A BILINEAR FRACTIONAL INTEGRAL OPERATOR FOR
EULER-RIESZ SYSTEMS
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ABsTRACT. We establish a uniform estimate for a bilinear fractional integral oper-
ator via restricted weak-type endpoint estimates and Marcinkiewicz interpolation.
This estimate is crucial in the integrability analysis of a tensor-valued bilinear frac-
tional integral operator associated with Euler-Riesz systems modeling mean-field
interactions induced by a singular kernel. The tensorial operator arises from a re-
formulation of the Euler-Riesz system that yields a gain in integrability for finite
energy solutions through compensated integrability. Additionally, for smooth peri-

odic solutions of the reformulated system, we derive a stability result.

1. INTRODUCTION

We consider the following Euler-Riesz system for t > 0 and x € R? (with d € N):

Oip+ V- (pu) =0,
tP (pu) (1.1)
Ot(pu) + V- (pu@u) + Vp? + pVEK, xp =0,

where p : [0,00) x R? — [0,00) denotes a density, u : [0,00) x R? — R? stands for the

velocity and the exponent v is greater than 1. The kernel K, is given by
Ko(z) = ghglal*™? (1.2)

with 0 < a < d; the term pVK, * p describes the nonlocal repelling interaction of
particles. Smooth solutions (p,u) of (L.1)) decaying sufficiently fast at infinity satisfy the
conservation of energy and mass identities:

d
dt Jpa

d
solul + 2507 + 3p(Ko % p)dz =0,  — [ pdz=0. (1.3)
Y dt R4

This, in particular, yields an a priori estimate for weak solutions, which implies the
regularity p € L™ ((O, o); L' N LV(Rd)) for the density.

In this work, we exploit an intriguing connection between harmonic analysis and the
theory of Euler-Riesz systems hinging on the study of a bilinear fractional integral opera-
tor. The approach is based on a reformulation of the interaction term in divergence form,
as seen in below, in conjunction with uniform bounds for an associated bilinear
fractional integral operator that are established here. This reformulation is advanta-

geous for three reasons: (i) On the one hand, all the terms of the equations are written
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in divergence form, allowing the derivatives to be absorbed by the test functions in a
weak formulation. (ii) The harmonic analysis estimates lead to integrability properties
of the nonlocal interaction term. (iii) Finally, for finite energy solutions, it provides a
higher integrability estimate for the density in space-time, achieved by applying the com-
pensated integrability theory for divergence-free positive symmetric tensors [29, [30, [31]
to the setting of Euler-Riesz systems.

To illustrate, note that the only term of that is not in divergence form is the
interaction term pV K, *p. Inspired by a calculation in [30] and exploiting the symmetry

of the kernel K, one reaches the identity
pVKoc *p = = Sa<p> (14)

where S, (p) is a tensor defined by

1
Sao)ta) =3 [ [ plta+ 0= Dpptatonlit Ry e ydya. (19

Identity is derived in Appendix |A| and yields a reformulation of in which
the equations are expressed as a divergence-free condition of a tensor that fits into
the compensated integrability framework of [29]. This reformulation leads, in turn,
to a higher integrability estimate for finite energy solutions thereby improving on the
integrability provided by the energy identity; see Theorem [3.2

To analyze S, (p), we consider a bilinear fractional integral operator I? defined for

nonnegative measurable functions f and g on R¢ by

I8 (f,9)(x) = g fla+(0—1)y) gla+0y) |y|*~*dy (1.6)

with 0 < a < d and 0 < # < 1. The main result of this work provides a uniform bound
in 6 for I with assumptions similar in style to the classical Hardy-Littlewood-Sobolev
(HLS) inequality; see Theorem [2.1

From the natural integrability of p induced by the energy identity, one may deduce
using the classical HLS inequality that the term pV K, *p belongs to L' in space whenever
1 < a < d. By contrast, when employing the formulation via the tensor S, (p), one
improves the range to 0 < a < d. This observation underlines the importance of the
reformulation of through identity .

The paper is organized as follows. In Section [2] we state the main theorem of this
work and describe the associated results. In Section [3] we explain how the theory of
compensated integrability leads to a higher integrability estimate for finite energy solu-
tions of the Euler-Riesz system. Section [4] contains the proof of the main theorem and
its corollary, Proposition [2.6] which yields an integrability result for the tensor given by
(1.5). Finally, in Section |5, we establish a stability result for smooth periodic solutions

of the reformulated Euler-Riesz system via the relative energy method.



2. DESCRIPTION OF RESULTS

The main theorem of this work provides a uniform estimate for the bilinear fractional
operator I? given by ; see Theorem below.

Fractional integral operators have been of great importance in harmonic analysis for
several decades; however, in recent years, their bilinear analogues have also attracted
research attention. In particular, an operator B, with 0 < a < d, acting on nonnegative

measurable functions of R? as

Bo(f,9) = /Rd fle—y)gla+y)ly**dy

was first considered in [§] and later in [I9, 12], in which optimal boundedness properties
between Lebesgue spaces were established. It has subsequently been studied extensively
by several authors; we refer to [6l 28] 25] [I8], [16, 20, [I7] for estimates concerning B, (and
related versions) on a variety of spaces. While the operator I? is quite similar to B,
when the dependence on the parameter 6 is ignored, its study becomes more intricate
when seeking estimates that are uniform in the auxiliary parameter 6.

These types of operators have sparked significant interest primarily due to the singular
nature of their integrands, but also due to their proximity to Hilbert transforms. No-
table examples include the linear fractional integral operator (also known as the Riesz
potential) and the linear Hilbert transform. In our case, the bilinear operator I? is
related to a bilinear Hilbert transform H?, given by

dt
H(F9)(@) = pv. [ fa+ =10 g6+ 005
Uniform bounds in 8 for this transform can be deduced by direct application of the results
obtained in [I3] 27]. Other boundedness results for similar bilinear Hilbert transforms

can be found in [21] 22].

2.1. Main result.

Theorem 2.1. Let d € N be the dimension, 0 < « < d, and p,q,r be integrability
exponents satisfying
d 11 1
1<pg<—, 721, and —-+-=—-+
@ p q T
Then there is a constant C = C(«,d,p,q) > 0 independent of § such that for all f €

LP(R?) and g € LY(R?) we have

SHe)

IIS(f, Dl ay < C I f Lo ray 9]l Lagray- (2.1)

Whenever (1/p, 1/q) lies in the interior of the square with vertices (a/d, a/d), (a/d, 1),
(1,a/d), and (1,1), then I¢ is bounded from LP(R?) x LI(R?) to L"(RY) uniformly in
0 when 1/p +1/q = 1/r + «/d. If one ignores the uniform bounds in 6, then I? is
bounded from LP(R?) x L(R%) to L"(R?) when the pair (1/p,1/q) lies in the interior
of the pentagon with vertices (0, a/d), (0,1), (1,1) (1,0), and («/d,0). See Figure



The proof of Theorem [2.1] relies on a bilin- 1
q
ear version of the Marcinkiewicz interpolation (£,1)
d
(07 1) b (17 1)
method, where from a finite set of restricted |
|
weak-type estimates, one deduces strong-type es- !
timates; see Proposition [£.6] A more general }
version of this method, for multilinear operators, 0,5)1 N (a'c;) 77777777 (L 3)
S\drd
was established in [12] [14]. In particular, in [12], L
this method is deduced as a corollary of a Boyd (0,0) ($,0) (1,0) %

interpolation theorem in a framework of quasi-

normed rearrangement-invariant spaces. FIGURE 1. Region of boundedness
Finally, we would like to point out that the

largest possible region in which uniform estimates hold for I¢ is, in fact, the open

square with vertices («/d, a/d), (a/d,1), (1,a/d), and (1,1). In fact, by interpolation,

it suffices to verify that uniform bounds fail on the boundary of this square. To verify

this assertion, let us assume that a uniform bound

Ie ) T <C v o
0o Ha(f, D@y < Cllfllr@allgll 2 g,

holds on the horizontal dotted line, that is, when 1/p+ 1/¢ = 1/r + a/d and q = d/«,
for some positive constant C' = C(«, d). In this case, we must have p = r. By Fatou’s

lemma, it follows that

o ]
i it 1207, 0) 1o ey < C 1 lLeogeen ], g

hence, for all Schwartz functions f and g we must have

[ Ta (@l o ®ay < C I f e @ayllgll (2.2)

L& (RY)

where I, is the fractional integral operator

(@)@ = [ o+ o)y tdy= [ gla=u)lsl" " dy,
R R¢
Now inserting f(z) = fea,(x) = (1/€)2e~l7=20” in (2.2) and letting € — 0, we obtain

a(9)(@0)] < Clgll, 4 g

for all zg € R?. This would imply that I, maps L%(Rd) to L>°(R9), a fact known to be
false; see [I1, Example 5.1.4]. An analogous argument (letting § — 0) indicates that a

uniform bound also cannot hold on the vertical dotted line of Figure [T

2.2. Connections with the HLS inequality.
Recall the HLS inequality [26]:

Proposition 2.2. Let p,qg > 1 and 0 < o < d satisfy

1 1 o
T4 =1+4-.
P q d



If f € LP(R?) and g € L4(RY), then

L, [ r@e = sl gta) dedy| < O flasga lolznces (23)

for some C' = C(a,d,p) > 0.

Note that the assumptions on the integrability exponents p and ¢ in Theorem [2.1] with
r = 1 and Proposition [2.2] are exactly the same. Indeed, the assumptions of Proposition
imply that p,q < d/a. To check this fact, suppose, without loss of generality, that
p>1land ¢ >d/a. Then 1/p+1/q < 1+ «/d, which is a contradiction.

Furthermore, the HLS inequality can be used to infer the L' boundedness of the

operator IY, since for nonnegative measurable functions f and g, appropriate changes

(o)

of variables yield

0 _ _ ja—d
G = [, [ f@le =it dray.

Thus, the uniform estimate (2.1) is particularly important if r > 1.
2.3. A tensorial bilinear fractional integral operator.
Consider a bilinear version of the tensor S,(p), that is, define a tensorial bilinear

fractional integral operator .J, for nonnegative measurable functions f and g on R¢ by

1
Tat.0@ = [ [ e+ 0-1naeron bl yeydpi. (24

Note that S, (p) = %Ja (p, p). Additionally, identity (1.4) can be written in terms of J,

as
vaa*f:v'(%JOz(fvf))' (25)

As a consequence of Theorem [2.1] for the operator J, we obtain the following result:

Proposition 2.3. Let 0 < o < d and p, q,r be integrability exponents satisfying

d 1 1 1
l1<pg<—, r>1, and 7—5—7274—9.
o p q r d
Then for all f € LP(RY) and g € LI(R?) we have
[ Ja(fs Dlr@ey < CllfllLeay 119l aray (2.6)

for some C' = C(a,d,p,q) > 0.

The previous proposition leads to an integrability result for S,(p). Indeed, if
p € L'RY) N LY(RY)

— as implied by the a priori bounds (1.3) — and 1 < 2dr/(d + ar) < -, for some r > 1,
then S, (p) € L"(R?) and there exists a constant C' = C(a, d,r) > 0 such that

1Sa(P)llLrray < C llpll 70 (g (2.7)

where p = 2dr/(d + ar). Note that by interpolation, the right hand side of (2.7)) is
controlled by the norm ||p|| 11 (ra)y + [|pl| £ (ra).-



2.4. Reformulation of the Euler-Riesz system.

Consider the Euler-Riesz system supplemented with initial data pyp and ug. This
system comprises a continuity equation for the conservation of mass and a second equa-
tion that ensures the conservation of momentum. These equations govern the dynamics
of a compressible fluid with density p and linear velocity u, subject to pressure and
interaction forces. The pressure function is given by p(p) = p?, with v > 1 being the
adiabatic exponent, and the interaction forces are modelled through the kernel K, given
by . For d > 3 and a = 2, we recover the Euler-Poisson equations, as in that case,
the interaction kernel K is the Newtonian kernel. For existence theories on Euler-Riesz
systems, we refer to [4] [5].

As observed in the introduction, smooth solutions of satisfy a priori bounds
of conservation of energy and mass. Given the adiabatic exponent, it is reasonable to
consider solutions such that p belongs to L' NL" in space. A natural question is whether
this integrability can be improved by exploiting the structure of the equations. For finite
energy solutions this can be accomplished by compensated integrability. Specifically, for

a finite energy solution (p,u) of (|1.1)), one can prove that for each T' > 0
if peL®(0,T;L"(RYNLYRY)) then peL’1((0,7)xRY).  (28)

The first step towards is to rewrite system as a space-time divergence-free
condition for an appropriate tensor. This is made possible through identity . This
reformulates system into a divergence-free positive symmetric tensor form, fitting
in the compensated integrability theory of [29] [30} [31], thereby yielding the integrability
improvement (2.8)); see Section [3] We refer to [I5] for an extension of this theory, and to
[24] where a higher integrability estimate is obtained for one-dimensional finite energy
solutions of an isentropic Euler system using a different methodology.

Next, we explore a possible weak formulation for the Euler-Riesz system . For

the continuity equation take

/ /p@gp—&—pu-Vnpdxdt—l—/ popodzr =0
0 R4 Rd

where ¢ € C1([0,00) x R?) is a test function with ¢|,—g = (. For the momentum
equation we have two options, according to identity (1.4). Let & € C1(]0,00) x R%; R?)
be a test function with &|t—g = &y. Using the left-hand side of (1.4)), we get

/ /pu-8t€+(pu®u+p71d):Vf—pV(Ka*p)-ﬁdxdtJr/
0 R4

PolUo '50 dx = 07 (29)
Rd

whereas, using the right-hand side of (1.4]), we have

/ /d pu - 0 + (pu@u+ p' I+ Sa(p)) : VEdaz dt + /dpouo ~&odx =0, (2.10)
o Jr R

where I, is the d x d identity matrix, and for two square matrices A = (a;;) and B = (b;;),
A . B = Zi,j aijbij.
Assume that p € L' N L7(R?). Using the HLS inequality we obtain:



(i) fl<a<dandy>q=2d/(d+a—1), then pVK, * p € L'(R?) since
1PV E o plliey < Cle,d) pl 2o gay-
(ii) f 0 < a« < d and v > p = 2d/(d + ), then S,(p) € L*(R?) since
1Sa(P)llzr ey < Clov,d) llpll 2o ey

The second formulation is preferable as it is well-defined for a larger range of the pa-

rameters « and 7.

3. COMPENSATED INTEGRABILITY

In this section we provide a proof for (2.8]), which is one of the reasons for having
considered the tensor S, (p) and subsequently the bilinear fractional integral operator

1°.

3.1. A divergence-free positive symmetric tensor.
First, we write system (1.1) as a space-time divergence-free condition for an appro-

priate tensor. Thanks to (1.4)), system (1.1)) can be reformulated into:
Vig-Aalp,u) =0 (3.1)

where the (1 + d)-tensor A, (p,u) is given by

’LLT
Ay = |” (pu)

(3.2)
pu pu®u+p(p)la+ Sa(p)

Next, we deduce some basic properties of the tensor S,(p) given by (1.5) that are

relevant for the subsequent analysis.
Proposition 3.1. The tensor S, (p) is symmetric, positive semi-definite and

p(p)%,
det S, (p).

det (p(p)a + Sa(p)) >

Proof. Tt is clear that S, (p) is symmetric since y ® y is symmetric. Moreover, given a

vector v = v(x),

1
v Sa(p)v = %/ / plz+ (0 = )y)p(z + 0y)ly[* =2 (y - v)>dd dy > 0
R4 JO

hence S, (p) is positive semi-definite. Therefore, there exist nonnegative eigenvalues
A1, ..., Ag, and respective eigenvectors vy, . .., vg, that is, S, (p)v; = N\jv;. Then p(p) + A;
is an eigenvalue of p(p)I4+ Sa(p), since (p(p)la+Sa(p))vi = (p(p)+Ai)vi. Hence, given
that \; > 0,

d
a [1r(0) = plo)*
det (p(p)La + Sa(p)) = [ (v(p) + As) = {

=1

d
[2 = det Sa(p).
i=1



O

It follows that the tensor A, (p,u) is symmetric and positive semi-definite. To check
the latter, let w = (wp, W), with wo being a scalar and @ a d-dimensional vector, and
note that

-
U w
wT Aw — {wo uN/T} p (pu) 0
pu pu@u+p(p)l +Salp)| | W
= p(wo + u-@)* + p(p)|@]* + @7 Sa(p)

>0

where in the last step we used the fact that S, (p) is positive semi-definite.

Consequently A, (p,u) is a divergence-free positive symmetric tensor.

3.2. Higher integrability for finite energy solutions.
Assume that (p,u) is a solution of (3.1)) with finite mass and energy and such that
1
Aq(p,u) belongs to L' ((0,T) x RY) N Lt ((0,T) x RY) for each T' > 0. Note that by

loc

the conservation of mass and energy, it suffices to prescribe initial data (pg,ug) with
finite mass and energy. We apply [29, Theorem 2.3] to the tensor A,(p,u), along the
same lines of the proof of [29, Theorem 3.1|.
Set
¥ =(0,T) x Bg, Bgr={zxecR?||z| <R},
9% = ({0} x Bg) U ((0,T) x 9Bgr) U ({T'} x Bg).

The following estimate holds:

T 1 1
/ / (det Aq(p,u))? dzdt < cd||Aa(p,u)V||1LT(%Z) (3.3)
0o JBg

where v is the outward normal vector to the boundary of X, given by
(—1,04) on {0} x Bg,
v=19z=(0,2/|z]) on (0,T) x Bg,
(1,04) on {T} x Bpg.
Hence

| Aa(p w21 ox) = /B (02 )0 + | (0, o) e dz + H(R)
R

where

Y(R) = /OT /BBR |Aq(p,w)z| dz dt.

Since A, (p,u) is integrable it follows that 1 € L'(0, c0). Indeed,

/OOO WR)MRS/OOO/OT/@BR |Aa(p, u)|dzdtdR

o T
= — Aq(p,u)|dedtdR
/0 dR/o /BR| )

= [l Aa(ps U)HLl((o,T)de)-



9

Therefore, there exists a sequence R,, — oo such that ¢(R,,) — 0. Considering this limit

in (3.3]), and using the conservation of mass and momentum, gives

/OT /R (det Aa(p, )

=

1+4
azdt < cal [ plimo+1(6 ) rds)
R

/2. 2 L3
= 26d</ Po + p0|u0|2 dx)
Rd
43
< QCd(/ Po +P0\U0\d$)
R

where in the last inequality we used that v/a2 4+ b2 < a + b for a,b > 0.
Now, using Proposition [3.1]
det Ay (p,u) = pdet (pu @u+p(p)l + Salp) — pull)pu—r>
= pdet (p(p)Ia + Sa(p))
= pp(p)”.

Consequently,

/OT /Rd pip(P) dx dt = /OT /Rd (pp(ﬂ)d)% dee dt

T
g/ / (detAa(p,u))% dz dt
0o JR
1+3
< 2¢q /d 2po + 3poluol? dx)
R

143
< 2¢q <§’/ po dx +/ L poluol* + h(po) + 30K * po dx)
Re Re
< 0

which establishes the desired higher integrability estimate given that p(p) = p7.

Letting T — oo we obtain:

Theorem 3.2. Solutions of the Fuler-Riesz system (L.1)) with 0 < a < d and repelling

potentials satisfy the a priori estimate
pe L7+a((0,00) x RY).

Remark 3.3. Note that the special case o = 2 with d > 3 corresponds to the Fuler-
Poisson system
dhp+ V- (pu) =0,
I(pu) + V- (pu@u) = —=Vp? — pVe, (3.4)

_A(b =P
commonly used in models for electrically charged fluids.
In this case, as the potential is given as the solution of Poisson’s equation, one could

also write

pVo =V (5IVo[ls— V@ Vo)
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however, the tensor being applied by the divergence on the right-hand side is not positive

semi-definite, and therefore it does not fit into the theory of compensated integrability.
4. BILINEAR HARMONIC ANALYSIS

The aim of this section is to prove Theorem Since all the operators involved are
positive, we assume that all the considered functions are nonnegative. Given that all
the Lebesgue spaces in this section are over R, we shorten the notation of LP(R%) to

LP.

4.1. An auxiliary operator I°.
For 0 < 6 < 1, let I? be the bilinear operator defined for (nonnegative) measurable

functions f and g on R? by

(f.9)(x) = / F(@+ (6 — 1)y) glx + 0y) dy.

ly|<1

Lemma 4.1. The operator I? maps L' x L' to L2 uniformly in 6. Precisely:

1°(f, 9l 3 < ClFllz gl (4.1)
with C = 34524,
Proof. We first prove (4.1) with C = 37 for integrable functions f and g supported
in cubes with sides of length one parallel to the axes. Let Qo = [0,1]% and for each
ke Z? let Qi = k + Qo denote the cube with side length one whose sides are parallel
to the axes and whose lower left corner is k. For k = (ky,...,kq) and | = (I1,...,1lq)
in Z4, assume that f is supported in @ and that ¢ is supported in Q;. Under these
conditions, we claim that I%(f, g) is supported in a cube Q of side length 3. Indeed, for

each i = 1,...,d, the inequalities
ki <zi+ (0 — 1Dy <k;+1, i <z +0y; <L+ 1,
together with |y| <1 and 0 < 6 <1 imply that
ki —1<x; <k +2, li—1<a; <l; +2,

which establishes the claim. Thus, for these f and g, the Cauchy-Schwarz inequality

gives

2
1ol = ([ volt?to)l o)
< 3d/Rd » flz+(0—1)y)g(z+0y)dydx
<34 /Rd g f(z—y)g(z)dzdy

< 3£l llgll -
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Now that we have established (4.1]) for all integrable f and g supported in cubes with

side length one, we proceed to the general case. For each k and m in Z¢, set f;, = xXo.f>

gm = Xang'
Given z € R?, we claim that if I°(fx, gm)(z) # 0, then each m; satisfies k; < m; <

k; + 2. Indeed, under the hypothesis 1(fy, gm)(x) # 0, we have that = + (6 — 1)y € Q,
T + 0y € @, and so the conditions below hold

ki <4+ (0 -1y < ki +1,

and
m; < xp +0y; <my + 1,

for each i = 1,...,d. Since |y| < 1, the conditions above imply that
ki <@ +0y; —yi < +0y; +1<m; +2,

and
mi <z + 0y, =x,+ 00— Dy +y; <k; +2,

which establishes the claim. So, for any fixed k € Z4, if I?(fx, gm )(x) # 0, then m = k+1,
where [ € [-2,2]9 N Z% = F. Note that F contains at most 5¢ elements.
We have:

1 1 1
11°(f.9)|2 < E E 11°(fr, gm) |2 E E 11°(fr, gr1)|2
keZd mezd leF kezd

and so, using the fact that (4.1) with C' = 3% holds for the functions f, and g, it
follows that

||Ie(fv Z Z ||I (frs Grt1) ||L1/2

lEF kezd

1 1
<3SN ez llgrnl s

lEF kezd

Finally, applying the Cauchy-Schwarz inequality to the last term above yields

2

Gl <3 (3 ( X 1) (X lowailer)”

leF  kezd kezd
2
1 1
¢ (Z ||f|21||g||il>
leF

< 3952\ £l gl

which concludes the proof. O
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4.2. A dilated version of I°.
In this section we consider a dilated version of 19, denoted by I f , for j € Z. This is

defined as follows:

(/. g)(x) = / F(@+ (8 — 1)y) glz + 0y) dy.

ly|<29

Lemma 4.2. The operator I]f) maps L' x L' to L' uniformly in 0 and in j. Precisely:

125 (£ ) ller < NLf N llgle (4.2)

Proof. Let f,g € L'. By Fubini’s theorem and the change of variables z + (0 — 1)y = z
it holds that

18G9l = [ [ S0+ paza

Using Fubini’s theorem once more, together with the change of variables z + y = w, it

follows that

1ol = [ 1) [ gwduds < 7l gl
R4 |w—z|<27
as desired. O
Lemma 4.3. The operator I]e maps L' x L' to L3 uniformly in 6. Precisely:
15 (£ 9)ll, 3 < 29395°| fl| 1 gl - (4.3)

Proof. This is a consequence of (4.1)) via a dilation argument which we include for
convenience.

We have:

. 1 . 2
2,y = ([ gt a)

= 92dj </Rd </y|§2j F27z + (0 — 1y)g(2x + Oy) dy)%dx>

= 9 ( L] 1@ 0= 0ue @ o2t a)

Nl=

2
dac)
— 21055, 99)l|

where f;(z) = f(2/z) and gj(x) = g(2/z).
Using (4.1]), it follows that

HIf(f,g)IIL% < 23d3’3d52d/ fi(z) dx/ gj(x)dz
R4 R
= 2343d52d [ f(2)27Y dy / g(x)2Y dz
R4 Rd
= 293752 £l .2 |lgll 1,

as desired. O
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Lemma 4.4. There exists ¢ > 0, depending only on d, such that for all measurable sets

E, A, B CRY it holds:

e[ || B min{2%, | ]}, (4.4)
2
([ioanmitar) < {daeimingz, 5, (45)
E
el B[ Bl min{29, |A]}, (46)
and
[ 182 o)l e < eming2951, 43I} (47)
E

Proof. First we prove estimate (4.4). Using (4.3) with f = x4 and g = xp we have that

2 2
( / |I§<XA,XB>%dz) s( / |I;?<><A,XB>%dz)
E R4

< 3952924 | A||B.

On the other hand, by (4.2) and the Cauchy-Schwarz inequality it holds:

2 2
(/ |I;(XA,XB)|édx) = </2XE|ff(xA,xB)|5dx)
E R

< |E||A]lB|
< 3%5*|E||4]| B
Estimate (4.4) follows from combining the two estimates above.
Next, we turn our attention to estimates (4.5) and (4.6)). We only give a proof of the

former due to their symmetrical nature. First, we use the Cauchy-Schwarz inequality as

above to obtain

2
([ 1ttcnxmlar) <ie [ Baxman
E Rd
There are two ways to estimate the integral on the right-hand side of the previous
inequality. One way is by |A||B| (using ([.2)), and the other is as follows (using that
xB < 1):

/ If(XAva)dl’S/ / xa(x + (6 —1)y)dydz
R R J]y| <2

- /M /R xala+ (0 - 1)y)dedy

S Vd2dj|A|

where vy denotes the measure of the unit ball in R%. This proves (4.5)).
In order to prove (4.7), we observe that

I?(xa,xB) < v429
from which it follows that

/ |IJQ(XA7XB)| dz < vy29|E)|.
E
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The previous inequality together with

L eamlas < [ 18 Gaw)lds < [4115)
yields the desired estimate. O

4.3. Bilinear Marcinkiewicz interpolation.
Recall the definition of weak Lebesgue spaces. For 0 < r < oo, the weak L" space,

denoted by L™, is the space of all measurable functions f on R such that

1
" < 00. (4.8)

[ fllzre =sup A[{z € RT: |f(z)] > A}
A>0

The map || - ||Lre is a quasi-norm, and the following holds [9]:

/]

1
Lree < sup  |E|TETE </ |f|5dz> (4.9)
E

0<|E|<o0
where 0 < s < r and the supremum is taken over measurable sets E C R? with finite

measure.

Definition 4.5. Let 0 < p,q,r7 < oo. A bilinear operator U acting on measurable

functions is said to be of restricted weak type (p,q,r) (with constant ¢ > 0) if
11
1U(xa, xB)|lLre < c|A|7|B[s (4.10)
for all measurable sets A and B with finite measure.

The next proposition, a version of the multilinear Marcinkiewicz interpolation, is the
main step towards establishing Theorem It yields strong-type bounds for bilinear
operators, assuming only a finite set of restricted weak-type estimates. For a proof of

the general case, see [I4] or [I0, Theorem 7.2.2 and Corollary 7.2.4].

Proposition 4.6. Let 0 < p;, q;,m; < 0o fori=1,2,3. Suppose that the points

(1 1) (1 1) (1 1)
Pl’fh ’ p27Q2 ’ p37CI3 '

do not lie on the same line in R?. For 0 < 01,0,053 < 1 satisfying 01 + 03 + 05 = 1

consider the points 0 < p,q,r < co such that

111 1 1 1 1 1 1 1 1 1
(77777>:91(777a7)+92(77777>+93(7a777>
paqgr P1 g1 T1 b2 g2 T2 b3 g3 T3

and

Let U be a bilinear operator that is of restricted weak-type (pi,qi,7:) (with constant
¢; >0) for alli =1,2,3. Then there is a constant C > 0 depending only on p;, ¢;, 14,
and 0; (i =1,2,3) such that

61 62 0
P <O | flleellgllza

|U(f,9)]

L

for all functions f € LP and g € L1.
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We note that the conclusion of Proposition [4.] is also valid in the interior of the
convex hull of four (or more) points at which initial restricted weak-type estimates are

known. The reason is that any polygon can be written as a union of triangles.

4.4. Proof of Theorem [2.1]
Turning our attention to the bilinear fractional integral operator I¢ defined by (1.6,

we note that by a dilation argument, if it maps LP x L? to L", then necessarily

1 1 1 «
=4 4.11
p e (10
Moreover, Theorem affirms that I9 is bounded uniformly in 6 from LP x L9 to L"
when (p, g) lies in the open square with vertices (1,1), (1, £), (£,1), (£,£) and

holds. In this case, we have:

(i) If (p,q) = (1,1), then r = Qdia,
(ii) If (p,q) = (1, g), then r =1
(ili) If (p,q) = (£,1), then r =1
(iv) If (p,q) = (£,4), then r = <.
Set

d
(plvqh/rl): (17132d ) ) (p27Q277"2)

d d d d
(pg,(]g,?’g) = <Oé’ 13 1> ) (p47q4a7ﬂ4) = (7 NE] ) .

To establish Theorem it suffices to prove that I? is of restricted weak type (p;, gi,7;)

I
7 N
“)—‘
Qs
—
N——

(with constant ¢; that is independent of ), for ¢ = 1,2,3,4. Then, the result follows by
bilinear Marcinkiewicz interpolation, Proposition [£.6}

That is, we need to prove the following estimates:

115(xa, XB) Lzt S alA]B], (4.12)
115, (xa, x8) |l L1 < ] A|| BT, (4.13)
172 (s xB) | < sl Al B, (4.14)
[os (XA7XB)||L7 . < clAlT|B|T, (4.15)

uniformly in @, for all measurable sets A and B with finite measure.

In the proof of (4.12)-(4.15) we utilize the following lemma.

Lemma 4.7. Let d €N, 0 < a < d and a,b > 0. There exists ¢ = ¢(d,«) > 0 such that
2

ZQ(QEW (min{de,a})% <cad, (4.16)

, . p\ @
22("_‘1)3 min{2%a, b} < ca <> . (4.17)
a

JEZ
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Proof. We only prove (4.16)) as the other one is similar. Let m = max{j € Z | 2% < a}.

Then

(a—d)
mln{ZdJ a}%: Z 2% 4 Z 95 43
JEL j=—o0 j=m+1
oo
_ ZZ——““ L 22 L(i+m+1)
oo o0 Py 0
= (2o 4 (o2 )2 e,
k=0 i=0
The desired inequality is achieved by noting that 2%%* < a34 (m+1) < a5
O

Proof of Theorem [2.1]

First, note that R¢ can be expressed as the union of annuli:

R = (B@)\BE@™),
JEZ
where B(R) denotes the open ball in RY centered at the origin with radius R.

Therefore:

Bo@ <X [ s 0= D+ ol

JEL

<3 gt / F + (0 — 1)y)g(a + 0y)20=7 dy

= 20-1<|y| <29

<21 3" 9 DI g)(a).

JEZ

Let A, B be measurable sets of R with finite measure. In what follows, the positive

constant C might change from line to line, but it will always be independent of 6.
To prove the restricted estimate (4.12)) we use , with s = 1/2, and -

as follows:

dx

. <C sup |EI” B / )ZQ(O‘ d)jle (X4, XB)
0<|E|<oco =

/ XA7XB) dz

2 (min{29, |E|})*

122 0va. Xl

2

<C sup
0<\E\<oo jez

< CIA|[B| sup |E|7d
0<|E|<o0 jez

< C|A|BI.
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Next we prove (4.13)). Here we use (4.5)), (4.9) with s =1/2, and (4.16)) as follows:
2

1
I (eax)lpie <C sup  |E[7F / | S 2 (a,xp)| e
E

0<|E|<o0 jez

_ (a=d)j 1
<C sup |E|™? ZQ z /If(XA,XB)édx
B

0<|E|<0 jez

<C swp [BINAE | Y025 (minf2?, Bl
0<|E|<o0

JEZ

< C|A||B|4.
The estimate (4.14) is based on (4.6)) and is deduced similarly as the one above.
Finally, we turn to (4.15). Here we use (4.7)), (4.9) with s =1, and (4.17)) as follows:

2 Ccaxe)l g <C sup (B[S [ | ST 00 i )| do
0<|E|<o0 E jez

<C sup |E|_1+%Z2(a_d)j/IJQ(XA,XB)dx
0<|E|<oc0 E

jez

<O sup  |BTE S 207D min{a¥| B, |A]| B}

0<|E|<o0 jez
o Al|B|\

<C sup |E|7'TI|E| (' I |)
0<|E|<oc0 |E|

=C |A|%|B|%.

This completes the proof of the theorem. O

4.5. Proof of Proposition
First, we observe that the tensor J,(f,g) is pointwise bounded by fol I9(f,9)do.
Indeed, for any x € R? and v(z) € R?\ {0} it holds that

[Ja(f; 9)(@)v(2)] = /O y fla+(0 = 1)y) gz + 0y)ly|* =" (y - v(2))y dy o

1
< [ [ g 0= g6+ oyl 2y o)yl dy a0
0 JRd

< / 12(f, 9)(x) 0o (z)|

and hence

a(f.g)@)| = sup Jallol@u@] / 12(f.g)(x) 6.
v(z)#0 ‘U(‘/EM 0

Therefore, using Jensen’s inequality we deduce that

1
ol < [ | [ r2ras

Now, we use Fubini’s theorem to obtain

s 1
do< [ [ 1ol dode
Rd JO

1 1
1att- ol < [ [ o dzds = [ sl o

from which the desired result follows upon applying Theorem [2.1
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5. STABILITY FOR EULER-RIESZ SYSTEMS

In this section, we establish a stability result for smooth solutions of an Euler-Riesz
system with periodic boundary conditions, written according to identity . Two
smooth solutions are compared using the relative energy functional. Using the abstract
formalism developed in [7], we derive an identity that describes the time evolution of
the relative energy. The right-hand side of the relative energy identity is controlled with
the help of the HLS inequality and then Gronwall’s lemma provides a stability result.

Stability results of this type have been obtained for similar systems of equations, where
one of the considered solutions is assumed to be merely a weak or even measure-valued
solution, yielding a weak-strong uniqueness or measure-valued versus strong uniqueness
principle (see [I, 2, B, 23] and references therein). The result obtained here can be
phrased in the language of weak-strong stability, but we avoid doing that and we refer
to [2] for details of such a formulation.

Let T > 0 and denote by T? the d-dimensional open cube (—1/2,1/2)?. Consider
the following Euler-Riesz system in (0,T) x T?, expressed using the abstract functional

framework developed in [7]:

Oep+V - (pu) =0,

(pu) + V- (pu @ u) + pv%(p) =0, (5.1)

ﬂ\t:o = Po, U|t:0 = Ug,

with the potential energy functional £ defined as

E(p) = /Rd h(p) + kp(Ka * p) dz

where h(p) = ﬁ p7 is the internal energy function, K|, is the kernel given by , and
the constant k represents the interaction strength and for this section it is allowed to
take positive and negative values. The size of |k| will be restricted to ensure that the
relative energy is nonnegative.

The density p and velocity u are assumed to be periodic in space with unit period.

5.1. Relative energy identity.
The functional derivative 6&/dp is given by

o0&

5,P) =N (p) kKo xp (5:2)

which can be computed through the formula

where ¢ is an arbitrary test function.
Furthermore, using (|1.4)), we have

V(SS

p %(p) =V Ra(p) (5.3)
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where R, (p) = p(p)la + £Sa(p), with p(p) = p7 being the pressure function. Note that
the calculations in the Appendix |A| that lead to identity (1.4) are valid if one replaces
R? by T? due to the symmetrical assumption on the torus.
The relative potential energy functional £(+]-) is defined as follows:
_ _ o0&, _ _
i) =€)~ £0) - (500 7)
= [ 10lo) + 5o = ) (Ko (0= )

where h(pl5) = h(p) — h(p) — W'(7)(p — p).

Next, we present the evolution of £(p|p) over time, assuming that p and p evolve
according to system . For the full details of the calculations involved, refer to [7].
The following holds:

G0 =~ [ VusRaelpas - (500 - E 0.7 plu-1)) )

where
Ra(plp) = p(p|p)La + KSa(pl|p)-

Now, the linear velocities satisfy

6E

du+ (u-V)u+ V%(P) =0,
6E

ou+ (u-V)a+ V%(p) =0,

from which it can be deduced that

4/ uw—al?de =— :plu—14)® (u—1a)de
a Jpa 2Pl d /Tdv ol e (5.5)
(- 50.9 (- ).

Combining (5.4) with (5.5)) yields the relative total energy identity:

G (80 + [ ol aas) = [ Va: (-0 -0+ Ralolp) do. 50)
5.2. Stability of smooth solutions.

Let (p,u) and (p, @) be two smooth solutions of (5.1, and suppose additionally that
for (p, ) the density p is bounded away from vacuum, that is, there exist § > 0 and
M < oo such that

§ < p(t,x) <M for (t,x) € [0,T) x T?
and also
Vi € L>®(0,T; L=(T%)).
The solutions (p,u) and (p,u) satisfy the relative energy identity (5.6). Let W :

[0,7) — R denote the relative energy between this pair of solutions,
W) = [ dohu— il e +EGlp)

_ /T Lplu—al? + h(plp) + k1 (p — p) (Ko * (p — p)) da.
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The objective is to prove a stability estimate connecting the behavior at time T' to the
initial behavior at time zero. The identity (5.6) yields

%\Il(t) =— » Vi:plu—a)® (u—1a)de — /Td(V -w)p(p|p) dx
(5.7)
- KJ/]N Vi : Sq(plp) de.

To use ¥ as a yardstick for comparing the two solutions, we need to show that ¥ is

nonnegative. This is based on two key ingredients. First, the HLS inequality (2.3]) gives

1(p = ) (Ko * (p = §)) || L1(1ey < Collp — ﬁ”%p(']rd)

for some positive constant Cy = Cy(a, d), where p = 2d/(d + «). This is improved by
using interpolation and properties of the function h(p|p) to show (see [23, Lemma 3.6]

for the Newtonian potential and [2], Proposition 4.2] for the general case):

Lemma 5.1. Consider the function h(p) = ﬁp” withy > 2—a/d and 0 < a < d. Let
p € LY(T9) be nonnegative, and let p € L>(T?) be bounded away from vacuum. Then,

there exists a positive constant C, such that

0= )% (o= Dlirceoy < €. [ o) (58)

|k|C

Choosing « so that 0 < || < Cl and setting A :=1 — =5 > 0, we obtain

3 [ pelp)d < [ bl + b (o= Ko = (0= p)da

from which the nonnegativity of ¥ follows.

Next, we bound the terms on the right-hand side of identity in terms of W. The
first term is bounded by the relative kinetic energy, and hence by ¥. The bound for the
second term is also clear as p(p|p) = (v — 1)h(p|p). Regarding the last term, we first

observe that due to the quadratic nature of S,(p) one has
Sa(plp) = Salp — p).
Moreover, for any fixed time ¢ € [0, 7)), the L'-norm of S,(p — p) is bounded by
1= %/01 /Td » [(p = p)(@ + (0 = 1)y)l|(p — ) (= + Oy)||y|*~ dz dy db

where the dependency on time is omitted for simplicity. We then estimate

2<i [ [ [ o= nEIe -+l dzdyas

<3 [ [ 16— DEIRCane(E)o -~ P aape(w)le — ul* dsd
< Cla, d)|[(p = P)X (220l o )

where p = 2d/(d + «), by the HLS inequality. Finally, the periodicity in space of p — p
implies that

1o = P)x(—2.2)4 ]| oty = 47lp = All o ray.
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Hence, similarly to Lemma [5.1]
[, Vi Salol) do < R alallSalo = Pl e
<c [ nplpyas < cv,
’]rd

In summary, we have obtained the following inequality:

d
—U < CV.
dt ¢

By Gronwall’s lemma, for each ¢ € [0, T), it follows that ¥(¢) < e“TW¥(0) which, together
with the strict convexity of the internal energy function h, yields the desired stability
result.

A weak-strong uniqueness theorem is proved in [2, Theorem 3.1] following the general
approach outlined above. The method of proof differs in the treatment of the nonlocal
term, achieved here via the use of the representation formula . This provides an
improvement in the range of parameters a achieving the full range 0 < a < d. By

contrast, the range of ~ is still restricted by v > 2 — «/d.

APPENDIX A.

Here we give a formal proof that for our symmetric kernel K, : R — R, with

Kq(x) = Ko(|z]) it holds that
vaa*f:V'Sa(f) (A1>

for any sufficiently smooth f : R? — R, where the tensor S, (f) is given by

EX =—f// L) o e+ (0= 1) fla+0y)y @ ydddy.  (A2)

Note that for Ko(|y|) = 72=|y|*~¢ we have K, (|y|) = —|y|*~¢~! and thus the corre-
sponding tensor is positive semi-definite for nonnegative f.

To prove (A.1)), we first deduce that

VK 1@ = =5 [ K@ Le [ 0= s o anay. (a3)

Using the symmetry of the convolution one has:

(fV Ko # f)(x) = f(:c)/ o) =)y

/’C’|y||i +y)dy

where in the second equality we used the change of variables y — —y.
Hence

1

2

PV 1) = 5 [ KL 5@ (@ =) = fla+ ) do

Now it is claimed that

F@) (f@—y) — fla+y) = -V, / uf @+ (0 — 1)) f(x + 0y) d,
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from which identity follows. Indeed,
~Fa)(fe =)= fa ) = [ L (fat 0- v+ o) a0
= /O1 (VI(x+(0—1)y)-y)f(z+0y) + (V(z+0y)-y) fx+ (0 —1)y)do
-/ V(40— D)+ 0) d6 -y

1
. / yf (e + (0~ 1)y)f(a +0y)do
0

as desired.

Consequently, component-wise one has:

1 ! / Yi
(V- SulN@), = =55+ [ [ Kullu) Eusta+ 0= D)o+ o0 a0y

1 / Yi !
5 | Kall) 5 [t 0= 1)+ o) 0y

2

(fVKa * f(x))Z

which establishes identity (A.1]).
It is noted that for a d-dimensional cube [—a,a]? centered at the origin, with a > 0,
and periodic functions with period equal to 2a, the formulas (A.1) and (A.2) are still

valid with the integrations performed over [—a, a]?.

ACKNOWLEDGMENTS

We thank Prof. DENNIS SERRE for explaining the application of compensated inte-
grability to Euler-Poisson systems that served as a starting point to this work. NJA
would like to thank Dr. ANDRE GUERRA for bringing his attention to bilinear integral
operators. This research was partially funded by the Austrian Science Fund (FWF),
project number 10.55776/F65. The research of AET was supported by KAUST baseline

funds.

REFERENCES

[1] N. J. Alves, The role of Riesz potentials in the weak-strong uniqueness for Euler-Poisson systems,
Applicable Analysis, 103(6), 1064-1079, 2024.
[2

N. J. Alves, J. A. Carrillo, and Y.-P. Choi, Weak-Strong Uniqueness and High-Friction Limit for
Euler-Riesz Systems, Communications in Mathematical Analysis and Applications, 3(2), 266—286,
2024.

[3] J. A. Carrillo, T. Debiec, P. Gwiazda, and A. Swierczewska-Gwiazda, Dissipative measure-valued
solutions to the Euler—Poisson equation, SIAM Journal on Mathematical Analysis, 56(1), 304-335,
2024.

[4

Y .-P. Choi and I. J. Jeong, On well-posedness and singularity formation for the Euler-Riesz system,
Journal of Differential Equations, 306, 296-332, 2022.
[5

R. Danchin and B. Ducomet, On the Global Existence for the Compressible Euler-Riesz System.
Journal of Mathematical Fluid Mechanics, 24(2), 48, 2022.



(6]

7]

(8]

[l

[10]

(11]

(12]

[13]

(14]

[15]

[16]

(17]

(18]

19]

[20]

[21]

22]
23]

[24]

[25]

[26]

27]

(28]

[29]

23

Y. Ding and C. C. Lin, Rough bilinear fractional integrals, Mathematische Nachrichten, 246-247,
47-52, 2002.

J. Giesselmann, C. Lattanzio, and A. E. Tzavaras, Relative energy for the Korteweg theory and
related Hamiltonian flows in gas dynamics, Archive for Rational Mechanics and Analysis, 223,
1427-1484, 2017.

L. Grafakos, On multilinear fractional integrals, Studia Mathematica, 102(1), 49-56, 1992.

L. Grafakos, Classical Fourier analysis, Vol. 249 of Graduate Texts in Mathematics, Springer, New
York, Third Edition, 2014.

L. Grafakos, Modern Fourier analysis, Vol. 250 of Graduate Texts in Mathematics, Springer, New
York, Third Edition, 2014.

L. Grafakos, Fundamentals of Fourier analysis, Vol. 302 of Graduate Texts in Mathematics,
Springer, New York, 2024.

L. Grafakos and N. Kalton, Some remarks on multilinear maps and interpolation. Mathematische
Annalen, 319, 151-180, 2001.

L. Grafakos and X. Li, Uniform bounds for the bilinear Hilbert transforms, I, Annals of mathe-
matics, 159(3), 889-933, 2004.

L. Grafakos, L. Liu, S. Lu, and F. Zhao, The multilinear Marcinkiewicz interpolation theorem
revisited: The behavior of the constant. Journal of Functional Analysis, 262(5), 2289-2313, 2012.
A. Guerra, B. Raitd, and M. Schrecker, Compensation phenomena for concentration effects via
nonlinear elliptic estimates, Ars Inveniendi Analytica, 56, 1, 2024.

N. Hatano and Y. Sawano, A note on the bilinear fractional integral operator acting on Morrey
spaces, Transactions A. Razmadze Mathematics Institute 173(3), 37-44, 2019.

Q. He and D. Yan, Bilinear fractional integral operators on Morrey spaces, Positivity 25(2), 399
429, 2021.

C. Hoang and K. Moen, Weighted estimates for bilinear fractional integral operators and their
commutators, Indiana University Mathematics Journal, 67(1), 397-428, 2018.

C. E. Kenig and E. M. Stein, Multilinear estimates and fractional integration. Mathematical Re-
search Letters, 6(1), 1-15, 1999.

Y. Komori-Furuya, Weighted estimates for bilinear fractional integral operators: a necessary and
sufficient condition for power weights, Collectanea Mathematica, 71(1), 25-37, 2020.

M. Lacey and C. Thiele, LP estimates on the bilinear Hilbert transform for 2 < p < oo, Annals of
Mathematics, 146(3), 693-724, 1997.

M. Lacey and C. Thiele, On Calder6n’s conjecture, Annals of Mathematics, 149(2), 475496, 1999.
C. Lattanzio and A. E. Tzavaras. From gas dynamics with large friction to gradient flows describing
diffusion theories. Communications in Partial Differential Equations, 42(2), 261-290, 2017.

P. G. LeFloch and M. Westdickenberg, Finite energy solutions to the isentropic Euler equations
with geometric effects. Journal de Mathématiques Pures et Appliquées, 88(5), 389-429, 2007.

K. Li and W. Sun, Two weight norm inequalities for the bilinear fractional integrals, Manuscripta
Mathematica, 150(1-2) 159-175, 2016.

E. H. Lieb and M. Loss, Analysis, Vol. 14 of Graduate Studies in Mathematics, American Mathe-
matical Society, Providence, RI, Second Edition, 2001.

X. Liu, Uniform bounds for the bilinear Hilbert transforms, I, Revista Matemdtica Iberoamericana,
22(3), 1069-1126, 2006.

K. Moen, New weighted estimates for bilinear fractional integral operators, Transactions of the
American Mathematical Society, 366(2), 627646, 2014.

D. Serre, Divergence-free positive symmetric tensors and fluid dynamics, Annales de l'Institut

Henri Poincaré C. Analyse Non Linéaire, 35(5), 1209-1234, 2018.



24

[30] D. Serre, Compensated integrability. Applications to the Vlasov-Poisson equation and other models
in mathematical physics, Journal de Mathématiques Pures et Appliquées, 127, 67-88, 2019.
[31] D. Serre, Mixed determinants, compensated integrability, and new a priori estimates in gas dy-

namics, Quarterly of Applied Mathematics, 81(2), 281-295, 2023.

(Nuno J. Alves) UNIVERSITY OF VIENNA, Facurry orF MATHEMATICS, OSKAR-MORGENSTERN-
Prarz 1, 1090 VIENNA, AUSTRIA.

Email address: nuno. januario.alves@univie.ac.at

(Loukas Grafakos) UNIVERSITY OF MissoURl, DEPARTMENT OF MarTHEMATICS, CoLuMBIA MO
65211, USA.

Email address: grafakosl@missouri.edu

(Athanasios E. Tzavaras) Kiné ABbDULLAH UNIVERSITY OF SCIENCE AND TEcHNoLoGY, CEMSE
Division, THUWAL, SAUDI ARABIA, 23955-6900.

Email address: athanasios.tzavaras@kaust.edu.sa



	1. Introduction
	2. Description of results
	2.1. Main result
	2.2. Connections with the HLS inequality
	2.3. A tensorial bilinear fractional integral operator
	2.4. Reformulation of the Euler-Riesz system

	3. Compensated integrability
	3.1. A divergence-free positive symmetric tensor
	3.2. Higher integrability for finite energy solutions

	4. Bilinear harmonic analysis
	4.1. An auxiliary operator 𝐼ᶿ
	4.2. A dilated version of 𝐼ᶿ
	4.3. Bilinear Marcinkiewicz interpolation
	4.4. Proof of Theorem 2.1
	4.5. Proof of Proposition 2.3

	5. Stability for Euler-Riesz systems
	5.1. Relative energy identity
	5.2. Stability of smooth solutions

	Appendix A. 
	Acknowledgments
	References

