BILINEAR OPERATORS ON HERZ-TYPE HARDY SPACES

LoukAs GRAFAKOS, XINWEI L1, AND DACHUN YANG

ABSTRACT The authors prove that bilinear operators given by finite sums of prod-
ucts of Calderén-Zygmund operators on R™ are bounded from HKgll Pl Hkgf’m
into Hkg’p if and only if they have vanishing moments up to a certain order dic-
tated by the target space. Here H f(g‘ P are homogeneous Herz-type Hardy spaces
with 1/p=1/p1 +1/p2,0<p; < oo, 1/g=1/q1+1/q2,1 < q1,q2 < 00, 1 < q < 00,
a=a1+ a2 and —n/g; < a; < co. As an application of our results we obtain that
the commutator of Calderén-Zygmund operator with a BMO function maps a Herz
space into itself.

1. Introduction and statements of results.

Beurling [2] first introduced some primordial form of Herz spaces to study con-
volution algebras. Later Herz [15] introduced versions of the spaces defined below
in a slightly different setting. Since then, the theory of Herz spaces has been signif-
icantly developed and these spaces have turned out to be quite useful in harmonic
analysis. For instance, they were used by Baernstein and Sawyer [1] to characterize
the multipliers on the standard Hardy spaces.

Let By, = {x € R" : |z| < 2%} and Cy = By, \ By for k € Z. Denote xj = Xo,
for k € Z, xp = xx if k € Nand xog = X 5, » Where by x g we denote the characteristic
function of a set E.

Definition 1. Let a € R,0 <p < o0 and 0 < g < .
(a) The homogeneous Herz space K*P(R™) is

KgP(R™) = {f € L (R \{0}) : [If | gowny < 00},

where
>° 1/p
Wl gy = [ S0 12 Fxelluen] < o0

k=—o0
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(b) The non-homogeneous Herz space K*P(R™) is

Kg?(R") = {f € Lipo(®") : [1f licgrqam) < o0},

loc

where
1/p

I licg oy = | U125 FRblBageny] < oo,
k=0

and the usual modifications in the definitions above are made when p = 0.

The spaces Kg(l_l/Q)’l(R") = A? with 1 < ¢ < oo, are called Beurling algebras
and were introduced by Beurling [2] with different, but equivalent norms. The
equivalence of the norms is in Feichtinger [8]. The spaces K JP(R™) and KP(R™)
were introduced by Herz [15] also with different norms. Flett [9] gave a characteri-
zation of these spaces which is easily seen to be equivalent to Definition 1.

The theory of the Hardy spaces in this setting has been developed considerably.
Chen and Lau [3] introduced the Hardy spaces associated with the Beurling algebras
A% on the real line with 1 < ¢ < 2. Garcia-Cuerva [10] generalized the theory of
[3] to higher dimensions and to all ¢ with 1 < ¢ < oco. Lu and Yang [18], [19]
established the theory of the corresponding homogeneous spaces. More recently,
Garcia-Cuerva and Herrero [11] and Lu and Yang [20~23] independently developed
the real Hardy space theory for Herz spaces.

Before we introduce these spaces on R™, we fix some notation. Let ¢ € C§°(R")
with supp ¢ C By, [u. #(z)dz # 0 and ¢y(z) = & ¢(%) for any ¢ > 0. S'(R")
denotes the class of tempered distributions on R"™. Let

(1.1) Mg (f)(x) = sup |f * ¢ (z)].

t>0

Definition 2. Let 0 <p < o0, 0 < g < oo, a € R and ¢ be as above.
(a) The homogeneous Herz-type Hardy space HKJP(R™) associated with

K&P(R™) is
HEJP(R") = {f € S'(R"): My(f) € KgP(R™)}.

Moreover, we set ||f||HKg,p(Rn) = ||M¢(f)||Kg,p(Rn)-

(b) The non-homogeneous Herz-type Hardy space HKP(R™) associated with
KoP(R™) is

HEP(R") = {f € S'(R") : My(f) € KgP(R")}.

Moreover, we set || f|| g germ@ny = | My (f)|l xor @ny-

Remark 1. By the real-variable theory established in [14] (see also [23] and [11]),
it follows that the norms above do not depend on the choice of ¢.
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Remark 2. When 1 < ¢ < 00, —n/q < a < n(l —1/q) and 0 < p < oo, we
have HK$P(R™) = K&P(R") and HK2P(R™) = K&P(R™). See [16], also [14] and
[21]. These identities fail when « is not in the above range. It is also easy to see
that for 0 < p < oo, HKS”’(R”) = HK)?(R™) are the usual Hardy spaces H?(R")
discussed in [7]. (We have HP(R™) = LP(R™) when p > 1).

Herz type Hardy spaces are good substitutes of the usual Hardy spaces when
studying boundedness of non-translation invariant operators (see Lu and Yang [20]
and [24] for examples).

The purpose of this paper is to extend the known theory of certain bilinear
operators on Hardy spaces to Herz-type Hardy spaces. The “spirit” of our results
is as follows:

A bilinear operator B(f,g) maps a product of Herz-type Hardy spaces to a
another Herz-type Hardy space if and only if it has moments vanishing up to a
certain order dictated by the target space. More precisely, let

(1.2) B(f.9)(z) = ) (T} f)(x)(T39)(z), «€R",

where T A} and T,$ are Calderén-Zygmund operators. Assuming the required vanish-
ing moments condition, Coifman and Grafakos [4] and Grafakos [12] proved that B
maps HP x H? — H" for a certain range of p’s and ¢’s when 1/p + 1/q = 1/r.
Recently, Grafakos and Li [13] found another proof of the theorem in [4] and
they also showed boundedness for the missing pairs of indices p, ¢, thus estab-
lishing HP(R™) x H4(R™) — H"(R™) boundedness for B, on the entire range of
0 < p,q,r < oo when 1/r = 1/p+ 1/q. The method developed in [13] avoids the
use of the Fourier transform and it can be adapted in this setting.

We now state our main results. We postpone the definition of an («,q) atom
until the end of this section. We break up our results in three parts and we state
each part as a separate theorem. Our proofs are inspired by [13], but no prior
knowledge of that paper is required for understanding this paper.

Theorem 1. Let 0 < py1,p2 < oo, 1/p = 1/p1 +1/p2, 1 < q1,q2 < 00, ¢ > 1,
1/g = 1/qn + 1/q2, —n/qi < a; < n(l —1/q;), i = 1,2 and a = a1 + aa. Let
s > [a+n(1/q —1)] be a non-negative integer such that

(1.3) [ B9 @ ds =0,

for all multi-indices 8 with |3] < s, and all f, g € L*(R™) with compact support.
Then B(f,g) can be extended to a bounded operator from Kg1P+(R™) x K22P2(R")
into HK2P(R™).
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Theorem 2. Let 0 < p1,ps < 0o, 1/p = 1/p1 + 1/p2, 1 < q1,q2 < 00, ¢ > 1,
1/g=1/q1 +1/q2, a1 > n(1 = 1/q1), —n/q2 < ag < n(l —1/q2) and a = a1 + .
Let s > [a+n(1/q — 1)] be a non-negative integer such that

(1.4) /n 2’ B(a, g)(z) dz = 0,

for all multi-indices 3 with |8 < s, for all (a1,q1)—atoms a, and all g € L?(R™)
with compact support. Then B(f,g) can be extended to a bounded operator from
HEKZVPL(R™) x Kg2P2(R™) into HKZP(R™).

Theorem 3. Let 0 < p1,ps < 00, 1/p = 1/p1 +1/p2, 1 < q1,q2 < 00, ¢ > 1,
1/g=1/q1+1/q2, a; > n(1—-1/q;),i =1,2 and « = oy +as. Let s > [a+n(1/q—1)]
be a non-negative integer such that

(1.5) /n 2’ B(a,b)(x) dz = 0,

for all multi-indices 8 with || < s and all (a1,q1)—atoms a and (a9, q2)—atoms
b. Then B(f,g) can be extended to a bounded operator from HKZ'P1(R™) x

HE2P2(R") into HKOP(R™).
In the theorems above we have assumed that a > n(1 — 1/q). For, we shall
indicate later that the case a < n(1—1/q) follows trivially from Holder’s inequality.

We end this section by reviewing some known facts about Herz-type Hardy spaces
that we will use later. We have

Definition 3. Let 1 < g < 0o, @ € R and s € NU{0}. A function a(zx) is said to
be a central (a, q)s—atom, if
(i) suppa C B(r)={x e R": |z| <r}, r>0;
(i) |lallLagny < |B(r)|=*/™; and
(iti) [pn a(z)z’dz =0, |B|<s.
Proposition 1 (Atomic decomposition in Herz-type Hardy spaces). Let

0<p<oo,1<qg<ooandaeR. For any given s € NU{0} and f € HK(‘;"p(R”),
we have

(16) f: Z )\kak,

k=—o00

where the series converges in the sense of distributions, A\, > 0, each ay is a central
(a, q)s—atom with supp ap, C By, and

o0

(1.7) S WP < el I o

k=—oc0
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Conversely, if o > n(1 —1/q) and s > [+ n(1/q — 1), and if (1.6) holds, then
f € HK&P(R™), and

oo

1l icg o gy ~ inf { (D2 <Ak>p)1/p}’

k=—o00

where the infimum is taken over all the decompositions of f as above. In this case
we call (o, q)s—atoms simply (o, @) —atoms.

Remark 3. Tt is remarkable that atomic decomposition also holds for K 2P (R™)
(including L9(R™) as a special case). We shall use this fact in the proof of Theorem
2. The atoms in the decomposition (1.2) can be taken to be supported in dyadic
annuli. See [22] (also [10], [11], and [20]) for details regarding the construction of
such atoms.

Calderén-Zygmund operators and the Hardy-Littlewood maximal operator are
bounded on K. & P(R™) for a certain range of a’s and ¢’s. This is stated in the next
proposition. In this article, by a C' — Z operator, we mean an L? bounded singular
integral operator with kernel K (x), which is C* away from the origin, satisfying

(i) [K(2)| < cla] ™, if 2 £ 0;

(i) | £ K (2 ) — oK (2 —y')| < Cp it i |o —y] > 20y — /|, where

B = (01, - ,0n) is any multi-index and |B| = 1 + - - - Bn.

Proposition 2. Caderdn-Zygmund operators and the Hardy-Littlewood mazximal
operator are bounded on K*P(R"™) whenever —n/q < a <n(l—-1/q), 1 <q < o0
and 0 < p < o0.

The proof is given in [16] (see also [21] and [14]).

Next we have the following:

Lemma (Ho6lder’s inequality in Herz spaces). If0 < p;,q; < 00, —00 < a;; <
00,1 =1,2, 1/p=1/p1 4+ 1/p2, 1/g=1/q1 +1/q2 and a = a1 + as, then

1£gll eowny < W geza o oy gl oz 2 gy

The proof follows immediately by applying the usual Holder’s inequality twice.
Combining this lemma with Proposition 2, we have

Corollary. The operator B(f,g) defined in (1.2) is bounded from Kgll’pl (R™) x
K(‘I’f’pz (R™) into Kg“p(R") whenever —n/q; < a; < n(1—1/q;),i =1,2, « = ag+aq
and —n/q < a < n(l —1/q), where 0 < p1,pa < 00, 1/p = 1/p1 + 1/pa, 1 <
4, q1,q2 <00 and 1/g=1/q1 + 1/q2.

_ It follows from the corollary that it remains to show boundedness from
Kgr (R™) x Kg2p2 (R™) — HKZP(R") when o > n(l—1/q).
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We end this section with a few remarks:

Remark 4. It is easy to see that the integrals in (1.3), (1.4) and (1.5) are well-
defined for f and g in the corresponding spaces. Also compactly supported L2
functions are dense in K JP(R™) and (a, q)—atoms are dense in H K JP(R™) (see
[16]). This means that the vanishing moment hypotheses hold on a dense set of
functions.

Remark 5. The order of vanishing moments in the theorems above is assumed to
be at least [a+n(1/q—1)]. This assumption is natural and optimal from Definition
3 and Proposition 1.

Remark 6. 1t follows from the proofs that our results are still true if we replace
the standard C' — Z operators by the central C' — Z operators defined in [27]. See
also [20].

Remark 7. Throughout this paper, we only discuss the homogeneous Herz spaces
K JP(R™) and H K 2 'P(R™). Our theorems also hold for the non-homogeneous Herz
spaces Ko°P(R") and HKP(R™). The proofs are similar and are omitted. These
spaces are related by the following identities:

KJP(R™) = KPP(R™) N LY(R™)
whenever 0 < p < oo, a >0, 0 < g < o0; and
HKP(R™) = HK*P(R™) N LY(R™)

whenever 0 < p < oo, @« >n(l —1/¢q) and 1 < g < co. See [1], [18] and [21~22] for
the details.
Remark 8. The discussion on Fourier transforms on Herz or Herz-type Hardy

spaces can also be found in the literature. We refer the readers to [8], [9], [26] and
[28].

Acknowledgements. The second and third authors are grateful to Professor
Guido Weiss for his constant encouragement. The third author is also thankful to
the Department of Mathematics at Washington University for its hospitality.

The authors also like to thank the referee for his valuable suggestions.

2. Proof of Theorem 1.

Our proof of Theorem 1 uses some standard estimates for maximal functions,
the vanishing moment condition (1.3) and the Lemma in Section 1.

Let ¢ be as in (1.1). Without loss of generality, we may assume ¢ > 0 (this
assumption will remain valid throughout this paper). For x € R”, let ¢ ,(y) =
L), y € R". We want to show that

(2.1)

0. 0)Bf,9)(w) d

sup

| | < el 1l ez oy 9l ez s oy

Ko (i)
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We choose n € C§°(R™) with n =1 on {z: |z| <2} and suppn C {z : |z| < 4}.
Define 1o(y) = n(*3*) and m1(y) =1 — no(y). We split B(f, g) as sum

(2.2) B(f,9) = B(nof,n09) + B(f,mg) + B(m f.9) — Bl f,mg).

Consider B(f,n1g) first. We have

sup b1, (y)B(f,m9)(y) dy’
t>0 R~

< cz sup cbt 2Ty T (mg(y) — T3 (mg)(x)] dy

t>0

e Z sup [ s ITL T ma) @) dy

N N
<ey M(TYf)(@)M(mg)(x) + ¢y M(T f)()|T35 (mg)()],

v=1

where M is the Hardy-Littlewood maximal operator. The last inequality follows
easily from standard estimates for C' — Z operators (see for instance [4] or [13]).
Now we apply the Lemma and the proposition 2 in section 1 to this expression
and we obtain inequality (2.1) where 7,g is replacing g on the left hand side. The
estimates for terms B(n; f,g) and B(ny f,m1g) in (2.2) are similar.

We now prove (2.1) for B(nof,nm0g). By the vanishing moment condition (1.3),
we can subtract the Taylor polynomial P} of ¢1.(+) at y of degree s and obtain

sup bt () B (1o f,1m09) () dy‘
t>0 Rn

~swl [ ni(nof)( @ 10s () = Py = )T 0mog)())(w)]

where (TA})* is the adjoint of T,%. This last expression can be estimated by Holder’s
inequality and the fractional integral theorem by

M| 1) (@) M (|1g|?) > (),
for all ¢1, ¢o suchthat 1 </ <q1,1 <ly <@g and 1/l;+1/lo = (n+s+e)/n>1

for some fixed 0 < € < 1. By our assumptions on aq, a9, and «, we may choose
{1, £y as above such that

(2.3) —n/q <ay <n(l/l; —1/q1), and —n/qg < as <n(1/l; —1/¢).
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Holder’s inequality now gives

su +(y)B , d ‘H
up| | P (Y)B(nofm0g)(y) dy P

M| Sy

<ec

vy

K;117P1 (R") K:;;Z’pQ (R")

The first term above is

1/p1
HM(|f|£1)1/€1 K;xll,m (R™) - { Z Qka1p1 |f’€1 1/Z1X ’ Ltn(]Rn)}
P 21 1
_ { Z 2k:€10z1 Zi |f|€1 X ’ p1/ } /p1
Rt La1/f1 (Rn)

P

o0
p1
< C{ E gkbron gy
k=—o00

= |l s gy

pl/el 1/171
La1/%1 (Rn)}

where we used the boundedness of Hardy-Littlewood maximal function on

K;i?}ll’p 1/6 (R™) and Proposition 2. Similarly, we obtain that

| 211171/

Koy " (R) < cllgllggz = n)-
We now have estimate (2.1) for term B(nof,n0g) as well.
This finishes the proof of Theorem 1.

3. Proof of Theorem 2.

The idea of the proof is to break the whole estimate into “dyadic” pieces and
give appropriate pointwise estimates on dyadic annuli of C-Z operators acting on
functions in some dense subspaces. While the maximal function estimates (in Herz
type spaces) are used to treat the “local” parts, the vanishing moment condition
(1.4) and the cancellation property of atoms are carefully used to treat the “non-
local” parts.

We assume 0 < p1,p2 < oo and leave the easy cases p; = 0o or pa = 0o to the
interested reader. We must show that

(3.1)

sup| [ 6ua(n)B(f.9)y

8] gy S Mgy el ey

for all f € HK(‘;llvpl (R™) and g € K&Z’W(R”) Without loss of generality, We
may assume that f = > ,., Nia; and g = >, pu;b;, where A;, p; > 0, a;'s
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are (a,q1)—atoms, b;'s are (ag,q2)y—atoms, N is a sufficiently large positive
integer, and, by remark 3, suppa; C {r € R* : 272 < |z|] < 272} and
supp b; C {z € R® : 2972 < |z| < 2772}, Using the vanishing moment condi-
tions of atoms, together with the standard estimates of C' — Z operators, we have,
for any non-negative integer si,

2i(n—|—81 —a1—n/q1)

3.2 Tla;(z)| <ec , whenever |z| > 2¢3;
Y ’x|n—|—s1

and

(3.27) \Tﬂial( )| <27 (0‘1+”/q1) whenever |z| < 2i=3,

(3.2) and (3.2%) also hold for b; when replacing Tvl, a1, q1 and i by T,f, a2, o
and j respectively.
Now let

S(ai,bj)(x) =sup | [ éra(y)Blas, b;)(y) dy|.

t>0 | Jrn
Then

sup b1 (Y)B(f,9)(y) dy‘ < Z/\iujs(ai,bj)(x)

t>0 R™

— Z/\Z:LLJ a“ )X{‘m|<21+4}

+ Z AittS(aiy bi)(T) X f|z)>2i+4)

For I'y (z), we have

ZMM; iy bj)(T) X {|2| <2041, |o|<29-5}
+Z)\Z:LLJ iy b )X{|m|<21+4 20 =5 < |x|<29+4}

+Z)\Z,UJ iy bj ) (T)X {|e| <2044, |o|>2i+4)

=Lz )+I2( ) + Is(x).

Let us consider I (x) first. In this case we have

(3.3) S(ai,bj)(z) < Z sup

v=1 O<t§%‘$|

N
[ 0el) D T )T (9)
) 2

[ G )Taiy) T35 ) dy

N

+ 5 sup
y=1 t>%‘x|
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The first summand in (3.3) is dominated by

N

sup

/ e ()T as(y)T2; () dy,
ly|<29—4

since |y| < |z| + |z — y| < 3|z| < 2974, By (3.2) for b;, this is no more than

N
(3.4) ¢ M(T)a;])(x)2 77 (@2 4n/az),

r=1

The second summand in (3.3) is dominated by

N
(3.5) 3 sup () T (y)T205(y) dy
ST > bzl Jlyl<2i-
N
+3 swp G )T aiy) T2, () dy
y=1t>glz| | Jy[=29 74

The first term in (3.5) is estimated as before and it is shown to be bounded by
ZM |T1al z)2” jlaztn/az)

i.e., the term in (3.4). By Hélder’s inequality, the second term in (3.5) is dominated

where we used that |y| < |z|+ |z — y| < 3t to obtain the range of integration in the
second integral above.
Combining (3.4), (3.5) and (3.6), we obtain that

(3.7)

111l g <cZH S AM(TiaDxqcan |, S

7=1 i=—0c0

)
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X‘ Z 'uj2—j(a2+n/(I2)X{| |<2i— 5}) a2 72 (m)
j=—00

N

+ed ‘ Z N M (T ai] ) %2 x g, |<21+4}‘ 1P ()
y=1 i=—o00
as+n

x‘ Z 2" J(az /(I2)X{| |<2i— o}‘ o2 pz(Rn)

]——OO

The first norm in the first summand of (3.7) is equal to

P1 1/p1
L1 (R") }

SRPIELE

Z Ai M (1T i) X {|z)<2i+4} Xk

=1 k=—c0 1=—00
N s ko p1 s P1 /p1
ch{ > 2k (O3 NIM(T ) )
=1 k=—o0 i=k—4
ko p1 ﬁ
c{ 2 1101( Z Aiuaium(ﬂgn)) } ,

k=—oc0 i=k—4
by H — L maximal Theorem

A £ (5w

k=—oco i=k—4

1/p1

When p; <1, since oy > 0, this last expression is no more than

(o) 1+4

c{ Z ()\i)m( Z Q(k—i)mm)}l/m
i=—00 k=—oc0
s 1/101
<ol 300} el fluim

When p; > 1, letting 1/p; + 1/p} = 1, this expression is no more than

{ k_z_oo (224 P 9(k— Z)a1p1/2> <i_;i_42(k_i)alpll/2>pl/pll }1/p1
= i+4

ol S £ aom)
{

[e.¢]

1/]?1
{3 00 < el flliarn oy

1=—00

IN

11
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The first norm in the second summand of (3.7) can be estimated just as above
since q1 > qb.
The second norms in both summands of (3.7) are the same and they are equal

to
> > . p2 1/p2
gkasps 9—j(aztn/q2) . }
{k_z_oo j:ZOOIUJ] Xz <2770} Xk Laz (R™)
<C{ Z 2ka2p2< Z IujQ—j(az—i—n/qz)-&-kn/qz)pz}1/192
k=—o0 j=k+4

1/p2

IN

c{ i ( i Iu,j2(k—j)(0¢2+n/q2)>p2}

k=—o0 j=k+4
Since ay + n/qa > 0, this last expression can be estimated as before by
> 1/p2
{2 )b < clglin e ey,
j=—o0

for all ps such that 0 < py < o0.
We therefore obtain

(3.8) 1l oo ey < el fllriegs »r ) llgll oz e ony -

The estimation for I5(x) is easy. We choose ¢ such that 1 < ¢o < ¢1, 1 < ¢} < @2
and 1/qo + 1/q, = 1 since 1/q1 + 1/q2 = 1/q < 1. We then have

N e}
| Z2ll oo oy chH S M| T ) Y0y <oy

=1 1t=—0o0

‘Kg‘ll »P1 (Rn)

8 H D M2 )% (555 g <oisay

j=—00

‘K:;;Q P2 (Rn)

The first norm above is as in (3.7) and it is bounded by C||f||HK§11’p1(Rn)-
The second norm is equal to

k+4

. / / P2y 1/p2
{ Z 2ka2p2< Z IujHM(|T3bj|qo)1/CI0X{2j—5<\m|S2j+4} q n> }
P 2 Lz (R™)
%) Jjt4 1/p2
< C{ Z (uj)pz( Z 2ka2p2—ja2p2>}

oo

1/?2
<ol )b < elgllgaz e ey

j=—00
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Thus we obtain

(3-9) ||12||Ka P(R™) < CHf”HKal pl(Rn)||g||K°‘2 P2 (R

We now estimate I3(x). Again, we write S(a;,b;)(x) as in (3.3) and we denote
by I31(x) the part of I3(x) where in the majorization of S(a;, b;)(z) the supremum
is taken over ¢ < 1|z|. In this case, since |y| > |z| — [z — y| > |z[/2 > 2773, we can
use (3.2) with s; =1 for b; to obtain that each term of the sum is no more than

1 9i(n+l-—az—n/qz)
(3.10) cM(|T5aq])(x)

|w|n+l

Therefore

N oo
st llggreny < e | 30 AM(T aixqs<ans)
=1 i=—o0

‘ K;‘ll »P1 (Rn)

2ﬂn+1—a2—n/%)
< 3w i oy

The first norm above appeared in (3.7) and it is bounded by C”fHHKO‘l’pl(Rn)' By
q1
a simple calculation, the second norm above is bounded by

S < S TR LT
2 (X w2 )}

which is, for all pa, 0 < p2 < 0o, bounded above by

1/p2
{2 )b < clgligez e any,

j=—o0

sincen+1—as —n/g > 0.

We now denote by I3 the part of I3(z) where in the majorization of S(a;, b;)(x)
the supremum is taken over ¢t > %|a:| Let P§(y) be the Taylor polynomial of degree
s of ¢ »(y) at the origin. By the vanishing moment hypotheses we estimate I32 by

s |0t~ S iz
- |y|8+1 ) )
<) s / a0 dy
S ly[**
<ed s [ T W)y
vzlj\j
+C;1ti?l):cl/lw y|<4t 75|g|+5+1‘T1a1( )HTWij@Ndy

= A;(x) + By(x).
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If |x — y| > 4t, then |y| > |x — y| — |2 > 2t > |z| > 2971 By (3.2) with s; = s+ 2
for b;, we obtain

(3.11)

Ai(z) <c sup
t>3a|

i(n+s+2—azs—n 1,.
9j(n+s+2—az—n/qz2) / |T,yaz(y)|
|z—y|>4t

S ¢ ‘xln—‘,—s—i—Q Sup t ‘yln—i—l

’y’s—i—l 2j(n+s+2—a2—n/q2)
T ai(y)] dy
oy T Maee

t>%|x\
2j(n—a2—n/q2) 1
< c——————M(|T,ai(y)]) (),

N [

since 2774 < |z|. Therefore

N 0o
Ialgrny < e 30| 32 MMIT 0otz | oy e,
y=1 i=—o0

2](” az—n/q2)
<| Z ST Xaeior | Koz (o)

j=—o0

The second norm above is no more than

C{ i ( E Hj 2(3 k)(n—az— n/q2)> }1/]32
k=—o00 j=—o0
- 1/p2
SC{ Z (,Mj)p?} , sirlcen_oéz_n/q2 5 0.
j=—o00

The first norm above is estimated as in (3.7). Thus we have the desired estimate
for I3,.
For Bq(x), we have

N
|y|s—|—1
B <e)) s [y i M) W)l dy
’y:lt>§|m| ly |§23+3
N
yl*+! 2
ved [ M e )y
7:1t>§|m| Iy |>23+3

The first supremum above is

(3.12)

9J(s+1) 1 ) , 1/q} )
e o (g [ Tawldy) I e
|;1;|”/(12+s—|—1 t>%|x| tn —y|<at vt o} (k™)

2j(s+1fo¢2)

< e MAT il )% @),
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If we can show that

2](5—1—1 asz)
(3.13) H Z My |x|n/q2+s+1x{|m|>27+4}

> 1/102
‘ 0272 () <C{j;w(uj)p} ,

then, by (3.7), we have the desired estimate for (3.12). The left hand side of (3.13)

is bounded by
C{ f: ( l§ uj2(jk)(s+1a2)>P2}1/p2

k=—o0c0 j=—o00

which is dominated by the right hand side of (3.13) if s + 1 > «s. This is all right
since s > [a 4+ n(1/q — 1)]. Using (3.2) with s; = s + 1 for b;, we obtain that the
second supremum in Bj(z) is dominated by

c sup
t> 3z

’y’s—i—l 2j(n—|—s+1—az—n/q2)
J g

1
o—y|<4t pntstl T ai(y)] [yt
ly|>27+3

- 2j(n—|—s—|—1—o¢2—n/q2) 1 T1 y ; 1/d,
C Ssu —_ a; 2 )
= |x‘n/q2+s+1 p (tn /|w_y|§4t| ¥ l(y)’ Y

>0
1 1/q
)

y|>2i+3 Y|4

2J j(s+1—asz)

< eM(ITyal™) oy

which is the same as (3.12). From the estimates of Bj(z), we obtain that the
contribution of By in I3, denoted by I3,, also satisfies

||I§2||K3’P(Rn) < CHf“HKf;ll’pl(Rn)||gl|K§‘22’p2(Rn)'
Since I3(z) < I31(x) + I35(z) + I25(x), we have
(3.14) 3]l gegow gny < el fll g ms @y 190 gz 72 @y

Combining (3.8), (3.9) and (3.14), we obtain the estimate (3.1) for I'y ().
Next, we consider I'y(z). We split this termsimilarly. We have

<Z)\Z,U/j a27 )X{21+4<|m| |z|<29-5}
+ZM% @i, bj)(Z)X 20+ 1<l 2i-5<|a|<2i+4)
+ZAZ/~LJ (i, ) (@)X 2041 <a), [o]>20+1)

EJ1( )+J2( )+J3( )
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Consider J; () first. By (3.3) and the vanishing moment condition (1.4), we have

(3.15)

S(ai,bj)(x) <Y sup Gt ()T ai(y)T2b; (y) dy

'y:l O<t§%|l‘| Rm
al |y s+l 1 2
3 s | s Tl 30, )y
~=1t>312 "

For Ay(x), we have

N
Ay(x) < Z sup
y=1 0<t§%|:1?|

[ on@TawTw) b
ly|<29—4

N

+ E sup
F—10<t< 3|zl

[ )T 0) ]
ly|>27—4

Notice that in this case |y| > |z| — |z — y| > % > 23 Using (3.2) and (3.27)
respectively, the first term in As(z) is bounded by

(3.16)
N

2i(n+81—a1—n/q1) )
e s [ ) e gy
=1 0<t<§|z| J[yl<2i—4 [y[rte

i(ntsi—oa—n/q)
02 9—i(az+n/qz)
< g /

for some non-negative integer s; to be determined later. Since

Qi(nﬂLSl*al*n/CIl)
| > T Xlel>2)

‘Kg‘ll »P1 (Rn)

1—=—00
%) k—4
, 1 p1y1/p1
— 2ka1p1< )\,21(71-&-81—061—?1/(11) ‘ > }
{k:zoo Z-_Zoo ’ FI TR e

o0

k-4 K p1y 1/p1
<o 3 (3 aarehimen)”)

k=—0c0 1=—0o0
0o

< C{ > (/\z‘)pl}l/pl’ if 51> a1 —n(l—1/q),

1=—00

by (3.4), the first term in Ay (z) satisfies the desired estimate.
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Using (3.2) for a;, we obtain that the second term in As(x) is dominated by

N

Qi(n+81*051*n/(h) 0
sup / ) T2, ()] dy
|y|>29—4

=1 0<t< 3|z [yl

N i(n+s1—a1—n/q1 4
Sczz( . " sup ( n(bt,m(y)dy)l/q?

o |z|nts 0<t<1i|z|

1/Q2
([ GralwlZ2es ()™ dy)
ly|>27-4

i(n+s1—ai1—n/q1) .
62 g—ilaz+n/qz)
T |

since ¢y . (y) < ct™™ and 2771 < |y| < 2|z — y| < 2¢; the latter is due to the facts
that |y| > 297% and |z| < 2975, We then obtain the same estimate for the second
term in As(x) as that for (3.16).

Now we turn our attention to Bs(z). First we have

N

lyl**!
B2($) = Z tilg) | /|y|>21+3 tnts+l ‘T’iai(y)Hszg’ (y)] dy
y=1t>31T
3 st ,
+) ;1,111') | /Iy|<2i+3 et [ Ty ai()IT505 () dy
y=1t>31T <

= BQl(.CL') —|— BQQ(%).

Now,

N
|y|s+1
Bz gz s [ T ai() 120, (y) dy

ly| <294
N s—l—l
#3050 [y gl a2 0)
= ly>27

Using (3.2) and (3.2°) for a; and b; respectively, we get the first term in By (z) is
dominated by

|y|s+1 2i(n+s+2—a1—n/q1) (antn/a)
—Jlaz2Tn/q2
¢ sup / >2¢%3 yngstl [y [t t2 2 dy
>3z yl<2i— Yy
i(n+s+2—a1—
_ 9i(n+s a1 n/q1)2—j(a2—|—n/q2) 1 P
=€ n+s+1 n+1 Y
|z y|>2i+3 |Vl

i(n+s+l—a1—n/q1)
< 02 ' ' 9—ilaz+n/qz2)
— ’w|n+s+1 :
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This is the desired estimate from (3.16) when s +1 > a3 +n(1/g; —1). Using (3.2)
for a;, the second term in By (x) is dominated by

N |y|s+1 2i(n+s+2—a1—n/q1)

2
C E tili.}i ‘ ﬁy>2i+3 tn+s+1 |y|n+s—|—2 ’Tvb](y” dy
'Y:]- bl X 4
ly|>27

N .
2@(n+s+27a17n/q1) 1 1/¢5
<y ([ g dn)
et yl>2ia [y| /et

y=1
T2b, 92 1/
([
ly|>27—4 |y

i(n+s+1—a1—n/q1)
< 62 ' ' 2—j(a2+n/q2)
— |x’n+s+1 :

This is desired estimate. For Bos(x), we have

N

|y|s—|—1
Baa() £ 3" swp [l cpes 1 [Tl T20,(0) dy
=1 o
N
lyPrt
30 [ e T GITE ) dy
y=1 21T

ly|<2/~*
Using (3.2’) for b;, we have that the first term in Bay(x) is dominated by
N s+1

ly o
cztilﬂa | /y|<2i+3 nts+1 ’T’)%a’l(y)u j(az+n/qz) dy
y=1t-3|%

9—ilaz+n/qz) N / 1/qy
<ec——— ( (s+D)a da:) T a, n
= |I’n+s+1 ’;1 /|y|<2i+3 |y‘ H ~ ||Lq1 (R™)
. I —
< C2Z(n+s+ ai1—n/q1) o iz tn/as)
— ’x|n—|—s—|—1 :

The second term in Bas(z) is bounded above by

N

lyl* ! )
3 >3l /2j—4<y|<2i+3 st | Ly @i (D T50;(y) | dy
y=1t>321T <

/ 1/(]/2
s+14n/qz Tlai 4 }
|x|n+s+1 Z | /| (7 TYaiy))% dy

T2bA q2 1/
y (/ T50,(y)| dy) g2
gi-aclyl Y™
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i(n+s+1—a1—n/q1)
< 02 ' ' g—jlaz+n/qz)
— |x|n+s—|—1 :

Thus both terms in Bao(x) satisfy the desired estimate. Notice that the above
estimates are valid when s+ 1 > a3 +n(1/¢; — 1). The minimun value of such s is
[+ n(1/q — 1)]. Combining the estimates for A2 and B, we obtain

(3.17) 11l iegor ny < el fll e mr eny 190 gz 72 ey -

Next we consider Jo(x). We again have (3.15). The estimation of By(z) is the
same as before since we never use the assumption |z| < 277° in that case (the
assumption that |z| < 2774 suffices for the estimate of Bo(z) in that case.) For the
term Ay () is the current case, we still have |y| > |z|/2 > 2!73, and moreover, we
have

N 2i(n+517a17n/q1

)
Ax(m) <) sup br.2(y) T2b;(y)| dy

v=1 0<t<i|z| JR™ ’y’n—l—sl
Qi(n+8170‘17n/q1) al 1/QO / ’
=¢ |z|nts1 Ziglg < . bta(y) dy> M(|T2b;|%) /% (z),

where ¢g is chosen as in the estimation for I5. Thus As(x) can be estimated as in
(3.16) for i and as in I5 for j. Therefore,

(3.18) 1 all orny < lfllioren @y lgll oz vz @ny-

Finally, we consider Js(x). We still use (3.15), that is S(a;,b;j)(x) < As(x) +
By (x). For Ag(x), |y > |2| — |z — y| > 2 > max(27+3, 29+3), thus,

(3.19)
N 2i(n+€+1—a1—n/q1) 2j(n—a2—n/qz)

Asx(z) <c sup bt,2(y)
;(th%m Re |y[n et

dy
ly|™

2i(n+£+1—a1 —n/q1) 2j(n—a2—n/q2)

<c [ |

It follows from (3.11) and (3.16) that As(x) satisfies the required estimate. Now
we write

N s+1
Yy
By(@) <Y sup /| Y a1 28, (9) dy

) ) n+s+1
=t Lol Iy zmax(2it, 204y T

al ly|* T

1 2
e Z tillll\) | /|y|< in(2i+4, 2i+4) gntstl |TV ai(‘y)HTW b;(y)| dy
7:1 31T <min R
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It 2
+c g T a; b, d
SUP /2j+4<|y|52i+4 t”+8+1| 7az(y)|| 7 i)l dy

y= 1t> ||
+cZ s U 7 sl 7205 (1) 4
t>1 I\)I gitdcly|<oi+a THTETLTT A e

1 xT

= Dl( ) + DQ( ) + Dg(m) + D4(l‘)

Let m, ¢ be non-negative integers to be determined later and s = m + /.
Using (3.2) for a; and b; respectively, we have

N

Dq(x) <c sup

/ |s+1 2i(n+m+1—o¢1——)
T bl iyl zmax(2it, 2i4)

ly
tn+s+1 |y’n+m+1

2j(n+s+1—a2— %)

R
2i(n+m+1—a1—%)2j(n+s+1—a2—%) 1 1
S ¢ n+s+1 / n+m-+1 1,10 dy
|z| ly|>max(2i+4, 27+4) |y |yl

If ¢ > 7, the integral above is dominated by

</ 1 d 1/Qé(/ 1 d 1/q2
) 1)
y|>2i+s y| (MM y|>2i+4 |y[me2

< c2i(=n/a2=m—1)9j(n/qz2—n) < 2~ i(ntm+l)g—in/q9jn/q2

If ¢ < 7, the integral above is dominated by

1 1/q2 1 1/q5
) L)
</|y|zzj+4 |y|(ntm+1)a: y|>2i+4 |y["92

< c2i(n/@2—n—m—1)9—in/q>

In either case, we obtain

2i(n+m+1—a1 —n/q) 2j(€—a2)

(3.20) Dy(z) <c |z|n/aatmtl g n/aa e

In view of (3.12), the second term, when ¢ > «y, satisfies the desired estimate.
Since

2i(n+m+1fa17n/q)
| /At Xlal>2+
1=—00

‘ C“1 P1 (Rn)

o) k—4

C{ Z ( Z )\i2(i_k)(n+m+1—a1_n/q))pl}1/p1

k=—oc0 i=—00

C{ i P }1/1017

1=—00

IN

IN
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whenever m+1 > a3 +n(1/g—1), we obtain the desired estimate for the first term
in (3.20) also. Notice that we require s+1=m+1+/¢>a+n(1l/q—1).
The estimation for the term Ds(z) is easy. We have

2i(m—|—1)2j€ N ) )
DQ(x) <c ’l’|n+s+1 § ||Tfyai||ng (Rn)||T’ybj||Lq2(R”)
y=1

2i(m—|—n—|—1—o¢1 —n/q) 2j(€—o¢2)

s¢ ’x|n/fé+m+1 |gg|n/q2+4'

Both the terms above appeared in (3.20).
Next, we consider D3(z). By (3.2) for b;, and that we have ¢ > j in this case,
we get

b N |y|s+1 - 9J(b+m+2+n—az—n/qz) 4
x) < CZ su a;
o= v—1t>l1|3x|/za+4<|y|<zz+4 porert Ty aiv)] |y|EHmr2tn Y
i(m+1) 2j(£+1—|—n—o¢2—n/q2) L
= CZ ‘|| /g tmt] ||Hn/az 1Tyl o )

(/ 1 4 )1/q2
X -
y|>2i+a [y|(mHDa Y

gi(m4n+l—ai—n/q) 9j(l—az)

=c ’x‘n/qé—i—m—i—l |x’n/q2+£’

which is desired.
Finally, by (3.2) for a;, and that i < j in case Dy(x), we get

N .
|y[s+! 2itnrermt2—ai—n/q)
D4(z) <e su / T2, J
1) = ;t>%1|)x| i+ < |y|<2i+4 grts+l |y |+ m2 | v i (y)] dy
S — 1720, | o e (/ S
|x|q§ +m+1 | |q2 +4 Z ( [ >2i+4 |y‘(n+1)q2

gi(nt+m+l—ai—n/q) 9j(l— az)

=c |x|n/%+m+1 ’x|n/Q2+€’

which is desired.
Combining (3.19) and the estimates for Dq(x), D2(x), Ds(z) and Dy(x), we
obtain

(3.21) T3l orny < lfllioren @y lgll oz vz @ny-

Notice that, from the estimation above, the minimum value of s in (1.4) can be
taken as [+ n(1/q — 1)].
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A combination of (3.8), (3.9), (3.14), (3.17), (3.18) and (3.21) finish the proof ot
Theorem 2.

4. Proof of Theorem 3.

Our proof of this theorem is also a little technical. The spirit is similar to that
of Theorem 2.

We still assume that 0 < p;, p2 < oo and leave the cases p; = oo or p; = 0o to
the reader. We have to show that

(4.1)

sup| [ 0o()B(f.9) (W) dy|

150 | Jon < C“f”HK;”ll’pl(Rn)||9||HK§22*p2(Rn)a

KPR

for all f € HK;‘ll’pl (R") and ¢ € HK;;M’?(R"). Without loss of generality, we

may assume that f = > ., A\ia; and g = ZjeZ p;bj, where \;, p; > 0, a;’s are

(a1, q1)—atoms, b;'s are (az, g2)—atoms with supp a; C B; and supp b; C B;.
Now let S(a;,b;)(x) be as in the proof of Theorem 2; that is,

S(ai,bi) () = sup| [ éua(y)Blas,by)(y) dy|-
t>0 R

Then

sup | [ ¢v.(y)B(f,9)(y) dy ‘ < Z)\zﬂj (ai, bj)(x)

t>0 R™

= Z)\l,uj Cll, ‘|‘ Z)\z,ufg aza )

12>) 1<j

We only need to show (4.1) for the part ), ; since the other one can be estimated
in the same way. In fact, the roles of ¢ and j are symmetric. For each x, we have

(4-2) Z )\zﬂj aza Z )\1/1(7 az; )X{|x|<23+5}
i>7 2]
+ Z it S(@iy bj) ()X q2i+5 <|w| <2045}
1>]
+ Z Az,“] a“ )X{I |>2i+5}
1>]

Consider €2y first. We can choose ¢p as in the proof of Theorem 2 such that

1<qgo<q and 1< ¢} < g2 with 1/go + 1/q, = 1. We obtain

N
S(as,by)(w) < ¢ M(Tyai|®)/ e (@) M(|T5b;|%)" % (x).

r=1
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Thus byHolder’s inequality

(4.3)

N [e%e)
0] gy <€D || D2 AMUT )V (@)x <oy
~y=1

1=—00

‘K;"ll’pl (R™)

x|S0 (T 1%) Y @) <oy

Jj=—o0

’K )

Both norms above can be estimated as in (3.7). Therefore, we have

(4'4) HQlHKg"P(Rn) < C{ i ()\i)pl}l/pl{ i (Nj)p2}

1/?2
1=— =—

< CHfHHkg‘ll’pl(Rn)HQHHK,?;*”? (Rn)*

Next, we consider (5. First we split

(45) S(aibi)(@) < sup | | Gra(y)Blasby)(y) dy
0<t<i|z|' /R
+osup | [ draly)Blas b)) dy|
t>1)z| ' R

= Si(ai, b;)(x) + Sa2(as, by) (z).
For the first term above, since |y| > |z| — |z — y| > |z|/2 > 27F%, we have

(4.6)
Si(ai,bj)(x) < sup
0<t< gz
N ) , 1/,
< CZ sup </ - G2 ()T ai(y)|® dy>
ly|>23+3

¢ ( ) Zﬂn+1+€—a2—n/@) qu 1/q2
o ([ o )]
0<t§%|m| ly|>27+3 €z |y|n+1+£

[ B

N .
, ,  9i(ntl+l—az—n/q2)
< CZM(‘Tiai(y)qu)l/qz(l’) ||+ )
7=1

23

where we used (3.2) for b; to obtain the second inequality above. The first term
in this last expression appeared in (3.7) and the second term appeared similarly in
(3.10). Since ¢; > ¢4, and since we can choose ¢ large enough such that £+ 1 >

as +n(1/qa — 1), we know that S (a;, b;) satisfies the required estimate.
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Now using the vanishing moment condition (1.5) and Taylor’s theorem we obtain

N

ly| !
Sulast)@ <D s [ S Tl )IT )l dy
y=1t>3Z| /T

N
Y
Loy sup /| ) 1720, ) dy

n—l—ﬁ—i—l
STt dlel Je—yl<ar

= So1(z) + Sa2(z),

for some non-negative integer ¢ to be determined later. In term Ss;(z) note that
since |y| > |z — y| — |x| > 2t > |z|, we have |y| > 297> and |z — y| < 2|y|. Using
(3.2) with s; = £ + 3 for b;, we estimate So1(z) as we did A;(z) in section 3. We
obtain

(4.7)
2j(£—|—3+n—o¢2—n/q2)
1 .
521 < CZ ‘x’n+€+2 Sl’llp ﬁm_y|>4t t‘Twal(y)‘ ‘ ‘n—|—2 dy
>3z 527+ Yy
_ 97 (L+3+n—as—n/qs) i tl/q§|T1ai( )|
=€ [+ 2 SUD [y > iz — y|(+D/%
y= 115> | ly|> Soits
1 d i <
X = y, since 2t < |y|
<C2j(£+3+n—a2—n/qz) N Sup</ t|T a;(y)|% >1/q§
o |z |ntt2 Lo t>0 |z—y|>4t |z — y‘(n—'—l)

(/ 1 d 1/(12
X y)
y|>2i+5 Y|

N . gy 20202 n/a2)
Z (1T ai(y)|%) "% (x) PG

This is similar to (4.6). For Ss(x), we proceed likewise. Sao(x) is dominated by
S921(x) + S222(x), where

N
Jy|“
S =3 s o yicu ez D700 o
'y:lt 2| | |<2j+3
and
al MKH 1 2
5222(1’1) =cC SL111|3 |$—y|§4t tn+g+1‘Tfya’b(y)”T’Yb](y)’dy'
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By Holder’s inequality and the fact that % < X< ﬁ since |z| > 215 and
ly| <2773 in S0 (x), we have
(4.8)

’ 1/(1/2
Lo q
S221(2) < |x‘n/QQ+€+1 Zsup < /|m_y|<4t T ai(y)| dy)

t>0
1/q
(e dy)
|y‘§2]+3

N ,
, 2](6—}—1—042)
1 1/ I
E_ |T az ) qz(x)‘x|n/q2+€+1'

This last expression appeared in (3.12).
For Sag2(x), we use (3.2) for b; and obtain

(4.9)

Saga(z) < c

2j(€+2+n—ag—n/q2) N ( 1

, 1/q5
B (7 e o0 )
=1 T—Y|l>

(/ 1 J )1/<Z2
>< -
248 |y (M y

N .
2j(€+1—a2)

E 1 21/ a5 -

4 |T CLZ |q ) q (x>|m|n/q2+£+1-

This again appeared in (3.12).
Combining (4.6), (4.7), (4.8) and (4.9), we obtain that

|;L‘|n/Q2+£+1

(4.10) HQ2HK,‘;’I’(R") < CHfHHK,‘;ll‘pl(R”)Hg”HK?QZ’pQ(R”)‘
Finally, we consider €23. As before, we have
S(ai, b;)(x) < Si(ai, by)(x) + S2(ai, by) (@),

where Si(a;,b;)(z) and Si(a;, b;)(z) are defined in (4.5). For Si(a;,b;)(x), we use
(3.2) for a; and b; respectively and obtain

(4.11)
Si(ai,bj)(x) < sup
o<t<1zl

N .
21(m+1+n—a1 —n/q1)
<Y s [ o)

2 |yl >2i+3 |y[rtmat

1.2 (y)Blai, b;)(y) dy

y[>20+3

N—10<t<1Zl
2j(2+1+n—a2—n/q2) y
X Y
|y|’n+€+1
9i(m+1+n—ai1—n/q1) 9j(l+1+n—az—n/qz) ‘x'
= ||t ||t . since Jy| = 5
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Aslongasm+1>a3+n/ge —nand £+ 1> as +n/gs — n, we know from (4.6)
that the above estimates are the required.
For Ss(a;,b;)(x), using cancellation property (1.5), we can obtain as before that

N s+1
Y
Salarst)@) < Y- swp [ )220, (1) dy

y=1 t>7
al |Z/|S+1 1 2
= CZ Su\p\ /l |<2i+3 tnts+1 ’Tvai(y)HTvbﬂ'(y)‘ dy
y=1t> Y

It 2
+ E T a T7b; d
& SUp /2]+3<|y<21+3 t”*”l‘ (W55 (y)| dy

Yy
+c § sup / |n|+s+1| Tyai(y)||T20;(y)| dy
ly|>2i+3 t

E
y=1t>7%

= Ll(l') + LQ(I‘) + L3(Z’)

Let s =m+ £+ 1, where m, ¢ are non-negative integers to be determined later.
Ly (z) is similar to Dy(z) in §3. Since ¢; > ¢4, we obtain

(4.12)
gi(m+1)  9j(t+1)
ze3
|x|n/q2+m+1 |x|n/q2+£+1

||Tf)%a“i||ng (R™) ||T’$b] ||Lq2 (Rm)

21(m+n+1 ai1—n/q) 2](8—1—1 asz)

sc |m‘n/q§+m+1 |x|n/Q2+f+1'

This is similar to (3.20). Whenever m+1 > a3 +n(1/¢g—1) and £+ 1 > as (thus
s+1>a+n(l/qg—1)), this is the desired estimate.
For Ly(x), we use (3.2) for b; and obtain

(4.13)

Lo(z) < CZ sup /2 v

y=1 > 12l 2T <y <203 grtstl

9i(m+1) ) /a1
< cz —’x|n/q1+m+1 (/Rn T a;(y)| dy)

9j(t+2+n—az—n/qz) </ 1 p 1/4,
X 7 ICESTA y)
||/ ettt 2y [y DG

9i(m+1—a1) 9j(l+1+n—az—n/q)
- Clx’n/ql—l—m—l—l ‘x’n/qi—l—@—l—l

s+1 ) 2j(€+m+3—|—n—a2—n/q2)
|T aZ(y)’ |y|n+e+m+3

dy
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This is symmetric to (4.12). Aslongasm+1 > a; and £+ 1 > as +n(l/g—1)
(thus s +1 > a4+ n(1/q — 1)), this is the desired estimate.
Finally, we consider L3(z). By using (3.2) for a; and b; respectively, we get that

(4.14)

(z) 1 gilntmti-ai—n/q)
L3 X S C Sup /
t> 1zl Jy|>2¢+3 tn/24+m+1 [y[rmat
| 2itirsti—azn/a)
+1
X et |y[r et v
. 627;(71+m+17a17n/q1) 2i(m+1) < ; dy) 1/2
< || /2 mAL iz [y
9j(ntl+1—az—n/qz) 1 Yz
X n/2+ 1 </ o dy)
|z yl>25+ Y]

2i(n/2+m+1—a1 —n/q1) 2j(n/2+£+1—ag—n/q2)

S ¢ |x|n/2—|—m—|—1 |x|n/2+€+1

For the first term above, we have

o 2i(n/2+m+1fa17n/q1)
H Z Ai ||/ 2 m+1 X{|z|>2i+5}

‘ Kg‘ll »P1 (Rn)

00 k—6
S C{ Z ( Z )\i2(i_k)(n/2+m+1—a1—n/ql))pl }1/p1
k=—00 i=—o00
& 1/1’1
SC{ Z (Az)pl} y 0<p1<OO,

whenever m +1 > a3 + n/q1 —n/2. Similar estimates hold for the second term in
(4.14) whenever £+ 1 > oo +n/q2 —n/2. Therefore L3(x) also satisfies the desired
estimate whenever we have s +1 > a+n(1/q —1).

Combining (4.11), (4.12), (4.13) and (4.14), we obtain

(4.15) 198][ or ey < el fllmrcor v @19 Rz v2 ny-

Therefore, (4.1) follows from (4.4), (4.10) and (4.15). Notice that the minimum
value of s can be taken to be [a +n(1/q — 1)].
Theorem 3 is now proved.

5. Applications.

The following two corollaries extend the theorem of Coifman Rochberg and Weiss
[6] on the LP boundedness of the commutator by a C' — Z operator and a BMO
function to Herz spaces. Note that HK'' (R™) = H(R™).
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Corollary 1. Letb be in BMO(R™) and T be a Calderén-Zygmund operator. Then
the commutator

(5.1) [0, T|(f) =bT(f) —T(bf)
maps Kg“’p(R”) into itself when 1 < p,q < o0 and —n/q < a <n(l —1/q).
Consider the bilinear operator

where T* is the adjoint operator of T'. One can easily check that B(f, g) has integral
zero for all f, g square integrable and compactly supported functions. By Theorem
1, we obtain that

IBUf, 9l < Clfll ggor gl oo
q

Using the duality between H! and BM O, we obtain

b, T1(f)(2)g(x) dz

_ ' / b(@) (9(2)(Tf) (@) = f@)(T"g)(x)) da

< [|bllBaollg(Tf) = F(T*g)l mr
< Clpbllsaoll fll gorllgl o

‘ R

Now the duality between K 2P and K P / gives the required conclusion.

To state the next corollary, we recall the definition of the spaces CMO,(R™).
For 1 < ¢ < oo, CMO,(R™) is the set of all measurable functions on R™ whose ¢*®
power is locally integrable and which satisfy

q

1 1

(5.2) sup (— flz) — —=——— fly)dy qd:c) < 00.
r>0 \ [B(0,7)] B(0,r) | 1B(0,7)] B(0,r) |

The CM O4 norm of f is defined to be the expression in (5.2). It can be shown that

CMO,(R™) is a Banach space and also that it is the dual of HK;(l_l/q)’l. This

duality is the homogeneous version of an extension of the duality between H' and
BMO. See [11] and [19] for details. We now have the following:

Corollary 2. Let b be in CMO,(R™) for some 1 < q < oo and let T be a
Calderdon-Zygmund operator. Then the commutator [b,T|(f) = bT(f)—T(bf) maps
Kgll’p(R") into quaQ’p(R”) when 1 < p < oo, 1/q1 +1/q2 = 1/q, —n/q; < a; <
n(l—1/¢), 1=1,2 and oy + a2 =n(l —1/q).

For the proof we use Theorem 1. As before

/n[b, TN(N)(@)g(x) dx| < bl cxro,, |9(TF) = F(T Gy gna-r/om

< Clbllcaro, Iz l9ll gom
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for all g in Kg2?'. This implies that ||[b, T1(f)l| g2 < Clblloaro,, I1fllger» and

2

Corollary 2 is proved.

By the way, it is still an interesting open problem if the converses of Corollaries
1 and 2 are true. It seems that we do need some different technique from [6] to deal
with this, since the Herz spaces are not translation invariant.
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