA| =) for all M as |\ — oco.
Using the fact that L,(0) # 0 and by choosing M > 2Rez + 4 we conclude that
(3.14) = (sgn &1) - Co» + O(JA|7227%) as |A\| = +oo, Cp» # 0.
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We now turn to (3.15). Change variables ¢t — |\| 71t to rewrite (3.15) as

—27i| |2 (e eqt? dt
1y [ LR o) () T
N<t<E
Set 1 =1 — ¢, (; =1 — ( for simplicity.
By Lemma 3.2, (3.18) is equal to
. 2 2 dt
(3.19) Cz|>‘|2z2/ [t 72222 E = g ()¢ (ML) — + R2(N)
50 <[t|<8 ¢

where

- 2 2 dt
RO = [ R e g g 2
50 <|t|<2 t

We treat the main term in (3.19) by a sequence of partial integrations. The phase
function —27(e1t + £5t%) has no critical points in {t : [¢| < 2} and all the boundary terms
vanish. If we set Bo(t) = [t|72* 72t 11 (t)(1(JA|t) and for n > 0

LR

2€2t +é1

Bl = (

we can write the main term in (3.19) as

(3.20) CZ‘)\’—Zz—2—2M e—27ri|)\|2(51t—|—52t2)BM(t) dt .

50 3
m§|t|§§

It remains to control By, in terms of A. An easy inductive argument shows that
M
k
[Bar()] < Car Y |ByY (#)]
k=0

An application of Leibniz’s rule gives

k
L o . »
B01< e > (8 e )
=0
k
<L Y I

Jj=0
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k
< Cz,kz |)\|2Rez+3+j’)\|k—j < C’Z’k\)\|Rez+3+’€
j=0

on the support of ¢ (t)(1(|A[E).
It follows that ||Bas||p= < Cy ar|A[REZT3+HM,
We now have that for all M >0
(3.20)] < Gl g A|72RE 2720y Re =340 (g - %)
< CZ7M|)\|Rez—|—1—M ‘

The same argument, together with the estimates for the derivatives of R, (Lemma 3.2)
prove that R2(\) is O(|]A\|™™) V M as || — oc.

By choosing M large enough we get that (3.15) = (3.18) = (3.19) is O(|A\|72*7%) as
|A| — oc.

We now treat (3.16). First change variables t — |A\|7!t and then use Lemma 3.2 to
write (3.16) as

1y 12 2 dt
(3.21) Cz|)\|—2z—2/ |t|—2z—2€—2ﬂ'1|)\| (e1t+eat )gb(t) - —l—Rg()\)
1<p<t t
where
R(N) = / Ro(AP2)e iRt gy 4
L<j<1 t

The behavior of R, at infinity shows that R3()\) is O(]A|=™)V M > 0 as |A\] — oo. The
derivative of the phase function —27(e1t + £2t?) of the main term in (3.21) has only one
zero tg = —e1/2¢9 on the support of ¢ and the second derivative of the phase function
never vanishes. By the method of stationary phase ([HO] Theorem 7.7.5 Vol. I) the main
term in (3.21) behaves asymptotically as |A| — oo like

Comiln2 (22 e, =51 A2 (-4 e
C’z|/\|_2z_2 . 27|\l (4 + 1252) (H(Q—W@)) +O(|)\|—2) =
ug)
(3.22) Ch.(22)|A"F 735 2N L (A2 %)

for some nonzero constant C ., depending on 2. We have now proved that (3.22) describes
the asymptotic behavior of (3.16) as |A\| — oco. Finally we treat (3.17). Change variables
t — |A\|71t and use Lemma 3.2 to write (3.17) as

N/

7 . dt
(3.23) lim C. At 7222 2miAertteat) g () T2 lim RA(A, N)
N’'—oo ‘t|:§ t N’'—o0

8
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where
N/
™ . dt
R = [ 7 R e )
ltI=%

Using that | R, (v)| < C,.ar|v|™ V M > 0 we immediately deduce that limpy/_ ., R2(A, N')
is O(J\|™™) V M > 0 as |\| — oo. Since the phase function of the main term in (3.23)
has no critical points on the range of integration, a partial integration gives that the main
term of (3.23) is equal to

(3.24) CL A2 Jim {A(|>\|‘1N’) —/ Al ()e~ 2P (ertreat?) dt}

where

t —2z—-2 t
—2mit(ey + 2e5t)
A(t) decays like [t|=2*~% as |t| — oo and its derivative decays like |t|~2*7° as |t| — oo.

It follows that the integral inside the curly brackets in (3.24) converges absolutely,
uniformly in A and that the (3.24) is O(J]\|72*7%) as |A\| — oco. This estimate concludes
the proof of Theorem 1.

An immediate corollary is the following:

Proposition 1. (i) K’Z =G,

(ii) H, maps L? boundedly onto itself if and only if Rez > —3/2. If the latter happens
the bound grows at most exponentially in [Im z| as |Im z| — oo.

PROOF. (i) We will first prove an estimate of the form

(3.25) |G=5.n ()] < Cap(E)

uniformly in § < 1 < N, where p(£) is a function that is bounded in any compact set and
has at most polynomial growth in |£|. Set as before

_ & N N 50
Vil Vg ViG]

Consider first the case when A\ is small. It suffices to show that (3.5) and (3.6) satisfy

(3.25). We have (3.5) = (3.7) which is clearly bounded uniformly in §. Also (3.6) = (3.9) =

(3.10) + RL(\, N") = (3.11) + RL()\, N’) which is clearly bounded by C, + C|N’|72Rez=4 <
10



C, + C’|&|R**2 uniformly in N > 1. Consider now the case when X is large. Write
G.sn(€) = (3.14) + (3.15) + (3.16) + (3.17)’ where

(3-14) = / L ()2 e ) &
5/ <|£|<100 t
and i@t
(317)/ — / Lz(t2)€_27ri(t>\+€2t2)¢1(|)\|_1t) =
SRl <N t
We have
o dt
Gil<|[  @@men= - no) T
§5'<|t|<100

+ <C;

o dt
Lz (O) / 6—271”Lt)\ hatd
§'<|t|<100 13

where we made use of the simple fact that for all 0 < a < b < o0

1t
e
/ g
a<|ti<b 1

Also, an easy examination of (3.23) and (3.24) shows that

<10.

(B17)] < Cu|a| 2o~ {!A<|A|-1N'>\ wf e dt}

dt
veu [ RARe) T

where A(t) is as in (3.24).
Clearly the expression above grows at most polynomially in £ and (3.25) is now proved.
The value of (3.25) lies in the fact that for any f € S(R?), [|f(§)G.en(&)| d¢ < C,

uniformly in §, N. We now prove that K, = G,, Rez > —2. K, is originally defined as a
tempered distribution acting on functions f € S(R?) as follows:

(K., f) = (K., f)

:p“/ <DZ(“>’/ / f(&r, E)emita e g, d€2> T

11



= pv // h(§) <Dz(u)’e—27ri(t§1+ut2§2)> e %

_ 1 —2mitéy 1 @
é?& S<|H<N {// hle)e D.(8s) dﬁ} t
:]\%13% //h(g)Gz,a,N(ﬁ) dé

— [[ .t ae

where we made use of (3.25) when we applied the Lebesgue dominated theorem in the last
equality.
(ii) The smoothness of G, = K., clearly implies that K. (¢) is always bounded for

A~

IA| < C. For X\ large in view of the asymptotics of Theorem 1, K, is bounded if and only
if —2Rez —3 <0.
We end this section by proving Lemmas 3.2 and 3.3 .

PrROOF OF LEMMA 3.2. Since ¢ was chosen to be equal to 1 in some neighborhood of
the origin, it follows that 1 has integral equal to 1 and vanishing moments of all orders.

Fix v € R so that [v] is large. If |w| < 1 |v|, the function w — |v — w|7*7! is smooth and

has a Taylor expansion about w = 0. Assume first that Rez < 0. Then |v|7*~! € L{ (R)

and the following identity is valid:
(17 b)) = [ o=l 1(w) du.

The above is equal to

o= [ ) du
lw|< 3 [v]

M
+ZC’Z,]~|U|_2_1_J'/ w(w) dw
j=1 lw|<3

|v]

(3.26)

+C. M v — G|~ MFD ==L, M+1) (1)) dw
lw| <5 |v]

+ / v — w| " Y (w) dw
R

for some 6 in (0, 1).
12



Using the properties of 1) we can write (3.26) as

’U’_Z_l

M . . - A
— Z C lv|7*7" / w? P (w) dw
j=1 w

23 1o
(3.27) - |uy—z—1/ D(w) dw
lw|>1 |v]

+C.m v — G| TMAD=2= 1y, MEL (1) dw
lw|< 3 [v]

+/ lv —w| > h(w) dw.
[w|>3 [v]

Because of the rapid decay of @/3 at infinity, the second and third terms in (3.27) decay
like |v|™™ V¥V M > 0 as |v| — oco. Since Rez < 0, |v]|7*71 is locally integrable and the fifth
term in (3.27) is absolutely bounded by

Com sup  [ih(w) o — w7 dw
lw|>3 |v] [w|=3 [v]

<Comlo™ VM >0as |v] — co.

Finally, let’s call R, (v) the fourth term in (3.27). First note that since |w| < 1 |v], |v—6w|
and |v — w| are comparable. We have

|Rz(v)| SCz,M |w|M+1|7J}(w)||,U_w|7Resz72 dw

lw|< 5 |v]
S Cz,M/ |’U _ w|—Rez—M—2 dw
lw|< 3 |v]

S CZ7M|/U|_R6Z_M_1 )

one can easily verify that every derivative of R, (v) is also O(|v|=™) V M as |v]| — oo.

Since L,(v) is a nonzero multiple of (3.27), Lemma 3.1 is completely proved at least
when Re z < 0. The remaining z’s can be treated similarly when we write an appropriate
formula for the convolution (|- |21 % ¢))(v), but we are not going to do this since we are
only interested in the range Re z < 0.

PrROOF OF LEMMA 3.3. Set b(u) = (a(u) — a(0))/u and choose an Ry such that the
support of a is contained in [—Ry, Ro]. One can easily see that b is a C*° function. An
13



application of Leibniz’s rule shows that

(=1)"*"a(0) 5!

uit1

(3.28) b9 (u) =

whenever |u| > Ry .

We may assume A > 0. The case A < 0 follows from the case A < 0 and a change of
variables ©u — —u.

For any R > Ry write

Sy O
pv/a(u)e“\“ «

u
R ' R eiiu
= / b(u)edu + a(O)pv/ du
R R U
R . R eiu eiu
= / b(u)eNdu + a(O)pv/ — du + a(O)/ — du
“R ~R U R<|u|<Rx U

N — 1 partial integrations by parts give:

N-1 . () ei)\u R N R ) eiku
DI 9 (1) —— } + (-1 / b\ (u) — du
2 0 e I I e GV
- N-1 i 41 RA
e (—1)7 4!
(329) —|—a(0)p1}/_ —_— dU+CL Z ]+1 {W o
iz _

N-1

0 S [T 0 [ S

iz <|u|<RA uN+ (fu)

Because of (3.28) the first and the fifth term in (3.29) cancel out. The fourth term in
(3.29) is O(R™!) as R — +oo. The sixth term in (3.29) is O(R™Y), as R — oo. Again
because of (3.28) the second term in (3.29) can be written as

Ry ' ‘
(3.30)  (@AHY / b(N)(U)e”“dqu/ (~1)NFLa(0)NleP uN+D du b .
7RO R0<|u|<R

The first integral in (3.30) is independent of R and the second integral converges absolutely.
Clearly limp_.oo (3.30) is O(A™") as A — oco. Letting R — oo in (3.29) we get

R _iu
pv/a(u)ei’\“ du _ a(0) lim pv/ c du+ O\

u R—o0 R U
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- a(0)2z’/ Y Gu+ 0N = mia(0) + ONN) as A — +oo.
0

u

Lemma 3.3 is now proved.

4. Preliminaries for Theorem 2. By a cube we shall mean a closed rectangle @) in
R? with sides parallel to the axes, of horizontal sidelength 2! and of vertical sidelength 22
for some t real. For each cube @ with sidelengths (27,229) we write 0(Q) = 0. Q is said
to be dyadic if 0(Q) = o is an integer and if its lower left-hand vertex is located at a point
of the form (i27, j229) for some i,j € Z. Any two dyadic cubes that do not contain each
other must have disjoint interiors.

Following [C1], for each o, 7 € Z with 7 > o, let R, , denote the set of all closed
rectangles with sides parallel to the axes, of horizontal dimension 27, of vertical dimension
29%7 and with lower left-hand vertex at a point of the form (i27,:27%7) for some i, j € Z.
According to our notation, R, , denotes the set of all dyadic cubes @ with ¢(Q) = o.
For each ¢ € R, ; let 0(q) = o and 7(q) = 7. The triple ¢* of ¢ in R, is the union of
those nine rectangles in R, which meet ¢. For each ¢ € R, . we denote by T'(q) the set
¢+ {(t,t?) : 0 < |t| < 27(@D*2} The set T(q) is called the (two-sided) tendril of q. For
q € Ry.+, |T(q)| ~ 2°727 since T(q) is essentially the union of C27~7 rectangles in R, ..
(|B| denotes the Lebesgue measure of the set B.)

An atom is a function a, supported in some cube @ which satisfies |a(z)] < |Q| 'xo(2)
and [ag(x) dr = 0. By x4 we denote the characteristic function of the set A.

The parabolic real variable Hardy space H!(R?), henceforth H!, is the subspace of
L'(R?) consisting of all f which admit representations of the form >_0 Aqaq, where each
@ is a cube, each ag is an atom supported in @ and {Ag} is a sequence of complex
numbers in £*. || f| g1 is defined to be the infimum of > [Ag| over all representations of f
as Y, Agag. H dlyadic is the subspace of H' consisting of all f = > Agag in which every
cube () is dyadic. Our basic result is

Theorem 2. For Rez = —1, H, maps H' to LY with a bound which grows at most
exponentially in |Im z|, as |[Im z| — oco.

We are given an o > 0, an f € H! and a z € C with Rez = —1. «, f and z will be fixed
until the end of the proof (end of Section 6). We can assume that f is a finite sum ) Agag
and Y [Ag| < 2||f||g:- Once the theorem is proved for such f, the general case will follow
by a limiting argument. We can also assume that each A\g in the representation of f is
positive, since we can always multiply by a scalar of modulus one to achieve this. Finally,
we will assume that f € H (}yadic. This is because of the following proposition whose proof
we postpone until the end of this section.

Proposition 2. If T is a convolution operator and T maps Hj to LV then T

maps H' to L1,

yadic
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Let F denote the (finite) family of dyadic cubes appearing in the atomic decomposition
of f. We state two lemmas which can be found in [C1].

Lemma 4.1. For any o > 0 and any finite collection F of dyadic cubes @ with asso-
ciated scalars Aq > 0, there exists a collection S of pairwise disjoint cubes such that:

(1) Yocsre <8alS| forall S €S
(11) > ses |S] < a Y Ao
(i) |2 -0¢ any ses 2RI xallze < a.

Let C denote the collection of all ) € F such that @ C S for some S € §. For each
Q@ € C we denote by Sg the unique S € § that contains Q.

Lemma 4.2. Let there be given an o > 0, a finite collection of dyadic cubes C and a
collection of pairwise disjoint dyadic cubes S such that each Q) € C is contained in some
Sq € S. Let there also be given for each QQ € C a positive scalar A\g. Then there exist a
measurable set E C R? and a function k : C — 7 such that

() 1B < 0 (a7 Coee Ao + Lses I91)
(ii) For all Q € C and for all j < k(Q)

Q+{(t,t?): 2 <|t| <2t} CE

(iii) ~K(Q) > a(Sq)
(iv) Foranyo,71 €Z, 7> 0 and any q € Ry, Y. Ao < 4a27727,

QCq
K(Q)<T

C denotes a constant independent of a, S, e, {A\g}.

A combination of conditions (ii) in Lemma 4.1 and (i) in Lemma 4.2 give

(4.1) E|<Ca™' Y Ao <Ca™ | fllm-
QeC

The definitions of k and F will be relevant to us. C is the union of two disjoint classes
C1 and Co. Each Q € Cy is assigned to a unique qq € U, U, >, Ro,r With Q C g and x(Q)
is by definition max(1 + o(Sg), 1+ 7(qq)). For Q € Ca, k(Q) is by definition 1 + o(Sg).

E is the union of T'(gg) over all @ € C; together with the union of the triples S* over
all § € S.

We now decompose the given f € H' as g + b where

g = Z )\QCLQ, b= Z)\QCLQ.
QeF-C QeC
16



Then

lgllzz < llgllellglli= <a Y Ag < 2allf|a:
QeF-C

We now have

« 4
{o: 001> § | < 2 nal
C, C,
< & oz < S 1

Next, we need to prove that

(1.2 o 1D @) > ] < 1l

Fix n € C§°(R), even, supported in 1 < [t| < 2 and such that >ien n(277t) = 1 for all
t # 0. Let ¢(t) = n(t)/t. Define distributions p, j, j € Z acting on test functions h by

(1eeh) = [ (D () e, )2 02 e) .

Write b x K, = Fy + F} + F5 where

F() = Z )\QGQ *x Z Hz.j

QecC J<o(Q)
F]_ = Z )\QGQ * Z MZ,J
QeC o(Q)<ji<k(Q)
Fy = Z AQaq * Z [z
Qec izr(Q)
We will show that
(4.3) Fy is supported in FE,
(4.4) Iyl gy < C2 Y Ag
QeC
(45) ||F2||%2(R2) S CZOé Z /\Q .
QeC

17



A combination of (4.1), (4.3), (4.4) and (4.5) with the aid of Chebychev’s inequality will
establish (4.2).

Assertion (4.3) is the easiest to prove. Write Fy as

Z Z)\Qa@* Z [z,

ses [Qcs <o (Q)

For any fixed S the expression inside the brackets above is supported in
S + [_2U(S)+172J(S)+1] > [0,20(5)4—1] C S*.

Therefore, Fy is supported in Jg.g 5™ C E.

Estimates (4.4) and (4.5) will be proved in Sections 5 and 6 respectively.

We end this section by proving Proposition 2.

PROOF. We assume that for some constant K, ||Th|p1 o < KHh”Héyadic holds for all
h e Héyadic. We are given f € H! given as a finite sum Y Agag where each A\g > 0 and
where Y Ao < 2|/f||g:. Let F be the collection of all ) appearing in the decomposition

of f. Choose M integer such that o(Q) < M for all Q € F. For each j € Z consider
the grids G;, G?, G;’? defined as follows: G} consists of all dyadic cubes of dimensions
(27,2%7), GZ consists of all elements of G translated by (32M, 3 22M) and G consists of
all elements of G} translated by (% oM. %22M ). Given any @ € F we find an mg integer
such that mg —1 < 0(Q) < mg. It is easy to verify that every ) € F is contained in some
Q4 where Qg € GinQ U G%Q U Gf’nQ. We now split F as a union of three disjoint sets Fi,
Fo, F3 where F; C{Q € F:Qq € G{nQ}. It is immediate that £ ag is an atom on Qg .
We set Fj = Y ocr, Aalg aq)-

Using that T is translation invariant and that it maps H, é to L1 we get that

yadic

ITFillpie <K Y Ao =123,
QEF;

Summing over j we get that || § T'f| 1. < K3 gcrAq » hence

ITfllz1 <8K Y Ao < 16 K||f| -
QeF

5. An L' estimate. Until the end of Section 6 all QQ considered are in C. In all sums
below this restriction is assumed to hold.
18



To prove (4.4) it will suffice to show that for any @) we have

(5.1) ag * Z L <C,.

g (Q)<j<r(Q) L1(R2\E)

Suppose that (5.1) has been proved for all @ with o(Q) = 0. We describe a rescaling
argument that will yield the general case. Let r;, j € Z be the following family of dilations
of R?: rj(z1,22) = (2721,2%29). For any cube Q, let r;Q = {r;z : z € Q}. It follows
from the definition of x(Q) in [C1] that ¢(Q) and k(Q) scale accordingly, i.e. k(r;Q) —
k(Q) = j = o(r;Q) — o(Q). A simple change of variables shows that for all j,k € Z,
pzj ¥ (hor_g) = (psj—k * h) or_, where (f o g)(x) = f(g(z)). Assume now that (5.1)
holds for cubes @ with o(Q) = 0. Fix @ € C and ag an atom supported in Q. Let
o(Q) = 0.

Let Qo = r_,Q and define an atom ag, = 237(ag o r,) supported in @y . Since
0(Qo) =0, (5.1) holds for Q. We then have

aq * Z Kz,

o (Q)<ji<r(Q) L1(R2\ E)

=27 (ago 0r—0) ¥ Y iy
0(Q)<ji<r(Q) L1(R2\E)

=937 aqQ, * Z Hzj—oc | OT—0o
0<j<k(Qo)+o Ll(R2\E)

= aQO * Z Mz7j S CZ
0<j<k(Qo) LY (R2\E)

and hence (5.1) is true for all Q.

We now prove (5.1) for all Q € C with ¢(Q) = 0. For such a @, let Sg be as in Lemma
4.2. If Q € Ca then £(Q) =1+ 0(5¢q) and aq * D <<, (s,) M=, is supported in S; C E.
Therefore only cubes ) € Cy give nonzero left hand side in (5.1). Fix @ € C2 and let
¢ = gg be the unique rectangle in R, ,_1 assigned to @) as in Lemma 4.2. Set 0(Q) = o,
k(Q) = k. Let y(t), t € R be a C§° function supported on the set [271 2] such that
Y mez¥(27™t) = 1 for all t > 0. Define

Ym(T1,x2) =y (27" |y — l‘ﬂ), m=1,2,3,...
19



Yo(wr,ma) = Y (27" g — 2]
m<0

Then 70(3_g<j<, H=,5) is a distribution supported in the set of all points in R? of vertical

distance at most 2°*! from the piece of the parabola {(¢,#2) : 0 < |¢| < 2%"1} and therefore
its convolution with aq is supported in 7'(q) C E.

Note that if m is bigger that 2j — x + C' then v, and p, ; have disjoint supports. These
observations show that (5.1) will follow from

2j—k+C

(5.2) S S Jag # Ymbtaglli < Ce

0<j<rk m=1

We will need the following lemma whose proof we postpone until the end of this section.

Lemma 5.1. Form=1,2,...,2) —rk+C

Hv('YmNz,j)HLOO < Oz2_2(l{+m) .

Assuming the lemma we prove (5.2). We first compute | sup(¥m iz ; *aq)|. The support
of Ytz ; is the set of all points in R? whose vertical distance from the piece of the parabola
{(t,t%) : [t| ~ 27} is about 2™, It follows that | sup(ympz, ;)| ~ 257"+ . Adding a cube
@ of side lengths (1,1) doesn’t affect the size of the support of v, u, ; by more than a
constant factor. Therefore

(5.3) SUpp(Ymptz,j * aq)| < Crtmti

Using the fact that ag has mean value 0, is supported in a cube of sidelength 1 and has
L' norm < 1, we get that

[Vmttz5 * agllLe < ClV(ympiz,j)|lee -

Lemma 5.1 gives

btz g * agllw < G272

We use this estimate to prove (5.2). We have:

H’Ym:uz,j * aQHLl < ||’7mﬂz,j * aQ||L°°|SuPp('7m,uz,j * aQ)|
< 022—2m—2m2m+m+j < CZQ_H_m—H.

A summation over m (1 < m < 2j — k + 2) followed by a summation over j (0 < j < k)
proves (5.2).
20



It remains to prove Lemma 5.1.

PROOF. For any h € C§°(R?) we have

pesh) = [(D-(a), bt utt))2 7 0(2771) di

1 x A .
- / <_2 D (%) ,h($17$2)> 277277 xy) day
which gives that

1
1
pz (1, x2) = 2T (Z; ) 161_2

X9 ¥ T2 s _
—= 1 = 12792 ay).

Certainly v, . ; is a C5° function. To estimate V(ypp. ;) we use Leibniz’s rule.

a = 1,2 we have:

H[ 8% T Vm(xl,mz))}ﬁ(%—1>2‘j¢(2_jx1)$1_2z—2

1
< 02272n72m7(a71)j < CZQfQNme

(ot i

T

Loe

Loo
S CZZ—n—m—j—ozj S 022—2/{—2771
where in the last estimate we used the fact that on the support of v, u. ;
2 m+kK
2Bl <0 —t1<C
x3 z3 227
and that m < 2j — k 4+ C. Finally
0 —j —j —92,-9 €2 2|z
5p. (2702 2)ar ) W 5 = 1) e — 21]7 (@1, 22)
xl xl Lo

S CZ2—2j—l~e—m S CZQ—QK—Qm

The last estimate follows by our assumption on m. Our lemma is now proved.

For

6. An L? estimate. We remind the reader that all ) considered in this section are in

C and that z is fixed with Rez = —1 . We begin by writing F; as

(6.1) Z ZBj_S ¥ Lo

s>0 jEZ
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where

By = Z )\QCLQ, keZ.

K(Q)=k
If we have that
2
(6.2) for s =0,1,... Z Bj_s%p, < C,a27° Z AQ
JEZ 2

(4.5) will be a consequence of (6.1) and (6.2). Expanding the square out we find that the
left hand side of (6.2) is equal to

Z {HBJ'—S * /‘zyjH%Q +2 Re Z /(Bj—s # fizj) (Bios * pzy) do
(6 3) JEL Jj—3<1<j
v2Re 3 [(Bisue) (B i) do|

i<j—3

If we can show that the expression inside the brackets in (6.3) at most

0
(6.4) C.o27 | Y > g

i=—2 v(Q)=itj—s

then the conclusion will follow by simple summation on j. To prove this it suffices to show
that the expression inside the brackets in (6.3) for j = 0 is less than (6.4) for j = 0. The
general case will follow by a rescaling argument similar to the one in Section 5.

Define a singular measure v, o supported on the parabola (t,¢?) as follows:
v, 0(h) = /h(t,t2)¢(t)t_2z_2 dt, heCy.

For any function h, let h(z) denote the function h(z) = h(—z). For any distribution D,
let D denote the distribution (D, k) = (D, h). The complex conjugate D of a distribution
D is defined by (D,h) = (D, h).

Let h, be the distribution

o0 (251) " [ *1(22) 6y —o

Note that h, is even, i.e. l~1z =h,.

We will need the following lemma:
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Lemma 6.1. There exists a C§°(R?) function (o supported in |z| < 20 such that p, o =
v, 0xh,+Co. Moreover the function (o and its C* norms are all bounded above by constants
which grow at most exponentially in [Im z| as |Im z| — oo.

PROOF. Let g € S(R?). We compute (i 0,9) — (V2.0 * hs,g). We have

(12009) = [(D(u) gt ut)o(@) de
[ e

<Vz,0 * hQO) = <hz7 Dz,O * g>

= (ha(a, 29), / g(@1 + £, 32 + 2)SEE22 dt)
=/2P(2‘2”
-1/

By taking the difference we get

x_g _ 1’ W (% - 1> g(x1, ) drog(x1) day .

1 1

Also

)_1 |wz|2¢(xz)/g(t,a:z + t)p(t)t™2* 2 dt da,

U — a3 (zn — ) g (w1, w2) daad(x1) 2722 day

<Mz,0 V.0 * hz,g / Co 331,332)9(551,552) dry dxo
where

(6~5) CO(xIwTZ) =2r (Z;rl

) a2y — 2 o) (j— _ 1) S

The singularity of |zo — 2%|* at x5 = 27 is cut away by the expression inside the curly

brackets in (6.5) which vanishes when |z5 — 23| < 1/10. Therefore (y(z1,z2) is in C§°(R?)
and is clearly supported in some fixed compact set. The lemma is now proved.

As we remarked before our proof will be complete if we show the following:

||B—8*Hz0||L2+2Re Z /B—s*uzO)(Bz s*,ufzz)d

—3<1t<0
+2Re / —s*,uzo zs*,uzz)d
(6.6) z<23
0
<C.a2 | Y Y g
i=—2 K(Q)=i—s
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We first show

(6.7) IB_s* pzollze < Coa27° > Aq.
K(Q)=—s

We use Lemma 6.1 to write p, 0 = v, * h, + (p. By a formula in [GS] page 359, we get
that
2z|§2|7z71

r'(=3)

Clearly |||~ < C. and thus convolution with k. gives a bounded operator on L2(R?)
with a bound C, that grows at most exponentially in [Im z|. Now we get

ﬁz(&laﬁé) = Swlzo(Dz(xQ + 1))/\ =C * 772(52) .

(6.8) |B—s *v20 % hall7e < Col|Bos ¥ vz |22 -

In [C1] Theorem 3, it has been shown that

(6.9) IB-s*poli- <Ca > Ao
R(Q)=—s

where f is the measure: po(h) = [h(t,t?*)¢o(t) dt and ¢g is a fixed C§° function. A
careful examination of the argument given there shows that the constant C' in (6.9) comes
from Lemmas 6.2 and 6.3 in [C1] and grows at most polynomially in ||¢g||zee, ||¢g|lL-
Setting ¢o(t) = ¢(t)t~2*2 we get that

6.10 B_sxv,0|?2 < Coa A
01l L Q
K(Q)=—s

with a constant C, which grows at most polynomially in |Im z|.
(6.8) and (6.10) give
(6.11) IB_s*vapxhelf: < Coa > Aq.
R(Q)=—s
(6.7) will be proved if we also show
(6.12) IB_s % Goll7e < Cor D> Mg
K(Q)=—s

In the sequel we will use the following simple lemma whose proof we omit.
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Lemma 6.2. For every h € CY(R?) and every Q we have

lag # hl| e < 27 (@20Q@) | 7h] o

To prove (6.12) we argue as follows:

1B_s % Coll2e = /(B_s ) (Bono) = /B_S<B_s ‘o x o) da

(6.13) ) . _
= [ B=sllu [1B—s % o * {ollL= < | B=sllersup >~ Agl(aq * Go * (o) ()|

where the sum ) in (6.13) is taken over all Q@ € C with x(Q) = —s that satisfy

QN (—z 4 support((o * Cy)) # 0.

A combination of Lemmas 6.1 and 6.2 gives that the last term in (6.13) is bounded
above by

(6.14) Co|B_s[pr sup 1279

The sum ) in (6.14) is taken over the same @’s as in (6.13). These @Q’s are contained
in the union of a finite number of fixed cubes ¢ of sidelengths C' translated by the amount
—x. By Lemma 5.2 (iv), > Ag < Ca independently of z. We use 0(Q) < k(Q) < —s to
get

(6.14) < C.||B_4||1:2~ SupZ)\Q <C.027° Y Ag.
(Q)=—s

(6.12) is now proved and so is (6.7).

We now continue proving (6.6). Next we need to show that

0

(6.15) Re Z / s*¥pz0) (Bics*py ) dv < Cra2™° Z Z AQ -

—3<i<0 i=—2 k(Q)=i—s

Apply the Cauchy-Schwartz inequality to bound the ith term in the left hand side of (6.15)
by

| B_s * ,UJz,OHLQHBi—s * ,U%Z‘HL2 <

+ || Bi—s 2.] fori=—1,-2.

25
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We have shown that the first term above is bounded by C,a27° ZR(Q):_S Ag- Rescaling
shows that the second term above is bounded by C.a27°3 o _;_ A . (6.15) now
follows by summing the results for i = —1 and ¢ = —2.

The proof of (6.6) will be complete if we can establish
(6.16) Re ) / B_g# pao)(Biss # 1) < C2a27° > Mg
i<-3 R(Q)=—s

The case i < —3 is different from the case —3 < ¢ < 0, because when ¢ < —3 the
distributions p.; and p, o have disjoint supports. It will turn out that in this case, the
smoothness of p ; * /:1’2,0 as well as the smoothness of 11, ; away from the parabola will be
crucial in the proof of (6.16).

We will use again Lemma 6.1. We have
Hz0 = Vz,0 * hz + CO .

For simplicity call ( = 207 v, = U, 0. Then

The identity
/A(B_*C’) dr = /(A*B)C’ dx

shows that (6.16) will follow from

2.

1<—3

/(Bi—s * oy ¥ ﬁz,O)B—S dx

< C,a27° Z )\Q
k(Q)=—s

which will be a consequence of (6.17) and (6.18).

(6.17) >

/(Bi_s % Uy % B, % uzyi)é_s dx
i<—3

< C,a27° Z AQ
k(Q)=—s

(6.18) >

i<—3

/(BZ-_S * C * ,uz,l-)B_s de| < C,a27° Z AQ -

H(Q)=—s

The proof of (6.18) is based on the following lemma:
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Lemma 6.3. (i) (*p,, is a C§° function supported in {x : |z| < 20},
(i) [|C# prz il e < -,
(ifi) [[V(C# pzi)l[Lee < C.

PROOF. By the definition of p, ; it follows that

(6.19) (C* pzi) (w1, 22) = /(Dz(u>,<(IE1 —t, o — ut?))27 H(27t) dt .

Assertion (i) of the lemma can be easily checked. Differentiation of (6.19) gives

(6.20) V(¢ *psyi)(x1,22) = /(Dz(u), (V) (z1 — t,z0 — ut2)>2_i¢(2_it) dt .

Assertions (ii) and (iii) will be an immediate consequence of (6.19), (6.20) and of

sup (D (u), ((z1 — t, 22 — ut?)) ||~ < C.
tr2i

Sup (D= (u), (VO) (21 = t, w2 — ut?))|| L < Cs.
tr2i

(6.21)

To prove (6.21) we simply use that ( € C§° and that for every h € S(R)
(D2, k)| < Co(|[hllL + |7 [|L) -

The proof of the lemma is now complete.
We now prove (6.18). The left hand side of (6.18) is hounded above by

(6.22) 1B-sllzs D 1Bivs # € # praill o

i<—3
<IB-llr > Y. Aerllag # ¢ * paillne -

i<—3k(Q")=i—s

By Lemmas 6.1 and 6.2, (6.22) is bounded above by

(6.23) ColIB-sllpr Y sup Y Ag27 @ [lag|s

i<-3 ¥ &z

where the sum ) is (6.23) is taken over all Q' € C such that x(Q') = 7 — s and
Q"N (=z +supp(C * pz4)) # ¢-
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To estimate (6.23) we first use that 20(@7) < 2%(@) = 2= and that ||ag/|| < 1. Then
the same reasoning as in the proof of (6.14) shows that ) Ao/ < Co uniformly in . It
follows that

(6.23) < C.|B_glr D 27 supY Mg <C.a27° ) Ag.
i<-3 v R(Q)==s
This finishes the proof of (6.18).
We now turn to the proof of (6.17).

Let 3(t) > 0 be a fixed C§°(R) even function supported in 27! < |¢t| < 2 and satisfying
S en B27™) = 1 for t £ 0.
Fix 1 < —3 and let

Bm(t) = B(277™¢t) for m=1,2,3,... and
Bo(t) =D B2™™).
m<0

We decompose the distribution h, as

—142

> Bm(x2)h .
m=0

For simplicity call g; ., = v, * Bph, * . ; and S; , = support(gi m), m = 0,1,2, ..., —i+2.
Recall that v = Do and vy is supported in {(z1,z2) : x9 = 23, |1] ~ 1}. Thus v is supported
inJ = {(x1,22) : z9 = —22,|z1| ~ 1}. It follows that the support of v*3,,h. is the set of all
points whose vertical distance from J is about 2°7™. Also, the support of y, ; is the set of
points whose vertical distance from the piece of the parabola {(z1, z2) : 2o = 22, |21| ~ 2t}
is less than C2%. It follows that Si m is the union of four “curved rectangles” of constant
length and width at most C2¢+™,

The following two lemmas give us the size estimates for the derivatives of g; y,.
Lemma 6.4. Forr=0,1,2,... ||[V"giollr~ < C, 27011,
Lemma 6.5. Forr=0,1,2,... |V'gimlp= < C.270TDE™M) =12 ... —§ 42

The case m = 0 is studied separately because of the singularity of Boh. at zo = 2.
ProOOF oF LEMMA 6.4. For r =0,1,2,... we have that

IV"giollLe = V" (Bohs % vz # iz i) L =
”ﬁoi_lz * VT(VZ * ,uz,i)“Loo S
V7 (2 % iz poe =+ [supp(Boha)| IV (v # oz i) poe <

IV (v i)l zoe + 2V (v % gz )| 2
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Because of (6.24) the lemma will be proved if we can show that
V" (Vs % s i) |1 < C270FDT >0,
We first find a formula for v, * u, ;. For h € S(R?)
(Vs x pizin h) = (phai, Uz % h) = (124, Vz0 x h) =

(6.25) / / (D.(u), / Bt — s, ut® — 2)g(s)s~ 2 ds)2 (27 71) dt.

By changing variables

Ty =1—s, xgzut2—32
we get that
—s5z—2
(6.25) = / / <Dz(u), 252 1)o(s) S >h(m1,x2) dydzs

In this lemma ¢, s are C* functions of x1, x2 given implicitly by formulas x; =t — s,

To = ut? — s2.

Let’s call ¢,(s) = ¢(s)s™2*72. Then ¢, is a C§° function and y|¢§’”)|\Loo < C,,, for any
r > 0.

We set G(x1,x,u) = 27 (27 ) da(s)(s — ut) ™! and we then have (v, * p. ;)(z1,22) =
(D, (u), G(x1,22,u)). We bound

V" (V2 * piz6) || Loe
by

0
(6.26) sup |I926 )l + | 519360
u~1

u

Computation gives

ou Ou  2(s—ut)’ ou (s —ut)?’
We must show that (6.26) < C,2~(+Di = 0,1,2,3,.... This will follow from the

following estimates:

( sup [ V527 (27 )¢, (s) (s — ut) 1) || e < €27 (P HDI
u~1
sup [| V52721 (271)t2¢, (s) (s — ut) 2) || o < C,27(H11
u~1

(6.27) . . |

Sup | V2 (2 4)6(2 - 0)6 (8)12(s — ut)~2) [ < €2+
ur~1

| sup VL (2770277 ) ¢ (s)t(s — ut) 2|z < C27 DT
u~1
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Observe that t ~2¢, s ~ 1, s —uv ~ 1.
This observation proves (6.27) when r = 0.

For » > 1 we must differentiate with respect to x1, ro and make use of the identities
in (6.28) which follow from the change of variables formulas r; =t — s and x5 = ut? — s*
after implicit differentiation.

P w0
Ory s—ut Ors s —ut

(6.28) ﬁ_ . ﬁ_ 1
Ory s—ut Ors s—ut’

Let’s prove for example the first of the four estimates in (6.27).
Differentiations of (6.28) and the observations ¢t < 1, s ~ 1, s — ut ~ 1 show that

(6.29) sup |Vit| +|Vis| < C., r>1.
u~1

Since V%.¢. is sum of products of derivatives of ¢,, t and s it follows that

sup V3. <c.py, 721,

u~1

Similar argument shows that sup,,; |V%(s — ut) | < C,.

An application of Leibniz’s formula gives

(6.30) sup | V7. (¢ (u)(s —ut) M| < C,p, r>1.

n~1

It suffices to show that

(6.31) sup |V (270p(27%))| < ¢2~ (e

u~1

We have ;
VL2 p(27) < Cr > 27 R o) (270 | Ay (2)

k=0

where the Ay (x) are products of derivatives of ¢ and s. By (6.29), |Ax| < Cy,, therefore

VI e ) < 6 30 271D < ¢
k=0
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(6.30), (6.31) and Leibniz’s formula prove the first of the four estimates in (6.27). Sim-
ilarly we argue for the remaining three.

PROOF OF LEMMA 6.5. We first compute v, * Bmh,. Recall that v, = 132,0 and
b.(x1) = p(x1)27** 2. Let g € S(R?).

<Vz * ﬁmBzag> = <7§z,0 * ﬁmhzyg> = <ﬁmﬁz; Uy % g>

= (Buh.. / g1 — t,20 — %) 6.(1) dt)

:/ By (2 + 22) (%) 6. (—21)g(z1, 22) day dos .

Thus

(V2 * Bmhz)(z) = 20(F51) 71 B2 " o + i) |22 + 217 ps(—21).

It follows easily that B '
HVZ * ﬂmthLoo S sz—z—m

and by Leibniz’s rule
V7 (v * 5mﬁz)||L°° < C’Z’TQ—(T—H)(H—m), r>1.

We bound

IV (i % Vs % Brnh) || e = H/(Dz(u),vr(yz % Bmhz)(x1 —t, 20 — ut?))27'4(27"t) dt

Lo

u

by

2 V" (v, * Bh.) (1 — t, 29 — utz)

(6.32) C, [HV’“(% * Bmh.| L= +sup sup 5

The second term in (6.32) is bounded above by
C., sup ||[t2V™ T (v, % Bh.)(x1 — t, 20 — ut?)|| L~
t~2i
<O, T221—(r+2)(i—|—m) <C, T2—(r—|—1)(i+m) )
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It follows that (6.32) is at most C, .2~ ("1 (+m),

Our lemmas are now proved.

We now introduce some notation. Recall that S; ,, is the support of g;,, . For any
r € R?let S;m(x) = —x + Sim. Let S;jm(az) be the triple of S; ., (z). For Q € R, , with
o >i+mset S(Q) = UzeqS;,, (7). We will need the following two lemmas:

Lemma 6.6. Let Q € C satisfy i +m < o(Q) =0 < 0. Then
() VyeR? [,xsz, (n)(y) do < C27FmF27,

Q'CS(Q)
K(Q) <o

Lemma 6.7. For any z € R? oo A < Ca2itm
QS (2)
r(QN<i+m

Proor. Recall that S;,, is the union of 4 "curved” rectangles of constant length and
width at most C2"*". The same is true for S}, (z) . To prove Lemma 6.7, cover S}, (z)

by C2~2(i+™m) rectangles ¢ in Ritm. itm and for each ¢ apply Lemma 5.2 (iv).
We now prove Lemma 6.6.
(i) Fix any y € R? and consider all x for which y € S;,,(z). The union of all such

Sim(x) is contained in S, (xo) where zo is some point in R? such that y € Sj (o).
Then

1, M

/Q s+ () de < 1Q N S5y (20)].

S} (o) is a union of four “curved rectangles” of horizontal dimension ~ 2¢tm and
vertical dimension ~ C. Since ¢ > i +m it is clear that |Q N S}, (zo)| < C27+Hm 2,

(ii) Since o > i+m, S(Q) is the union of four “curved rectangles” of horizontal dimension
~ 29 and vertical dimension ~ C. S(Q) can be covered by C2727 rectangles in R, , and
for each one of them apply Lemma 5.2 (iv).

We are now ready to prove (6.17).
Decompose the left hand side of (6.17) as I+ II + III where

I=23 X XX X |[J(Biws*gim)Bs dx|

0<=5K(Q)=—s <o m<o—i
o(Q)=c

H=3Y ¥ A% X [[(Bixgm)B. i

0<—5 k(Q)=—s 1<om>o—1i
o(Q)=c
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r = > >, AQ > 2 |f(Bifs *gi,m)st dz|.
<=5 K(Q)=—s >0 m>0
o(Q)=c

The first sum is on o, the second on (), the third on ¢ and the fourth on m. From our
construction m depends on i and therefore we cannot change the order or summation.

We start by proving that

I <C.02™° > Ag.
K(Q)=—s

Fix 0 < —s, Q with 0(Q) = o and k(Q) = —s and also fix ¢ and m.
[ giag dr| <1017 [ B+ )] do

§2‘3”/ Z Aqrlaqr * giml| dx .

Q r(@)=i—s
By Lemmas 6.2 and 6.4 or 6.5 the above is majorized by

(633) CZQ_SU/ Z/)\Q,QO'(Q’)Q—Qi—Qm dx
Q@ g

where the sum Y in (6.33) is taken over all @’ with x(Q’) =i — s that intersect S; ()
(hence contained in S}, (z)). Since 0(Q') < kK(Q') =i — s, (6.33) is majorized by

022—82—30—1'—27”/ D "Aq dz <

Q7

Cz2‘82_3”_i_2m/ / (Z’A@/\Q’I‘lw’(y)) XS7 () (y) dy dv =
Q/s@ \ % ’

OZ2523”27”/ / (Z’/\QfIQ’Ilmf(y)) Xs:, (@)(y) do dy <
s@Ja \5 ’
(6.34)

C 2830 —i=2m /S " > e lQ 1 xer () { / Xs;,,, () () dw} @

where the sum Y’ in (6.34) is taken over all Q' with x(Q’) = i — s which are contained
in S(Q). By Lemma 6.6 (i) the expression inside the brackets in (6.34) is dominated by
C20+m+29  Thus (6.34) is dominated by

< (272702 Y el xer(y) dy
S(@)
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< (C,27%97 0™ Z Ao -

Q'CS(Q)
w(Q)=i—s

Now we sum the expressions above on m < o — i to get
C.27°277 Y A
w(Q)=i—s
Q'CS(Q)

Next, a summation on ¢ < o gives

C.27°277 Y Agr.

w(Q)<o
Q'CS(Q)
Finally, we apply Lemma 6.6 (ii) to bound this expression by C,a27° . Summing over all
Q € C with 0(Q) = 0 and k(Q) = —s and over all 0 < —s we get the desired conclusion
for term I:
I1<C.a27 ) Ag.
K(Q)=—s

We prove similar estimates for IT and III. Fix @, ¢ and m as before. Set 0 = o(Q). Two
applications of Lemma 6.2 give:

‘ / (Bi_s * Gim )i dz| < 2|V (Bis # gim)

(6.35) < C27(|V2giml Lo sup D Agr27(@)

where the sum ) is taken over all Q" with x(Q") = i — s that intersect S; ,,,(x). Since
i—s <i-+m, those Q" are contained in S}, (). First majorize 0(Q’) by x(Q') =i — s.
By Lemma 6.7, > Ao < Ca2"™™ uniformly in z. Thus (6.35) is dominated by

Ca27HHm+i=s||g2g, || poo .
Use Lemmas 6.4 and 6.5 to bound the above by
(6.36) C,q 27 8QmTot2ig=3m=3i _ (7 =859~ 2m9o—1,
To treat III, just sum (6.36) over m and then over i. Use o < i to get

M<C.a27® ) Ag.

H(Q)=-s
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To treat II, rewrite (6.36) as C a2 5202 2(m—o+i)
First sum over m (use m — o + ¢ > 0) and then over ¢ (use i — o < 0) to get

I<C.a27® ) Ao
K(Q)=—s

This concludes the proof of (6.17) and hence of (6.6). Our theorem is now proved.

7. An interpolation theorem and an application. Let H! be the parabolic
Hardy space of Calderén and Torchinsky ([CT1]) as defined in Section 4 and let LP? be
the usual Lorentz spaces as defined in [SWE]. Also let S = {z : 0 < Rez < 1} and
S ={z:0 < Rez < 1}. Fix a pair of Banach spaces Xy, X; continuously embedded in
some Banach space V' such that Xy N X; contains a dense subspace D of both Xy, X;
under the corresponding norms.

Following Calder6n [CA], for the fixed pair Xy, X7 we define F(Xy, X7) to be the set of
all functions F on S with values in X + X, continuous and bounded in S with respect to
the norm X + X7, analytic in S and such that F(it) € Xy is Xo-continuous and tends to
0 as [t| — oo and F(1 +it) € X7 is X;-continuous and tends to 0 as [t| — co. F(Xo, X1)
becomes a Banach space under the norm

1E]lF = sup max (|| F(it)]| x,, [ F(1 +it)|x,) -

Given a real number 6, 0 < 6 < 1, Calderén constructed a subspace [Xo, X1]p of Xo + X3
as follows:

[Xo,Xl]g = {F(G) P e .,Ir(Xo,Xl)} .

By introducing the norm || F||;x, x,], = inf{||F| : F € F(Xo, X1), F(0) = f}, [Xo, X1]o
becomes a Banach space continuously embedded in Xy + Xj.

We next define analytic families of operators. Fix Xy, X; and D as before. Let {T.} be a
family of linear operators indexed by z € S so that for each z, T, is a mapping of functions
in D to measurable functions on R™. Following [SA], {7} is called an analytic family if
for any g € D and for almost all y € R", (T.(g))(y) is analytic in S and continuous on S.
The analytic family {7} is of admissible growth if for all y € D there exists a constant C,
and a constant a < 7 such that

sup log [(T.g)(y)| < Cye™*
zeS

for almost all y € R™. The main result of this section is the following;:
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Theorem 3. Let Xy, X1, D as before, 0 < po, qo, p1, 1 < 00, and let {T,} be
an analytic family of linear operators which is of admissible growth. If for all f € D
| T2 fllrias < cj(2)||fllx, when Rez = j, j = 0,1 for some constants c;(z) that satisfy
loge;(z) < Ae®™mzl - A > 0,0 < a <7, then for all z € S there exists A, > 0 such that
for f €D

(7.1) IT-fllzes < Aclfllixoxi,  when Rez=0

it where
1 1 1-6 0
- — —, - 4+ .
p Do b1 q qo T
Theorem 3 is a result of Y. Sagher [SA] when Xy = LPo:®0 X = [P13 [ [X, X;]p = LP1
and

1-6 0
— + p—

1 1-60 0 1 1-60 0
- = + - = +

PP Pp 4 G @
Our only contribution is the remark that the proof given in [SA] applies to our abstract
setting. For, let f € [Xo, X1]g, [[fll[xy,x,006 = 1. We can find F(z,z) € F(Xo, X1) such
that f(z) = F(z,0). Then F(-,it) € Xy, F(-,1+it) € X; and for almost every y € R",
(TLF (-, 2))(y) is an analytic function of z € S, continuous on S and of admissible growth.
In [SA] the function F' was constructed explicitly (following [HU]). In our case the function
F' is given from the definition of the intermediate space. Sagher’s proof goes through
without using the domain spaces LPo-%  [P1:91  (Note that our pair (p,q) corresponds to
the pair (p, q) in [SA] and vice-versa.) It follows from [SA] that

T F (-, 0)|| s < Ag .

Because of the identity Ty F'(-,0) = f(0) , (7.1) is now proved for z = . To extend (7.1)
for any z with Rez = 0, fix t and apply the theorem to the analytic family {74 }.

We now turn to an application. Let R™ = R?, LPo:90 = [Loe [poa = [2 X, = H!,
X, = L? and let D be the set of all smooth functions with compact support and integral
zero. D is known to be dense in both H! and L?. Let T, = H, defined in Section 3. {H,}
is an analytic family of admissible growth. Proposition 1, Theorem 2 and an application
of Theorem 3 give that

N D

/ 0
H,:[H' L?]y — LPP when  Rez= -2 -1,
Finally, because of (7.2) which can be found in [CT2]

1
(7.2) [H' L%y =LF, - =1-
p
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the proof of theorem 4 is now complete.

8. Final remarks 1. It is not true that H_; maps H! to L!. The following coun-
terexample is in [C1]. Consider the unit cube ) with lower left hand vertex the origin and
define a(x) =1 for z € Q, xr1 > 1/2 and a(z) = —1 for z € Q, 1 < 1/2. A calculation
shows that [{z : |[H_ja(z)| > a}| = Ca™! as @ — 0 and thus H_; cannot be in L!.

2. It is easy to prove that for Rez < |1/p — 1/2| — 3/2, H, doesn’t map LP? — LP for
1 < p < 00. To see this, call fs the characteristic function of the square with left hand
vertex the origin and sidelength 6. Let

A(;:{xGRQ: <x1<2,0<2,<2 and |x2—m%|225}.

N | =

Since

(o) = Coay® o =t (5 - 1)
1

away from the parabola, it follows that
(H.f5)(z)| ~ |z2 — 23|R°%6% for x € A;s.

Therefore

1/p
( / (. f5) (@) d.r) ~ §26Rez+1/p
As

and since || f5||» = 62/, as § — 0, no inequality of the form || H. f||z» < C| f||z» is possible
when 2+ Rez +1/p < 2/p.

3. We do not know whether on the critical line Rez = |1/p —1/2| —3/2, 1 < p < o0,

H, maps LP to LP. This problem is related to finding an H' such that for Rez = —1, H,
maps H' to L'. This is not known even for z = —1.

4. We point out that our result is sharp in the sense that for Rez < 1/p—2, 1 <p < 2,
H, doesn’t map LP to LP*°. For, if this were true for some pair (p, 1 20) below the critical
line, interpolation with endpoints (py ', Re z0), (271, Re 29) would give that H,, maps LP:
to LP* for some p; € (p,2) with (p; ', Rezg) below the critical line contradicting 2.

5. It remains an open problem whether the Hilbert transform along the parabola is
weak type (1,1). However we can show that the associated operators H, are not of weak
type (1,1) when z = —1 4 if and 6 # 0 . To prove this, fix such a z and let f be the
characteristic function of the unit square. Then for  away from the parabola

[(f %K) (@)] ~ [Ka(@)] ~ |57 %y — af[Re2
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Since Rez = —1 , it suffices to prove that the measure of the set

{z:|2zo — 22| > 10& |21 | Hag — 217! > a}

cannot be bounded by Ca~! . An easy examination of this set gives that it has infinite
measure for every a > 0 .

I would like to thank my advisor, Mike Christ, who gave me guidance, encouragement
and inspiring suggestions during our stay at MSRI, where this work was completed.
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