DISCRETE DECOMPOSITIONS FOR BILINEAR OPERATORS
AND ALMOST DIAGONAL CONDITIONS

LOUKAS GRAFAKOS AND RODOLFO H. TORRES

ABSTRACT. Using discrete decomposition techniques, bilinear operators are natu-
rally associated with trilinear tensors. An intrinsic size condition on the entries of
such tensors is introduced and is used to prove boundedness for the corresponding
bilinear operators on several products of function spaces. This condition should be
considered as the direct analogue of an almost diagonal condition for linear oper-
ators of Calderén-Zygmund type. Applications include a reduced T'1 theorem for
bilinear pseudodifferential operators and the extension of an LP multiplier result of
Coifman and Meyer to the full range of HP spaces. The results of this article rely
on decomposition techniques developed by Frazier and Jawerth and on the vector
valued maximal estimate of Fefferman and Stein.

1. INTRODUCTION AND STATEMENTS OF MAIN RESULTS

Multilinear operators arise naturally within the framework of Calderén-Zygmund
theory. The study of such operators using Littlewood-Paley theory and related de-
composition techniques goes back to the work of Coifman and Meyer [5] and has been
extensively pursued since then with applications to harmonic analysis and partial dif-
ferential equations (for example see [4], [3], [2], [23]). The recent progress in the study
of the bilinear Hilbert transform by Lacey and Thiele [17] has further stimulated the
need for a systematic analysis of bilinear operators. By this we mean operators
T(f,g) which act on two functions f and g and are linear in both arguments.

An abstract version of the Schwartz kernel theorem gives that any continuous
bilinear operator 1" defined on products of Schwartz functions on R"™ and taking
values into tempered distributions, S(R™) x S(R") — S’(R"), must be given in the
form

() @ = [ [ K e dud

where K (x,y, z) is a tempered distribution on R" x R™ x R" and the integral in (1)
is interpreted in the sense of distributions. Alternatively, using the Fourier transform

~

f&) = [ flz)e™™da,

R”
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the bilinear operator in (1) can be realized in pseudodifferential form

) 1.0 = [ | ot e @ e,

where, at least in the distributional sense, the symbol o(z,£,n) and the kernel
K(x,y, z) are related as in

(3) Fon (0(z,6,m))(y, 2) = K(z,2 —y, 2 — 2).

Here F,," denotes the inverse Fourier transform in both variables (¢,7) € R?".

It is very useful to consider both realizations of operators in terms of kernels and
symbols since operators arise in both forms: sometimes they naturally act in the
“time” domain; sometimes they are better understood through their action in the
“frequency” domain. In the linear case the corresponding realizations of operators
have led to a careful study of the conditions on kernels and/or symbols that produce
bounded operators on several function spaces; in particular simultaneous bounded-
ness on all L? spaces, 1 < p < oo, a typical feature of Calderon-Zygmund theory. To
some extend, the culminating results for operators with singular kernels are the T'1
and Tb theorems, [7] and [8], and their numerous generalizations. Results in terms
of the symbols of pseudodifferential operators in the exotic class S7; have been con-
sidered in [20], [18], [1], [15] and [16], to name a few. In both cases orthogonality
arguments play a crucial role. For example, such orthogonality considerations in the
original proof of the T1 theorem by David and Journé are contained in Cotlar-Stein’s
Lemma. For pseudodifferential operators such orthogonality arguments are subsumed
in Littlewood-Paley and “phase-space” decompositions of symbols.

An alternative approach in studying boundedness properties of operators is to
decompose the functions on which they act, rather than the operators themselves.
This is a recurrent theme in harmonic analysis through the use of atoms, molecules,
wavelets, and tiles. The main goal of this approach is to understand the behavior of
an operator on those basic building blocks. By decomposing the functions on which
an operator acts, one discretizes the operator and studies the corresponding matrix
as in the finite dimensional case. One can then look at simple, easily verifiable con-
ditions on these matrices, that warranty boundedness for the associated operators.
This general approach has been systematically carried out in the work of Meyer [19]
and of Frazier and Jawerth [10]. The authors in [10] have precisely quantified suffi-
cient conditions to imply boundedness for the associated operator on all spaces that
admit Littlewood-Paley decomposition. Such conditions, see (13) below, only depend
on the size of the entries of the matrix associated to an operator, a fact that makes
them easily verifiable in numerous applications. The conditions are referred to as
almost diagonal [10], because the size of the entries of the matrix decay fast as the
parameters that index them get farther apart. Remarkably, these size almost diag-
onal estimates together with the use of smooth molecules suffice to analyze general
Calderon-Zygmund operators, not only on LP but also on Sobolev and other function
spaces in a unified way (see e.g. [21]). In addition, the almost diagonal estimates
are extremely simple to check for pseudodifferential operators in various classes (see
[13] and the references therein). It is important to point out that, since they are so
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closely tied to Calderén-Zygmund and Littlewood-Paley theory, the almost diagonal
estimates are “p-independent” for 1 < p < oo.

In this work, we carry out the approach above in the bilinear setting. We seek a
way to discretize bilinear operators and find sufficient conditions on the associated
trilinear discrete tensors that imply continuity. We find a bilinear almost diagonal
estimate which is general enough to cover the type of multilinear operators studied
in [5] and [6], as well as some new examples. The almost diagonal condition we
introduce is intrinsically bilinear in the sense that it does not require reducing the
operators to linear ones by freezing one function.

We will be working below in n-dimensional Euclidean space. Given a bilinear
operators T'(f, g) one defines an infinite array of scalars, which we will call a tensor,
A = {a(Am, vk, ul)} by setting

a()‘mv Vk> Ml) = <T(¢Vk:7 Cbul), Cb)\m>,

where {¢,1} is a family of wavelets, v, u, A range over Z, and k, [, m over Z".
Conversely, any tensor A as above gives rise to a bilinear operator T" defined by

T(f7 g) = Z Z Z a()‘m7 Vk:v /’['l)<f7 ¢uk><gv ¢ul>¢)\m~
wl vk Am

For three real numbers, a,b, ¢, such that a < b < ¢, we denote by med(a,b,c) the
“medium” number b. The following theorem gives a sufficient condition for a bilinear
operator T to be bounded on products of L” spaces.

Theorem 1. Suppose that the tensor {a(Am, vk, ul)} associated to the bilinear op-
erator T' satisfies the almost diagonal estimate
la(Am, vk, ul)| <
' 9~ (max(p,v, ) —min(uv,\))e 9—max(p,v,\)n/2 gmed(p,v,\)n/2 gmin(p,v,\)n/2
(14-2min(w)|2=v | — 21| ) (14-2min(A) | 2=#] — 2=Am | ) (14-2mi0(A) | 2= Am — 2-7 K |) )V
for some C > 0, N > n, and € > 0. Then the corresponding operator T can be

extended to be a bounded operator from LP(R™) x LYR™) into L"(R™) when 1/p +
1/g=1/r and 1 < p,q,r < c0.

In Section 6, we also obtain versions of Theorem 1 for Hardy spaces, Sobolev
spaces, and other Triebel-Lizorkin spaces. Our methods are in the spirit of the
program developed in [10] but some new ideas are employed.

The almost diagonal condition has some symmetries which can be translated into
properties of the transposes of T. Any bilinear operator has two transposes naturally
associated with it. The first transpose T*! of T is the transpose of the linear operator
f — T(f,g). T*' is a bilinear operator with kernel K*'(z,y,2) = K(y,z,z). The
second transpose T** of T is the transpose of the linear operator g — T'(f, g); this is
a bilinear operator with kernel K**(z,y,z) = K(z,y,z). In other words, for all f, g,
and h in S(R") we have

(4) | rtrghde= [ Tg)sdn= [ T mgds
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One can easily check that if a bilinear operator 7" has symbol o(£,n) (indepen-
dent of ), then the first transpose T*! of T is the bilinear operator with symbol
o*'(&,n) = o(—(£ + n),n) while the second transpose T*? of T is the bilinear oper-
ator with symbol 0*?(¢,n) = o(&, —(€ +1)). At the discrete level, the transposes of
the tensor A = {a(Am, vk, ul)} are A*' = {a**(Am, vk, ul)} = {a(vk, Am,ul)} and
A2 = {a*?*(Am, vk, ul)} = {a(ul,vk,dm)}. Note that if T is bounded on the full
range of 1 < p,q,r < oo with 1/p+1/q = 1/r, then, by duality, so are its transposes.
This is in accordance with the fact that the estimates in Theorem 1 are symmetric
under a permutation of variables.

As explained before, it is useful to have a simple way to check the almost diago-
nal conditions. We do this by introducing the notion of bilinear smooth molecules.
These are functions associated to pairs of dyadic cubes and have certain localization
properties at two different scales. Bilinear operators that map pairs of basic building
blocks into bilinear smooth molecules, satisfy the bilinear almost diagonal estimates
and, hence, they are bounded. We have:

Theorem 2. Let T' be a bilinear operator so that for a wavelet family {¢,}, the
three families {4 xm}y = {T(Puts Oxm) b AVam} = AT (P, dam) }, and {77\, } =
{T**(¢pu1, dam)} are families of bilinear smooth molecules. Then T can be extended
to be a bounded operator from LP(R™) x LY(R") into L"(R™) when 1/p+1/q=1/r
and 1 < p,q,r < 0.

This article is organized as follows. We use the notation in [10], [11], and related
papers. Most of it is recalled in Section 2 which also contains some other background
material. The reader familiar with the subject can move directly to Section 5 where
Theorem 1 is proved. One can then return to Section 3 which contains motivation for
the bilinear almost diagonal estimates, the notion of bilinear smooth molecules, and
three propositions which, combined with Theorem 1, imply Theorem 2. These three
propositions are proved in Section 4. In Section 6 we discuss extensions of Theorem 1
to other function spaces. Examples and applications are given in Section 7.

Acknowledgment. The research presented here originated while the authors were
visiting the Mathematical Sciences Research Institute, Berkeley, during the program
in Harmonic Analysis, Fall 1997. The authors want to express their gratitude to the
institute and the organizers of the program for their support and hospitality.

2. SOME BACKGROUND TOOLS

We begin by recalling some of the basics of the work in [10]. Throughout this section
we fix a function ¢ € S(R") such that ¢ is supported in the annulus 7/4 < || < 7 and

such that |¢(£)] is bounded away from zero on a smaller annulus 7/4+€ < |{| < m—e.
Such a function can be chosen to be real-valued, radial and satisfying

(5) DO =1, £#0.

VvEZ

For v € Z and k € Z", let (), be the dyadic cube
(6) ka :{(xl,...,xn) cR": kl SQV.Tl < k’l—i—l,’&: 1,...,7’2,}.



DISCRETE DECOMPOSITIONS FOR BILINEAR OPERATORS 5

The lower left-corner of @), will be denoted by 277k and the characteristic function
of the cube by xq,,. Define

(7) bui(z) = 272"z — k),
so that ||¢ukllrz = [|#]|z2 and ui, is supported in the annulus 227 < €] < 2.
Observe that

C, Ngvn/22h\v
(1+2¢|x —27vk|)N’

(8) |07 dui(x)| <

for any multi-index ~ and positive integer N. A family of functions {m,;} (not
necessarily obtained by translations and dilations) that satisfy the above estimates
as well as the cancellation condition

(9) / o (2)dz = 0,

is called a family of smooth molecules for LP(R"), 1 < p < oo. Observe that the
functions ¢, are molecules with vanishing moments of all orders.

The function ¢ can be selected to generate a useful almost orthogonal wavelet
decomposition of LP(R™). Moreover the following holds.

Theorem A. (Frazier and Jawerth [10].) Suppose f € LP(R"™) for 1 < p < oo.
Then f can be written as

(10) f = Z<f7 ¢Vk>¢uk7
v,k

where v ranges over Z, k over Z™, the series in (10) converges in LP and

(11) £l ey = H(Z (S e 27 2xq,) ")
k

v

LP(R”).

The notation (f, g) stands for the usual action of a distribution f on a test function
g. Also for two positive expressions A and B we have A ~ B when they have com-
parable size with constants independent of the parameters involved. The expression
on the left in (11) takes the particularly simple and familiar Parseval’s form when
p = 2 since the functions

~ vn/2
XQ)/k; = 2 / XQuk

are L? normalized. The series in (10) looks then like an orthonormal decomposition
but in general it is not. It is possible to replace the function ¢ by a family of functions
with similar properties and obtain a true orthonormal wavelet basis for L?(R") (see
e.g. [19]). Nevertheless, the above almost orthogonal decomposition will suffice for
our purposes and simplifies the notation. With some abuse of terminology, we will
still refer to {¢,«} as a family of wavelets.

Expressions similar to the one on the right hand side of (11) can be used to char-
acterize other function spaces such as the homogeneous Triebel-Lizorkin spaces F;"S
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in the entire range of indices 0 < p < 400, 0 < s < 400, and o € R (see Sec. 6
below for definitions). In addition the wavelet representation for a function in

So=1{f€S:9"f(0)=0, for all 7},

converges in the topology of S. The space Sy is clearly dense in all L?, for 1 < p < oo.

Next we discuss almost diagonal operators and the role of wavelets in their study.
Suppose that T is a linear operator acting on Schwartz functions on R™. Consider
the matrix of 7" with respect to a fixed family {¢,;}. This is the matrix

(12) a(/il, Vk) = <T(¢uk)7 ¢,ul>7

where v and p range over Z and k, [ over Z". Because of the wavelet representation
and Theorem A, the boundedness of the operator 7" on L? is equivalent to the bound-
edness of the associated matrix on f£72, the space of sequences {s,x} with norm given

by
st = (0 (S i)

Conversely, any matrix A = {a(ul,vk)} bounded on f}?’z gives rise to a bounded
operator T on L defined by

Tf=>>alpl,vk)(f, dui) b

wl vk

Lr(R™)

The following theorem gives a sufficient condition for 7" to be a bounded operator on
LP(R™).
Theorem B. (Frazier and Jawerth [10].) Suppose that the matriz {a(ul,vk)} of
the operator T satisfies the almost diagonal estimate
2~ ln=vle 9—lu—vin/2
(1 + 2min(ur)|2—v | — 2=p]| )N’
for some C > 0, N > n, and € > 0. Then the corresponding operator T can be
extended to be bounded from LP(R™) into itself for 1 < p < co.

The theorem above is very useful when applied to “reduced” operators, such as
operators from which certain quantities have been subtracted to make them have
cancellation (in the form of 71 = 7%1 = 0). The almost diagonal estimates have
proved to be useful technical devices in characterizing function spaces in terms of
wavelet coefficients, see [10], [11].

A crucial ingredient in the proof of Theorem B and Theorem 1 is the Fefferman-
Stein vector valued maximal function theorem.

Theorem C. (Fefferman and Stein [9].) Let M be the usual Hardy-Littlewood
maximal operator on R"™. Then for any 1 < p < oo and 1 < s < oo there exists a

constant C' such that for all sequences { f;} of locally integrable functions the following
inequality is valid

1 M) ey < CHCZIEE) ey

(13) |apl, vE)| <
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We now set up the corresponding notation for bilinear operators. A given bilinear
operator will be associated to a tensor instead of a matrix. By this we mean the
infinite array of numbers

(14) a(/\m,yk,ul) = <T(¢Vk7¢ltl)a¢>\m>’

where v, u, and A range over Z and k, [, and m over Z™ and {¢,;} is a fixed almost
orthogonal wavelet family. Again, the wavelet representation of functions discretizes
the analysis and reduces the study of bilinear operators T" on L? X L? to the study
of tensors A = {a(Am, vk, pl)} on f)? x f>*. Given any such tensor A, we define a
bilinear operator

T<f7 g) = Z Z Z a(/\m7 Vk? /“Ll><f7 ¢I/k><g7 ¢Hl>¢)\m7

Am o ol vk

whose corresponding tensor is A. Using Theorem A, it is easy to see that the fS’Q X

ff;’Q — f%? boundedness of A is equivalent to the LP(R") x L¢(R™) — L"(R")
boundedness of T'.

3. MOTIVATION FOR THE ALMOST DIAGONAL CONDITIONS

As mentioned in the introduction, we want to study an operator by understanding
its action on simple elementary functions. Wavelets are very useful in this sense
since they are “almost eigenvectors” for Calderén-Zygmund operators. In fact, it
is not hard to see that such operators map the family of wavelets into functions
which still satisfy estimates (8) for some multi-indices 7. Moreover, for convolution
operators (or operators with 7%1 = 0), the cancellation condition (9) is also preserved.
Thus, Calderén-Zygmund operators “map wavelets into molecules”. All this can
be quantified in a precise way. The estimates (8) together with the cancellation in
wavelets and molecules can be used to show that the matrix associated to the operator
is almost diagonal in the sense of Theorem A. The almost diagonal estimate in that
result is motivated by two simple propositions that we now recall. For a proof, see
for instance [10].

Proposition 1. Suppose that ¢, and 1, are functions defined on R"™ satisfying for
some x,, x, in R" and all M, N >n

C 2vn/2
(15) |¢hy ()] §(1+2y|$_%’)N’
(16) ()] < S 2

(1+2rx —x,|)M’
for some constants C' = C(N, M) > 0. Then, for all N > n there exists a constant
Cn > 0 such that the following estimate is valid

Cn 9-lv—uln/2
R

1+ 2min(et) |z, — 2, )N
A better estimate can be obtained if one of the functions satisfies size estimates
for its derivatives while the other function has cancellation.
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Proposition 2. Suppose that v, and 1, are functions defined on R" satisfying es-
timates (15) and (16) for some x,, x, in R™ and all M, N > n. Suppose in addition
that

(17) Y, (x)x"dr =0 forall |y| <L -1

RTL

plylopn/2
(18) |00 (x)| < Oy 2

(1+2¢|2 —x,[)M

for all |y| < L

for some L nonnegative integer. If v > p and N > M + L, then for some constant
Cnr > 0 the following estimate is valid
9—(v—p)(L+n/2)

(19) L+ 270, — )

<CnwmrL

[ b)) dr

We will now discuss how the bilinear almost diagonal condition in Theorem 1 arises.
It is important to convince our reader that the main expression in Theorem 1 appears
when one considers estimates involving integrals of products of three wavelets. The
propositions below give rise to the bilinear almost diagonal estimate and provide the
motivation for this work.

Proposition 3. Suppose that 1, 1, ¥x are functions defined on R"™ satisfying the
following estimates for all x € R"

21/n/2

2,un/2

n/

2 IR ———

(14 2Nz — xy )NV

for some x,, x,, xx in R" and for all N > n. Then the following estimate is valid

| @l @) de <
CN 92— max(p,v,\)n/2 2med(u,u,)\)n/2 2min(,u,1/,)\)n/2

(T + 27 e, = 2, )1+ 270, — o)) 1+ 270y = 2, )Y

for some Cy > 0.

Next we consider the situation where we are assuming cancellation and estimates
for the derivatives. Fix L to a non-negative integer. (The condition for |y| < L —1
below is vacuous when L = 0.)

Proposition 4. Suppose that 1, satisfies (20) and also

(23) Yy ()Y de =0 forall |y| < L-—1.
Rn
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Let 1,5 be another function satisfying

21n/292n/2 max 2+, 22\
(1 + 20z — 2, )N (1 + 2z — 2a[)¥
for some x,, x) in R", and all N > n. Suppose that v > max(u,\). Then for all
N > n there exists a Cn, > 0 such that

ZDZ, (x)w,x (I) dz| <
Rn
Ci 20w AL 9-om/2 gun/2 o2

(T + 250z, = 2, (1 + 250 o, = (1 + 250y = 7, )
Suppose now that the roles of ¢, and 9, 5 are reversed. We have the following.

(24)  |0"ua(z)| < Cy for all |y| <L

Proposition 5. Suppose that 1), satisfies
ovn/29v[]
(14 2¢x — x| )V
for somex, in R" and all N > n. Suppose also that 1, » is another function satisfying

(24) for v =0 and

(26) Yur(z)x de =0 forall |y < L—1.
Rn

(25) |07 ()] < Cn.1

forall |y < L

Assume that max(p, \) > v. Then for all N > 0 there exists a Cy , > 0 such that

b (@) () da| <
Rn
CN L 2—(max(u,)\)—u)L 92— max(p,A\)n/2 2min(,u,)\)n/2 2un/2
(T 27 o, = 2,1+ 270 e, — 2 (L+ 250 a, — 2, )Y
The proofs of Propositions 3, 4, and 5 involve some simple but long computations

and they are postponed until the next section. The propositions above lead to a
natural notion of bilinear molecules.

Definition 1. A collection of functions {urm}, with p, X € Z and I, m € Z™ is
called a family of bilinear smooth molecules if for all integers N > 0 and all v multi-
indices, there exist constants Cn . such that

21/ 222n/2 max(2+, 22) 1

2 i <

(27) 10" Yutm(@)] < CN”Y(1 + 21z — 21 )N (1 42X | — 2= MmN
for all N >n and

(28) wul,)\m(l‘) dr = Oa

RTL
for all p, \, I, and m.

A consequence of Proposition 5 is that if a bilinear operator and its transposes
map products of wavelets into bilinear molecules, then its associated tensor satisfies
the almost diagonal condition of Theorem 1. Theorem 2 is then an easy consequence
of Theorem 1.
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4. PROOFS OF PROPOSITIONS 3, 4, 5
We begin with the following auxiliary lemma.

Lemma 1. Let N > n. There exists a constant C' depending only on the dimension
n and on N such that for all xo € R™ and all R > 0 we have

max(R", RY)

(29) b(zo, ) — / (1-+ o)™ < T,

|lz—z0|<R

Proof. Let us suppose first that R < 10. Then consider the subcases |zo| < 20 and
|zo] > 20. When |zo| < 20 we obtain |b(zo, R)| < C'R™ which implies (29) since
is small. When |z¢| > 20 we have |z| ~ |z¢| when |z — x¢] < R < 10 and hence the
bound b(zg, R) < CR"(1 + |zo|)~ is easily obtained.

We now consider the case R > 10. In this case we split the region of integration
in (29) into two subregions:

Ay ={z: |x| > |xo] and |z — zo] < R}
Ay ={x: |z| < |0 and |z — x| < R}

The part of the integral in (29) over the set A; is easily shown to be bounded by
CR™(1+ |zo|)™™ since |z| > |zo]. It suffices to prove the required bound for the part
of the integral in (29) over the set As. If |xo| < 2R then

RN

1+ |z)Nde<CO'<C—-"r— .
/< =) L+ o)™

Az

If |xo| > 2R we have |z| > |zo| — |z — zo| > |70|/2 which allows us to estimate the
part of the integral over Ay in (29) by CR™(1 + 3|o|)". This finishes the proof of
Lemma 1. O

We continue with the proof of Proposition 3.

Proof. By symmetry we may assume that v > X\ > pu. Without loss of generality we
may also assume that x, = 0. Next we observe that if the proposition is proved when
= 0, then applying it to the functions v,_,,, ¥_,, and ¢, centered at z,_, = 2z,
Ta—, = 2%y, and z9 = 0 gives the general case after a suitable change of variables.

We may therefore assume that v > A > p = 0 and that z, = 0. We start by
writing the integral

21/n/2 2)\71/2 1 J
T
/Rn (14 27z — 2 )M (1 + 23z — )M (1 + [ )M

(30) 2()\n+vn)/2 Z Z 9—tM—sM / (1 + |C(]|)_Mdl’,

t=0 s=
0 s=0 |z—2, |[~27V 20

|z—zy|~27 223
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where the notation |z — x,| ~ 272" means 272! < |z —x,| < 272" for t > 1
and |z — z,| < 27" when t = 0. Next observe the following. If |z — z,| ~ 272" and
|z — )| ~ 272% then

(31) 142Nz, — 2] < 14222 max(277,257) < 8max(2f,2%)
and also

(32) T4y <14z, —zy|+ |z <1+ 4maX(2t_”,2s_’\) + |z,
< 8max(2",2°)(1 + |z, |).

Now use Lemma 1 to estimate

max(2(t_”)", 2(t—1/)2N)

(14 |z|) Mdx <C AT 2

|z—xy|~27V 2t
|z—zy|~27 228

max(z(t—u)n7 2(t—y)2N)

(14 Ja, )Y (1 4 fax )Y

max(2', 2%)

where we set M = 2N and the second inequality above is a consequence of (32). We
now use this estimate to bound (30) by

ozemhn /QZZ o—tM—sM maX(2(t vin U=V2Ny - max(2F, 25)2N
t=0 s=0 L+ [z, )V (1 + [2a )N (1 + 2Ma, — 2 ])Y

<O (L 4 a, )V (1 + \SUA!)’N(l + 2w, — )

which proves the requires estimate. We used (31) at the second estimate above and
we took M = 5N for the last series to converge. O

We now continue with the proof of the Proposition 4.

Proof. We have
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b (@) (x) dz
R’n

= [Rn%(x) [%,A(x)— > M(%—xu)a}dﬂf

al
lo|<L—1
<[ wta)
2,un/2+/\n/2+max()\,/,L)L

<C (x
<C [ Wl g = e
C/ 2,un/2+/\n/2+1/n/2+max()\,u)L—uL(’x _ xV‘QV)L
T Jre (T 200 — 2 )Y (1 4 28]z — 2, )V (1 + 22z — )
27(meax()\,,u))L 2,un/2+)\n/2+un/2
<C , dx
re (14 27|z =2, JVE(1 4+ 202 — 2, )V (1 + 222 — 2y )Y

:EV,;L,)\(xllﬂ o) l’)\),

Z (3a¢m)(2) (JC . l‘,,)a

dx
al

|a|=L

|z — x,|* da

Nd:c

for some z between z and x,. Now write the integral defining E, , \(z,,z,,z)) as
the sum of the integrals over the regions Ag = {z : [vr —z,| <277} and A; = {z :
27V < o —w, | <27V} for j=1,2,....

For x € A;, j > 0, we have that [z — 2| < 27277, Then |z — 2| < |z, — x| and
hence

lz—z,| <|v—z2l+|z—z,| <]z -z, |+ |z — 2, <2277 + |2 — 1,
Therefore
14+ 24z —x,| < 1+272077 4 20|z — 2, | < 1+27 + 20|z — x| < 27FH (1 + 202 — 2,]).
Likewise we obtain
14+ 2Nz — 23| < 27711 + 2M2 — my).

These two estimates imply that when x € Aj for we have

(T+2%2 -z, )N <CO+ 242 — 2, )N
and similarly

(1+2Mz — o\ )™V <C(1 + 2z — 23]) 77,
while for z € A; for j =1,2,... we have
(14242 —z,)™N <CON(1 4+ 2|z —z,) N <C@"|z — 2, )N (1 + 2¢|z — 2,|)™N
and likewise

(1+ 2)‘|z — x>\|)_N < C’QjN(l + 2’\|x — xk|)_N < C 2%z — xl,|)N(1 + 2’\|x — x,\|)_N.
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We now conclude that

Eu,u,)\<xm Ty, x)\)
2un/2+)\n/2+un/22max()\,u)LflzL

= d
Z/ (279 — )V H(1+ 27 — )Y (L + 2]z — )Y

d
(1+2%|z — 2, )NV =E(1 4+ 20|z — x, )V (1 + 2Mz — x) )V v

21/n/22,un/22)\n/22max()\“u)sz/L
SO/ N'—L—2N N Y N 4z
re (14272 —2,]) (1 + 20z — 2, )V (1 + 2z — 2,])
vn/29un/29in/2
<C¢2—(V—max()\,u))L/ 2 / 2¢ / 2 /
B re (1+ 27w — 2 )V (1 + 20w — 2, )V (1 + 2z — z3])

where we picked N’ > 3N + L. Things now reduce to the situation discussed in the
previous proposition times the fixed factor 2~ ¢—max(Au)L

Ndx

L]
Finally we discuss the proof of Proposition 5.

Proof. For the proof below take u > A because of symmetry. We now use the cancel-
lation on v, to subtract a suitable Taylor polynomial. We have

¢M,A (x>¢u (l‘) dx
RTL

[ v |ut - 2 O e

a!
lo|<L-1
< [ ata)
Rn
21/71/221/L|x _ xu|L

<C
>~ R |w“’A(x)‘(1+2V|z—x,,|)N
2un/2 2)\n/2 2)\n/22uL27,uL(2u|x _ x,ul)L
re (14202 — 2, )M (1 4 20z — 2, |) V2 (14 2|z — z,|)N
n/2 An/2 vn/2
<02_(M_V)L/ oun/ 9An/ ovn/
- re (L+ 20z — 2, )M (14 2z —an )™ (1+ 2]z — 2]

:Du,u,/\(xua Ty, QZ’)\),

> @0

al
la|=L

dx

dx

<C dx

Ndx

for some z between x and z,. Now split R™ as union of the sets A; where Ay = {z :
lz—x,| <27F}and Aj ={x: 272 < |z —x,| <27#2} for j =1,2,....
For x € A;, j > 0, we have |z — x,| < 2/27#. Then |z — 2| < |z, — x| and thus

lz—z, | <|r—z|+|z—2,| < |z -2, + |z —2,| 2277 + |2z -z,
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Therefore

1+ 20— | S TH+22"# 42"z — 2| <1+ 2 + 22 — 2, | < P (1 + 2|2 — ).
Now for x € A; for j =1,2,... we have

(1+2z—2,) VN <O2N(1+ 2z —2,|) ™ <C@2"2 — 2, )N (1 + 2"z — 2,|)7N
Now write

Du,u,)\(x,uy Ty, SU)\)

g/ w2 o2
=2~k VLZ/ _ k N : i
) (T 20fe — @ )L (1 2a — o)™ (1+ 2]z — @ ])
<O (- VLZ/ 26m/2 (2|2 — )N 2\n/2 gvn/2 .
(1+ 20|z — 2, )M=E (1 + 20z — 2 )2 (1 + 2] — 2, )V

oo oun/2 QAN /2 ovn/2
<cziry / &
) T2 = g (L 2 — el (15 20— a )"
- A

0 un/Z 2/\n/2 2yn/2
<C2~ =) d
- Z/ U+ 20z — 2, )Y 1+ 2z — oY (1 2 e =z )V
- A

where we picked N; > 2N + L and N, = N. We can now use Proposition 3 to
complete the proof.

O
5. THE PROOF OF THEOREM 1
We now give the proof of our main result, Theorem 1.

Proof. Fix a family of almost orthogonal wavelets {¢,x} as in Sec. 2. For f and g in
Sy the action of T can be written as

Z Z Z (Puk> 1), Prm) (S Pui) (9, Do) Pam-

Amoopld vk

Let Uyl = <f7 ¢1/k>7 Uul = <ga (bul)? and a()‘ma Vkalul) = <T(¢l/ka¢ul)7¢/\m> . Let us
denote by

(33) S)\m = Z Z a()\m, Vka Iul)uukv,ul-

wl vk
We use the estimate
6
S| <) 19l
7j=1
where S5 is the part of Sy, where v < p < ), Sfm is the part of S),, where
p<wv <A\ Sy isthe part of Sy, where v < X\ <y, S}, is the part of Sy, where
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p <A <wv, S}, is the part of Sy, where A\ < v < u, and S, is the part of Sy,
where A < 1 < v. We shall see that is enough to analyze S}, and S%,,
Bound S} = by a constant multiple of

(‘H—” A)"Q ()\—V)€2—iN2—jN

(34) ZZZZZZWMHUM (14 2v|2-7k — 2-#I|)N

puAv<p i=0 j=0 k

where k ranges over the set I,),,; of all multi-indices in Z" such that
2/[27Vk — 27 m| =~ 2

and [ ranges over the set I, of all multi-indices in Z" such that
21271 — 27 m| ~ 2

For a fixed A and m, let Q,, be the unique dyadic cube in R™ of side-length 2= whose
lower left corner is the point 27 *m. For z € Qxnm we have [z —2"*m| < C27* < 0277,
since we are assuming that A > p > v. Also, since [277k — 2‘Am| < 277, it follows
that

(35) lz —27k| < C27Y
for all z € Q\,, and k € I,,),,;. Similarly, using A > 1 we obtain that
(36) |z —27H| < O

for all € Qxm and 1 € Iz
Recall that for Q,; a dyadic cube in R, Xo,, = 2""/?xq,, is its L:normalized
characteristic function. Fix now a v, p, i, and j in (34) above and write

@7 > fual =277 3 [ JualRan ),
ke[u)\mi ke]l,)\mi Q’/k

and similarly

(39) S foal =2 30 [ loalRou()dy
lelukmj lelu,\mj Qﬂl

Next we observe that the union of dyadic cubes Q. over all k € I, in (37) is
contained in a ball of measure C20~)". Similarly the union of all cubes in (38) is
contained in a ball of measure C2U~#" Now write

=MD JuklXa..):
k

= M( Z ‘Uﬂl’%Qul)7
l

where M is the Hardy-Littlewood maximal function. We can then estimate the
expression in (37) by

OQVn/22(i_V)nM{/(£IZ'),
and the expression in (38) by

CQ#H/22(J'—H)HM2M (z),
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for any x € Q. We now return to (34) which we can estimate by

O3S S S g Ry 2 A o)

p<A v<p i=0 j=0

for any x € Qy,,. We therefore obtain that
[ShXaan] < CY Y27 O My M

HSAv<p
or equivalently
(39) [SimXasal S C DD 272 My My
uSA v<p

We will now use this estimate to prove that

1O 153l Kau)?) 2l <

A m

(40) CHQOQ lwnlXau)) e 1 [l X)) 2z

Use (39) and the inequality ab < a® +b* to estimate the square of the function in the
L norm inside the left hand side of (40) by

(41)  CY DD DTN 2 O () + (MY )[(M) + (M),
A pfAvSp p <AV <p!
By symmetry it suffices to bound only the term
(42) 022022 D Rt ag)?
A pSAv<p ! <AV <!

and a similar term where M/ is replaced by MY in (42). First sum over v/ < y/ and
then over 1/ < X to estimate (42) by

(43) Y Y D 2P =C) Y Y 2 (MY (M),

Next apply Fubini’s theorem to change the order of summation and sum over A from
i to co. We conclude that (43), and thus (42) are bounded above by

C(D_ () (D (M%),

We now consider the expression obtained when MY is replaced by M} "in (42), that
is

(4) CYTIT P 2 g =

A pSAvSp W AV <!

OZZ Z Z Z 2—()\—1/)62—()\—V’)€(M{/)2(MQHI)Q‘

A v <A < v<pu<
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First we sum over p and then over v/ in (44) to obtain the bound

(45) CY S 20— ) T o e (2 (MY )? <
A v <A

CY (MY 27 (A —v) Y (M),

A>v w

(45) and sum over A € Z. Summing first in A we easily obtain the bound

C(D_O0)%) (3 (M)
v w
for (45) and hence for (44).
We conclude that the square function inside the L™ norm in (40) is bounded above

by

(46) (MY X)) (Y MY loulRa.)’) .

k “w l

We now estimate the L" norm of (46) using Holder’s inequality with exponents 1/p+
1/q = 1/r. We are then in a position to use the Fefferman-Stein vector-valued
maximal inequality (Theorem C) to deduce the bound in (40). Observe that a simple
interchange of the indices p and v gives that the term S%, also satisfies estimate
(40).

To treat Sim for 3 < 7 < 6 we use duality. Recall that fS’Q is the space of sequences
{u,r} which satisfy

H(Z(Z kX0, )2) 2 e < 400,
!

v

and that the dual space of f£’2 is f;),’Q, where p' =p/(p—1) for 1 < p < co. We have
seen that the discrete operators S | j = 1,2 map f[?’Z X f;)’Q — fo2,

This means that if T has tensor a(Am, vk, ul) which satisfies a(Am, vk, ul) = 0
unless A > p > v or A > v > pu, then it must be bounded from LP x L? — L".

Let us denote by A a tensor acting on sequences whose entries are a(Am, vk, ul).
If A is a bounded operator from f£’2 X f(?’z — f%2 then A*! is a bounded operator
from ff,’Q X fS’Q — f;,’Q by duality. But as we have discussed earlier, the transpose
A*! has entries a*'(Am, vk, ul) given by

a**(m, vk, pl) = a(vk, \m, ul).

Now, having proved that the tensor associated to T is bounded in the case where
a(Am,vk, pl) = 0 unless A > u > v or A > v > pu, we use duality as above to
deduce the case where A and v are interchanged, that is when a(Am, vk, ul) = 0
unless v > > Aor v > X > u. (Note that we can use this duality argument because
the hypothesis of the theorem are “p-independent”, i.e. they are the valid for all
1 <p,q,r <oowith 1/p+1/q =1/r). Similarly we obtain the two remaining cases
using the second transpose A*2.
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Finally, the boundedness of T follows from the fact that

IT(f e < CZ 1O 15l Xaun)) s,

A m

and the wavelet characterization of LP spaces using the spaces fl?’g. OJ

6. ALMOST DIAGONAL CONDITION FOR OTHER FUNCTION SPACES

Our almost diagonal theorem can be extended to other function spaces. Here we
will discuss the Triebel-Lizorkin spaces F»* in the range 0 < p < oo, 1 < s < o0,
and arbitrary «. These spaces are defined by the quasi-norm

Y

LP(R™)

(a7) Il = | (0w 2y

v

where ¢ is a smooth function as in Section 2 and ¢, (x) = 2""¢(2"z). As usual, in
the case s = oo, the sup norm in v is employed inside the L? norm in (47). These
spaces should be interpreted as spaces of tempered distributions modulo polynomials
but for particular values of the parameters they are identified with other classical
spaces. The space &y is dense in all F;"S and we have the duality (F;’"S)’ = FPTQ’S/,
for 1 < p,s < co. In particular, FI?’? ~ LP for 1 < p < oo. For the same range of p,
F;‘Q ~ L? the homogeneous Sobolev space of order a. For 0 < p < 1, FZ?’Q ~ HP,
the Hardy space in R"™. Also, the “diagonal” spaces Fpa’p coincide with the Besov

spaces Bg’p, often encountered, for example, in approximation theory. For details
about Triebel-Lizorkin spaces see [22].

The Triebel-Lizorkin spaces admit wavelet decompositions as in Theorem A and
the wavelet coefficients satisfy

1 |z = G @umd Hl o

where the spaces f;"s are the spaces of sequences {u,,} for which

(13) I 3 St Ra.))

We are now ready to give some extensions of Theorem 1 to other function spaces.
The LP case was treated separately for the sake of clarity in the presentation.

< 0.

LP(R"™)

6.1. The case s # 2. In this case we have the following result.

Theorem 3. Suppose that the tensor {a(Am, vk, ul)} associated to a bilinear oper-
ator T satisfies the same almost diagonal estimate of Theorem 1. Then the corre-
sponding operator T' can be extended to be bounded from F}?m X Fg’” imnto FTO’33 when,
1<pgr<oo,1/p+1/qg=1/r,1<s1,50 < 00,1 <s3<o0andl/s;+1/se=1/s3.
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Proof. As in the proof of Theorem 1 and with the same notation, we first need to
establish

(49) (D2 IShlRan) ) T < (Do ay ) (S (aagy) .

A m v o

(With obvious modifications in the notation if one of the s; = co.) We go back to
(39) and obtain

(50)

<Z(Z|Sim|55@m)s3)l/sgSC(Z 222 V)29 (nv)el2 v i) >

puAv<p

1/s3

We write the inner double sum in the right hand side of (50) as
DD KO v pw)xusu(vs w22 My My,

noov
where
K\ v, p) = 2_(A_Vk/2XuSA(A7V:N)XVSM(A’VaM)'
The easy proof of the following is omitted.

Lemma 2.

ZZK(A,V,M) < C forall A
nw v

and
ZK(/\, v, ) < C forall (v,p),
A

so the operator
=Y ) KA v mm(v, p)
is bounded from I°(v, u) into I°(\) for all 1 < s < 0.

Using the Lemma 2 and (50) we obtain

1/s3
(S Shalen)” £ 0 E X 00 rssipiian)”)

We now apply Holder’s inequality with 1/s; 4+ 1/s9 = 1/s3 to control the above by

(52) ( SN ortme (M{’)sl) L= < Sy g (Mf)sQ) 1/32,

voop>v pov<p

which leads to (49). We took 1 = €s1/4 and €3 = €s9/4 in (52) above.

As in Theorem 1, the bounds for %, follow by simply interchanging the roles of p
and v. To obtain the estimates for the remaining cases, we observe that if a tensor A
is bounded from f»** x f2** into f* for all 1/p+1/q =1/r, 1/s1 +1/s5 = 1 then

its first transpose A*! is bounded from ff,’sg X f;’@ into f;),’sll, where 1/ +1/q=1/p/
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and 1/s4 +1/so = 1/s}. Note also that the restrictions on the s;’s in the statement
of the theorem translate into 1 < s, < 0o and 1 < s} < oo . Similarly with A*2,
Finally, the same duality arguments used in Theorem 1 now complete the proof.

Note that the restrictions s;, so > 1 in this proof are imposed by Theorem C.
O

Observe that by taking s; = sy = 2, Theorem 3 actually gives a sharper version of
Theorem 1. In fact, if T satisfies the almost diagonal condition of Theorem 1, then
T must map LP x LY — F%' which is a proper subspace of L" = F%2,

The following is a corollary of Theorem 3.

Corollary 1. Under the hypotheses of Theorem 3, T' extends to a bounded operator
from B3 x E0 into MO0

Proof. Note that s3 < min(sy, ss). The trivial embeddings FI?’S C Fz?’t and f}?’s C fg’t
when s < ¢ imply the required conclusion. O

6.2. The case p < 1. The following result gives, in particular, boundedness of a
bilinear operator on product of Hardy spaces H? = F£’2, for 0 <p < 1.

Theorem 4. Let {a(Am, vk, ul)} be the tensor associated to a bilinear operator T.
Let0 < p,q,r < o0, 1/p+1/g=1/r,1 < 51,89 < 00,1 <53 <00,1/s1+1/s9 = 1/53,
and fix t < min(1,p,q,r). Suppose that

la(Am, vk, ul)| <
(' 2~ (max (s, \)—min(u,p,\))e/t 9(— max(p,v,\)+med(p,v,\)+min(p,v,\))n/2t 9A—v—p)n(t—1)/2t
((142min(w) [2=v | —2=#]|) (14 2min(A) |2=4#] — 2= Am | ) (1 4-2min(A) | 2=Am — 2=V k| ) )N/t
Jor some C >0, N >n, and € > 0. Then the operator T' can be extended to be a
bounded operator from Fz?’sl X Fg’” into F253.

Proof. For sequence u = {u,} let @ = {t,} = {2""079/2|u,.|'}. Tt is easy to see
that

~n1/t )
(53) Hu”f;?/i/t ”quSS
Given this observation, the result that we are trying to prove can be reduced to
previous cases. Note that by the choice of ¢, we have p/t,q/t,r/t > 1. Let A be the
tensor associated with 7" and let B be the tensor with entries given by

b(Am, vk, ul) = |a(Am, vk, pl)|t2~Ant=D/2grnt=1)/2oun(t=1)/2
Since ¢ < 1, for any pair of sequences u = {u,;} and v = {v,;} we have,

1/t
A 0ol < (33 alvm, v ) Tl

pl vk

1/t
_ (2)\n(t—1)/2 Z Z b()\m, Vk’, Hl)2_Vn(t_1)/22_un(t_1)/2|qu;|t|UMl|t) )

wul vk
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Observe that the tensor B satisfies the hypotheses of Theorem 3. Using (53) and the
boundedness of B we get that

1/t
A o)l joss < 1B D) sy
7/t

1/t 1/t
< Ol ¥ e

< Cllul g ol g
O

6.3. The case o # 0. This case includes results for (homogeneous) Sobolev spaces
iy — o2,

a p
Theorem 5. Let {a(Am, vk, ul)} be the tensor associated to a bilinear operator T.
Let 0 < p,q,r < oo, 1/p+1/qg=1/r, 1 < s1,89,83 < 00, 1/s1+ 1/s9 = 1/s3, let
az = ag + ay for any oy, e, a3 and fix t < min(1, p, q,r). Suppose that

2()\043*1/042*#011)/15’@()\7”7 vk, ul)| <
C2- (max(u,v,A)—min(u,v,\))e/t 2(— max (p,v,\)+med(p,v,\)+min(w,v,\))n/2t 2(/\—V—u)n(t—l)/2t

((142min(w) |2 | —2=#]|) (14 2min(A) |2=#] — 2= Am | ) (1 4-2min(A¥) | 2=Am — 2=V k| ) )N/t
for some C > 0, N > mn, and € > 0. Then the operator T can be extended to be a
bounded operator from FC”’S1 X F“Q’” into FO‘?”S3

Proof. The theorem reduces to the previous cases with @ = 0 by observing now that
for u = {/’lz,jk} = {2"0‘uyk}.
(54) Jitl - = lul e

We leave the simple computations to the reader. O

7. EXAMPLES AND APPLICATIONS

We now look at some examples given by bilinear operators defined by their symbols.
First we consider general symbols o(z,§,n) which are C* function on R" x (R" —
{0}) x (R™ — {0}) and satisfy the homogeneous estimates

(55) 10700000 (, &, m)| < Crpsl€l |71 (1] + [n)M

for all x, £ # 0, n # 0 and all multi-indices v, # and ¢. Example of such symbols
are the often encountered “homogeneous multipliers”, that is functions o (&, n) inde-
pendent of x and homogeneous of degree zero in ¢ and in 7. We have the following
estimate for the action of such bilinear operators on pairs of wavelets.

Lemma 3. Let T be a bilinear operator with symbol o(x,&,n) satisfying (55). Then,
for any family of almost orthogonal wavelets {¢,1} as in Section 2,
2V /290/2 ax (20, 20) 1
T by, <C -
| (¢ k Cbul)(x” = N’A’(l + 2”|:v _ 2—yk|)N(1 + 2“|35 _ qu”)N

for all v and all N > n.
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Proof. With a simple change of variable, we compute that

T(Gurs ) (1) = 277122071 / / R e R 0N 5 (9 o) B(€)d(m)dEdn,

where the integration takes place for |{]| &~ 1 and |n| &~ 1 because of the conditions on

the support of (E Taking v derivatives in  we obtain a sum of terms with integrands
of the form

Ol e (oW =0 (90 4 o)1 920 (2, 27€, 24 (€) D)
where 71 + 72 = 7.
Now, if A¢ is the Laplace operator in &, then
(1 . Ag)Nei((Q”x—k)§+(2“x—l)77) _ (1 + |2Vx o k,|)Nei((QVx—k)§+(2“z—l)77)

and integration by parts in & gives

a’YT _ 21/71/22/1‘”/2 1((2”171€)£+(2“$71)’n) d d
<¢l/k7¢/.tl)<x) (1 + |2V$ _ k|)N € Z 5 7]7

Y1,72,01,02,03
where Zw,w,ﬁhﬁz,ﬁs is a finite sum with 8; 4+ G2 + f3 = [ and |§| < 2N, and each of
the summands is of the form
Cop o o 2,3 06 (276 + 2m) ) 0220 o (w0, 276, 2M) O H(€) b ().

Using the size of £ and 7 and the conditions on the symbol we obtain the simple
estimates

(56) 02 (276 + 2| < Cy y max(27,2)1,
(57)
02020 (w, 276, 2n)| < Oy 5,271 7121271%21 (27| 4 2¢(]) 2! < €, 5, max(2¥, 212,
and
(58) 0 H(E)dm) < Ci,.
Combining (56), (57), and (58) we obtain
. 21/n/22,un/2 v oy
(59) T (Pur, Ppa) ()] < CN,v(l +[2vz — k)N max(2”,2")".

The same computations using integration by parts in the variable n give

o'T C 272002 Y
60 vks < 2V 27,
(60) | (Guks D) ()] N,7(1 TR max )
Estimates (59) and (60) together yield the desired result. O

The above lemma implies a “reduced” T1-theorem for bilinear pseudodifferential
operators.
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Theorem 6. Let T be a bilinear operator. Assume that the symbols of T, T*!, T*?
satisfy (55). Assume further that for a family of wavelets {¢,}

(61) /ﬂwmmwwz/iwwmmmm=/fﬂmmmmm=o

Then T can be extended as a bounded operator from LP(R™) x LY{(R™) into L"(R™)
when 1/p+1/g=1/r and 1 < p,q,r < 0.

Proof. We just observe that as a consequence of Lemma 3, T, T*!, T*2, map pairs of
wavelets into bilinear molecules. The result then follows from Theorem 2. O

Replacing (61) by higher order vanishing moments one can obtain versions of the
theorem above for other function spaces. We illustrate this below.

The cancellation conditions in (61) take a very simple form for bilinear multipliers,
i.e. when there is no rz—dependence in the symbol. In fact, it is easy to see that

(62) [ TG bu@)rds =0
for all |y| < L is equivalent to
(63) 9¢(o(§, =€) =0

for all |y| < L. Similarly, the corresponding higher order cancellations for 7*! and
T*? are equivalent to

(64) 9 (0(£,0)) =0
and

(65) 9¢(0(0,€)) =0
for all |y| < L.

We can now extend the LP multiplier result of Coifman and Meyer [5] to H? spaces
in the full range 0 < p < 1. See also the works of Coifman, Dobyinsky, and Meyer|2]
and of Youssfi [23]. In the theorem below we identify H? with L? for p > 1.

Theorem 7. Let o(&,m) be a C* function on R™ x R™ —{(0,0)} such that

(66) 0200 (€, m)| < Cp(le] + )~V

for all £ # 0, n # 0 and all multi-indices v and 3. Assume that 0 < p,q,r < 00,
1/p+1/q=1)r, and r < 1. In addition, assume that, o satisfies (63), (64), (65),
with L = [n(: —1)]+ 1. Then the corresponding bilinear operator T with symbol o is
bounded from H? x HY into F' C H".

Proof. Tt is easy to see that the class of operators with symbols satisfying (66) is
invariant by taking either transpose. Hence, Lemma 3 can be applied to T', T*!, and
T*2. We will use this and Proposition 5 to verify that T satisfies the estimate in the
hypotheses of Theorem 4. To do this, fix t < min(1,p,q,7) = r and let

By = (142709 |27 k=27 #1]) (14270 [27# =27 A ) (14270 O 274 m—2 7 k| ) V.

By symmetry, we may assume p > v and consider the following three cases.
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a) A > p > v. Using Proposition 5 with T*!(dam, ¢u) and ¢, we obtain
|a<)\7n7 ij ,ul)| SQQ_(A_V)L2(_/\+“+V)TL/2
By
<Q2—(A—y)e/tz(—)\—HL—H/)n(t—1)/2t2(—)\+,u+1/)n/2t7
- DN
when L > €/t.
b) u > A > v. Apply again Proposition 5 to now obtain

la(Am, vk, ul)| §£2_(#_V)L2(—,u+>\+l/)n/2
By

<Q2—(;L—V)E/t2(—>\+H+l/)’n(t—l)/2t2(—ﬁt+>\+l/)n/2t’
N
when L > e/t +n(1/t —1).
¢) g > v > A. This time Proposition 5 with T'(¢uk, ¢u) and ¢y, gives

la(Am, vk, ul)| ggz—(u—A)Lz(—wMu)n/z
By
< i2_(“_/\)E/tQ(_’\“““”’)"(t—1)/2152(—#-5-/\+V)n/21;7
N

again when L > e/t +n(1/t — 1).

By selecting € > 0 sufficiently small and ¢ < r sufficiently close to r, we obtain the
requirement L > n(1 — 1) + § for § > 0 arbitrarily small. This justifies the choice of
L = [n(: —1)] + 1 in the statement of the theorem. To complete the proof we pick
N so that Nt > n and we apply Theorem 4. O

8. CONCLUDING REMARKS

Using these methods, it is possible to consider not only bilinear but also more
general k-linear operators for k > 3. Nevertheless, having preferred to minimize the
cumbersome notation and for the sake of clarity in the exposition, we have limited
ourselves to the bilinear case. We also note that the proofs in this article do not
require the symbols or molecules to be C*°, but only C* for sufficiently large k
depending on the parameters involved. We find no need in this work to state the
amount of smoothness required in the proofs.

As in the introduction, we remark that the almost diagonal conditions are p-
independent provided 1 < p < oo. This is an indication that our results should
apply to a larger class of bilinear operators defined by singular kernels. We have
in mind kernels which satisfy bilinear analogues of the standard estimates of linear
operators of Calderén-Zygmund type. We plan to address this issue in a forthcoming
collaboration.

In general, the almost diagonal conditions are only sufficient to get boundedness
results. Nevertheless, when combined with appropriate cancellation they become
very close to also being necessary for certain classes of operators (again analogues of
the linear Calderén-Zygmund operators). For example, Theorem 7 with p = g = 2
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gives the boundedness of T from L2 x L? into "', This last space coincides with the
Besov (“special atoms”) space BY"". It has been proved in [2] that in this particular
case the hypotheses of Theorem 7 are necessary and sufficient for such a boundedness
result. The other cases treated in Theorem 7 are new. We do not know whether the
cancellation hypotheses are also necessary.

Examples of operators to which Theorem 7 applies are provided by homogeneous
multipliers of degree zero in R?" which are smooth on the unit sphere and vanish in
a neighborhood of ¢ = —n, ¢ = 0, and n = 0. A different approach to homogeneous
bilinear multipliers has been pursued by Gilbert and Nahmod [12] using tiles in
the spirit of the work [17]. The methods in [12] treat bilinear multipliers with less
regularity than the ones we are considering but so far the techniques using tiles are
only available in dimension one.

The interested reader may check that, with the appropriate amount of cancellation
on T and its transposes, the method of this article gives versions of Theorem 7 for
other Triebel-Lizorkin spaces F;"S. Also by combining with the L? results in [5] one

can obtain versions for the inhomogeneous spaces F;** = LP N FI?S for 1 < p < o0
and a > 0. Besov spaces can also be considered. However for those spaces there
is a more direct alternative approach based on a multilinear version of Schur’s test.
Details will appear elsewhere [14].
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