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Abstract Let p € [1,00) and X be a ball Banach function space on R” with an absolutely

continuous norm for which the Hardy-Littlewood maximal operator is bounded on (X'/?)’,

the associate (dual) space of its 1/p-convexification. The purpose of this work is to establish
"ot (B

the fundamental formula
1
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for any f € X, where I' is the Gamma function. This identity coincides with the celebrated
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classical formula of Bourgain, Brezis, and Mironescu [22], [12] when X = LP(R"), but it
is new for general X, in particular for X = LI(R") (1 < p < g < co). Translation invari-
ance plays a vital role in the proof of this formula in its aforementioned standard proofs
in [22], [12]. But translation invariance may not be valid for ball Banach function spaces, nor
is there an explicit expression for the associated norm. The authors overcome these obstacles
via a key weighted estimate, obtained using fine geometric properties of adjacent systems
of dyadic cubes, and Poincaré’s inequality. This estimate is then combined with harmonic
analysis tools, such as extrapolation and the boundedness of the Hardy—Littlewood maximal
operator, to derive the desired formula. Applications of this limiting identity yield new char-
acterizations of ball Banach Sobolev spaces. Explicit spaces X for which these results apply
are Morrey spaces, mixed-norm (resp., weighted or variable) Lebesgue spaces, Orlicz(-slice)
(or generalized amalgam) spaces, and Lorentz spaces.
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1 Introduction

For a given s € (0,1) and p € [1, o), the homogeneous fractional Sobolev space W*P(R™),
introduced by Gagliardo in [44], is defined as the set of all the measurable functions f on R" for

which the semi-norm
1
_ - lf(x) = fOI »
||f||WS,P(Rn) = [fn fn dedy (11)

is finite. The spaces W*P(R") measure smoothness in an essential way and play fundamental
roles in harmonic analysis and partial differential equations; for instance we refer to [14, 15, 20]
for recent applications in Gagliardo—Nirenberg inequalities, to [75, 81, 17, 18, 85, 39, 34] for
applications in the theory of Sobolev spaces, to [48, 41] for applications in the theory of Lebesgue
and Besov—Sobolev spaces, and to [74, 24, 25, 77] for applications in partial differential equations.

We denote the gradient (in the sense of distributions) of a weakly differentiable function f on
R"by Vf := (01 f,...,0,f) and, for any j € {1,...,n}, d;f denotes the j-th weak derivative of f,
namely, for any ¢ € CZ°(R") (the set of all infinitely differentiable functions with compact support),

fR 009900 dx = - fR ) d.

A well-known deficiency of the Gagliardo semi-norm in (1.1) is that || f IIW.V,,;(R") does not converge
to the homogeneous Sobolev semi-norm ||f||W1,p(R,,) = [[IVflllzrrry when s — 17 (by s — 1~
we mean s € (0,1) and s — 1). Indeed, if f is a non-constant measurable function on R”, then
WA llyyspgny — o0 as s — 175 see [12, 21, 22]. This ‘defect’ was nicely amended by Bourgain,
Brezis, and Mironescu in their fundamental work [22] on this topic. On general smooth and
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bounded domains €, the idea in [22] was to recover |||V f]||r(q) as the limit of the expressions
1 - 9lf ||[V)'V&p @ as s — 17. Later, Brezis [12] extended this formula to the entire R". Today
the following identity is referred to as the Bourgain—Brezis—Mironescu (BBM) formula on R":
precisely, for any p € (1, c0) and any f € W!”(R") one has

tim (1 =) [ LOTEE ayax= SR w1, (12
n Rn

s—1- IX y|n+¥p

where
2n"2 T ()

r(%)
with e being some unit vector in R” and do(¢) the surface Lebesgue measure on the unit sphere
S" ! of R”. The fact that the constant K(p,n) is independent of the choice of e € S" ! can be
seen by changing variables via an orthogonal transformation of the sphere. The precise value of
the constant can be derived by the identity in Appendix D3 in [47]. This is done at the end of the
paper.

We refer to [11] for applications of BBM formula on Triebel-Lizorkin spaces, to [23] concern-
ing limiting embeddings of fractional Sobolev spaces, to [49, 72] on metric measure spaces, and
to [35, 100, 76, 86, 82, 70, 40] concerning other applications in the theory of Sobolev spaces.

Next we discuss a few ideas from the proof of (1.2) in [12]. In view of the fact that the set of
twice continuously differentiable functions with compact support, C2(R"), is dense in WHP(R"), it
suffices to first prove (1.2) for any f € CE(R”) and then extend it to W1P(R"). Here and thereafter,
for any given p € [1, o), the inhomogeneous Sobolev space WhP(R") is defined to be the set of all
the measurable functions f on R” for which the following norm is finite

K(p,n) := Lﬂl | - el do (&) = (1.3)

||f||wl,p(Rn) = ||f||Ll’(R”) + V£l ||Lp(Rn) .

Since the norm of W?(R") has an explicit expression, Brezis in [12] proved the validity of the
BBM formula for C2(R") via a change of variables and Fubini’s theorem. Then using a known
classical characterization of W!P(R") (see [13, Proposition 9.3]), whose proof strongly depends
on the translation invariance of the Lebesgue measure, one can extend the BBM formula from
C2(R™) to W'"P(R™). Thus, both translation invariance and the explicit expression of the LP(R")
norm play a vital role in the proof of the BBM formula (1.2) in [12].

Recently, Brezis, Van Schaftingen, and Yung [19] discovered an alternative way to amend the
aforementioned continuity deficiency of the norm || - Ilyps.p gy in (1.1) as s — 17. They showed that
replacing the LP(R” X R") norm in (1.1) by L”*(R" x R") (the weak L? quasi-norm) produces an
expression equivalent to || [V f]|[z»r») when s = 1. Later, Dai et al. [33] extended the result in [19]
to ball Banach function spaces (Definition 2.1). Given these recent advances, it is quite natural to
ask whether or not the BBM formula holds for general ball Banach function spaces. In this article
we precisely answer this question in a positive way.

Ball (quasi-)Banach function spaces were introduced by Sawano et al. [93] in an attempt to
unify the study of several important function spaces. In particular, ball (quasi-)Banach function
spaces include Morrey spaces, mixed-norm Lebesgue spaces, weighted Lebesgue spaces, vari-
able Lebesgue spaces, Orlicz spaces, Orlicz-slice spaces, and Lorentz spaces (see, respectively,
Subsections 5.1 through 5.7 below for definitions and historical notes). Topics related to ball
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(quasi-)Banach function spaces can be found in [26, 90, 93, 105, 106] (concerning Hardy spaces
associated with them), in [51, 101, 107] (on the boundedness of operators between them), and in
[55, 59, 60, 98, 102] (for further applications).

As a somewhat surprising consequence of our work, the following BBM formula holds: for any
given ¢ € (1,00) and p € [1,q], and for any f € WH4(R™),

i (1— ) f[ @) = fOI dy]p "
s—1- o | Jpn |x_y|n+sp

Ko,
B 19 4112 (1.4)

with K(p,n) as in (1.3). So the appearance of the mixed norm on the left does not alter the limiting
behavior of the expression as s — 17. In the case of ¢ = p, (1.4) just reduces to (1.2).

In this article we establish the following analogue of (1.2) for a given ball Banach function
space X that satisfies some mild additional hypotheses (see Theorems 4.12): given p € [1, o) and
IV f| € X we have

Iim (1 — )
s—1-

L)P
D) — P P
[T ) =K . (15)

[l

K(p,n)
P

X

Formula (1.5) yields asymptotics for the fractional Sobolev-type semi-norm involving differ-
ences of the function f as s — 17. Finding an appropriate way to study asymptotics and/or
to characterize functions in terms of their finite differences is a notoriously difficult problem in
approximation theory, even for certain simple weighted Lebesgue spaces in one dimension (see
[66, 73] and the references therein). A major difficulty arises from the fact that the difference
operators Ay f := f(- + h) — f(-) for h € R" may be unbounded on weighted Lebesgue spaces.

The main contribution of this work in proving (1.5) is to overcome the difficulties caused by
the deficiency of the explicit expression and the translation invariance of the norm of X; both of
these are quite crucial in the proof of the BBM formula on LP(R"). We bypass the issue of the
deficiency of the explicit expression of the norm of X by exploiting the local doubling property
of X (Definition 2.10); see Theorem 2.13. Secondly we extend the BBM formula to the entire
ball Banach Sobolev space (Theorem 3.4), via extrapolation [31] and the boundedness of the
Hardy-Littlewood maximal operator. To achieve this goal we establish an extension lemma on
general ball Banach function spaces (Lemma 3.34) by first obtaining a key estimate on weighted
Lebesgue spaces equipped with Muckenhoupt weights (Lemma 3.23). Note that our expression
in (3.12) is no longer the integral ﬁ&n jén -+ dxdy, but the integral fR" [ fR" e dy] w(x)dx, which
is not symmetric with respect to x and y. This causes additional technical difficulties in the proof
of this weighted estimate. Indeed, the proof of Lemma 3.23 is fairly nontrivial because the proof
in the unweighted case in [12] heavily depends on the translation invariance of the L”(R") norm,
which seems to be inapplicable in the weighted case here. To overcome this obstacle, we make
full use of fine geometric properties of systems of adjacent dyadic cubes in R" (see, for instance,
[69, Section 2.2]) and appeal to the Poincaré inequality. The main result of this article is precisely
stated in Theorem 3.36.
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This article is organized as follows: Section 2 is devoted to the proof of Theorem 2.7 which
provides a special case of our main result for C2(R") functions. This section begins with pre-
liminaries regarding ball Banach function spaces. Then we introduce Sobolev spaces associated
with ball Banach function spaces by defining a new Sobolev-type space W!X(R"), called the ball
Banach Sobolev space (see Definition 2.6). In this section, we also introduce the concept of the lo-
cally S-doubling condition (see Definition 2.10) to overcome the difficulty caused by the deficiency
of the explicit expression of the norm of X and show the sufficiency of the locally S-doubling con-
dition, namely, Lemma 2.18. Finally, we obtain the BBM formula on ball Banach function spaces
for C%(R") functions.

The purpose of Section 3 is to generalize the BBM formula (1.2) to ball Banach function spaces;
this result is contained in Theorem 3.4. To achieve this, we first prove that CZ°(R") is dense in
WX (R") under some mild additional hypotheses on X (see Corollary 3.19). Thus, to prove The-
orem 3.4, it is sufficient to establish the key estimate (3.12) on weighted Lebesgue spaces (see
Lemma 3.23), which characterizes the relation between the W”(R") semi-norm and the W) (R")
semi-norm, and which plays an essential role in the process of extending (3.2) from C2(R") func-
tions to W!X(R") functions. Finally, we prove Theorem 3.4 via the approach of the extrapolation
which connects ball Banach function spaces and weighted Lebesgue spaces.

In Section 4, borrowing some ideas from [22], we establish the lower estimate of (1.5) (see
Theorem 4.1). Moreover, the upper estimate of (1.5) comes from the BBM formula in ball Banach
function spaces, namely, Theorem 3.4. Combining these two estimates, we further establish the
characterization of the ball Banach Sobolev space W!'*(R") (see Theorem 4.8).

In Section 5, we apply the results obtained in Sections 2, 3, and 4, respectively, to X := MZ(R")
(the Morrey space), X := LPO(R™) (the variable Lebesgue space), X := LP(R") (the mixed-norm
Lebesgue space), X := L’ (R") (the weighted Lebesgue space), X := L®(R™) (the Orlicz space),
X = (Eg):(R") (the Orlicz-slice space or the generalized amalgam space), and X := L?"(R") (the
Lorentz space).

We outline the basics of our notation. We let N := {1,2,...} and Z, := N U {0}. We denote by
C’C‘(R”) and C°(R") the space of all k-order (k € N) continuously differentiable functions on R”
with compact support, and the space of all infinitely differentiable functions on R"” with compact
support, respectively. The space of continuous functions on R"” with compact support is denoted by
C.(R™). We use the symbol .Z (R") for the space of all measurable functions on R”. In addition, we
denote by Lioc (0, o) [resp., Lioc (R™)] the set of all locally integrable functions on (0, o) (resp.,
on R"). For any function f on R", we let supp (f) := {x € R" : f(x) # 0}. The letter C will
represent a positive constant which is independent of the main parameters, but may vary from line
to line. We also use Cq,..) to indicate a positive constant depending on the underlying parameters
a,f,.... Thesymbol f < gmeansthat f < Cg. If f S gandg < f, wethenwrite f ~ g. If f < Cg
andg=horg<h,wethenwrite f S g~hor f<Sg< h ratherthan f Sg=hor f <g<h We
use 0 to denote the origin of R". If E is a subset of R”, we denote by 1 its characteristic function
and, for any bounded measurable set E C R" with |E| # 0, and f € LllOC (R™), let

ff(x)a’x::Lff(x)dx =: f&.
E \El JE

The Lebesgue measure of a measurable set £ C R” is indicated by |E|. In addition, we denote by o
the surface Lebesgue measure on the unit sphere S"~! of R”. A cube in this article will always have
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its edges parallel to the coordinate axes, and need not be open or closed. We use £(Q) to denote the
side length of a cube Q of R". For any x € R" and r € (0, 0), we let B(x,r) :={y e R" : [x—y| < r}
and

B :={B(x,r): xeR"and r € (0, 0)}. (1.6)

For any a € (0, o) and any ball B := B(xp, rg) in R", with xg € R" and rp € (0, ), let aB :=
B(xp,arp). Finally, for any ¢ € [1, o], we denote by ¢’ its conjugate exponent, which satisfies
1/g+1/q =1.

2 Asymptotics of C2(R") functions in terms of ball Banach Sobolev
norms

In this section, we prove identity (1.5) on ball Banach function spaces for functions f € Cg(R”).
This space is an important subclass of functions for which Theorem 3.4 is valid.
We review the basics related to ball quasi-Banach function spaces as introduced in [93].

Definition 2.1. A quasi-Banach space X of complex-valued functions defined on R”, equipped
with a quasi-norm || - ||y [which is defined on the entire .# (R")], is called a ball quasi-Banach
function space (in short, BQBF space) if it satisfies

(i) f e .#[®R") and ||f]lx = 0 imply that f = 0 almost everywhere;
(i1) f, g € A4 (R") and |g| < |f| almost everywhere imply that ||g|lx < ||fllx;

(i) {fin}men € A R"), f € A R"),and 0 < f,, T f almost everywhere as m — oo imply that
Il fmllx T Il fllx as m — oo;

(iv) B € B implies that 15 € X, where B is as in (1.6).

Moreover, a ball quasi-Banach function space X is called a ball Banach function space (in short,
BBF space) if the quasi-norm of X satisfies the triangle inequality: for any f, g € X,

If + gllx < I1fllx + llgllx,

and that, for any B € B, there exists a positive constant C(p) so that for any f € X we have

fBlf(X)ldx < C)llfllx-

Remark 2.2. (i) Let X be a ball quasi-Banach function space. By [103, Remark 2.6(i)] (see
also [104]), we conclude that, for any f € .Z(R"), ||fllx = 0 if and only if f = 0 almost
everywhere.

(i) As was mentioned in [103, Remark 2.6(ii)] (see also [104]), we obtain an equivalent for-
mulation of Definition 2.1 via replacing any ball B therein by any bounded measurable set
E.
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(iii) We point out that, in Definition 2.1(iv), if we replace the balls B by arbitrary measurable
sets E with |E| < oo, we obtain the definition of (quasi-)Banach function spaces which were
originally introduced in [10, Definition 1.1 and 1.3]. Thus, a (quasi-)Banach function space
is also a ball (quasi-)Banach function space.

(iv) By [36, Theorem 2], we conclude that both (ii) and (iii) of Definition 2.1 imply that any ball
quasi-Banach function space is complete.

(v) From both (iv) and (ii) of Definition 2.1, it is easy to deduce that C.(R") C X.

We now introduce the concept of the approximation of the identity of radial type on R”. In the
sequel, € — 0" means € € (0,0) and € — 0.

Definition 2.3. A family {pc}ee0,00) Of locally integrable functions on (0, co) is called an approx-
imation of the identity of radial type on R" (for short, a radial-AT]) if, for any € € (0, ), pe is
nonnegative, it satisfies

f pe(rtdr =1, 2.1)
0
and, for any ¢ € (0, c0),
lim pe(rdr = 0. (2.2)
e—0* Js

Moreover, an approximation of the identity of radial type on R", {pc}ec(0,00), is called a decreasing
approximation of the identity of radial type on R" (for short, a decreasing-radial-ATI) if, for any
given € € (0, 00), p. is decreasing on (0, c0).

For the convenience of the reader, we present two decreasing-radial-ATIs here. We refer the
reader to [12, 22] for more examples of (decreasing-)radial-ATIs. These two examples are as
follows, which can be found, for instance, in [47, Example 1.2.17] or [95, p. 111].

Example 2.4. Let ¢ be a nonnegative bounded decreasing radial integrable function on R" such
that supp (¢) C B(0, 1) and j;{n ¢(x)dx =1, and let

pelr) := €"p(e'r)

1
O'(S”_l)
for any r € (0, 00) and for any given € € (0, 0). Then {pe}ee0,0) is a decreasing-radial-ATl.

Example 2.5. For any given € € (0, o) and for any r € (0, ), let

1 —r2/46
o(S"1) (4meyn/? ’

pe(r) :=

Then {pelec(o,00) s a decreasing-radial-ATL
Next, we extend the concept of Sobolev spaces to ball Banach function spaces.

Definition 2.6. Let X be a ball Banach function space. The ball Banach Sobolev space WX (R")
is defined to be the set of all the measurable functions f on R" such that

W llwrxeny == IIf1lx + 11V fIx < oo,
where Vf := (01 f,...,0,f) is the distributional gradient of f.
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The main result of this section is the following theorem, which provides a generalization of the
BBM formula in C2(R"); this plays a vital role in the proof of Theorem 3.4 below.

Theorem 2.7. Let X be a ball Banach function space, p € [1,0), and {pe}ec0,00) be a radial-ATI.
Assume that X and {p¢} satisfy that, for any given M € (0, 00), there exists an N € (0, o) such that

1
: (= NE
lim [ f PV ay]” 1pmsom| = 0. (2.3)
=0 11| Jpo.ary |- =P X
Then, for any f € C2(R™),
O = FOI d
o) — P
lim [f L el - —yl)dy] = K(p,n) IIVAIIIg, (2.4)
0 [ Jpe |- =P X
where K(p,n) is as in (1.3).
Proof. We first focus our attention to proving that
O — FOI i
) — p
lim sup [ LT el - —yl)dy] < K(p,n) 11V f11l% - (2.5)
0t ||LJre |- =yIP X

Since f € C’g(R”), it follows that there exists a ball B(0, M) with M € (0, co) such that supp (f) is
contained in B(0, M). Let N € 2M + 1,00) and 6 € (0, 1). Then

3 f\P 5
Je:= [ o= sk pe(|-—y|>dy]
R P .
<JPG) + IP6,N) + 1P W), (2.6)
where ]
D) — 14 ?
IV 6) = [ | Mpgu-—ybdy] ,
eRrr: l—yl<sy 1= X
[ D) — p %
JOGN) = f VOO _pay|'|
| Jyerr: s<p—yi<any |- =0IP Il
and 1
[ ) — p P
JOW) = f Mpeq-—ybdy]
| Jiyerr: |—yiz2ny |- =017 X

We first consider JS) (N). Observe that, for any x, y € [B(0, M)]C, |f(x) — f(»)| = 0. Moreover, for
any x € R” satisfying |x| € [M, N), we have B(O,M) N {y € R" : |x —y| > 2N} = (. From these
facts and (2.1), we deduce that, for any given N € (2M + 1, o0) and for any € € (0, co) we have

JOWN)
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<

3 — p 7
f Mpe(l'—yl)dy] 1g0.m)
{yeRrn: [—ylz2ny =P

X

1

lfO)IP »

f SPel - =y dy | 1pw.ny\Bo.M)
BOM)N{yeR: [—y=2n} |+ =

) :
[jl; O pe(l- =y dy] an\B(O,N)

o.m |- =P

+

+ |

-1
S N7 fllze e, llx

1

pe(| : _y|) ]p
————dy| lrmpon
[fB(O,M) [-=ylP \BOM

1
pe(l - =y ]”
————dy| lgmponN)
jI;(O,M) |- =ylP

By this and (2.3), we conclude that, for any given sufficiently large N € (2M + 1, 00),

X

X

+ L f Nl ey

X

~N1 4

X

limsup JP(N) < N1

e—0"

This further implies that, for any given { € (0, o), there exists an N € (2M + 1, co) such that

lim sup JP (V) < ¢. (2.7)

e—0"

Then we fix an N € (2M + 1, 00) such that (2.7) holds and we estimate JLZ)((Z N). Observe that,
for any x € [B(0,2N + M)]C and y € R" satisfying |x — y| € [4,2N), f(x) = f(y) = O from
the support condition of f. Moreover, since f € C2(R"), from the mean value theorem and the
Cauchy—Schwarz inequality, it follows that, for any x, y € R",

1f () = FO < VUl oo gy X = Y-

Using these and (2.2), we conclude that, for any ¢ € (0, 1),

JO6.N)
/)= fIP ’
= [ f —————p(|- =YD dy| 1poan+m)
(yeRn: o<l —yl<2ny | =IP X
7
< VAUl o gy [f pel- =y d)’] 10.2n+m)
{yeR": 6<|-—y|<2N} X

1

0 P
<V A1l oy MB02v+allx [a(S"—l) fé pe(r)r! dr] -0

as € — 0%, which implies that
lim sup J? (5, N) = 0. (2.8)

e—0*
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Finally, we deal with term J{"(5). Notice that, for any x, y € R", if | f(x)— f()| # O and |x—y| < 6,
then x € B(0, M + 1). By this, together with Minkowski’s inequality and the assumption that X is
a BBF space, we obtain, for any ¢ € (0, 1) and € € (0, c0),

J6) = [ L. WD ZIOP, gy drdcr(f)r Lo
< JD©) + I826), ’ (2.9)
where 1
J&0) = [ fs fo VO drda(f)]” Lpo.re1)
and ’

w2y =|| [ [ RrRes0.

gn-1

1
xpe(r)" dr d0(§)] " Lnonsny

X

Since f € Cg(R”), from Taylor’s remainder theorem, it follows that, for any x := (xq,..., x,) € R,
re(0,6],and & 1= (&1,...,&,) € S*!, there exists a 6 € (0, 1) such that

O f(x+ Qrf)

25)6, fz'fj-

flx+1€) = f0) +rE- V() + 1 Z

This, combined with the Cauchy—Schwarz inequality, implies that there exists a positive constant
C(y), depending only on f, such that, for any x € R", r € (0,6], and £ € sl

‘f()Hrf)—f(X)
r

—-&-Vf(x)| < n2C(f)r < nZC(f)(S.

Using this and (2.1), we conclude that, for any given 6 € (0, 1) and for any € € (0, o),

g P
I8P < n2C(f>5||13(0,M+1)||X [O'(S"_l)f pe(r)r! dr]
0
< n*Cipd |[Lpo | [o(8" D17,

which further implies that
T8 < Cipmyd, (2.10)

where C (s, is a positive constant depending only on both f and n. For ng’l)(é), by the assumption
that supp (f) € B(0, M) and (2.1), we have, for any € € (0, o),

1
& P
JS%):[K(p,n) INCa dr] 19185041
0
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L
- [K(p, n) fo " ey dr] "IV
< [K(p.m1"P IV flllx
with K(p, n) as in (1.3). This, together with (2.6) and (2.9), yields that, for any € € (0, 00),
Je < K(p,m1"P 11V A1l + I8 (0) + T2 (6, N) + IO ).

Combining this inequality with (2.7), (2.8), and (2.10), it follows that, for any € (0, o) and
0 €(0,1) one has
limsup J < [K(p,m)]"? IV flllx + Cpny + £

e—0*

By this and the arbitrariness of both ¢ and £, we finally obtain

LP

D) — r P
[ECE iy dy]

< K(p,n) IIVAIIE,
[-=ylP

X

lim sup
e—0*

which implies the validity of (2.5).
Based on (2.5), to prove (2.4), it suffices to show that

1P

»
K(p,n) [IVAIIE < lierg(i)gf pe(l - =D dY} (2.11)

[ lfC) = fOIr
re | =IP

X

Since f € C2(R"), from the Taylor expansion and the mean value theorem, it follows that there
exists a positive constant L such that, for any x, 7 € R”,

fCe+h) = f(0) = h- V(| < LI
Using this, we find that, for any x, h € R",
b= V)l < |f(x+ h) = f(0)] + LIAP. (2.12)
Recall that, for any 6 € (0, 1), there is a positive constant Cy such that, for any a, b € (0, o),
(a+ b)Y <1 +60)a’ + Cyb?

(see, for instance, [12, p.699]). By this and (2.12), we conclude that, for any x, 2 € R", and
0€(,1),
h- VP < (1 +0)f(x+h) = f)IF + CoLP IR,

which further implies that

h-VfCP z
f W YT, by dh|” 1soan
I[ po,y AP X
e :
< +0)r [ f Wmmndk] Lo
B(0,1) X
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1

P
+ (CoLP)' /P [ f o |8IPpe(|l) dh] |150.00|) - (2.13)
B(0,

Observe that, for any x € R",

h-V p 1
f - V7P pe(lh)dh = K(p, n)IVf(x)I”f pe(rdr
B©,1) |h|P 0

and, by (2.1) and (2.2), we conclude that

e—0"

lim 1P pe(|hl) dh = O
B(0,1)

(see, for instance, [12, p. 700]). Using these, the assumption that supp (f) € B(0, M), (2.1), (2.2),
and (2.13), we conclude that, for any given 8 € (0, 1),

K(p,m 1Vl

1
= K(p.n) || IV f0.an [} tim inf fo pelrydr

1 p
1 ?
= lim (i)nf [K(p, n)|Vf] f pe(l’)r"_ldr] 1p0.m)
e—07*
0 X
h- VFOP ; ’
. . P
= liminf [ f —Pe(lhl)dh] 10,1
e-0° Bo.y AP ¥
i p
-+ h) = )P P
< (1+6) liminf f Mpeahndh]p Ty
€07 B(O,1) |hlP ¥
From this, we deduce that
K(p,m 11V 115
) i P
-+ h) - Y14 P
< liminf f Mpe(lhl)dh}plmo,m
e—0* | JB(0,1) |h|p x
i . 1 p
D) — P
< lim inf f Mpfﬂhbdh} 10,
=07 || Jpyerr: j—yi<ty =17 X
) i P
D — p »
<timinf [| [ LOZSOP i dh]" Lso.m)
e—0* | JRn | . _y|p x
This implies that (2.11) holds and then finishes the proof of Theorem 2.7. O

Now, we compare the results of Theorem 2.7 with the classical BBM formula in [12, Theorems
2 and 3].
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Remark 2.8. If X := LP(R") and {pe}ec(0,00) 15 a radial-ATI, then (2.4) is valid. Indeed, for any
given M € (0,0), let N € 2M + 1, c0). By some simple calculations, we obtain

1
pell- =y |7
f E—p dy 1R”\B(0,N)
Bo.M) |-Vl LP(R7)

) |Al
< lim f f pe(lhD 1rn\Bo.n/2)(h) dh dy
e—0" B(O,M) n |h|]7

< lim pe(r)r”_1 dr =0.
e—0* N/2

p

lim
e—0+

In this case, Theorem 2.7 is just [12, Theorems 2 and 3] restricted to f € CE(R”).

Definition 2.9. [93, Definition 2.6] Assume that X is a ball quasi-Banach function space and let
p € (0,00). The p-convexification of X is defined as the space X? := {f € .#ZR") : |fIP € X}
equipped with the quasi-norm || fl|x» := || | fI”|| ;(/ P,

For instance the 1/p-convexification of LP(R") is L'(R™) and of weak LP(R") is weak L!(R").
We now introduce the following locally S-doubling concept of ball quasi-Banach function spaces.

Definition 2.10. Let X be a ball quasi-Banach function space and 8 € (0, o). Then X is said to
be locally B-doubling if there exists a positive constant C such that, for any B := B(0,r) € B with
r € (0,00)and a € [1, ),

Masllx < Ca’1llx -

The following proposition is a direct conclusion of both Definitions 2.9 and 2.10.

Proposition 2.11. Let X be a ball quasi-Banach function space, 3 € (0, 00), and p € (0, 00). Then
X is locally B-doubling if and only if X? is locally B/ p-doubling.

Proof. From the definition of X”, we deduce that, for any B := B(0,r) € B with r € (0, c0), and
for any «a € [1, o),
Masllxr = aslly” < @/PI151" ~ /P 151y
if and only if
aslly = Masll, < 11515, ~ o |15l -

This finishes the proof of Proposition 2.11. O

The following lemma shows the sufficiency of the condition (2.3) in Theorem 2.7.

Lemma 2.12. Let X be a ball Banach function space, p € [1,00), and {pe}ec(0,00) be a decreasing-
radial-ATI. Assume that X is locally B-doubling with 8 € (0,1 + n/p). Then given M € (0, c0)
there exists an N € (0, o) such that (2.3) is valid.

Proof. Given M > 0 we pick N € (2M + 1,00). Observe that, for any x, y € R" satisfying
|x| € [N, 00) and |y| € [0, M), we must have |x — y| > |x|/2. Using this fact and the assumption that
pe 1s decreasing on (0, o0) for any € € (0, o), we conclude that, for any € € (0, ),

1 ’
pe(| - —J’|)d)’] 1rm BN
[L(O,M) |- —ylr"c \BON)

X
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loe(| - 1/2)1"/7
-]

1rn\B0,N)

X

Using this estimate, the assumption that X is locally S-doubling when 8 € (0, 1 + n/p), that p, is
decreasing on (0, co) for any € € (0, o0), Holder’s inequality for series, and (2.2), we deduce that

I

1 P
[ f ———pe(| - =y dy] 1rn\Bo0,N)
B0, M)| —ylP

[oe(l-1/D1'F |/2)]1/”

X

B(0,2/N)\B(0,2/-1N)
X

< Z(szrl[pe(zf‘zN)]”f’ 1502l

g 1

Z QNP pe@2NNYP |10,
j=1
1 1

00 I
Z(Z.iN)(ﬁ—l—n/P)p"

J=1

D @INY'p(27N)

Lj=1

> f |  pell dx
“T1 JBO2IN)\BO.22N)

~ f pe(r)r"_ldr}p -0
L[ JN/4

as € — 0%. This finishes the proof of Lemma 2.12. O

A

P

A

As a consequence of both Theorem 2.7 and Lemma 2.12, we derive the following conclusion.

Theorem 2.13. Let X be a ball Banach function space, p € [1, ), and {pe}ec(0,00) be a decreasing-
radial-AT1. Assume that X is locally B-doubling with B € (0,1 + n/p). Then (2.4) holds for any
function f € C2(R™).

Remark 2.14. Let g € [1,00), X := LY(R"), and {pe}ec(0,00) be a decreasing-radial-ATI. In this
case, X is locally S-doubling with § = n/q. Thus, when p € [1, o), X is locally S-doubling with
B € (0,1 +n/p)if and only if n(1/g — 1/p) < 1. From this we deduce that if n(1/g — 1/p) < 1,
then for any f € C2(R") we have

LP
D) — 14 »
. [ [CE dy]
0 e -2l LI®)
= K(po) 11V - 2.14)

As a consequence of Theorem 2.13, we have the following conclusion.
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Theorem 2.15. Let X be a ball Banach function space and p € [1,0). Assume that X is locally
B-doubling with 8 € (0,1 + n/p). Then, for any function f € C2(R") we have

lim (1 - 5) - Kp.m)

s—1-

P
[ LfC) = fOIF dy]”
Rn

| . _y|n+sp ” |Vf| ”X ’ (215)

X
with K(p,n) as in (1.3).

Before we prove Theorem 2.15, we provide two observations related to both Theorems 2.13
and 2.15. In what follows, for a given p € (0, o), we denote by LlOC (R™) the space of all the
measurable functions whose p-th power is integrable over compact subsets of R".

Remark 2.16. (i) Let g € [1,00) and X := LY(R"). In this case, X is locally n/g-doubling.
Thus, when p € [1,00), X is locally n/g-doubling with n/q € (0,1 + n/p) if and only if
n(1/q — 1/p) < 1. From this and Theorem 2.15 we deduce that, if n(1/g — 1/p) < 1, then
for any function f € Cg(R") we have

Iim (1 — )

s—1-

P
[ If O = fOlP dy]”
Rn

i

La(R™)

K >
LGNV 2.16)

Thus, Theorem 2.15 with X = LY(R") and p = g is exactly the classical BBM formula (1.2)
for C2(R™) functions, while the case p # g is new.

(i1) Let p, g € [1, o0) satisfy nmax{0,1/q — 1/p} < s < 1. By [54, Theorem 1.3], we conclude
that, if £ € LT"PV(R"), then f € F3_,(R") if and only if

1
Q)= fr |
I:= ||f||Lq(Rn) + W d < 00
R y La(rm)
and, moreover, in this case,
L~ fllEs @ (2.17)

with the positive equivalence constants independent of f, where F; ,(R") denotes the clas-
sical Triebel-Lizorkin spaces (see [99, Section 2.3] for the precise definition). Using (2.17)
we have that, for any given p € [1,00) and s € (0,1), F}, ,(R") = W*P(R") with equiva-
lent norms. Also, from [54, Theorem 1.5], we deduce that, under the assumptions that p,
q € [1,00), then (2.17) is valid only if n max{0, 1/g — 1/p} < s < 1. Moreover, using both

(i) and (ii) of [33, Theorem 3.2] we conclude that, when s = 1, then
1
[ O FOI } _
y = &

Rn

. —y|ntp
|- =yl La@)

unless f is a constant. Thus, the Gagliardo semi-norm in (2.17) does not recover the Triebel—
Lizorkin semi-norm || - || Fl,®m 88 8 = 17. (Recall the well-known identity F; LR =
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W4(R") with equivalent norms; see [99]). In this sense, the assumption n(1/q — 1/p) < 1
in (i) is optimal. This indicates that the requirement 8 € (0, 1 + n/p) in both Theorems 2.13
and 2.15 is also optimal.

The next lemma provides an essential tool that plays a vital role in the proof of Theorem 2.15.

Lemma 2.17. Let X be a ball Banach function space and p € [1,0). Assume that X is locally
B-doubling with 8 € (0,1 + n/p). Then, forany f € X N Lfoc (R™) with compact support,

[ [ fO- O ]5
o
YER?: [—ylz(1-5)-12) |+ =[P

Proof. Let fe XN L’l’oC (R™) have compact support. Then there is a ball B(0, M) with M € (0, c0)

such that supp (f) € B(0,M). Let N € (2M + 1,00). Observe that, for any y € [B(0, N)]C and
x € [BO,M )]C, f(») = f(x) = 0. From this and the Minkowski inequality, we deduce that, for any

s€(0,1),
1
[f |f(')—f(y)|pd}"
n+s y
yern: oylz(1—)12y | =P X
1
IfC) = fOr ]”
—————dy| lpon
[f{yeR": l—y=(1=s)-12) |+ =y["sP M)

[ f o1
——ay
BO.M) |- —=yI"*5P

p
=0. (2.18)
X

lim (1 — )
s—1-

(1-s)'P

<(1-s)lP

X

1/ r
+(1-s5)"" 1rn\Bo.N)

X

1
ViOlis P
[ f sy | 1son
{yeR™: [ —yz(1-5)-172) |+ = X
1
lFOIP ]”
———dy| 1pon)
[\[{yER”: lylz(1—s)-12) |- =y *sP
4

1
) 1
[ f |/ (,V)|+' dy
Bom) | - =yl X

=: IV + 1P + IP(V). (2.19)

<(1-gslr

+(1—s)lr

X

+(1=9)lP 1rn\BO,N)

We first consider Igl)(N). Since f € X with supp (f) € B(0, M), the definition of Iﬁ,l)(N) and some
simple calculations yield that

IP(N) 5 (1= )PP (sp) ™ P | L
~ (1 = 5)FPICP (s p) 1P| Iy — 0 (2.20)

as s > 17. As for I'’'(N), observe that, for any s € (1 — 2N)2,1), x € B(O,N), and y € R"
satisfying [x — y| > (1 — 5)7!/2,

W >lx—yl—Ix>1-95)""Y2-N>N.
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From this, the assumption that supp (f) € B(0, M), and the definition of 1§2)(N), it follows that,
for any s € (1 — (2N)72, 1),
12wy =o. (2.21)

Finally, we deal with term I§3) (N). Observe that, for any x € [B(0, N)]C and y € B(0O,M), |x —
y| > |x|/2. Using this and the assumptions that f € LFI'OC (R™) and X is locally S-doubling with
B €(0,1+n/p), we conclude that, for any s € (0, 1),

1rn\B0.N)
| . |s+n/p

1Y) <1 -9)/r [ f IFo)IP dy]p
M)

B(0, X

S (U= 9" Y QNP 150 2502wl

=1
S =9 Y @Y 1y,
=1
<(1- S)l/p HlB(O,l)”X ZQJN)ﬁ—(Hn/P)
=1
~ (- S)l/p N (2jN)ﬁ—(s+n/P),

where the implicit positive constants depend on f. By this and the assumption that 5 € (0, 1 +n/p),

we have
lim 19W) =o.
s—1"

Combining this estimate with (2.20), (2.21), and (2.19) yields

1P
i (1 5) [ f fO = fOI dy] |,
=1 e [yl (i-g712) [ =T v
and this completes the proof of Lemma 2.17. O
Proof of Theorem 2.15. For any € € (0, 1/p), let
1
-, re@.e'?),
pe(r) = Ce r"=€P (2.22)
0, rele? ),

where

Observe that lime_,g+ Ce = %, {Pelec(0.00) C Ll10C (0, o0) satisfy that, for any given € € (0, 1/p), p¢ is
nonnegative and decreasing,
f pe(Nrtdr =1,
0
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and, for any 6 € (0, e'/?),

e 12 ep—1
. € _ ) € 0P
lim AV dr = lim — FPldr < lim — —— =0
Pe
e—0* Js e—0t Ce Js e—0* Ce €l/2

Thus, {pe}ec(0,00) 15 a decreasing-radial-ATI. From this and Theorem 2.13, it follows that

[ [ fO- O r ’
y
(yern: [—yl<(1-s)-12)y |- ="

Iim (1 —s)
s—1- ¥
ORNOI o
o) — - S V4
=1 1 crr: [ —yi<(1=s)-1121()) dy]
s—1- [ re |y | =y (-op byeR": [=yl<(1=9)7%) N
1P
: fO-fOIF e ?
- Ell,OJr [ R | . _y|p | . _yln—ep l{yeRn3 |'*y|<5_]/2}(y) dy
b'¢
1P
. IO = FOIP ?
= lim C, [ iﬂeﬂ =yl dy
0" R |y X
_ Kp,m)
=LE wag,
which, together with the fact that f € C2(R") and Lemma 2.17, further implies that
(P
D) — A K(p,
lim (l _ S) [ |f( ) f+(Y)| dy]p (P n) ” |Vf| “P
- e [P P
This finishes the proof of Theorem 2.15. O

Recall that the Hardy—Littlewood maximal operator M is defined for any fin L! (R") by

loc
M) 1= sup o f FONdy.  VxeR"

where the supremum is taken over all the balls B ¢ R” containing x. The following lemma gives
a sufficient condition for the locally S-doubling property of X.

Lemma 2.18. Let X be a ball quasi-Banach function space. Assume that the Hardy—Littlewood
maximal operator M is weakly bounded on X, namely, there exists a positive constant C such that,
forany f € X,
AS(ISP : [/”ll{xeR" M))>A) ||x] < ClIfllx. (2.23)
€(0,00

Then X is locally n-doubling.
Proof. Observe that for any B := B(0,r) € B with r € (0, ), @ € [1, ), and x € aB,

|B| 1

M) > f Ly =2 = L
aB |CYB| a”
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From this, the assumption that X is a BQBF space, and (2.23), it follows that, for any B € B and
@ € [1, 00),
||1(ZB”X < Hl{xeR": M(IB)(X)>ﬁ}”X < 2Ca'n||15||x.

This implies that X is locally n-doubling, and hence finishes the proof of Lemma 2.18. O

Remark 2.19. Lemma 2.18 yields that the locally S-doubling assumption on X is weaker than the
assumption that the Hardy—Littlewood maximal operator M is weakly bounded on X.

As a consequence of both Theorem 2.13 and Lemma 2.18, we obtain the following crucial fact.

Theorem 2.20. Let X be a ball Banach function space and let p € [1,00), g € (0, 0) satisfy
n(l1/qg —1/p) < 1. Let {pe}ec0,00) be a decreasing-radial-AT1. Assume that the Hardy—Littlewood
maximal operator M is weakly bounded on X''9. Then (2.4) is valid for any f € C2(R™).

Proof. By Lemma 2.18 we conclude that X'/7 is locally n-doubling. This fact combined with
Proposition 2.11 implies that X is locally 8-doubling with 8 := n/q € (0,1 + n/p). Thus, all the
assumptions of Theorem 2.13 are satisfied. Using Theorem 2.13, we conclude that (2.4) holds for
any f € C2(R™). This finishes the proof of Theorem 2.20. O

Remark 2.21. Let p € [1, ), g € (0, ) satisfy n(1/g — 1/p) < 1, and X := LY(R"). In this case,
X4 = L1(R") and the Hardy-Littlewood maximal operator M is weakly bounded on X'/4. This,
together with Theorem 2.20, implies that, for any f € Cg(R“), (2.14) is valid for X = LY(R™).

As a consequence of Theorem 2.15, we obtain the following extension of the famous classical
BBM formula (1.2) to ball Banach Sobolev spaces. The proof is similar to that used in the proof
of Theorem 2.20 and we omit the details.

Theorem 2.22. Let X be a ball Banach function space and let p € [1,0), g € (0, ) satisfy
n(1/q —1/p) < 1. Assume that the Hardy-Littlewood maximal operator M is weakly bounded on
X4, Then (2.15) is valid for any f € C2(R").

Remark 2.23. Let p, g, and X be as in Remark 2.21. Then it follows Theorem 2.22 that (2.16)
holds for any f € C2(R").

3 Asymptotics of WHX(R") functions in terms of
ball Banach Sobolev norms

In this section, we establish the main result of this work, Theorem 3.36. This is achieved via a
secondary main result, Theorem 3.4. We begin by recalling the definition of ball Banach function
spaces with absolutely continuous norm; see [10, Definition 3.1], [101, Definition 3.2].

Definition 3.1. A ball Banach function space X is said to have an absolutely continuous norm if,
for any f € X and any sequence of measurable sets {E;}jen C R” satisfying that 1z, — O a.e. as
J — oo, we have ||f1g;|lx — Oas j — oo.

We also recall the following definition of the associate space of a ball Banach function space,
which can be found, for instance, in [10, Chapter 1, Definitions 2.1 and 2.3].
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Definition 3.2. For any ball Banach function space X, the associate space (also called the Kothe
dual) X’ is defined by

X' = {f e AR fllx == sup  fgllpgn < 00}, (3.1)

{geX: llgllx=1}
where || - ||x- is called the associate norm of || - ||x.

Remark 3.3. By [93, Proposition 2.3] we have that the associate space X’ of a ball Banach func-
tion space X is also a ball Banach function space.

Theorem 3.4. Let X be a ball Banach function space, p € [1, 00), and {pelec(0,00) be a decreasing-
radial-AT1. Assume that X has an absolutely continuous norm, X''? is a ball Banach function
space, and the Hardy-Littlewood maximal operator M is bounded on (X'/P)'. Then for any func-
tion f € WA(R™) we have

1P

)4
lim pe(| - =y dy]

e—0*

[ IfC) = fOIP
R)‘l

Iy =K(p,n) IIVS1l5. (3.2)

X

Remark 3.5. (i) Letl < p < g < o0, X := LYR"), and {pe}ec0,00) be a decreasing-radial-
ATIL. In this case for any f € WH4(R") (2.14) holds. Thus, Theorem 3.4 with X = L4(R")
coincides with [12, Theorems 2 and 3] when p = ¢ while the case p < g is new.

(i1) In contrast to Theorems 2.7, 2.13, and 2.22, we need certain minor assumptions on the
underlying space X in Theorem 3.4 in order to extend the identity to WHX(R™).

The proof of Theorem 3.4 is given in Subsection 3.3. In Subsection 3.1 we prove that C°(R") is
dense in W'*(R") under some mild assumptions, while Subsection 3.2 is devoted to establishing
the key estimate (3.12) in weighted Lebesgue spaces.

3.1 Density in WX (R")

In what follows, we use the symbol Wc1 X(R") to denote the set of all the functions in W!X(R")
with compact support. The main objective of this subsection is to exhibit a good dense subspaces
of WX (R™). Our approach consists of two parts: we first prove that WC1 X (R™) is dense in WHX(R"),
and further show that CZ°(R") is dense in WCl X(R™) under a stronger hypothesis (see Propositions
3.6 and 3.8 below). We begin with the following technical proposition.

Proposition 3.6. Let X be a ball Banach function space. Assume that X has an absolutely contin-
uous norm. Then Wg ’X(R”) is dense in WX (R").

Proof. Let f € WHX(R™) and ¢ € C(R™) be such that ¢(x) = 1 for any x with |x| < 1, and
¢(x) = 0 for any x with |x| > 2. Moreover, for any [ € N, let

fi6) = £09(3). (33)
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Then, for any [/ € N, f; € X with compact support. From (3.3) and [42, p. 216, Theorem 1(iv)], it
follows that, for any j € {1,...,n} and/ € N,

3,00 = 33100 () + £ 3950 (3)
and 0;(f;) € X with compact support. Then we claim that
111)1110 /i = fllwrxgny = 0. (3.4)
Indeed, for any x € R”,

i) = F < [l + 11O g ga50)-

From this and the assumption that X has an absolutely continuous norm, it follows that

tm suplli = fllx < [l + 1]1imsup | 1L g |, = O (3.5)
Moreover, observe that, for any j € {1,...,n},/ € N, and x € R”,

d;(f(x) — 0, f(x)
X 1 X
=#(5) - 1] 070 gm0 + ;0(3) £
By this, we have, for any j € {1,...,n},/ € N, and x € R",
10;(f)(x) — 9 f(x)|
100l L )

< [”¢||L°°(R") + 1] |ajf(x)|1Rn\B(0’l)(x) + I |f(X)|

Using this and the assumption that X has an absolutely continuous norm, we conclude that, for
any je{l,...,n},

. ) ) 1
limsup(|0;(f1) — 0 flIx < limsup [|10;f11z. gzllx + limsup 7”f||X = 0.
|00 [—00 [—00

Thus, from this and (3.5) it follows that
n
I1fi = flix + 1IVSi = VAllx < Ifi = flix + Z 10;(f) = 9jfllx =0
j=1

as [ — oo. This yields the validity of (3.4), hence WC1 ’X(R”) is dense in WX(R"), and this finishes
the proof of Proposition 3.6. O

Now, we introduce the concept of centered ball average operators.

Definition 3.7. Let r € (0, 00). The centered ball average operator B, is defined by setting, for
any f € L' (R") and x € R",

loc

B, (f)(x) =

dy.
B Jicer, lf Ol dy
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Next we address the density of C.°(R") in WCI’X (R™) under some assumptions on X.

Proposition 3.8. Ler X be a ball Banach function space. Assume that X has an absolutely contin-
uous norm and that the centered ball average operators {B,},¢,-) are uniformly bounded on X,
namely, there exists a positive constant C such that, for any f € X we have

sup [|B-(Hllx < ClIfllx-

re(0,00)
Then CX(R") is dense in WS (R").

Proof. Let f € WCI’X (R™). Then there is a ball B(0, M) with M > 0 such that supp (f) € B(0, M).
Letn7 € CZ°(R") be such that supp () € B(0, 1), fR" n(x)dx = 1, and ni(:) := k"n(k-) for any k € N.
From this and [42, p. 714, Theorem 7(1)], it follows that f * g € CZ°(R"). Then we claim

Jim 1f %7 = fllx = 0. (3.6)

Indeed, since X has an absolutely continuous norm, from [98, Proposition 3.8], it follows that
C:(R™) is dense in X. Thus, for any ¢ € (0, 0o) there is a g € C.(R") such that

f—gllx << (3.7)
By this and the assumption that X is a BBF space, we conclude that, for any k € N,

Wf = me = fllx < Mf = me— g =mellx + [lg = me — gllx + llg — fllx. (3.8)

From the definition of 77; and the assumption that the centered ball average operators {B;}<(0 )
are uniformly bounded on X, we deduce that, for any k € N,

1 s =gemds = | [ 0= o0me -

f I(f - 9l dy
B(k1) x
~|1Berf = gb|ly < I~ glix s . (3.9)

Moreover, since g € C.(R"), it must be uniformly continuous, thus there is a ball B(0, N) such that
supp (g) € B(0, N). This fact combined with the definition of 7, implies that

<

~

lg = me — gllx <

f lg(y) — gl dy
B(-,k1)

X
< sup 1g) - gl | Lsown]l, — 0

[x—yl<k~!

as k — co. By this, (3.7), (3.8), and (3.9), we have, for any { € (0, o),
l}irgllf*nk -flix $4¢,

which, together with the arbitrariness of £, implies that (3.6) is valid. This completes the proof of
the preceding claim.
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Observe that, for any j € {1,...,n} and k € N, 9;(f * i) = (0;f) * n« (see, for instance, [43,
Proposition 8.10]). Applying this and an argument similar to that used in the proof of (3.6) (with
f replaced by 9, f), we find that, for any j € {1,...,n},

kh_}rgo 10;(f *m) — 0;fllx = 0.

This fact and (3.6) yield that CZ°(R") is dense in WCI’X (R™). Proposition 3.8 is now proved. O
The following corollary is a consequence of both Propositions 3.6 and 3.8; we omit the details.

Corollary 3.9. Let X be a ball Banach function space. Assume that X has an absolutely continuous
norm and the centered ball average operators {B,},c.0) are uniformly bounded on X. Then
C>(R") is dense in WX (RM).

The proofs of both Propositions 3.6 and 3.8 yield the following; we also omit the details.

Corollary 3.10. Let X be a ball Banach function space. Assume that X has an absolutely contin-
uous norm and the centered ball average operators {B,},c0,c0) are uniformly bounded on X. Then
CI(R") is dense in X.

The following lemma gives a sufficient condition for the uniform boundedness of centered ball
average operators {B,},¢,) on X.

Lemma 3.11. Let X be a ball Banach function space and p € [1, ). Assume that X'/? is a ball
Banach function space and the Hardy-Littlewood maximal operator M is bounded on (X'/P)'.
Then the centered ball average operators {B,},c,) are uniformly bounded on X; moreover, there
exists a positive constant C(, ), depending only on both n and p, such that for any r € (0, o) and
f € X we have

2
1BA(Pllx < CanplMIET, . ooiim I1Flx:
where [|Ml|x110y_x1/ry denotes the operator norm of M from XYry to (X'Py.

To prove Lemma 3.11, we need to borrow some ideas from the proof of the extrapolation
theorem in [31, Theorem 1.4]. To this end, we first recall the definition of Muckenhoupt weights
A,(R") (see, for instance, [47, Definitions 7.1.2 and 7.1.3]).

Definition 3.12. An A,(R")-weight w, with p € [1, c0), is a nonnegative locally integrable function
on R" satisfying that, when p € (1, c0),

1 p-l
[w]a,®r = ng]gn [linLw(x)dx]{éLw(x)l-p dx} < 00,

and

1 -
[w]a,@®r) = sup — f w(x) dx[lla) 1||L00(Q)] < 00,
ocr 10l Jo

where the suprema are taken over all cubes Q C R”.
Moreover, we set
Ae®) = [ ] Ay,

pE[l,00)
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We also recall the definition of weighted Lebesgue spaces.

Definition 3.13. Let p € [0, ) and w € Ao, (R"). The weighted Lebesgue space L. (R") is defined
to be the space of all the measurable functions f on R” with the property

[7
< 00,

Wi, = | [ Veoracax

For any measurable set E ¢ R" with |E| < co and f € LllOC (R™) it is customary in this area to
use the notation

J(E) :=ff(X)dX-
E

We recall a few facts about Muckenhoupt weights A,(R"). The following lemma is a part of [47,
Proposition 7.1.5].

Lemma 3.14. Let p € [1, 00) and w € A,(R"). Then the following statements are valid.

®

& Jolronar]”
[w] Ap®R") = SUp sup

OR  floerl®) gy Jo SO dt
Jo lf@Pw(t) dic(0,00)

where the first supremum is taken over all cubes Q C R".
(i) Forany A € (1, 0) and any cube Q C R", one has w(1Q) < [w]a,@n A"’ w(Q).
(iii) For any q € [p, ), one has w € A,(R") and [wla,®) < [w]a,®n-

The following lemma shows that the centered ball average operators {B,},c.«) are uniformly
bounded on weighted Lebesgue spaces.

Lemma 3.15. For any given p € [1,00) and w € A,(R"), the centered ball average operators
{B/}re0,00) are uniformly bounded on LZ(R”); moreover, there exists a positive constant C, ),
depending only on both n and p, such that for any r € (0, ) and f € L (R") we have

2
1By < Canpl@ly fem 1 llzp ey

Proof. Since w € A,(R"), from Lemma 3.14(i) and Tonelli’s theorem, it follows that for any
r € (0,00) and f € L? (R") we have

fR IBANOOP () dx

P
<[ [ { If(y)ldy] w(x) dx
n B(x,r)

1
< [wla, @ L » 0B [ jl; o lfFOIPw(y) dy} w(x)dx

_ oW »
ol [ | [ o a0 dy (.10)
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Observe that, for any r € (0,00), y € R", and x € B(y,r) we have B(y,r) C B(x,2r) which,
combined with Lemma 3.14(ii), gives

w(B(y,r) < w(B(x,2r)) < [w]a,@nw(B(x, ).

Using this fact and (3.10) we conclude that for any r € (0, ) and f € LI (R™) we have

» B0 w(x) dx

P w(x)
S [wly @ fl;n [L@’r) w(By.1) dx] lf DI w(y) dy

~ (0 [ FOPO0)d.

This implies that the centered ball average operators {B,},¢(0,-) are uniformly bounded on LE®RM).
This completes the proof of Lemma 3.15. O

The next lemma can be found in [33, Lemma 3.6] and its proof is modeled after [31, p. 18].

Lemma 3.16. Let X be a ball Banach function space. Assume that the Hardy-Littlewood maximal
operator M is bounded from X to itself with norm || M||x—x. For any g € X and x € R" let

[

k
Ryxg(x) = Z M,

k k
=0 2 IMIl_x

where for any k € N, MF := Mo --- o M is the k-fold iteration of the Hardy—Littlewood maximal
operator and M°(g)(x) := |g(x)|. Then, for any g € X and x € R" one has

(1) lg)] < Rxg(x);
(ii) Rxg € Ai(R") and [Rxgla,®» < 2lIMllx=x;
(iii) |IRxgllx < 2llgllx.

To prove Lemma 3.11, we also need two key lemmas about ball Banach function spaces,
namely, Lemmas 3.17 and 3.18. The following lemma is just [107, Lemma 2.6].

Lemma 3.17. Let X be a ball Banach function space. Then X coincides with its second associate
space X" . In other words, f € X if and only if f € X"’ and in that case,

1/ 1x = 1 1lx

The following version of Holder’s inequality is a direct consequence of both Definition 2.1(i)
and (3.1) (see also [10, Theorem 2.4]).

Lemma 3.18. Let X be a ball Banach function space and X' its associate space. If f € X and
g € X', then fg is integrable and

fﬂ If (gl dx < lIfllxlgllx -
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Proof of Lemma 3.11. Using the definition of X'/?, Lemma 3.17 (with X replaced by X'/7), and
Lemma 3.16(1) [with X replaced by (X 7Py, it follows that, for any r > 0 and f € X we have

1B = [[1BA Py = 1B || 170y

= sup |B-(/)(0)IPg(x) dx
Hg”(Xl/p)/zl R

< sup 1B ()OI Rx1/py g(x) dx.
”gll(xl/p)lzl R

By this, both (i) and (iii) of Lemma 3.14 [with w replaced by Rx1/»yg(x)], both (ii) and (iii) of
Lemma 3.16 [with X replaced by (X /Py, both Lemmas 3.15 and 3.18, and the definition of X'/7,
we obtain

1B/ s sup  [Rixury8l3, n |fCOIP R x11py g(x) dx
1R
”gll(xl/p)/zl R"

2
SUMIBgipy oy 9P ([l IRcny &ll iy
g‘(xl/p)/zl

< G

for any r > 0 and f € X. This implies that the centered ball average operators {B,},c.) are
uniformly bounded on X and completes the proof of Lemma 3.11. O

As a consequence of Corollaries 3.9, 3.10 and Lemma 3.11 we obtain the following corollary.

Corollary 3.19. Let X be a ball Banach function space and p € [1,00). Assume that X has
an absolutely continuous norm, X''? is a ball Banach function space, and the Hardy-Littlewood
maximal operator M is bounded on (X 1Py Then C(R") is dense in both X and WLX(RM).

Moreover, at the end of this subsection, we show that C;°(R") is dense in the weighted Sobolev
space Wal,”7 (R™) (see Corollary 3.21 below); this plays a vital role in the next subsection. The next
definition of the weighted Sobolev space can be found, for instance, in [68, Definition 3.5].

Definition 3.20. Let p € [1,00) and w € A(R"). The weighted Sobolev space W(L’p R") is
defined as the set of all the measurable functions f on R” whose distributional gradient Vf :=
O1f,...,0.f)is an LY (R™) function and

“fHWLIU’p(R”) = ||f||L£(Rn) + [V f] ”LZ(R") < ©0.

Let w € A;(R"). In the sequel we denote by the LZ’_1 (R™) the set of all the measurable functions
f on R" with

Wil e = (0™ oy <

As a consequence of Propositions 3.6 and 3.8, we obtain the following corollary.

Corollary 3.21. Let p € [1,00) and w € A,(R"). Then CZ(R") is dense in Wl,’p RM.
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Proof. The fact that LI, (R") is a BBF space is contained in [93, Section 7.1]. In view of this
and Lemma 3.15, we conclude that the centered ball average operators {B,},c.) are uniformly
bounded on L!(R"™); Moreover, by [89, Theorem 3.14], we find that L) (R") has an absolutely
continuous norm. Thus, all the assumptions of Corollary 3.9 are satisfied and its conclusion is that
CZ(R") is dense in W‘L’p (R™). Corollary 3.21 is now proved. O

Remark 3.22. When w = 1 Corollary 3.21 is contained in [2, Theorem 7.38].

3.2 A key estimate in W_”(R")

The subsequent lemma provides a key estimate in W,,;”(R™).

1
loc

Lemma 3.23. Let p € [1,00) and p € L; (0, o) be a nonnegative and decreasing function with

foop(r)rﬂ_l dr < co. (3.11)
0

Assume that w € A{(R"). Then there exists a positive constant C, ), depending only on both n
and p, such that for any f € Wi,’p R™) we have

_ p
f [ 5 VOO = O -y dy} w(x) dx

|x — y|P
< Cin,p) [‘“]fnam 1V £ IIZZ @ fo p(ryr*dr. (3.12)

Remark 3.24. For simplicity we only considered A;(R")-weights here. However, our proof ac-
tually works for general A,(R")-weights. For instance, a slight modification of the proofs in this
section shows that (3.12) holds for any given w € A,(R") when p € [1,n/(n - 1)).

We first prove Lemma 3.23 for any f € Cé(R”) (Lemma 3.30). To accomplish this we need
two technical results, both Lemmas 3.26 and 3.29, which depend on the following variant of the
Poincaré inequality. In what follows, for any x € R” and r € (0, o0), the C!(B(x, r)) denotes the set
of all first-order continuously differentiable functions on B(x, r).

Lemma 3.25. ([33, Lemma 2.20]) Let B = B(x,r) € B be a ball with x € R" and r € (0, o), and
B € B such that x € B) C B. Then there exists a positive constant C,, depending only on n, such
that for any f € C'(B) we have

170 = ful < Cor Y27 Wr@Nde
‘= Jrs

The first technical lemma is as follows.

Lemma 3.26. Let p € [1,00) and p € LlloC (0, ) be a nonnegative function satisfying (3.11).
Assume that w € A{(R"). Then there exists a positive constant C ), depending only on both n
and p, such that, for any f € CL(R™),

() = fao21-y|”
Ln {f” |f X leBQ 2| yl)| p(|x—y|)dyl w(x) dx

-y
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= C("’p)[w]fil(R”) V] Hiﬁ(R")j(; p(r)”" ' dr.

Proof. By a change of variables we write

_ p
I:= f ,, [ f ,, 0 le ozl oy, dy} w(x) dx

-y

_ P
_ f [ f [0 = focesnam) p(|h|)dh}w(x)dx. (3.13)

|h|P
Observe that, for any x, h € R",
B(x + h,2|h|) € B(x,4|h)).

By this, applying Lemma 3.25 [with B(x + A, 2|h]) in place of B and B(x, 4|h|) in place of B], the
assumption that w € A;(R"), and parts (i), (iii) of Lemma 3.14, for any x, & € R", we find that

|£(0) = foceenzim)

sy2imf e
=0 B(x,277*2|l)

< llwlaan)? Y27

=0

! :
8 [(U(B(x, 2_]+2|h|)) B(x,2-7+2|h)) V(@I w(z) Z]

From this and Holder’s inequality for series it follows that

|f (x) — fB(x+h,2|h|)|p

had 27J P
< " . V@I w(z)dz,
[w]m(R);w(B(x,z_ﬁzmm gy OO dz

which, combined with (3.13), yields that

0 . 1
I<[wlagy ) 277 f f j
i );? R Jre W(B(x,27742|h)))

f _ V(@I w(z) dz] p(hDw(x) dx dh
B(x,2-7*2)h))

o w(x)
~ n 277 j d
e ]Z; LL [fB(z,z-j+z|h|> w(B(x, 272

X |Vf ()P w(z)p(lhl) dz dh. (3.14)

X

Observe that for any z, h € R, j € Z,, and x € B(z, 2‘j+2|h|) we have

B(z, 2772 |h)) € B(x,27/* h)).
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Using this inclusion, the assumption that w € A;(R"), and Lemma 3.14(ii) we conclude that
W(B(z, 277 h))) < w(B(x, 273 h]) $ [wla,@nw(B(x, 27742 |hl)),

which implies that

w(x)
. — dx
B(z2-+2|n)) W(B(x,277*=|h|))

< [w] f w(z) [w]
S lwla,re —————dx ~ [w]a,®&").
' g a-iopn @(B(z, 2-7*2|l)) 1

Combining this estimate with (3.14) we finally conclude that
IS [0l @) f [ f V@ () dz] p(hl) dh
R | JR?

~ -1
[w]A‘(Rn) IHv/1 ”L”(Rn f(; p(r)r'"="dr.
This finishes the proof of Lemma 3.26. ]

To prove the second technical lemma (Lemma 3.29 below), we make full use of a basic ingre-
dient concerning 3" adjacent systems of dyadic cubes, stated below.

Lemma 3.27. ([69, Section 2.2]) For any a € (0,1 I 3}” let
D = (0% =27k +[0,1)" + (-1))a) : jeZ keZ"}.
Then
(i) forany Q, Q' € D witha € {0,1,%)", 0N Q' €1{0,0,Q'};

(1) for any ball B C R", there exists an a € {0, 3, 3}” and a Q € DY such that B C Q C ¢ B,
where the positive constant c(yy depends only on n.

Fix an @ € {0,%,—} For any j € Z, 1etZ)" = { ‘;k :

Q“ € Z)“ with k € Z" let

k € 7"} and fix a j € Z. For any

Qi) = {Qikﬂ €Dj: li=(,....l) €2, max ] < 1}

and

No:, = U o (3.15)
0%,ER(Q7)

Then by the definitions of both ‘Jt(Q;.’k) and NQ‘,-’k’ we have

fN(QY) < 3"
and
N | ~ 195l
Here and thereafter, for a finite set E, the symbol §E denotes its cardinality.
Lemma 3.27 is crucial in the next result which plays a key role in the proof of Lemma 3.29.
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Lemma 3.28. Let p € [1,0), x, y € R" with x # y, and for a € {0, % %}" let Oy € DY be a

dyadic cube as in Lemma 3.27(ii) with B replaced by B(y, 2|x — y|), namely,

B(y,2|x = yI) C Quxy C B, 2|x = yI). (3.16)

Then, for any given € € (0, p), there exists a positive constant C, p ¢, depending only on n, p, and
&, such that for any f € Cg R™) we have

lFO) = Foamem|” «Q) 17 _8[ r
Cl’l E V d .
S 2, o) f,, e

yeQCOxy

Proof. Without loss of generality, we may assume that Q, , € D(;o for some jy € Z. First by (3.16)
we conclude that . '
2700 < 2x —y| < 2707, (3.17)

From this and Lemma 3.25 (with B(y, 2|x — y|) in place of B and B(y,27/0~!) in place of B;) we
deduce that

0= foann| = Y2 Wi

— —Jj-1
T JBo2

Let £ € (0, p). Combining this estimate with (3.17) and Holder’s inequality for series yields

F0) = fooal”  1fO) = foo2umnl”

=P 2w
o p
-3 2-<f—fo>f Vf@Idz
= B2
0 p
< Z 2=(i=jo)p=2) [J( | |Vf(z)|dz] ) (3.18)
i=o Bo-277)

By Lemma 3.27(i), for any j > jp, there exists a unique dyadic cube Q‘j’(y) in Z)‘j’ containing y.
From this and Lemma 3.27(1), it follows that Q;?(y) C Qy,y. Moreover, by the definition of NQ‘]?(y)

as in (3.15), we conclude that B(y,27/"1) c NQ7(y), From this and (3.18), we infer

p

O) = oo
|f Y fB(y lx )|)| < Z 2~(=jo)p—e) f‘ IV £(2)| dz
e = ylP Noa)
%0

J=Jo
0 p
- Z Z 2~G=jo)p-2) [J( |Vf(Z)|dZ]
J=Jo QeDS No
yeQ
o | o]
~ Vi@ldz| .
Q;D" |:€(Qx,y) No
Y€0CQyy

This implies that (3.16) holds and hence finishes the proof of Lemma 3.28. O
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The second technical lemma of this section is as follows:

Lemma 3.29. Let p € [1,0) and p € LlloC (0, 0) be a nonnegative and decreasing function
satisfying (3.11). Assume that w € A1(R"). Then there exists a positive constant C, ), depending
only on both n and p, such that for any f € CL(R") we have

— ) p
f ,, [ f n |0 = fao2m-y)] - dy} o) d

|x — y|P

< Copllh ooy VA1, f (O dr (3.19)

Proof. Let ¢, be as in Lemma 3.27. We claim that for any given € € (0, p) we have

{ lfO) = faoam|”
Rn ]Rn

lx — yIP

< 2 2Ll [f, e

(ZE{O,% %}n PeDx %g)’

X f [ f p(lx—yl)dy]w(X)dx, (3.20)
P [JON[B(x,Copt(P)IC

p(x =yl dy} w(x) dx

where
Cny 1= [de]™" V.

Indeed, from Lemma 3.27(ii), it follows that, for any x, y € R" with x # y, there exists a dyadic

cube Qv € D with e € {0, 1, 3)" such that B(y, 2Ix — y) C Qx, C c(B(y,2|x — y)). Using this,

for any x, y € R" with x # y, we obtain

Conl(Qxy) = [4ci] ™" Vl(Qyy) < Ix -yl < 47100, ). (3.21)

Fixing an € € (0, p), by Lemmas 3.28 and 3.27(i), and (3.21), we conclude that, for any x, y € R"
with x # y we have

| o) = faai-m|”
lx = ylP

(o) ”‘8[ ]”
\Y d
93 [f(Qx,y>] JCVQ' Tl

QeD”
yeQC Qx,y

(o) ”‘8[ ]p
~ \Y dz| 1
3 [ Z(Qx’y)] Jg T REE

QeD”
0CQOxy

S Z Z Z L(x)ePx0: PCB(y2¢umlx-yD} (% )

a€l0, % %}n PeD* QeD”
QcpP
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“Q) ”‘8[ ]”
— v d
|75 |f,mro

- Z Z Z Ip (x)lQﬁ[B(x,C(,,)f(P))]C(y)

€0, Z yn PED® QeD
3 QcP

p

p—¢
x[@] [ IVf(z)Idz],
No

{(P)

which establishes the validity of (3.20).
Using (3.20) and the assumption that p is decreasing on (0, o) we find that

DD wPp(Conylt(P))

aef0,5,3)" PeD”

“a g
<Y [@] IQI[ { Q IVf(z)Idz} (3:22)

QeD”
QcP

for any £ € (0, p). Now fix an a € {0,% %}" Since P € D%, we may assume that P € Z)‘.’O for
some jy € Z. From this, the properties of dyadic cubes, the assumption that w € A;(R"), and both

(1) and (iii) of Lemma 3.14, it follows that

K(Q)]p_s { ]
— 10l IVf(2)ldz
QGZ;‘)« [f(P) No

Qcp

0 p
— Z 2~(=jo)p—e) Z 10| { g IVF(2)| dz]
Q

J=Jo 0eDs
QcP

p

< Lol 20000 5 B [ 1y, @I et d:
i=o gepy “TCT VR

QCP

wla, @ f Z 7=(i=jo)(p=2)

J=Jo
[¢
o(Ng) Iy, @IV (@I w(z) dz. (3.23)

QED;'-
QcpP

Moreover, by Lemma 3.14(ii), we have, for any given P € D% and for any Q C P,

do |P|
w(Q) ~ M Py

Using this and the definition of Ny as in (3.15), for any given € € (0, p), any a € {0, %, %}”, P e D?,
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and z € R" we conclude that

Z 2=(=jo)(p—e) Z l(QQl) 1NQ(Z)

J=Jo QeD}
QCP
|P|
]AI(R) P 22 (J—Jjo)(p—¢) Z INQ(Z)
J=jo QeDf
QcP
|P|
< [w]Al(R")mlNQ(Z)-

Combining this estimate with (3.23), implies that

ol el f ]
Z[W)] [9] fN V@I

QEDH
QcP
P
< [w]iﬂm% fR AV ) dz.

By this, (3.22), and the definition of Ny as in (3.15), we obtain

ISIoB e D, Y. pCalP)IP f Ly, @IV @I w(2) dz

QE{O 1 2}n PeD

w]Al(R”) Z f P(Cyt(P)IPy, DIV (DI w(z)dz

€(0,1,2) PeD
w]Al(Rn Z f P(Cnyt(P)IP1o)IVf I w(z) dz. (3.24)
aef0,1,2) PeD”

Moreover, using Lemma 3.27(i) and the assumption that p is decreasing on (0, ), for any z € R",
we conclude that

> PCUONIQN @) = Y p(Cin2 27"

QeD” JEZ
s f . p(yhdy
ez Y BO.Ci 27 \BO,Cn27)
~ f p(r)r* dr.
0
From this and (3.24) we finally deduce (3.19) and conclude the proof of Lemma 3.29. O

Combining Lemmas 3.26 and 3.29, we now derive the following conclusion.

Lemma 3.30. Let p € [1,00) and p € Lloc (0, 00) be a nonnegative and decreasing function
satisfying (3.11). Assume that w € A1(R"). Then there exists a positive constant C, ), depending
only on both n and p, such that (3.12) is valid for any f € C}; R™).
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Proof. Let f, w, and p be as stated. Observe that
f lf(x) = fOI?
n Rﬂ

o(lx = YDw(x)dxdy < 2P0+ 1) ~T+17,
lx — y|P

where I and J are as in (3.13) and (3.20), respectively. This estimate combined with Lemmas 3.26
and 3.29 implies that (3.12) holds for any f € C!(R"), and finishes the proof of Lemma 3.30. O

Now, we are in a position to prove Lemma 3.23.

Proof of Lemma 3.23. Following the notation in the statement we set C,) := fooo p(nr"~Ldr.

It follows from Corollary 3.21 that for any f € Wal,’l7 (R™) there exists a sequence of functions
{filkar € CL(R™) such that

k—o0

k—o0

Since {fi }ren C C’g (R™), from Lemma 3.30 (with f replaced by fi), we deduce that, for any k € N,

P
ffRH . Ifk(X) fk(y)| o0 = D) dyd

x
< C(p)[w Al (R ” IV fil ”L"(R" . (3.26)

For any N € N, let
= [y €R"XR": [x—yl e N7, o0),
w(x) € (N, N), w(y) € NN}

By this, Tonelli’s theorem, and (3.26) we obtain, for any fixed N € N and for any k € N, that
| (X) )i
[ TR et =ty ax
En

ffE |f(x) fk( P o(lx = YDw(x) dy dx
p
ffb: |fk(x) fk(V)| W) = eI 1 Do) dy dx

4
ff |fk(y) f(y)l o(lx - |)Qw(y) dxdy
En (')))

< N [ 100 = 0P 000 -+ Coplly o 1A

+CpN"*? f lfO) = Skl w(y) dy

< Cop [ NP2 = fill g + LT o VA

Using this and (3.25), we conclude that, for any fixed N € N and for any k € N,

P
ffE Lf(x) = fOI? (1 — Y)w(x) dy dx

lx — yI?
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< llm Sup C(p) [Np+2 ”f fk”Lp(R" [ ]AI(RH) || |ka| ”LP(RM
k—
~ C(p)[ ]A](R”) || |Vf| ”LP(R" .

Combining the preceding estimate with Levi’s lemma implies

_ p
f [ "Mpux W dy| w(x) dx

|P

g [ YOI iy
En

N—ooo
< C(p)[ ]Al(R") || |Vf| ”LP(Rn

and hence finishes the proof of Lemma 3.23. O

3.3 Proof of Theorem 3.36. The main result.

In this subsection we prove the main result of this article, Theorem 3.36. This is derived from
Theorem 3.4 whose proof is based on three lemmas. We begin with the following lemma which
gives another sufficient condition for the locally S-doubling property of X.

Lemma 3.31. Let X be a ball Banach function space. Assume that the Hardy—Littlewood maximal
operator M is bounded on X'. Then X is locally n-doubling.

Proof. By Lemma 3.17 and the definition of X", for any B € B and « € [1, 00), we have

ILesllx = [Lesllx” = sup f Lep(%)lg(x)| dx.

llgllxr =1

From this, Lemma 3.16 (with X replaced by X’), Lemma 3.14(ii) (with w replaced by Rxg), and
Lemma 3.18, we deduce that

Moslix < sup f Los(ORy g(x) dx
llgllxr =1 n

< 0/’ sup [RX’g]Al(R") f IB(X)RX/g(X) dx
llgllxr =1 R®

< o"IMllx—x11gllx sup [IRx-gllx ~ "|[13llx,
llgllx» =1

which implies that X is locally n-doubling. This completes the proof of Lemma 3.31. O

Remark 3.32. By Lemma 3.31, we conclude that the assumption that X is locally S-doubling is
weaker than the assumption that the Hardy—Littlewood maximal operator M is bounded on X’.

As a consequence of Theorem 2.13 and Lemma 3.31, we have the following conclusion.

Lemma 3.33. Let X be a ball Banach function space, p € [1,00), and {pe}ec(0,00) be a decreasing-
radial-AT1. Assume that X'/? is a ball Banach function space with the property that the Hardy—
Littlewood maximal operator M is bounded on (X''P)'. Then (3.2) is valid for any f € C%(R”).
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Proof. By Lemma 3.31 we conclude that X'/? is locally n-doubling. This, together with Propo-
sition 2.11, implies that X is locally S-doubling with 8 := n/p € (0,1 + n/p). Thus, all the
assumptions of Theorem 2.13 are satisfied. Applying this theorem we deduce the validity of (3.2)
for any f € C2(R"). This finishes the proof of Lemma 3.33. O

Based on Lemma 3.33, in order to prove Theorem 3.4, it is sufficient to show the following

Lemma 3.34. Let X be a ball Banach function space satisfying the same assumptions as in Lemma
3.33, pe[l,00), and p € L}Oc (0, 00) be a nonnegative and decreasing function satisfying (3.11).
Then there exists a positive constant C, ), depending only on both n and p, such that for any

f e WX[RY) we have

Proof. Let C(,) := fooo p(r)r~1dr. By the definition of X'/?, Lemma 3.17 (with X replaced by
X'/P), and the definition of (X'/7)", for any f € WLX(R™), we have

LP

) — p P
[0S a

X

SC(””’)”M”?X”P)’—mxlfv)/ IV £l f p(r)r~dr.
0

L)|P
D) — p 5
‘ [ R" %pf(l ’ —yl)dy]
X
D)= p
= ‘ N %pe(l . —yl) dy o
D)= P
- =2 vy
Rn =) iy
- p
" el 1f [ R %F’E('x‘yb@] lg(x)l dx.
8llix1/py = " n

From this, Lemma 3.16 [with X replaced by (X'/?)’], Lemma 3.23 [with w replaced by Rx1ry &l
and Lemma 3.18 (with X replaced by X'/?), we deduce that, for any f € WHX(R"),

1P
) — p 5
H %P(l : —yl)dy]
R" y .
- p
= llgll op 1f [ R %p(lx_yl)dy]R(Xl/p)’g(X)dx
8llx1/py = n n

hS C(ﬂ) sup [R(Xl/p)/g]il(R”) f |Vf(x)|pR(X1/p)/g(x) dx
”gll(xl/p)/:l R

2
S CollMIlximy ximy | |sup 1|||Vf|p“X1,p||R(X1/p)/g||(xl/p),
8 (Xl/p)/:

2
< C(P)||M”(X1/]’)’_>(X1/17)/ ” |Vf| ”§ .

This finishes the proof of Lemma 3.34. O
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Remark 3.35. In the case where X = L”(R"), the translation invariance of the Lebesgue measure
and the explicit expression of the norm || - ||z»r») provide straightforward proofs of Lemma 3.34;
see, for instance, [13, Proposition 9.3]. Our proof does not rely on these properties.

Proof of Theorem 3.4. In view of Corollary 3.19, CZ°(R") is dense in WX (R™). This implies that,

for any £ € (0, o0), there exists a g € C(R") such that
Vg = Vfllx <.

Using this and Lemma 3.34 (with f and p replaced, respectively, by f — g and p¢), we conclude

that, for any given ¢ € (0, o) and for any € € (0, ),

[ (-0 - (f—2WIP

| Jrr [-=ylP

pe(l - =) dy]p

X
which, combined with the Minkowski inequality, further implies that

[ W&(I-—yl)dy} — [K(p. 1P 11V £11Ix
Rn y X
: NP ;
< f n %pg(l ) dy]
L X
)= gIP ?
_ [ %peu-—yndy]
R y X
) - gOP ’
. H %pe(l'—ﬂ)@] — [K(p, )17 |1 1Vg| Il
R Yy X

+ |[K(p. m1"711 Vel llx — [K(p.m]"P [V £ lIx]

1
I(f —2)() = (f — P »
< =00 - =0 dy]
R7 |- =yl? X
1
lg(-) = gWI” P
+ [ LA SIS —y|>dy] ~ [K(p, w17 1119l Il
O ) 4 X
+[K(p.m1"P11IVg - VfllIx
1
lg(-) — gIP »
S{+ [ 80 ~ 80 4. —yl)dy] — [K(p.m1""?|[|Vgl Il -
re | yIP X
As g € C(R"), Lemma 3.33 (with f replaced by g) implies that
_ L
. lg(-) — gOIP g
lim f Mpe(l : —yl)dy] =K(p,n) IIVgllly .
e—0* | n | . —y|p x
By this and (3.27), for any given ¢ € (0, c0), we conclude that
Lyp
. If() = fOIP g
lim sup [ ipe(l : —yl)dy] - K(p,n) | IVA1I5
€0+ O d X

S Ve = Villlx s ¢,

<<

(3.27)
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As ¢ > 0 is arbitrary, we obtain the validity of (3.2) and then complete the proof of Theorem
3.4. m]

As an application of Theorem 3.4, we now prove the main result of this article (Theorem 3.36),
namely, the generalization of the classical BBM formula (1.2) for ball Banach Sobolev spaces.

Theorem 3.36. Let X be a ball Banach function space and p € [1,0). Assume that X has an
absolutely continuous norm, X''P is a ball Banach function space, and the Hardy-Littlewood
maximal operator M is bounded on (X'/PY. Then (2.15) is valid for any f € WYX (R").

Before proving Theorem 3.36, we show the following key lemma.

Lemma 3.37. Let X be a ball Banach function space and p € [1, ). Assume that X'/ is a ball

Banach function space and the centered ball average operators {B,},¢,«) are uniformly bounded
on X''P. Then (2.18) is valid for any f € X.

Proof. From both the definition of X'/? and the assumption that X'/? is a BBF space, for any

s € (0, 1), it follows that
P
fC)=folr  |»
)
YERM: |—ylz(1=g)-12} | = ="+

X

lF¢) = fml?
T omrsr W
(yeR": |-—y|>(1-s)"1/2} | - —y[rtsp

LfOIP
Tl
YER?: [—yl=(1-5)-172) | - =Y["*5P

(1-19

(-9

Xl/r

<(1-y¥)

x!l/p

)4
+U—@_f or_
eRn: [—yz(1=s)-12) |+ =P |y
=14 1@ (3.28)
We first consider 1§”. Using the definition of X'/? we write
V<=9 I g, == NIfI -0 (3.29)

ass — 17. As for 1§2), from the assumptions that X'/? is a BBF space and the centered ball average
operators {B,},¢(,w) are uniformly bounded on X /P and the definition of X'/7, it follows that

125 (1-9) Y [27 - 92"
=1
x‘[ FON dy
(yER?: 2/-1(1-5)~1/2<|—y|<2i(1-5)"1/2) Xi/p

<s(-y9) i [2‘](1 _ S)l/z]ﬂ+sp
=

j‘_ O dy
B(-2/(1-5)71/2)

X!l/p
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ST | CRUIE i o o
=1

(o)

S =97 3 2|1117|,
=1

(o9

~ A=) FAL Y 27 - 0

J=1

as s — 17. Combining this fact with (3.28) and (3.29) implies that (2.18) holds for any f € X, and
this finishes the proof of Lemma 3.37. O

Proof of Theorem 3.36. Let p, be as in (2.22) for any € € (0, 1/p). By the proof of Theorem 2.15
and the assumptions of the present theorem, we conclude that all the assumptions of Theorem 3.4
are satisfied. Using this and Theorem 3.4, for any f € W'X(R"), we obtain

[ [ O - 101, ]2 ’
Yy
YER?: [—yl<(1-s)-12} |+ =y["FP

VA - (3.30)

X
_ Kp,n

Moreover, from Lemma 3.11 with the assumption that M is bounded on (X /Py it follows that the
centered ball average operators {B,},¢(,«) are uniformly bounded on X /P This fact and Lemma

3.37 imply that
1P
lfFO-fo |7
g
{yeR": |~—y|2(]_s)71/2} | . —yli’l sp

X

lim (1 —s) =0.

s—1-

By this and (3.30) we obtain the validity of (2.15) for any f € WHX(R") and hence complete the
proof of Theorem 3.36. o

4 New characterizations of ball Banach Sobolev spaces

In this section we apply the BBM formula for ball Banach Sobolev spaces (Theorems 3.4
and 3.36) to obtain new characterizations of WHX(R"). The main such characterizations are the
contents of Theorems 4.8 and 4.12 below.

Theorem 4.1. Let X be a ball Banach function space, p € [1, o), and {pelec(0,00) be a decreasing-
radial-ATI1. Assume that CZ°(R") is dense in X', and X’ has an absolutely continuous norm and is
locally B-doubling with B € (0,n + 1). If f € X satisfies

lim inf
0" re |-y

< o, 4.1)
X

el - =) dy]p
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then f € WHX(R") and
P

P
V£l < lim inf pe(l - =yI) dy}

[ lfC) = fOIr
U Rt i 14

X

with the implicit positive constant independent of f.

Remark 4.2. When X = LP(R"), this result can be found in [12, Theorem 2]; the proof there
strongly depends on the translation invariance of the LP(R") norm. But ball Banach function
spaces may not be translation invariant, for instance this is the case for weighted Lebesgue spaces
and variable Lebesgue spaces (Subsections 5.3 and 5.4, respectively). We overcome this essential
obstacle via an elegant use of the Funk—Hecke formula for spherical harmonics (Lemmas 4.3—4.7).

The proof of Theorem 4.1 relies on the five lemmas below.

Lemma 4.3. Let X be a ball Banach function space. Assume that X has an absolutely continuous
norm. Then, for any bounded linear functional L on X, there exists a unique g € X' such that
ILllx- = lIgllx- and, for any f € X,

L(f) = fR perers

where ||L||x- := sup{|L(f)| : f€X, [Ifllx <1}.

The proof of this lemma can be obtained by a repetition of an argument similar to that used in
the proof of [10, Corollary 4.3] and is omitted.
The next tool establishes an equivalent characterization of W!X(R") under certain assumptions.

Lemma 4.4. Let X be a ball Banach function space and f € X. Assume that CZ(R") is dense in X,
and that X’ has an absolutely continuous norm. Then |V f| € X if and only if for any j € {1,...,n}
we have

Bj(f) := sup {] fR fD9pdx|: ¢ € COE, Iglly < 1} < o0; 42)
moreover,
VA1l ~ > Bi(f) (4.3)
j=1

with the positive equivalence constants independent of f.

Proof. We first prove the necessity. Let f € W'"X(R"). For any j € {1,...,n}, by the definition of
d;f and Lemma 3.18, we have, for any ¢ € C°(R") satisfying ||¢llx < 1,

‘ f J(0)0je(x) dx| = ‘ f 9, f(x)p(x) dx
R" R"

<19 flxligllx < Nfllwrxny < oo,

which, combined with the definition of B;(f), implies that (4.2) holds and

D B <n VAl
=1
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This finishes the proof of the necessity.
It remains to show the sufficiency. To achieve this, assume that B;(f) < oo forany j € {1,...,n}.
For any j € {1,...,n} let

Li@):= | f@ogdx, ¥ eCTR. (4.4)

By the definition of B;(f), for any ¢ € C°(R") satisfying ||¢||lx» < 1, we obtain

< Bj(f) < o0, (4.5)

L= | [ a0 ds

which implies that L; is a bounded linear functional on (CZ°(R"), || -||x-). From this, the assumption
that C°(R") is dense in X’, [13, Theorem 1.1], and (4.5), we deduce that L; can be extended to a
unique bounded linear operator on (X, || - ||x), which is still denoted by L; and which satisfies

ILjllxry- < Bi(f)- (4.6)

By Lemma 4.3 (with X replaced by X”), using the assumption that X” has an absolutely continuous
norm, we conclude that, for any j € {1,...,n}, there exists a unique g; € X" such that

llg jllx = [IL;llcxry 4.7)
and, for any ¢ € C°’(R"),
Lo = [ gioeds
Rl‘l

this fact combined with (4.4) implies that 9;f = —g;. Moreover, from this and the assumption
that g; € X", it follows that 0;f € L{OC (R™). Using this, Lemma 3.18, (4.7), and (4.6), for any
je{l,...,n}, we obtain

19 f11x = llgjllx = llgjllx~ = lILjllxy: < Bj(f) < o0,

which, together with the assumption that f € X, implies that f € W'X(R") and
n
VAl < D Bi(f).
j=1

This finishes the proof of the sufficiency, and hence of Lemma 4.4. O

The following Funk—Hecke formula for spherical harmonics is a part of [6, Theorem 2.22].

Lemma 4.5. Let e, n € S"! withn > 2, and f be a measurable functions on (-1, 1) satisfying

that |
| o= <
-1
Then
fshl [£-n]f(E-e)do(€) = A(f)le - n],
where

1
A= o@ [ gon-pka
-1
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Borrowing a few ideas from [22, (9)], we prove the following technical lemma.
Lemma 4.6. Let {pc}ec(0,00) be a radial-ATI. Then, for any ¢ € CE(R"), xeR" ande € S ! we

have \ X
lim d(x + )_¢(x)p5(|h|)dh _ (1,n)
€>0% J(heRn: hex0) |7 2

[e - Vé(x)], (4.8)
where the convergence is uniform in x € R"; here K(1,n) as in (1.3) with p = 1.

Proof. Let 6 € (0, 1). Then for any given € > 0 write

K. := f Yt =00y dn = KV6) + K2 (6). (4.9)
{heR?: h-e>0) |7
where P
Kg])(é‘) = f ¢(X + ) - ¢(X)p6(|h|) dh
{heR": h-e>0, [h]25) |7
and

K2 () = f Pt =909, (1hly .
(heR": h-e>0, [h<5) |Al

We first consider KS)((S). Since ¢ € C*(R"), applying the mean value theorem and the Cauchy—
Schwarz inequality for any x, & € R”, we obtain

l¢(x + 1) = pOO| < ([ IV | Loy |-

Combining this estimate with (2.2), for any given ¢ € (0, 1), implies that

[p(x + h) — (x|
KD ()] < f Wt ) = 69N iy
(heR™: h-e20, |h26) |Al
< |||V¢|“L°°(R")f pe(|hl) dh
{heR™: -0, [h]=6)
< f pe(HrVdr —» 0 (4.10)
5

ase — 0",
Next, we examine Kéz)(é). Consider first the case n = 1 in which we may take e = 1. Observe
that K(1, 1) = 2. From this and (2.1), for any ¢ € (0, 1) and € > 0, it follows that

K2() = f Mfw) dr
0

_f ¢(x + 1) — B(x)
- ||
= f —¢'<x>]p5<r>dr

p(x +71) — $(x)
+¢/(X)[1 - fmpe(r)dr]
0

- ¢'(X)] pe(r)dr + ¢'(x) fj pe(r)dr

r
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- f; HerD -8 ¢’<x>} pelr)dr
+ ¢’ (x) [@ - f‘x’ Pe(r) dr} ) 4.11)
0

Since ¢ € C2(R), applying Taylor’s remainder theorem and the Cauchy—Schwarz inequality, we
deduce that there exists a positive constant C(4) such that for any x € R and r € (0, 6],

’¢<x +1) =9
r

q’)'(x) < C(¢,)r < C(¢)5.

By this, (4.11), (2.1), and (2.2), for any given ¢ € (0, 1), we conclude that

K(1,1
lim sup |[K(6) - ¥¢’(x)
E—>0+ 2
5
+ —
< lim supf gt -9 &' (x)| pe(r) dr
e—0t  Jo r
+ |¢"(x)| lim supf pe(r)dr
e—0* o
) 00
< olim supf pe(r)dr + ”¢,||L°°(R) lim supf pe(r)dr
e—0* 0 e—0" 0
<6 4.12)

Now consider the case n > 2. Observe that, for any ¢ € (0, 1) and € > 0, one has

K&) = f [f g+ re) - ¢ dO'(f)] et dr
0 {geSm1: £.e20) r

:f{f $(x + ré) — P(x)
0 {£eSn—1: .20}

;
pr(r)r"_ldr
")
+ f £ V() dor(@) f Py dr
(EeSm1: £e20) 0

= f{f Px + 1) — ¢(x) —f-VQ)(x)} do-(§)}
0 (Jigesn1: £ex0)

.
X pE(r)r"_1 dr

+ f £- Vo) (@) [1 - f " o dr],
(€51 £.030) s

—&- V¢(X)] dG(&)}

which implies that

K2 - f £ V() dor (@)
(Eesm1: £e20)

<1,
0 [Jigesr1: gex0)

Px+ r@fr) 00, a0

d(f(f)]



44 FENnG Dar, Loukas GrRAFAKOS, ZHULEI PAN, DACHUN YANG, WEN YUAN AND YANGYANG ZHANG

><,o€(r)r"_1 dr

f &-Vo(x) da(f)l f ) pe(rrLdr. (4.13)
{€eSn-1: £.e>0} S

+

Since ¢ € C2(R"), applying Taylor’s remainder theorem and the Cauchy—Schwarz inequality, it
follows that there exists a positive constant C(g ) such that, for any x € R", r € (0,0], and £ € sr1

—&-Vo(x)

‘w < Cipmr < Clpmyd. (4.14)

Moreover, using the Funk—Hecke formula for spherical harmonics [with f and r in Lemma 4.5
replaced, respectively, by 10,17 and Vé(x)/|Vé(x)|], and [16, (1.6)], we obtain

f ¢V do) = f €V - &) do(€)
{£eSn=1: £.620) gn-1

Sn—2
- & 1 e o)
K(1,
= (2 " e V(]

From this, (4.13), (4.14), (2.1), and (2.2), for any given n > 2 and ¢ € (0, 1), it follows that

K?(s) - K(lz,n)

le V¢(x)]‘

lim sup
e—0"

S
< 8lim supf pe(HF 1 dr
0

e—0t

K(1, . o _
+ Mle'Vqﬁ(x)lhmsupf pe(rrtdr
2 e—0* 5

K(1,n) _ 0 _
V] [l (gry lim sup f pe(r)r*dr ~ 6.
e—0* [

SO+
2

This estimate together with (4.12) implies that for any given n € N and for any ¢ € (0, 1), we have

K9 ) - @[e V()]

lim sup < 0.

e—0"

By this, (4.9), and (4.10), for any given ¢ € (0, 1), we finally conclude that

h) - K(
lim sup f Mf)sﬂhb dh — M[e . V¢(x)]‘
=0+ |Jihern: hex0) |A| 2
K
< limsup |KP(6)] + lim sup | K (8) - %[e : V¢)(x)]‘
e—0* e—0*
K(
= lim sup [K2(5) - %[e -Vol| < 6.
e—0*

Let 6 — 0. Then we conclude that (4.8) holds, and this finishes the proof of Lemma 4.6. O



BoOURGAIN-BREZIS—-MIRONESCU FORMULAE viA BALL BANACH FUNCTION SPACES 45

Next we provide a modification of [22, Lemma 1].

Lemma 4.7. Letp € L%OC (0, o) be a nonnegative function satisfying (3.11). Let f € L{OC (R™) and
¢ € Cc(R") be such that

L | o=y - sy reonas < o @15

Then, for any e € S"™' we have

f [ f Mp(ly—XI)dy fx)dx
n | Jpyern: (-xyex0) 1y — A

S f,, |: - MP(I)’ _ X|) dy:| |¢(X)|dx

lx =yl

Proof. For any given ¢ € (0, o) define

oo [0 re©o),
r) =
po o(r), € [6,00).

Then for any x, y € R"” we certainly have

|(Myly):—Z‘fl(X)lp(s(ly = D eperrxmer: (r-x)e20)(X V()]
< W&:—Z(’“)'puy — DI (4.16)

In view of (4.15) this implies that

f [ f MP&(D’ - x[) dy] |f ()| dx
n | Jpern: mwyez0p Iy —

< [ [ WO = 90 - xl)d)’] fldx < . 17
n | JRe ly —

As ¢ € C.(R"), there exists a ball B(0, M) with M € (0, o) such that supp (¢) € B(0, M). Using
this, the assumption that f € L}OC (R™), and (3.11), we obtain, for any ¢ € (0, o),

f [f o ps(ly — ) dy] |f ()l dx
v [Jiyerr: (p-xyez0) [y = X1
= f : U : p6|(;i|hl) dh] G f ()l dx

< 1] 2 Ry

f £ ()] dx f " o dr < oo, (4.18)
9 BO,M) P)

This, combined with (4.17), further implies that, for any ¢ € (0, c0),

f [ f o) ps(ly — XI)dy] |f(x)| dx
i | Jiyerr: (y-xy-ex0y [y — Xl
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< f [ f 60) = 0l 1y~ ) dy] () dx
R [J{yeR": (y—x)-e>0} [y — x|

+ f ) [ f{ |(b()c)lp(s(ly xl)dy] | ()| dx < oo. (4.19)

yeR™: (y—x)-e=0} |y x|

Let 6§ > 0. We claim that

f [ f Mpéuy—xbdy] fx)dx
[ Jperr: g-xrez0p |y — Xl

sf [f Mp(ly—XI)dy
e |Jre X =)l

Indeed, by (4.17), (4.18), (4.19), and Fubini’s theorem, we conclude that

| [ | POV =00 sy~ dy] f0dx
R | J{yeR": (y—x)-e>0} [y — x|
- [ [ | 20D il — dy] fdx
nLJ{yeR™: (y—x)-e20} [y — x|

- f [ f P olly - x|>dy] Fx)dx
R’ | Jyerr: (y—x)e=0) 1Y — Xl

_ f [ f SOy - x|>dx]¢(y>dy
n | Jixerr: (y—x)ex0) 1V — Xl

l$(x)| dx. (4.20)

[ f S )pa(ly xl)dy} ¢(x)dx
R LMy

€R7: (y=x)-e20} |V — X

[ | 1o p6<|h|>dh] o0 dy
re [ Jinerr: nesop 1Al

[f &Pa(lhD dh} ¢(x)dx
R’ | J(herr: hez0) 1

h —
f [ f Mmqwdk] H() d,
R heR™: h-e>0} 1Al

[ [ | Mpa(ly—)d)dy] F)d
R | J{yerr: (y—xyez0) 1Y = Xl

—h) -
[ [ [ MMMW] 60l dx
R [ J{heR": h-e>0} IAl
g f [ f Mpqy_mdy] 600 d.
R” R” |-x - yl

Thus, the claim (4.20) is valid. From this, (4.15), (4.16), and the Lebesgue dominated convergence
theorem, it follows that

[ f POV =20 1y~ ) dy] £ dx
eRr: (y—xrex0) [y —

which implies that
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f [lim f Mpa(ly—xl)dy] ) dx
n [620 Jyyern: (xyez0p 1V =

0
~iim | [ [ 200 =99y ) dy] f0dx
-0 {yeR": (y—x)-e>0} |y —
<[ [ V=700 - x|>dy] 60l .
il Jre =)l
This finishes the proof of Lemma 4.7. O

Proof of Theorem 4.1. By Lemma 4.4, it suffices to show that
Bj(f) < oo, 4.21)

for any j € {1,...,n}, where B;(f) is as in (4.2). So let ¢ € CZ(R") satisfy [|¢|lx» < 1. Using
this and Lemma 4.6 [with e replaced by e; (the j-th unit vector in R")], we find that, for any
jef{l,...,n}and x € R",

9,6() = ;- Vo(x)
2
lim f POV =0 1y~ xydy. “22)
yeR": (y—x)-¢;>0}

G v — x|

where the convergence is uniform in x on R”, and K (1, n) asin (1.3) with p = 1. Since ¢ € CZ(R"),
it follows that there is a ball B(0, M) with M > 0 such that supp (¢) C B(0, M). By this, f € X
[which implies that f € L{OC (R™], and (4.22), we conclude that, for any j € {1,...,n},

K(1,n)
2

f 009 6(x) dx
Rn

K(1,n)
2

f F(x0)0p(x) dx
BO.M)

| [ | P0) - flx )ps(ly—XI)dy]f(x)dx
BOM) | Jiyern: g-xye;20p 1y — Al

f [ f PO =D )y - 5 dy] FO)da.
R [Jiyern: g-xyez0p 1y — A

Then we claim that, for any € € (0, 00),
f n [ f ,, |¢(y|; il( )|pe(|y xl)dy} lfoldx < 11 fllx < oo. (4.24)

Indeed, since ¢ € C°(R"), from the mean value theorem and the Cauchy—Schwarz inequality, it
follows that, for any x, y € R" we have

l¢(x) = ¢ < 1V [l gy 1x = Y. (4.25)

Observe that when x € R” satisfies |x| > 2M, and y € B(0, M), then we must have |y — x| > 271l
Using this, (4.25), and Lemma 3.18, we conclude that

f [ B0) =601, 1y~ xpyay| 1ol
n | JRrn ly — xl

lim
e—0*

lim
e—0*

(4.23)
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+ o e
f"\B(O 2M) fl;(() M) f”\B(O,ZM) f"\B(O,M)

Sl [ | [ o= | iroras

) f [ Mpe(b; - dy] (o)l dx
B(0,2M) LVR"

lfol
+ 1@l ey | B(O, M) / )pe(2 'x]) dx
rR\BO2M) |l
fOl
~ [ e [ O 21y dx
B0.2M) RM\BO2M) |X]
x _
< Widimozmle + [ O, 211 ax
r\BO2M) ||
[f ()l
< ||f||x+f el 027" |x) dx. (4.26)
R\BO2M) ||

Moreover, from the assumption that p is decreasing for any € € (0, ), the assumption that X’ is
locally S-doubling with 8 € (0,n + 1), and (2.1), it follows that

Lf ()l
f bl 027 xl) dx
r\BO2M) ||
S lFl -
=2 f T @
= JBo2 0.2 |x]

(27 M
Z” ¢_1 0l dx

2]M B(O,Zj” M)

o P27 M)
Sfllx ) ——=——IMpge2i1mllx

< Izl Y pe@ M) MY
j=1

< Ifllx Y pe@~ )@ My

J=1

<Iflix f | @) dx
j=1

B(0,27+1 M)\B(0,2 M)
(o]
S ||f||xf P dr < ||flix < oo,
M

which, combined with (4.26), implies that the claim (4.24) holds. By (4.23), (4.24), and Lemma
4.7 (with p replaced by p,), for any j € {1,...,n}, we find that

[ ros00as
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e~0* lx =yl

sliminff[ MPE(IX—yI)dy]Ifb(X)IdX-
n Rn

From this, Lemma 3.18, Holder’s inequality, (2.1), and (4.1), for any ¢ € CZ°(R") with [|¢|lx» < 1
we deduce that

[ woeas
Rn
. IFC) = sl
< liminf MPG(I =y dy|| llllx
e—0" R | . _yl X
3 1/p
o lFC) = fOIP ’
< liminf [ VO T - —say|" | [ pett- =Dy
€—0* O R i R ¥
1
D) — P 7
< liminf [ Mpe(l ’ —yl)dy], < .
e—0* Rn |- —y|? ¥
This fact, together with (4.3), yields the validity of (4.21) and
- ) = fO)I |
o) — P
VAl < > Bi(f) < liminf [ S (- -y dy
= 00 ([Jer Ty
Jj= X
This finishes the proof of Theorem 4.1. O

As a direct consequence of Theorems 3.4 and 4.1, Corollary 3.19, and Lemma 3.31, we obtain
the following new characterization of WX(R"). Indeed, both Corollary 3.19 and Lemma 3.31
are used to show that the BBF space X under consideration satisfies all the hypotheses of both
Theorems 3.4 and 4.1.

Theorem 4.8. Let X be a ball Banach function space, p € [1, o), and {pelec(0,00) be a decreasing-
radial-AT1. Assume that both X and X' have absolutely continuous norms, X P is a ball Banach
function space, and the Hardy—-Littlewood maximal operator M is bounded on (X''PY. Then
fe WX®RY ifand only if f € X and

3= fOlP 5
lim [ f MPE(I-—yI)dy} < 003 (4.27)
e-0* U Rl .
moreover,
1P
3 — F(WIP Z

lim [ M.Oe(l'—yl)dy] = K(p,m) 1IVAIII .
0% [ Jpn |- —yIP X

To show Theorem 4.8, we first establish the following two lemmas.

Lemma 4.9. Let X be a ball Banach function space. Assume that the centered ball average
operators {B,},¢(0,00) are uniformly bounded on X. Then {B,},¢0,«0) are uniformly bounded on X'.
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Proof. Letr > 0and f € X. By Definition 3.2 and Fubini’s theorem, we find that

IB-(llx = sup fRn B, (f)(x)g(x)dx

llgllx=1

1
< J ,
= ||gs||l)l£1\fRn |B(x, r)| [ j;(x’r) LF O y] lg(x)ldx

1
= d d
”:”1}1(1:1 re By, 1) [fs(y,m 8 x] yoldy

= sup lfODIB(&)() dy.

llgllx=1 JR"

From this, Lemma 3.18, and the assumption that the centered ball average operators {B,},¢(0,«) are
uniformly bounded on X, it follows that

1B-(Nllx: < sup IB-(@lxIlfllx < sup lgllxllfllx: ~ lfllx-
llgllx=1 llgllx=1

This finishes the proof of Lemma 4.9. O
The following provides the third sufficient condition for the locally S-doubling property of X.

Lemma 4.10. Let X be a ball quasi-Banach function space. Assume that the centered ball average
operators {B,},e0,c0) are uniformly bounded on X. Then X is locally n-doubling.

Proof. Observe that for any B := B(0,r) € B with r € (0, o), and for any a € [1, ) and x € aB
we have

|B N B(x,2ar)| 1
Booy(15)(x) = 1500 dy = = .
wdp)) = Ay = el Gay

From this and the assumptions that X is a BQBF space and that {B,},¢(0,0) are uniformly bounded
on X, it follows that, for any B € B and « € [1, c0),

Lesllx < 2"@"||B2ar(1p)llx < @"l1llx-
This implies that X is locally n-doubling, and hence finishes the proof of Lemma 4.10. O

Proof of Theorem 4.8. Let f € W'X(R"). By Theorem 3.4, we obtain
P

pe(l - —yl)dy]p = K(p,m) 11V} < oo,

X

lim
e—0*

[ lfC) = fOIP
e |=yIP

which completes the proof of the necessity.

Next, we show the sufficiency. To this end, assume that (4.27) holds. Using Corollary 3.19,
Lemma 3.11, and the assumptions that X'/7 is a ball Banach function space and that the Hardy—
Littlewood maximal operator M is bounded on (X 1Py we find that CZ(R™) is dense in X" and
the centered ball average operators {B;},¢(,) are uniformly bounded on X. This, combined with
Lemmas 4.9 and 4.10, implies that X’ is locally S-doubling with 8 = n € (0,n + 1). Thus, all the
assumptions of Theorem 4.1 are satisfied. Using Theorem 4.1, we conclude that f € W'X(R™).
This finishes the proof of the sufficiency, and hence of Theorem 4.8. ]
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Remark 4.11. Let g € (1,00), p € [1,g], X := L{(R"), and {p¢}ee(0,00) be a decreasing-radial-ATI.
Then, by Theorem 4.8, we find that f € Wh4(R") if and only if f € LY(R") and (4.1) holds with
X = L4(R™); moreover, if (4.1) holds for some f € L1(R"), then we have

1P

P
lim pe(| - —yl)dy}
e—0*

= K(p,n) [[IVf] IIIZq(Rn) .
L4(R")

[ IfC) = fOIP
re | yIP

If X := LY9(R"), Theorem 4.8 is just [12, Theorem 2] when p = g but is new when p < g.
Theorems 3.36 and 4.1 yield the following conclusion in a way similar to Theorem 4.8.

Theorem 4.12. Let X be a ball Banach function space, and p € [1,0). Assume that both X
and X' have absolutely continuous norms, X''? is a ball Banach function space, and the Hardy—
Littlewood maximal operator M is bounded on (X'/?Y'. Then f € WYX(R™) if and only if f € X
and

D) — P
lim (1 —s) VO =JOF f(),))l d < o0;
s—1- R? I . _y|l’l+ép x
moreover, if this holds for a function f € X, then we have
ro-ror Pl _ ke.n
. )= p s n
lim (1 - s) [ ST dy] = =L s
s—1 O e | R X p

Remark 4.13. Let g € (1,00), p € [1, 4], and X := LY(R"). Then, by Theorem 4.12, we conclude
that f € W'4(R") if and only if f € LY(R") and

1
D) — P P
linl_(l—s)l[ O = 7oP f@;' d}l < co:
s—1 R» I . _)’| LI(R™)
moreover,
o -ror 17| K(p.n)
' D) — » N7
fim (11— 5 [ ﬁd] = 2P A, -
s R” y LI(R")

If X := L9(R"), Theorem 4.12 is just [12, (44)] when p = g but is new when p < q.

5 Applications to specific spaces

In this section, we apply Theorems 2.13, 2.15, 2.20, 2.22, 3.4, 3.36, 4.8, and 4.12 to seven con-
crete examples of ball Banach function spaces, namely, Morrey spaces (Subsection 5.1), mixed-
norm Lebesgue spaces (Subsection 5.2), weighted Lebesgue spaces (Subsection 5.3), variable
Lebesgue spaces (Subsection 5.4), Orlicz spaces (Subsection 5.5), Orlicz-slice spaces (Subsection
5.6), and Lorentz spaces (Subsection 5.7).
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5.1 Morrey spaces

For any given 0 < r < @ < oo, the Morrey space M*(R") is defined as the set of all the
measurable functions f on R” for which the quasi-norm

1/a-1
I llpzeny == sup BV V7| fllr sy
BeB

is finite. These spaces were introduced in 1938 by Morrey [78] in order to study the regularity

of solutions to certain equations. They find important applications in the theory of elliptic partial

differential equations, potential theory, and harmonic analysis (see, for instance, [3, 27, 61, 91, 92,

97]). Asindicated in [93, p. 87], the Morrey space M (R") for any given r € [1, o) is a ball Banach

function space, but not a Banach function space in the terminology of Bennett and Sharpley [10].
The following theorem is a corollary of Theorem 2.15.

Theorem 5.1. Let 1 <r < a < oo and p € [1, ) satisfy n(1/a — 1/p) < 1. Let K(p,n) be as in
(1.3). Then, for any f € C2(R™),

_ K(p,n)

Iim (1 —y)

s—1-

P
| . _y|n+sp ” Ivfl ”M;Y(Rn) . (51)

1P
[ lfC) = fOIr dy}”
R)l

My (R")

Proof. From the conclusion in [93, p. 87], it follows that the Morrey space M (R") is a BBF space.
Using this fact and Theorem 2.15, we find that in order to prove the required conclusion, it would
suffice to show that M¥(R") is locally n/@-doubling with n/a € (0,1 + n/p). Indeed, from the
definition of M¥(R"), for any By := B(0, R) € B, we deduce that

11 11
1 yllare®ny = max { sup |Ble ™ |[1pyllLr(m), sup |Bla "7 |15,
BeB BeB
rg<R rg>R

1 1 1 1 1 1
= max sup |Ble"7|Bg N B|7, sup |Ble"7|Bg N B|*
BeB BeB
rp<R rg>R

= Bol'/“.
This implies that, for any A € [1, 00),

1L, llpe ey = [ABoI"® = A By = |1, llpge ey

Thus, M*(R") is locally n/a-doubling. Observe that the assumption that n(1/a — 1/p) < 1 gives
n/a € (0,1 + n/p) and this completes the proof of Theorem 5.1. O

By the proof of Theorem 5.1, we conclude that the assumptions of Theorem 2.13 are satisfied
for M*(R"). Using Theorem 2.13, we obtain the following corollary; we omit the details here.

Corollary 5.2. Let 1 <r <a < oo and p € [1, ) satisfy n(1/a — 1/p) < 1. Then Theorem 2.13
remains valid when X = MY (R").
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Proposition 5.3. Let 1 < r < @ < coand p € [1,r). Then f € W'Y ®YRY) if and only if
feMI®R") and

iyp
[ O = fOI dy]p o 52)
R)‘l

liminf (1 - 5) Qe

My (R™)

moreover, there exists positive constants C and Cy such that

L P
D) — p »
CLIIT A1y < Timinf (1 = 5) [ R"Md]

R +
|- —yl**sp MR
s 1P
o) — P
<limsup (1 - s) [ Mdy]
s—1- - et U MER™)
< CollIV 11 gy -
Proof. We first prove that V f exists and
ro-ror 1l
) — P
IV S lyo gy S liminf (1 — 5) f A (5.3)
s—1 R | : _yln 5P M®(R")

Indeed, when 1 < r < @ < o0 and 6 € (0, r/a), according to [91, Proposition 285], we have the
following norm equivalence: for any measurable function f on R”,

Pl ~ sup oYl s (5.4)

M)l

where M denotes the Hardy-Littlewood maximal operator, the supremum is taken over all cubes
Q CR,

1 0o = { f O [MAg))] ™ dx} :
and the positive equivalence constants are independent of f. From (5.4) and (5.2), it follows that
P
) - P
lim (1 _ s)|Q|p/a—p/r |f( ) f(y)| dy
s—1- Rn | : _ylan r n
L[M(IQ)II/(I’H)(R )
Ly P
) — P »
< liminf (1 — 5) VO = FOF 1 < oo, (5.5)
=1 r [
M2 ®")

On the other hand, by [91, Theorem 281], we know that [M(IQ)]IITG € A|(R") for any cube

O c R". From this, (5.5), and Theorem 4.12 with X := LfM(l /- (R™) (see also Theorem 5.10

below with w := [M(IQ)]I%H), we infer that V f exists and, for any cube Q c R",

K (p, n)
=PI A, -
1/(1-6)

M )]
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P
[ O = FOI ]”
Rn

T _ pla—p/r
= ‘ll)r?_ (1 - 90| |- —y[rtsp

L

[M(IQ)]I/(]_H) (R”)

’

1P
[ lfC) = fOIP dy]”
Rn

-l

< lisn_1>}[1f(1 —5)
MR
which, combined with (5.4) again, further implies that (5.3) holds true.

On the other hand, by the conclusion in [93, p. 87], we find that the Morrey space M(R") is a
BBF space. From [94, Theorem 4.1], it follows that the Hardy—Littlewood maximal function M
is bounded on {[Mf(R”)]l/ P}, By this, we conclude that all the assumptions of Lemma 3.34 are
satisfied for X := MZ(R") [with p in Lemma 3.34 replaced by p. in (2.22) for any € € (0, 1/p)],

which implies that
P
lfO) = fOIF |7
Sl
eR: [—yl<(1=s)-12) |- =Y["*5P

(1-s)
My R")
=H fO = O

e | =yIP M@

SV Mg e - (56)

% p
pe(l - —yl)dy}

Moreover, using Lemma 3.37 and the fact the Hardy—Littlewood maximal function M is bounded
on {[M?(R”)]l/ PY (see, for instance, [94, Theorem 4.1]), we find that

L|P
D) — P »
limsup (1 — s) f M dy] =0.
-1 e [oafe(1-s) 12y | YT Mz e
This, together with (5.6), further implies that
PR
o) — p
limsup (1 - s) [f O = S0P {g}gl dy}
s—1- R® | ' _yl MeR?)
(P
) — A
<limsup (1 - s) [f Mdy]
s 1 err: foi<(i—12) - =P MR
1P
D) — P »
+ limsup (1 —s) [f VO = S0P f+()")| dy}
- yeRr: oylz(i-sy 1) [ =P My (R
)4
S IV AN o -
This finishes the proof of Proposition 5.3. O

Remark 5.4. (i) By [94, Example 5.1], we conclude that the Morrey space MZ(R") has no
absolutely continuous norm if 1 < r < @ < co. Thus, it is still unknown whether or not (5.1)
is valid for any f € WM ®)(RM),

(ii) We point out that the upper estimate (5.3) of Proposition 5.3 is attributed to the referee.
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5.2 Mixed-norm Lebesgue spaces

For a given vector 7 := (ry,...,r,) € (0, c0]", the mixed-norm Lebesgue space L7(R™) is defined
to be the set of all the measurable functions f on R"” for which the quasi-norm

2 "
r
”f“L’YR”) = {‘fR[sz |f(x1>-'-,xn)|rl dxl] dxn} s

is finite; the usual modifications are made when r; = co for some i € {1, ..., n}. In the sequel let
_=minf{ry,..., ). 5.7

The study of mixed-norm Lebesgue spaces can be traced back to Hormander [53] and Benedek
and Panzone [9]. Important developments of mixed-norm function spaces can be found in [28, 46,
56, 57, 58,71, 83, 84]. When 7 € (0, o0)" the set L’ (R™) is a ball quasi-Banach function space, but
it may not be a quasi-Banach function space (see, for instance, [107, Remark 7.20]).

The following theorem is a corollary of Theorem 2.15.

Theorem 5.5. Let 7 := (rq,...,ry) € [1,00)" and p € [1,0) satisfy 1/ri +---+ 1/r, <1+ n/p.
Let K(p,n) be as in (1.3). Then, for any f € CE(R"),

- Kem e,

L7 (R") *

P
[ SO = DI, ]”
R’l

il [

L7 (RY)

Proof. From [56, Remark 2.8(iii)], it follows that the mixed-norm Lebesgue space L (R™is aBBF
space. Using this and Theorem 2.15 we conclude that in order to prove the required conclusion
it suffices to show that L(R") is locally S-doubling with some 8 € (0, 1 + n/p). Indeed, by [83,
Proposition 2.1], we conclude that, for any B := B(0,r) € B with r € (0, o), and any a € [1, c0)
we have

gl
||laB||L?(Rn) =a" n ||IB||L?(Rn)'

Combining this estimate with the assumption that 1/r; +---+ 1/r, < 1 + n/p, implies that L R"Y
is locally g8-doubling with 8 = 1/r; +--- + 1/r, € (0,1 + n/p). Theorem 5.5 is now proved. O

The following result is a consequence of Theorem 4.12.

Theorem 5.6. Let 7 := (r1,...,r,) € (1,00)" and let p € [1,r_) with r_ defined in (5.7). Then
f € WHE®RD(RM) if and only if f € L'(R™) and in this case we have

P
[ lfC) = fOIP dy]p
Rn

tim o[ [ VOSSO
LF(R?)
nioreover, P
1
: fO—fonr | _Kp,m) P
= [f Ty @ v VA e

with K(p,n) as in (1.3).
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Proof. By the definition of L”(R") we obtain that
[L'@®YVP = L7PR")

and thus [L? (R™]'? is a BBF space (see, for instance, [56, Remark 2.8(iii)]). Then, from this and
[9, Theorems 1 and 2], it follows that

[LF(Rn)]' —I”®" and ([L?(Rn)]l/l’)’ = LTI (®™),

where 7 = (rls...,rp) with 1/r; + /r] = 1, and (7/p)" := (r],...,r,) with p/r; + 1/r] =
for any i € {1,---,n}. Moreover, in view of [45, Lemma 4.1] and the assumption that 7 :
(ri,...,rm) € (1,00)", we conclude that L’ (R") and [L"(R™)]’ both have absolutely continuous
norms. Furthermore, by [56, Lemma 3.5] and the assumptions that 7 = (ry,...,r,) € (1,0)" and
p € [1,r-), we find that the Hardy—Littlewood maximal operator M is bounded on ([L7(R™M)) /Py .
Thus, all the assumptions of Theorem 4.12 are satisfied for X := L7 R™ with 7 = (rq,...,r,) €
(1,00)" and p € [1,r-). From this and Theorem 4.12 with X := L"(R™), we deduce the claimed
conclusions. This finishes the proof of Theorem 5.6. O

1

From the proof of Theorem 5.6, we deduce that all the assumptions of Theorems 2.13, 3.4,
3.36, and 4.8 with X := L" (R™) are satisfied. Thus we obtain the following results and we omit the
details.

Corollary 5.7. Let 7 := (ry,...,ry) € (1,00)", and p € [1,r_). Then Theorems 2.13, 3.4, 3.36, and
4.8 are valid for X = L7(R").

Remark 5.8. We point out that the Sobolev-type space WI’LV(R")(R”) associated with mixed-norm
Lebesgue space has been previously studied in [62, 63].

5.3 Weighted Lebesgue spaces

In this section, we apply Theorems 2.20, 2.22, 3.4, 3.36, 4.8, and 4.12 to weighted Lebesgue
spaces (see Definition 3.13). It is worth pointing out that a weighted Lebesgue space with an
A (R™")-weight may not be a Banach function space; see [93, Section 7.1].

The following theorem is a consequence of Theorem 2.22.

Theorem 5.9. Let r, p € [1, ) satisfy that n(1/r — 1/p) < 1, and w € U ye(1 r(1/n+1/py) AgR"). Let
K(p,n) be as in (1.3). Then, for any f € C2(R"),

[ [ ro-tor, ]
Y
T

Proof. It is known that L] (R") is a BBF space (see, e.g., [93, p. 86]). Since g € (pn/(p + n), r], it
follows that n(1/q — 1/p) < 1 and g < r. Moreover, by the definition of L] (R"), we have

P
K(p,n)
= ” |Vf| ”pL(Rn) .

Iim (1 —s)
s—1-
Li,(R™)

[LL R = LJIR™.

Using this, the assumption that w € A,,(R"), and [47, Theorem 7.1.9 (a)] we conclude that the
Hardy—Littlewood maximal operator M is weakly bounded on [L/,(R")]'/9. Thus all the assump-
tions of Theorem 2.22 with X := L] (R") are satisfied. The conclusion of Theorem 2.22 yields the
claimed assertion and then completes the proof of Theorem 5.9. O
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The following result is a corollary of Theorem 4.12.

Theorem 5.10. Letr € (1,00), p € [1,7], and w € A, ),(R"). Then f € WhLo®)(Rrm) if and only if
feL (R")and

LP
D) — p P
lim (1 - 5) [ %dy]' < oo}
s—1 g |- =l L@
moreover,
L2

. ro-ror P ke o
lim (1 —s>| [ IS, el L7

with K(p,n) as in (1.3).

Proof. By [96, Lemma 4.2] and [89, Theorem 1.34], we conclude that L] (R") and [L],(R")] =
L(’;l_r, (R™) both have absolutely continuous norms. From the definition of L] (R"), it follows that

(L, RMY]'P = LIP(R")

and [L],(R™)]"/” is a BBF space.
Then we consider two cases based on the size of p. If p € [1,r), from the assumption that
w € A,/p(R") and [47, Proposition 7.1.5(4)], it follows that

WP € Ay RM). (5.8)
Moreover, using [96, Lemma 4.2], we conclude that

(1L, ®DI'P) = L0 @,
By this, (5.8), and [5, Theorem 3.1(b)], we find that the Hardy-Littlewood maximal operator
M is bounded on ([LZ)(R”)]I/ Py, Thus, all the assumptions of Theorem 4.12 are satisfied for
X := L, (R") with p € [1,r) and w € A,/,(R").
If p = r we apply the conclusion in [59, p. 9] and the assumption that w € A,;,(R") to obtain

(Lo ®HP) = L @®™).

This combined with [5, Theorem 3.1(b)] and [59, p. 9] yields that M is bounded on ([LZU(R”)]” Py,
Thus, all the assumptions of Theorem 4.12 are also satisfied for X := L] (R") when p = r and
w € Ay/p(R"). The conclusion of this theorem yields the claimed assertion and then finishes the
proof of Theorem 5.10. O

From the proof of Theorem 5.10, it follows that all the assumptions of Theorems 2.20, 3.4, 3.36,
and 4.8 with X := L] (R") are satisfied. As a consequence of these theorems with X := L] (R"), we
obtain the following results; we omit the details here.

Corollary 5.11. Letr € (1,00), p € [1,r], and w € A,,(R"). Then Theorems 2.20, 3.4, 3.36, and
4.8 are valid for X = L] (R").
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5.4 Variable Lebesgue spaces
Letr: R" — (0, o) be a nonnegative measurable function. Let

= essinf r(x) and 7, := ess sup r(x).
xeR” xeR”
A function r : R" — (0, o0) is said to be globally log-Holder continuous if there exist an ro, € R
and a positive constant C such that for any x, y € R" we have

C
0 = PO € oo s and 1) = el < o=

The variable Lebesgue space L") (R") associated with the function r : R"” — (0, o) is defined to
be the set of all the measurable functions f on R” with finite quasi-norm

r(x)
£l Lo @ny := inf {/l € (0,00) : f [@} dx < 1}.

By the definition of L"”(R"), whenever r : R" — (0, ), it is easy to show that L")(R") is a ball
quasi-Banach function space. If 1 <7_ <7, < oo, then (LO®RM, -l O®n) 1s @ Banach function
space and hence also a ball Banach function space (see, for instance, [93, p. 94]). For more results
on variable Lebesgue spaces, we refer the reader to [30, 32, 38, 67, 79, 80].

We begin with the following consequence of Theorem 2.22.

Theorem 5.12. Let r : R" — (0,00) be globally log-Héolder continuous. Assume that both
1 <7 <7, <ooandp € [1,) satisfy n(1/r— — 1/p) < 1. Let K(p,n) be as in (1.3). Then, for

any f € C2(R),
LP
. fO-sor | _Kp,n)
Sll)l’{{ (1 — S) |:fn W d)’] ”l fl ”LI()(R}'I)
L’(')(R”)

Proof. It follows from [93, p. 94] that the variable Lebesgue space L")(R") is a BBF space. More-
over, by the definition of L'O(R"), we have

[ o (Rﬂ)] = 7O R™).

Using this and [37, Corollary 4.4.12], together with the assumption that r is globally log-Holder
continuous, we obtain that the Hardy-Littlewood maximal operator M is weakly bounded on
[L"O@®™M]Y™-. Thus, the assumptions of Theorem 2.22 are satisfied for X := L'O(R") with 1 <
7_ <rp < ooand p € [1,00) satisfying n(1/7— — 1/p) < 1. The conclusion of this theorem then
completes the proof of Theorem 5.12. O

The following theorem is a corollary of Theorem 4.12.

Theorem 5.13. Let r : R" — (0, 00) be globally log-Holder continuous. Assume that 1 <r_ <
Ty <ocoand p € [1,7.). Then f € Wl’UU(R")(R") ifand only if f € L"O(R") and

[j‘vo—f@wd]ip
Y
C Tl

L ')(R")

< 00,

lim (1 — )
s—1-
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moreover,

_Kp,m)

lim (1 - s)

p
Jim | VA1

[ [ o-ror, ]2 ’
T sy Y
R | . _y|n+sp

L"(‘)(Rn)

with K(p,n) as in (1.3).

Proof. By the proof of Theorem 5.12, we obtain that
|Lo@n]"” = L0

and [L"O(R™)]/P is a BBF space (see, for instance, [93, p.94]). Then, from [30, Theorem 2.80],
we deduce that

[Lr(.)(Rn)]’ _ Lr(.)’(Rn) and ([Lr(')(Rn)]l/P), _ L(r(~)/P)'(Rn)’

where r(-) := [r(-) — 1]/r(-) and (r(:)/p)’ := [r(-) — p]/r(:). Moreover, by [30, p.73] and the
assumption that 1 <7_ <7, < co, we conclude that L"©(R") and [L"”)(R")]’ both have absolutely
continuous norms. Furthermore, from [1, Theorem 1.7], it follows that the Hardy—Littlewood
maximal operator M is bounded on ([L"”(R™)]'/?) with 1 <7_ <7, < oo and p € [1,7_). Thus,
all the assumptions of Theorem 4.12 are satisfied for X := L'O(R") with 1 <7_ <7, < oo and
p € [1,72). From this and Theorem 4.12 with X := L'(R"), we deduce the desired conclusions
of the present theorem. This finishes the proof of Theorem 5.13. O

From the proof of Theorem 5.13, we deduce that all the assumptions of Theorems 2.20, 3.4,
3.36, and 4.8 with X := L’O(R") are satisfied. Using this, we obtain the following corollary.

Corollary 5.14. Let r : R" — (0, 00) be globally log-Holder continuous. Assume that 1 <'r_ <
7+ < ooand p € [1,7_). Then Theorems 2.20, 3.4, 3.36, and 4.8 hold for X = L' (R").

Lr(-) (Rn

Remark 5.15. Sobolev-type spaces W' )(R™) associated with variable Lebesgue space were

introduced in [38].

5.5 Orlicz spaces

We discuss a few basics on Orlicz spaces. A non-decreasing function ® : [0, 00) — [0, o) is
called an Orlicz function if ®(0) = 0, d(¢) > 0 for any ¢ € (0, ), and lim;,cc O(¢) = co0. An Orlicz
function @ is said to be of lower (resp., upper) type r for some r € R if there exists a positive
constant C, such that, for any ¢ € [0, c0) and s € (0, 1) [resp., s € [1, 00)],

D(s1) < Cirys"O(2).

In the remainder of this subsection, we always assume that ® : [0,c0) — [0, o) is an Orlicz
function with positive lower type rg, and positive upper type rg. The Orlicz norm || f]| ogn) of a
measurable function f on R” is then defined by setting

ILf1l o gy :=inf{/le(0,oo): f (D(lf;x)l)dxsl}.
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Accordingly, the Orlicz space L*(R") is defined to be the set of all the measurable functions
S on R" with finite norm ||f|| egn. It is known that L®(R") is a Banach function space when
l<ry< r&; < oo (see [87, p. 67, Theorem 10]).

The following theorem is a corollary of Theorem 2.22.

Theorem 5.16. Let @ be an Orlicz function with positive lower type rg and positive upper type
r;l*,. Assume that both 1 < ry < r;l*) < oo and p € [1,00) satisfy n(1/ry, — 1/p) < 1. Let K(p,n) be
as in (1.3). Then, for any f € Cg(R”),

LypP
. fC) = fIF |7 K(p,n)
lim (1~ 5) [ —fl,_ l{ff,, dy] - e e,
§ R7 y L(I)(R”)
Proof. Fort € [0, 00) define
D, (1) := O(t'/"0). (5.9)

First, from [93, p. 94], it follows that the Orlicz space L*(R") is a BBF space. By the proof of
[108, Lemma 2.31], we conclude that d)r&) is of lower type 1 and of upper type r,/rg,, and

[Lo@n] " = L% @

From this and [65, Lemma 1.2.4], it follows that M is weakly bounded on [Lq’(R”)]l/ "o. Thus,
all the assumptions of Theorem 2.22 are satisfied for X := L®(R") with 1 < e < r&; < oo and
p € [1, 00) satisfying n(1/rg, — 1/p) < 1. Then, from this and Theorem 2.22 with X := LPR"), we
deduce the desired conclusion, completing the proof of Theorem 5.16. O

The following theorem is a corollary of Theorem 4.12.

Theorem 5.17. Let ® be an Orlicz function with positive lower type rg, and positive upper type rg,.
Assume that 1 < rg <1y < ocoand p € [1,ry). Then f € WI’L(D(R")(R”) if and only if f € L*(R™)
and

1
D) — 14 P
lim (1 - s) [ %dy]p < oo;
s—1 g |-Vl Logn
moreover, »
1
: lf O = fOr |7 _Kp,m
lim (1 UAVARFASC P v
lim (1= 9 [ = N9 A1

with K(p,n) as in (1.3).
Proof. By the proof of Theorem 5.16 we conclude that

[Lo@n]" = L,

and [L®(R")]'/? is a BBF space, where ®, is as in (5.9) with rg replaced by p. Moreover, by the
proof of [108, Lemma 4.5], [65, Theorem 1.2.1], and dual theorem of LP(R") (see, for instance,
[88, Theorem 13]), we further conclude that, if 1 < ry, < rq) < coand p € [1,ry), then LR
and [L®(R™)]’ have absolutely continuous norms, and M is bounded on ([L‘D(R”)]l/ PY . Thus, the
assumptions of Theorem 4.12 are satisfied for X := L®(R™) with 1 < o < r(; <ooandp € [1,ry).

The conclusion of Theorem 4.12 yields the claim of Theorem 5.17. O
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From the proof of Theorem 5.17, we deduce that all the assumptions of Theorems 2.20, 3.4,
and 4.8 with X := L®(R") are satisfied. Using this, we obtain the following corollary.

Corollary 5.18. Let @ be an Orlicz function with positive lower type ry, and positive upper type
rg). Assume that 1 < rg < rg) <ooandp € [1,rg). Then Theorems 2.20, 3.4, and 4.8 hold with X
replaced by L*(R™).

Remark 5.19. We point out that, when L®R") := LP(R") with p € (1, o), Theorem 5.17 reduces
to [4, Theorem 1.3] with A(¢) = # for any ¢ € [0, o).

5.6 Orlicz-slice spaces

We recall the definition of Orlicz-slice spaces and briefly describe some related facts. Through-
out this subsection, we assume that @ : [0, ) — [0, o) is an Orlicz function with positive lower
type rg and positive upper type ry. For any given ¢, r € (0, 00), the Orlicz-slice space (E})(R") is
defined to be the set of all the measurable functions f on R" with the finite quasi-norm

1
1/ seeolliogn ™ "
Mg 2= { f [— iy
n ||lB(x,[)||L®(R”)

The Orlicz-slice spaces were introduced in [108] as a generalization of both the slice spaces of
Auscher and Mourgoglou [7, 8] and the Wiener amalgam spaces in [50, 52, 64]. According to
[108, Lemma 2.28] and [107, Remark 7.41(1)], the Orlicz-slice space (E{D),(R”) is a ball Banach
function space, but in general is not a Banach function space.

The following result is a corollary of Theorem 2.22.

Theorem 5.20. Let t € (0,00), r € [1,0), and © be an Orlicz function with positive lower type

rg and positive upper type ry. Assume that both 1 < rg < rg < oo and p € [1,00) satisfy

n(1/min{ry, r} —1/p) < 1. Let K(p,n) be as in (1.3). Then, for any f € CE(R”),

p
_K(p,n)

N o 1
[ ) FO=sOI” ] N9 Vg, oy

[y

lim (1) ‘
* (EL)(RY)

Proof. First, from [108, Lemma 2.28] and [107, Remark 7.41(i)], it follows that the Orlicz-slice
space (Eg):(R") is a BBF space. Then, by [108, Lemma 2.31], we conclude that

[(E(,D)I(Rn)]l/min{rg),r} _ (Er/min{r(;,,r}) (R"),
t

cI)min(r&) r}

where (Dmin{r(;’r} is as in (5.9) with ry replaced by min{rg, r}, which is of lower type rg/ min{rg, r}
and of upper type rg/ min{ry, r}. From this and [107, Proposition 7.57], we deduce that M is
weakly bounded on [(E}),(R")]"/ ™o}, Thus the assumptions of Theorem 2.22 are satisfied for
X := (Eg)(R") with 1 < rg <7y < ooand p € [1, 00) satisfying n(1/ min{rg,r} — 1/p) < 1. The
conclusion of Theorem 2.22 yields the claimed assertion of Theorem 5.20. O

The following theorem is a corollary of Theorem 4.12.
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Theorem 5.21. Let t € (0, oo) r € [1,00), and ® be an Orlicz function with positive lower type
rg and positive upper type rg. Assume 1 < rg < ry < oo and p € [1,min{rg,r}). Then f lies in
WHEED (R if and only lf f € (EL)(R") and

LP
D) — 4 P
lim (1 —s) |f() f()))l dy ’ < 0!

s—1- R | . _y|n+sp

(Eg)i(R™)

nioreover,

LP

- O - fOr ] K(p,n)

Jm = [J;n S D - VAN o
(Ep)(RM)

[0}
with K(p,n) as in (1.3).

Proof. In view of the proof of Theorem 5.16 we have that
1/
[(E@D] " = (EgM®™,

and [(Eg), (RM]'/P is a BBF space, where @, is as in (5.9) with ry, replaced by p. Furthermore
using [108, Theorem 2.26 and Lemmas 4.4 and 4.5] and the assumptlons that 1 < rgy <rg <o
and p € [1, min{ry, r}), we conclude that (Eg),(R") and [(Ey,),(R™)]" have absolutely continuous
norms and that the Hardy—thtlewood maximal operator M is bounded on ([(Ej, )(RM1PY . Thus
the assumptions of Theorem 4.12 are satisfied for X := (Eg)(R") with 1 < ry < r:I') < oo and

p € [1,min{rg, r}). The conclusion of this theorem completes the proof of Theorem 5.21. O

From the proof of Theorem 5.21, we deduce that the assumptions of Theorems 2.20, 3.36, 3.4,
and 4.8 with X := (Eg);(R") are satisfied. Summarizing, we have the following result.

Corollary 5.22. Let t € (0,00), r € [1,00), and © be an Orlicz function with positive lower type
o and positive upper type ry Assume 1 <rg <ry <oand p € [1,min{ry, r}). Then Theorems
2 20, 3.4, and 4.8 are valldforX Ey)(R™).

5.7 Lorentz spaces

The Lorentz space L?"(R") is defined to be the set of all the measurable functions f on R"” such
that, when ¢, r € (0, c0),

“r1 rde)T
I llormny := {L [qu*(f)] TI} < oo,

where f* denotes the decreasing rearrangement of f, defined by setting, for any ¢ € [0, 00),
(@) = inf{s € (0,00) : [{xeR": |f(x)| > s}| <t}

We adopt the convention inf () = oo, thus having f*(¢) = co whenever d(s) > ¢ for all s > 0.
Obviously, when ¢, r € (1, o), the Lorentz space L% (R") is a Banach function space and hence
a ball Banach function space; when ¢, r € (0, c0), L?"(R") is a quasi-Banach function space and
hence a ball quasi-Banach function space (see, for instance, [47, Theorem 1.4.11]).
The following result is a corollary of Theorem 2.15.
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Theorem 5.23. Let g, r € (1,0) and p € [1, 00) satisfy n(1/qg — 1/p) < 1. Let K(p,n) be as in
(1.3). Then, for any f € C2(R"),

P
i (1) [ O 1o ] _ K(p.n)
w1l

s—1-

)4
V11 gy -

Lar(RM)

Proof. From the conclusion in [93, p.87], it follows that the Lorentz space L?"(R") is a BBF
space. Using this fact and Theorem 2.15, it follows that in order to prove the required conclusion,
it would suffice to show that L?"(R") is locally n/a-doubling with n/a € (0,1 + n/p). Indeed, by
the definition of L%"(R"), for any By := B(0,r) € B, we find that

BN, I o
18, llzar Ry = {f ta dt} = (—) |Bol'/4.
0 q

This implies that, for any A € [1, 00),

r r
r r
LB, llLar ey = (5) |ABy|'/? = ﬂn/q(g) |Bol'/ = AM9||1 g, || parcgny.

Thus, L?"(R") is locally n/g-doubling. Observe that the assumption that n(1/g — 1/p) < 1 gives
n/q € (0,1 + n/p) and this completes the proof of Theorem 5.23. O

The following result is a consequence of Theorem 4.12.

Theorem 5.24. Let g, r € (1,00) and p € [1,min{q, r}). Then f € WHE"®YRM) if and only if
f e LY (R™) and in this case we have

LP
D) — P P
imaof| [ L=
S R» | * —yl L‘i-r(R’l)
moreover,
_ K(p,n)

[ [ o-sor, ]i ’
Y
w1l

Lar(R™)

. p
Sli}l}l (1 - S) || |Vf| ”L‘I"(R")

with K(p,n) as in (1.3).
Proof. In view of the identity in [47, Remark 1.4.7],
[Lq,V(RH)]l/P — Lq/PJ/P(Rn)

and thus [L2"(R™)]"? is a BBF space (see, for instance, [93, p.87]). Then, from this and [47,
Theorem 1.4.16 (vi)], it follows that

(LY @] = L7 (®") and  ([L4@®RD]'P) = L@ 01r) ge, (5.10)

Moreover, by [101, Remark 3.4(iii)], we conclude that L%"(R") and [L?"(R")]" both have abso-
lutely continuous norms. Furthermore, the Hardy-Littlewood maximal operator M is bounded
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from L*(R") to itself when 1 < ¢, s < oo; this can be obtained by interpolation from the endpoint
cases where (¢, s) = (¢,1) and (¢, s) = (t, 00), which can be found, for instance in [29]. This, com-
bined with (5.10), further implies that M is bounded on ([L?"(R")] /Py Thus, all the assumptions
of Theorem 4.12 are satisfied for X := L?"(R") with g, r € (1, o0) and p € [1, min{g, r}). From this
and Theorem 4.12 with X := L?"(R"), we deduce the claimed conclusions. This finishes the proof
of Theorem 5.24. O

From the proof of Theorem 5.24, we deduce that the assumptions of Theorems 2.13, 3.4, 3.36,
and 4.8 with X := L?"(R") are satisfied. Thus we obtain the following results.

Corollary 5.25. Let g, r € (1,00) and p € [1,min{q, r}). Then Theorems 2.13, 3.4, 3.36, and 4.8
are valid for X = L"(R").

6 Final remarks

We prove the identity concerning the value of the constant in (1.3). Applying an orthogonal
transformation we may assume that e is the unit vector e; = (1,0, ...,0) in S""!. Using the identity
in [47, Appendix D3] we write

n—1

21 2 1 s
\,[S’ll € - el do (&) = F(%) f_‘l Is|P(1 — s2) > ds

n—=1

27 (! -
:F(’Z_zl)f(sz)”zl(l—sz)z‘zsds
= 0

n—1
2 2 1 — n—
= ﬂzl f upTl(l—u)T3du
resh Jo
()

()

in view of the Beta function identity

1
f w11 = )’ 'du = B(a,b) = T(@)L(b)/T(a + b), Y a,b > 0.
0

Acknowledgements. The authors would like to thank the referee for their careful reading and for
providing many motivating remarks which indeed improved the exposition of this article and led
to Proposition 5.3. Indeed, the upper estimate (5.3) of Proposition 5.3 is attributed to the referee.

Data availability Our manuscript has no associated data.
Declarations

Conflict of interest The authors state that there is no conflict of interest.



BoOURGAIN-BREZIS—-MIRONESCU FORMULAE viA BALL BANACH FUNCTION SPACES 65

References

[1] T. Adamowicz, P. Harjulehto and P. Hastd, Maximal operator in variable exponent Lebesgue
spaces on unbounded quasimetric measure spaces, Math. Scand. 116 (2015), 5-22.

[2] D. R. Adams, Sobolev Spaces, Pure and Applied Mathematics 65, Academic Press, New
York—London, 1975.

[3] D.R. Adams, Morrey Spaces, Lecture Notes in Applied and Numerical Harmonic Analysis,
Birkhduser/Springer, Cham, 2015.

[4] A. Alberico, A. Cianchi, L. Pick and L. Slavikovd, On the limit as s — 1~ of possibly
non-separable fractional Orlicz-Sobolev spaces, Atti Accad. Naz. Lincei Rend. Lincei Mat.
Appl. 31 (2020), 879-899.

[5] K. F. Andersen and R. T. John, Weighted inequalities for vecter-valued maximal functions
and singular integrals, Studia Math. 69 (1980), 19-31.

[6] K. Atkinson and W. Han, Spherical Harmonics and Approximations on the Unit Sphere:
An Introduction, Lecture Notes in Mathematics 2044, Springer, Heidelberg, 2012.

[7] P. Auscher and M. Mourgoglou, Representation and uniqueness for boundary value elliptic
problems via first order systems, Rev. Mat. Iberoam. 35 (2019), 241-315.

[8] P. Auscher and C. Prisuelos-Arribas, Tent space boundedness via extrapolation, Math. Zeit.
286 (2017), 1575-1604.

[9] A. Benedek and R. Panzone, The space L” with mixed norm, Duke Math. J. 28 (1961),
301-324.

[10] C. Bennett and R. Sharpley, Interpolation of Operators, Pure and Applied Mathematics 129,
Academic Press, Inc., Boston, MA, 1988.

[11] D. Brazke, A. Schikorra and P.-L. Yung, Bourgain—Brezis—Mironescu convergence via
Triebel-Lizorkin spaces, arXiv: 2109.04159.

[12] H. Brezis, How to recognize constant functions. A connection with Sobolev spaces, Russian
Math. Surveys 57 (2002), 693-708.

[13] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Univer-
sitext, Springer, New York, 2011.

[14] H. Brezis and P. Mironescu, Gagliardo—Nirenberg inequalities and non-inequalities: the full
story, Ann. Inst. H. Poincaré Anal. Non Linéaire 35 (2018), 1355-1376.

[15] H. Brezis and P. Mironescu, Where Sobolev interacts with Gagliardo—Nirenberg, J. Funct.
Anal. 277 (2019), 2839-2864.

[16] H. Brezis and H. M. Nguyen, The BBM formula revisited, Atti Accad. Naz. Lincei Rend.
Lincei Mat. Appl. 27 (2016).

[17] H. Brezis, A. Seeger, J. Van Schaftingen and P.-L. Yung, Families of functionals represent-
ing Sobolev norms, arXiv: 2109.02930.

[18] H. Brezis, A. Seeger, J. Van Schaftingen and P.-L. Yung, Sobolev spaces revisited, Atti
Accad. Naz. Lincei Rend. Lincei Mat. Appl. (to appear) or arXiv: 2202.01410.

[19] H. Brezis, J. Van Schaftingen and P.-L. Yung, A surprising formula for Sobolev norms,
Proc. Natl. Acad. Sci. USA118(2021), 2025254118, 6 pp.

[20] H. Brezis, J. Van Schaftingen and P.-L. Yung, Going to Lorentz when fractional Sobolev,
Gagliardo and Nirenberg estimates fail, Calc. Var. Partial Differential Equations 60 (2021),
Paper No. 129, 12 pp.



66 FENnG Dar, Loukas GrRAFAKOS, ZHULEI PAN, DACHUN YANG, WEN YUAN AND YANGYANG ZHANG

[21] J. Bourgain, H. Brezis and P. Mironescu, Lifting in Sobolev spaces, J. Anal. Math. 80
(2000), 37-86.

[22] J. Bourgain, H. Brezis and P. Mironescu, Another look at Sobolev spaces, in: Optimal
Control and Partial Differential Equations, IOS, Amsterdam, 2001, 439-455.

[23] J. Bourgain, H. Brezis and P. Mironescu, Limiting embedding theorems for W% when s 7 1
and applications, J. Anal. Math. 87 (2002), 77-101.

[24] L. Caffarelli, J. M. Roquejoffre and O. Savin, Non-local minimal surfaces, Comm. Pure
Appl. Math. 63 (2010) 1111-1144.

[25] L. Caffarelli and E. Valdinoci, Uniform estimates and limiting arguments for nonlocal min-
imal surfaces, Calc. Var. Partial Differential Equations 41 (2011), 203-240.

[26] D.-C. Chang, S. Wang, D. Yang and Y. Zhang, Littlewood—Paley characterizations of
Hardy-type spaces associated with ball quasi-Banach function spaces, Complex Anal. Oper.
Theory 14 (2020), Paper No. 40, 33 pp.

[27] F. Chiarenza and M. Frasca, Morrey spaces and Hardy—Littlewood maximal function, Rend.
Mat. Appl. (7) 7 (1987), 273-279.

[28] G. Cleanthous, A. G. Georgiadis and M. Nielsen, Discrete decomposition of homogeneous
mixed-norm Besov spaces, in: Functional Analysis, Harmonic Analysis, and Image Pro-
cessing: A Collection of Papers in Honor of Bjorn Jawerth, 167-184, Contemp. Math. 693,
Amer. Math. Soc. Providence, RI, 2017.

[29] L. Colzani, E. Laeng and C. Morpurgo, Symmetrization and norm of the Hardy—Littlewood
maximal operator on Lorentz and Marcinkiewicz spaces, J. London Math. Soc. (2) 77
(2008), 349-362.

[30] D. V. Cruz-Uribe and A. Fiorenza, Variable Lebesgue Space. Foundations and Harmonic
Analysis, Appl. Number. Harmon. Aanl., Birkhéduser/Springer, Heidelberg, 2013.

[31] D. V. Cruz-Uribe, J. M. Martell and C. Pérez, Weights, Extrapolation and the Theory of
Rubio de Francia, Operator Theory: Advances and Applications 215, Birkhuser/Springer
Basel AG, Basel, 2011.

[32] D. V. Cruz-Uribe and L. A. D. Wang, Variable Hardy spaces, Indiana Univ. Math. J. 63
(2014), 447-493.

[33] F. Dai, X. Lin, D. Yang, W. Yuan and Y. Zhang, Generalization in ball Banach function
spaces of Brezis—Van Schaftingen—Yung formulae with applications to fractional Sobolev
and Gagliardo—Nirenberg inequalities, Submitted.

[34] F. Dai, X. Lin, D. Yang, W. Yuan and Y. Zhang, Poincaré inequality meets Brezis—Van
Schaftingen—Yung formula on metric measure spaces, Submitted.

[35] J. Davila, On an open question about functions of bounded variation, Calc. Var. Partial
Differential Equations 15 (2002), 519-527.

[36] R. Del Campo, A. Fernandez, F. Mayoral and F. Naranjo, Orlicz spaces associated to a
quasi-Banach function space: applications to vector measures and interpolation, Collect.
Math. 72 (2021), 481-499.

[37] L. Diening, P. Harjulehto, P. Hist6 and M. Rizic¢ka, Lebesgue and Sobolev Spaces with
Variable Exponents, Lecture Notes in Mathematics 2017, Springer, Heidelberg, 2011.

[38] L. Diening, P. Hést6 and S. Roudenko, Function spaces of variable smoothness and integra-
bility, J. Funct. Anal. 256 (2009), 1731-1768.



BoOURGAIN-BREZIS—-MIRONESCU FORMULAE viA BALL BANACH FUNCTION SPACES 67

[39] O.Dominguez and M. Milman, New Brezis—Van Schaftingen—Yung—Sobolev type inequal-
ities connected with maximal inequalities and one parameter families of operators, arXiv:
2010.15873.

[40] O. Dominguez and M. Milman, Bourgain-Brezis—Mironescu—Maz’ya—Shaposhnikova li-
mit formulae for fractional Sobolev spaces via interpolation and extrapolation, arXiv:
2111.06297.

[41] O. Dominguez, A. Seeger, B. Street, J. Van Schaftingen and P.-L. Yung, Spaces of Besov—
Sobolev type and a problem on nonlinear approximation, arXiv: 2112.05539.

[42] L. C. Evans, Partial Differential Equations, Second Edition, Graduate Studies in Mathemat-
ics 19, American Mathematical Society, Providence, RI, 2010.

[43] G. B. Folland, Real Analysis, Modern Techniques and Their Applications, Second Edition,
Pure and Applied Mathematics (New York), Wiley, New York (1999).

[44] E. Gagliardo, Proprieta di alcune classi di funzioni in piu variabili, Ric. Mat. 7 (1958),
102-137.

[45] A.R. Galmarino and R. Panzone, LP-spaces with mixed norm, for P a sequence, J. Math.
Anal. Appl. 10 (1965), 494-518.

[46] A. G. Georgiadis, J. Johnsen and M. Nielsen, Wavelet transforms for homogeneous mixed-
norm Triebel-Lizorkin spaces, Monatsh. Math. 183 (2017), 587-624.

[47] L. Grafakos, Classical Fourier Analysis, Third Edition, Grad. Texts in Math 249, Springer,
New York, 2014.

[48] Q. Gu and P.-L. Yung, A new formula for the L” norm, J. Funct. Anal. 281 (2021), Paper
No. 109075, 19 pp.

[49] B. X. Han and A. Pinamonti, On the asymptotic behaviour of the fractional Sobolev semi-
norms in metric measure spaces: Bourgain—Brezis—Mironescu’s theorem revisited, arXiv:
2110.05980.

[50] K.-P. Ho, Dilation operators and integral operators on amalgam space (L, l,), Ric. Mat. 68
(2019), 661-677.

[51] K.-P. Ho, Erdélyi—Kober fractional integral operators on ball Banach function spaces, Rend.
Semin. Mat. Univ. Padova 145 (2021), 93-106.

[52] F. Holland, Harmonic analysis on amalgams of L” and /9, J. London Math. Soc. (2) 10
(1975), 295-305.

[53] L. Hormander, Estimates for translation invariant operators in L” spaces, Acta Math. 104
(1960), 93-140.

[54] M. Hovemann, Triebel-Lizorkin—Morrey spaces and differences, Math. Nachr. 295 (2022),
725-761.

[55] L. Huang, D.-C. Chang and D. Yang, Fourier transform of Hardy spaces associated with ball
quasi-Banach function spaces, Appl. Anal. (2021), DOI: 10.1142/50219530521500135.

[56] L. Huang, J. Liu, D. Yang and W. Yuan, Atomic and Littlewood—-Paley characterizations
of anisotropic mixed-norm Hardy spaces and their applications, J. Geom. Anal. 29 (2019),
1991-2067.

[57] L. Huang, J. Liu, D. Yang and W. Yuan, Dual spaces of anisotropic mixed-norm Hardy
spaces, Proc. Amer. Math. Soc. 147 (2019), 1201-1215.

[58] L. Huang and D. Yang, On function spaces with mixed norms — a survey, J. Math. Study
54 (2021), 262-336.



68 FENnG Dar, Loukas GrRAFAKOS, ZHULEI PAN, DACHUN YANG, WEN YUAN AND YANGYANG ZHANG

[59] M. Izuki, T. Noi and Y. Sawano, The John—Nirenberg inequality in ball Banach function
spaces and application to characterization of BMO, J. Inequal. Appl. 2019, Paper No. 268,
11 pp.

[60] M. Izuki and Y. Sawano, Characterization of BMO via ball Banach function spaces, Vestn.
St.-Peterbg. Univ. Mat. Mekh. Astron. 4 (62) (2017), 78-86.

[61] H. Jia and H. Wang, Decomposition of Hardy—Morrey spaces, J. Math. Anal. Appl. 354
(2009), 99-110.

[62] J. Johnsen and W. Sickel, A direct proof of Sobolev embeddings for quasi-homogeneous
Lizorkin—Triebel spaces with mixed norms, J. Funct. Spaces Appl. 5 (2007), 183-198.

[63] J. Johnsen and W. Sickel, On the trace problem for Lizorkin—Triebel spaces with mixed
norms, Math. Nachr. 281 (2008), 669-696.

[64] N. Kikuchi, E. Nakai, N. Tomita, K. Yabuta and T. Yoneda, Calderén—Zygmund operators
on amalgam spaces and in the discrete case, J. Math. Anal. Appl. 335 (2007), 198-212.

[65] V. Kokilashvili and M. Krbec, Weighted Inequalities in Lorentz and Orlicz Spaces, World
Scientific Publishing Co. Inc, River Edge, NJ, 1991.

[66] K. A. Kopotun, Polynomial approximation with doubling weights having finitely many
zeros and singularities, J. Approx. Theory 198 (2015), 24-62.

[67] O. Kovacik and J. Rakosnik, On spaces LPY) and W*P™Y) Czechoslovak Math. J. 41 (116)
(1991), 592-618.

[68] A. Kufner and B. Opic, How to define reasonably weighted Sobolev spaces, Comment.
Math. Univ. Carolin. 25 (1984), 537-554.

[69] M. Lacey, E. T. Sawyer and I. Uriarte-Tuero, A characterization of two weight norm in-
equalities for maximal singular integrals with one doubling measure, Anal. PDE 5 (2012),
1-60.

[70] G. Leoni and D. Spector, Characterization of Sobolev and BV spaces, J. Funct. Anal. 261
(2011), 2926-2958.

[71] P.I. Lizorkin, Multipliers of Fourier integrals and estimates of convolutions in spaces with
mixed norm, Applications, Izv. Akad. Nauk SSSR Ser. Mat. 34 (1970), 218-247.

[72] M. Ludwig, Anisotropic fractional Sobolev norms, Adv. Math. 252 (2014), 150-157.

[73] G. Mastroianni and V. Totik, Best approximation and moduli of smoothness for doubling
weights, J. Approx. Theory 110 (2001), 180-199.

[74] V. Maz’ya, Sobolev Spaces with Applications to Elliptic Partial Differential Equations, Sec-
ond, Revised and Augmented Edition, Grundlehren der Mathematischen Wissenschaften
342, Springer, Heidelberg, 2011.

[75] V. Maz’ya and T. Shaposhnikova, On the Bourgain, Brezis, and Mironescu theorem con-
cerning limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. 195 (2002), 230-
238.

[76] M. Milman, Notes on limits of Sobolev spaces and the continuity of interpolation scales,
Trans. Amer. Math. Soc. 357 (2005), 3425-3442.

[77] G. Mingione, Gradient potential estimates, J. Eur. Math. Soc. 13 (2011), 459-486.

[78] C. B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans.
Amer. Math. Soc. 43 (1938), 126-166.

[79] H. Nakano, Modulared Semi-Ordered Linear Spaces, Maruzen Co., Ltd., Tokyo, 1950.

[80] H. Nakano, Topology of Linear Topological Spaces, Maruzen Co., Ltd., Tokyo, 1951.



BoOURGAIN-BREZIS—-MIRONESCU FORMULAE viA BALL BANACH FUNCTION SPACES 69

[81] E. D. Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev
spaces, Bull. Sci. Math. 136 (2012), 521-573.

[82] H. M. Nguyen, Some new characterizations of Sobolev spaces, J. Funct. Anal. 237 (2006),
689-720.

[83] T. Nogayama, Mixed Morrey spaces, Positivity 23 (2019), 961-1000.

[84] T. Nogayama, T. Ono, D. Salim and Y. Sawano, Atomic decomposition for mixed Morrey
spaces, J. Geom. Anal. 31 (2021), 9338-9365.

[85] A. Poliakovsky, Some remarks on a formula for Sobolev norms due to Brezis, Van Schaftin-
gen and Yung, J. Funct. Anal. 282 (2022), Paper No. 109312, 47 pp.

[86] A. C. Ponce, A new approach to Sobolev spaces and connections to I'-convergence, Calc.
Var. Partial Differential Equations 19 (2004), 229-255.

[87] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Monographs and Textbooks in Pure
and Applied Mathematics 146, Marcel Dekker, Inc., New York, 1991.

[88] M. M. Rao and Z. D. Ren, Applications of Orlicz Spaces, Monographs and Textbooks in
Pure and Applied Mathematics 250, Marcel Dekker, New York, 2002.

[89] W. Rudin, Real and Complex Analysis, Third Edition, McGraw-Hill Book Co., New York,
1987.

[90] Y. Sawano, Theory of Besov Spaces, Developments in Mathematics 56, Springer, Singa-
pore, 2018.

[91] Y. Sawano, G. Di Fazio and D. Hakim, Morrey Spaces: Introduction and Applications to
Integral Operators and PDE’s, Volumes I, Monographs and Research Notes in Mathematics,
CRC Press, Boca Raton, FL, 2020.

[92] Y. Sawano, G. Di Fazio and D. Hakim, Morrey Spaces: Introduction and Applications to In-
tegral Operators and PDE’s, Volumes II, Monographs and Research Notes in Mathematics,
CRC Press, Boca Raton, FL, 2020.

[93] Y. Sawano, K.-P. Ho, D. Yang and S. Yang, Hardy spaces for ball quasi-Banach function
spaces, Dissertationes Math. (Rozprawy Mat.) 525 (2017), 1-102.

[94] Y. Sawano and H. Tanaka, The Fatou property of block spaces, J. Math. Sci. Univ. Tokyo
22 (2015), 663-683.

[95] E. M. Stein and R. Shakarchi, Real Analysis. Measure Theory, Integration, and Hilbert
Spaces, Princeton Lectures in Analysis 3, Princeton Univ. Press, Princeton, NJ, 2005.

[96] E. M. Stein and R. Shakarchi, Functional Analysis. Introduction to Further Topics in Anal-
ysis, Princeton Lectures in Analysis 4, Princeton Univ. Press, Princeton, NJ, 2011.

[97] J. Tao, Da. Yang and Do. Yang, Boundedness and compactness characterizations of Cauchy
integral commutators on Morrey spaces, Math. Methods Appl. Sci. 42 (2019), 1631-1651.

[98] J. Tao, D. Yang, W. Yuan and Y. Zhang, Compactness characterizations of commutators on
ball Banach function spaces, Potential Anal (2021), https://doi.org/10.1007/s11118-021-
09953-w.

[99] H. Triebel, Theory of Function Spaces, Monographs in Mathematics 78, Birkh#duser Verlag,
Basel, 1983.

[100] J. Van Schaftingen and M. Willem, Set transformations, symmetrizations and isoperimet-
ric inequalities, in: Nonlinear Analysis and Applications to Physical Sciences, 135-152,
Springer Italia, Milan, 2004.



70 FENnG Dar, Loukas GrRAFAKOS, ZHULEI PAN, DACHUN YANG, WEN YUAN AND YANGYANG ZHANG

[101] F. Wang, D. Yang and S. Yang, Applications of Hardy spaces associated with ball quasi-
Banach function spaces, Results Math. 75 (2020), Paper No. 26, 58 pp.

[102] S. Wang, D. Yang, W. Yuan and Y. Zhang, Weak Hardy-type spaces associated with ball
quasi-Banach function spaces II: Littlewood—Paley characterizations and real interpolation,
J. Geom. Anal. 31 (2021), 631-696

[103] X. Yan, Z. He, D. Yang and W. Yuan, Hardy spaces associated with ball quasi-Banach
function spaces on spaces of homogeneous type: Characterizations of maximal functions,
decompositions, and dual spaces, Math. Nachr. (2022), DOI: 10.1002/mana.202100432.

[104] X. Yan, Z. He, D. Yang and W. Yuan, Hardy spaces associated with ball quasi-Banach
function spaces on spaces of homogeneous type: Littlewood—Paley characterizations with
applications to boundedness of Calder6n—Zygmund operators, Acta Math. Sin. (Engl. Ser.)
(2022), https://doi.org/10.1007/s10114-022-1573-9.

[105] X. Yan, D. Yang and W. Yuan, Intrinsic square function characterizations of Hardy spaces
associated with ball quasi-Banach function spaces, Front. Math. China 15 (2020), 769-806.

[106] Y. Zhang, L. Huang, D. Yang and W. Yuan, New ball Campanato-type function spaces and
their applications, J. Geom. Anal. 32 (2022), Paper No. 99, 42 pp.

[107] Y. Zhang, S. Wang, D. Yang and W. Yuan, Weak Hardy-type spaces associated with
ball quasi-Banach function spaces I: Decompositions with applications to boundedness of
Calder6n—Zygmund operators, Sci. China Math. 64 (2021), 2007-2064.

[108] Y. Zhang, D. Yang, W. Yuan and S. Wang, Real-variable characterizations of Orlicz-slice
Hardy spaces, Anal. Appl. (Singap.) 17 (2019), 597-664.

Feng Dai

Department of Mathematical and Statistical Sciences, University of Alberta Edmonton, Alberta
T6G 2G1, Canada

E-mail: fdai@ualberta.ca

Loukas Grafakos (Corresponding author)
Department of Mathematics, University of Missouri, Columbia MO 65211, USA

E-mail: grafakosl@missouri.edu

Zhulei Pan, Dachun Yang, Wen Yuan and Yangyang Zhang

Laboratory of Mathematics and Complex Systems (Ministry of Education of China), School of
Mathematical Sciences, Beijing Normal University, Beijing 100875, People’s Republic of China

E-mails: z1pan@mail .bnu.edu.cn (Z. Pan)
dcyang@bnu. edu.cn (D. Yang)
wenyuan@bnu. edu.cn (W. Yuan)
yangyzhang@mail .bnu.edu. cn (Y. Zhang)



