SHARP ESTIMATES FOR FOURIER MULTIPLIERS: LINEAR AND
MULTILINEAR THEORY

LOUKAS GRAFAKOS AND LENKA SLAVIKOVA

ABSTRACT. We present some recent results in the theory of Fourier multipliers. These
concern sharp versions of the classical multiplier theorems of Hormander and of
Marcinkiewicz and their bilinear analogues. We also discuss optimal, and in some
cases necessary and sufficient, criteria for certain bilinear Fourier multiplier operators
to be bounded from L? x L? — L.

1. THE HORMANDER MULTIPLIER THEOREM - AN INTRODUCTION

Fourier multipliers are formed by composing three operators: the Fourier transform,
multiplication, and the inverse Fourier transform. The Fourier transform of a Schwartz

function f on R™ is given by
fior = [ et
and its inverse Fourier transform is defined as
7©= [ faensdn
Rn
Using these definitions, a general Fourier multiplier operator has the form

L@ = (fo) (@) = | Fl©ag)eds,

where o is a bounded function on R"; the function ¢ has to be in L* if T} is going to
be bounded from LP(R") to LP(R™) for some p € [1,00]. An old and important problem
in harmonic analysis is to find optimal sufficient conditions on ¢ so that the operator
T,, initially defined on Schwartz functions, admits a bounded extension from LP(R™) to
itself. If this is the case for a given p, then o is called an LP Fourier multiplier. An
easy application of Plancherel’s identity || f|z2 = ||f ||z2 vields that o is an L? Fourier
multiplier if and only if ¢ is a bounded function. Also, duality gives that ¢ is an LP

Fourier multiplier if and only if it is an LP Fourier multiplier for any p € (1, 00). Then
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it follows by interpolation that ¢ is also an L9 Fourier multiplier for any ¢ between p
and p’ = p%l.
The first nontrivial multiplier result was provided by Mikhlin [39] who proved that if

the condition

(1.1) 0°0(&)] < Cale ™™, £#£0,

holds for all multi-indices o with size || < [n/2]+1, then T}, admits a bounded extension
from LP(R™) to itself for all 1 < p < co. Here 0% = 9" --- 99" where a = (a1, ...,qy)
and || = a1 + -+ + o, where a; are nonnegative integers denoting the number of
differentiations in the jth coordinate. This theorem is well suited for functions that
are homogeneous of degree zero and are sufficiently differentiable on the unit sphere.
The key point is that the ath derivative of a homogeneous of degree zero function is
homogeneous of degree —|a| and the constant C,, in (1.1) is the L> norm of 9% on S*~*
in this case.

Example: The functions

B §1§283
o1(&1, &2, &3) _(5% +£24€2)2
02(&1,&2,63) T3, +€(2§§3+ &)
182

U3(£17€27£3) :1 + Z(g% —|—£§ +£§)

defined on R3 satisfy condition (1.1). To verify this assertion we use that oy, oy are
homogeneous of degree zero and smooth on S?; this implies that their a-th derivatives
are homogeneous of degree —|a|. For o3 we introduce the homogeneous of degree zero
function F(t,&1,&,&) = &&( +i(6E + & + §§))_1 on R* and we note that its a-th

derivative in the variables &;, &, & is homogeneous of degree —|a|.

An extension of Mikhlin’s result was obtained by Hormander [37] who showed that
the conclusion of Mikhlin’s theorem still holds if condition (1.1) is replaced by
(1.2) sup 2_k”+2k|a/ 0% (&) ]2d¢ < 0.
ke 2k <fg| <2t

To compare conditions (1.1) and (1.2), for every multiindex v we introduce the function

Ma(8) = [0 (&)]lg]™".
Then condition (1.1) requires M, to be bounded on R™\ {0} for all a with |a| < [n/2]+1,
while (1.2) relaxes this assumption to the weaker requirement that averages of M, with

respect to the L? norms over dyadic annuli of the form {2%F < |¢| < 28!} are uniformly
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bounded. Additionally, it is useful to observe that Hérmander’s condition (1.2) can be

rewritten in the form
(1.3) sup ||8°‘[a(2k~)]HL2(A) < o0,
kez

where A ={{ € R": 1 < [{| < 2} denotes the unit annulus in R™.

In order to obtain a sharp variant of the Hormander multiplier theorem, we need to
introduce derivatives of fractional order. Let A be the Laplacian on R™. We denote by
(I—A)*/2 the operator given by multiplication by (1+4m2|£|?)*/2 on the Fourier transform.
Informally speaking, when s is an even natural number, (I — A)*/? corresponds to taking
all derivatives of a function up to and including order s. For other s > 0, (I — A)/?
corresponds to taking all derivatives of a function up to and including the (potentially)
fractional number s. Even when s is an odd integer, (I — A)*?2 contains all derivatives
of a function up to and including order s, at least when measured in the LP sense, i.e.,
for 1 <p <ooand s € Z" we have
(1.4) =202 f ), = D 0%l

jal<s
The quantity ||(I — A)*2f||z» is denoted by || f||;» and is referred to as the LP Sobolev
norm of order s of a function f; if s € Z*, this is equivalent with the sum of the L?
norms of all partial derivatives of f up to and including order s, as indicated in (1.4).

A variant of Hormander’s result involving fractional derivatives can be formulated as
follows: let s > 0 and let ¥ be a Schwartz function whose Fourier transform is supported
in the annulus {£ : 1/2 < [¢] < 2} and which satisfies ., U(277¢) =1 for all £ £0. If

for some 1 <r <2 and s > n/r, o satisfies

(1.5) sup (1 = Ay [To(2")]]

L’V‘(Rn) < OOJ

then T, admits a bounded extension from LP(R™) to itself for all 1 < p < co. We would
like to point out that in the special case when s is a positive integer and r = 2, the
present version of the Hormander multiplier theorem is equivalent to the original one;
this can be verified by making use of (1.3) and of the equivalence (1.4).

One may wonder if condition (1.5) still implies that ¢ is an L? Fourier multiplier for
some p € (1,00) if s < §. This is indeed true and, roughly speaking, the closer p is
to 2, the fewer derivatives are needed in condition (1.5). More precisely, Calderén and
Torchinsky [3, Theorem 4.7] showed, via an interpolation argument, that 7, is bounded

11 s

from LP(R™) to itself whenever condition (1.5) holds for all p satisfying ’5 -3 <z
1

and ‘l - %! = . It was observed in [22] that the assumption ‘l - %‘ = 1 can be
p r p r
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replaced by a weaker one, namely, by % < 2. We observe that the latter condition is also
necessary as it is dictated by the embedding of L7(R™) < L®(R") (we recall that all
LP Fourier multipliers need to be bounded functions). Recently, Grafakos and Slavikova
have eliminated the index r from the statement of this theorem, by showing that T is
L? bounded if |1 — 1| < 2 and the L*!(R") quasinorm of (I — A)*/2[¥c(2")] is bounded
by a finite constant uniformly over all k € Z. Here L' is the Lorentz space, defined in
Section 2.

In addition, it is known that if T, is bounded from LP(R™) to itself for every o satis-
fying (1.5), then ‘11—7 — %| < 2. This can be shown using the following classical example
of Hirschman [36, comments after Theorem 3c], Wainger [53, Part II], and Miyachi [40,
Theorem 3]).

Example: Let a > 0, a # 1, b > 0, and assume that ¢ is a smooth function which
vanishes in a neighborhood of 0 and is equal to 1 for large { in R". Let o,; be the

bounded function defined as

Tap(€) = G(£)[¢] e

Then o, satisfies condition (1.5) with s = b/a and r > n/s and T,,_, is bounded in
LP(R"), 1 < p < oo, if and only if [ — 3| < ba

20 — n
Additionally, Slavikova [46] recently constructed an example to show that L? bound-
edness does not hold on the line ‘% — % = 2. This means that conditions ‘% — %‘ <z
and rs > n are optimal for assumption (1.5). Prior to this, positive endpoint results on

L? and on H' involving Besov spaces were given by Seeger [43], [44], [45].

2. A SHARP VERSION OF THE HORMANDER MULTIPLIER THEOREM

In this section, we discuss the aforementioned improvement to the Hormander multi-
plier theorem in which the Lebesgue space L"(R"), r > %, in condition (1.5) is replaced
by the locally larger Lorentz space L:(R"). This space is defined in terms of the
nonincreasing rearrangement of the function f, namely, the unique nonincreasing left-

continuous function on (0, 00) equimeasurable with f, defined as follows:

FF@)=inf{r>0: {yeR": [f(y)] >r} <t}

We recall the definitions of Lorentz spaces. For any measurable function f on R", we

define
o° 1_
11l o ey = / F()e e
0
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and
1
| f || Lpoo(mny = sup f*(t)t7,
t>0

where 1 < p < oo. It can be shown that

o 1
1 lomaan) = 7 / (o € R |f(x)] > A}[} dA
0
and
|l = supMl{a € B3 £(@)] > A}
>

The space LPI’OO(R"), where p' = ﬁ, is a sort of a measure-theoretic dual of the space

LPY(R™), in view of the following version of Holder’s inequality

(2.1) s [f(@)g(@)l de < |1 zoa @ 9l oo em)-

We now discuss the proof of the following theorem.

Theorem 2.1. [31] Let VU be a Schwartz function on R™ whose Fourier transform is
supported in the annulus 1/2 < |§| < 2 and satisfies ZjGZ\TJ(Q_jé) =1,& #0. Let
p€ (1,00), n €N, and let s € (0,n) satisfy
1 1
p 2

s
2.2 —.
(22) 2
Then for all functions f in the Schwartz class of R™ we have the a priori estimate

(2.3) 175 ()l o eny < CSEZP (T = 2)2[T0(2)] || 21 gy | o ny.
J

The Lorentz space L*''(R") appears naturally in this context, since at least if deriva-
tives of integer order are considered, this space is locally the largest rearrangement-
invariant function space X such that if all partial derivatives of f of order up to and
including order s lie in X, then f is bounded, see [49, 7].

The strategy to proving Theorem 2.1 is as follows: We show that inequality (2.3)
holds for any p € (1,00), provided that s € (n/2,n), in Proposition 2.3 stated below.
We then interpolate between this estimate with p near 1 and the trivial L? bound which
essentially holds with zero derivatives.

In what follows, B(z,r) denotes the ball centered at point 2 and having the radius 7.
If a ball of radius 7 is centered at the origin, we shall denote it simply by B,.

We consider the centered Hardy-Littlewood maximal operator M defined by

M@ = e [ 1wy
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for a measurable function f. An important property of this operator is that for any

p € (1, 00| there is a constant C,,, such that

(24) 1M oy < CoanllF Nl ogany

Moreover, when p = 1 there is an analogous inequality with L1> in place of L' on the
left in (2.4). There is also a vector-valued version of the preceding inequality due to

Fefferman and Stein [16] saying:

(2.5 |(> M)

where 1 < p,q < 0.

=

(S’

pqn

Lp(R™) LP(R™)

We now consider a related maximal operator defined for ¢ > 1 and ¢ < co. We define

a maximal operator M4 by

My (f) () = sup (ﬁ \f(y)\qdy) "

r>0 €, 7ﬁ)| B(z,r)

Observe that
Mia(f) = (M(|f|9)1,

where M stands for the classical Hardy-Littlewood maximal operator, which coincides
with MLl.
A crucial step in proving Proposition 2.3 is the next lemma, which in some sense

sharpens the following estimate (see [18, Theorem 2.1.10])

(2.6) sup I W dy < CouM(f)x), s>,

valid for measurable functions f; here (),  is a constant depending only on the dimension

and on s > n.

Lemma 2.2. Assume thatn € N, s € (0,n) and g > 2. Then there is a positive constant

C depending on n, s and q such that for any j € Z and any measurable function f on

R",

(2.7) < CMypa(f)(z), x€R"™

‘ flx+27 Jy)
10 (R, dy)

(1+Jyl)®

Proof. Setting g(y) = f(z + 277y), we obtain

Hf($+2‘jy)
(1 + [yl

9(y)

(238) - |72
L5 (R, dy) (1+ [y])®

L% (R, dy)
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Qd !
(|Basr|/m vl y)
= su r+2772 qdz>q
r>13 (23n|B ()| J(02ir) 2 )
—sup(

|B<ol,rf|/w 'qdy)
— Myu(g)(0)

and

(2.9) Mpa(f = sup

r>0

This says that we may assume, without loss of generality, that j = 0 and x = 0. Hence,

it suffices to show that for any measurable function g on R™,

H 9(v)

(1 +[yl)
If M1a(g)(0) = oo, then inequality (2.10) holds trivially, so we can assume in what

follows that Mq(g)(0) < oo. Since the case Mpe(g)(0) = 0 is trivial as well (as g needs

to vanish a.e. in this case), dividing the function g by the positive constant Mp.(g)(0),

(210) S CMLq(Q)(O)

L5 (R, dy)

we can in fact assume that Mq(g)(0) = 1.
Fix any @ > 0 and k£ € Ny. Then

1
o€ Bun \ B o) > al < g [ lgtw)lrdy
a ok+1\ Bk

’BQk+1| ]_ q
< : 9(y)|*dy
a4 | Bok+1| B2k+1‘ W)l
wn2(k+1)n
< )

< o

where w,, denotes the volume of the unit ball in R". Combining this with the trivial

estimate
[{y € Byrsi \ Box : |g(y)| > a}| < w250,

we deduce that

e @iy e

~[foe w2

<Ky eBi:lg)l>a}l+ > |[{y € Borsr \ Box : |g(y)] > 2"a}|

{yeBQkH\BzM%MH
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<Hy € By :|gy)| > a}| + kz:wHQ(kJrl) mm{kaqaq’ 1}
=0

wp2" B
<HyeBitlg)>all+ D w2r2mg D gk

., al
. 1 .
k€N0.2k<al/s kJENo.2kZa1/S

C
<Hy e Bi:lg(y)| >a}|+ et

s
n

Notice that in the last inequality we have used the fact that n — sq < 0. Hence,
=supa

{y e R": Mﬂs > a}
LE=@®rdy) >0 (1+lyl)

< su}ga\{y € Bi:g(y)| > a}[" +C
a>

s

L+ [yl

= ||9| L'5°°(By) +C
<Cg

La(By) +C
< C"ngLq(g)(O) +C
<,

where C’ > 0 is the constant from the embedding L(B;) < L=>(B;). As M1.(g)(0) =
1, this proves (2.10), and thus (2.7). O

Assume that VU is the function from the statement of Theorem 2.1. For any j € Z we

define the Littlewood-Paley operator A;l’ as

AV (@)= | flo—y)2"T(2y)dy.
R"
The associated square function is given by
fe (Do 1aYsP)”,
JEL

and the Littlewood-Paley theorem asserts that if 1 < p < oo then

.11) ey = | (0 182 77)
JEZ

Lr(R™)

for any f € LP(R™).
Let us also recall some properties of the Fourier transform that will be needed in the
sequel. It is well known that the Fourier transform is an isometry on L?, and a bounded

operator from L' into L>. An interpolation argument then yields that

(2.12) 11z @ny < CNS Nl Lr@ny
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whenever 1 < p < 2. This result is called the Hausdorff-Young inequality, and can be

extended to the setting of Lorentz spaces as well. In particular, one has

(2.13) 11l ors @ny < CllLF Lo @ny
for any 1 < p < 2.

Proposition 2.3. Letp € (1,00), n € N, s € (§,n). Let ¥ be as in Theorem 2.1. Then
(2.14) 176 ()l e @y < C'sup (1 = A)2[To(27)]|
je

L%’I(R") ||f||Lp(Rn)

Proof. Let
K =sup ||(I - A) [To(27)]]
JEL
Define a function © in terms of
O0(6) = T(&/2) + (&) + T(2).
and observe that © is equal to 1 on the support of the function v,
Let us denote by A;I’ and A]@ the Littlewood-Paley operators associated with ¥ and

O, respectively. If f is a Schwartz function on R", then standard manipulations yield

AT (@) = | FOUETeo()er de

L%’l(R") < 0.

- / n(Ag@ FET(279)a (&) dg
— 9in /n(A?f)/\@jg,)(I}(6/)0(2]'5/)62#”'2]‘5/0[8

= /H(A?f)(x +277y) [T (2)] (y) dy

B e o -
_/n 1+ [y])* (1+y)*[Wo(27)] (y)dy.

By the Holder inequality in Lorentz spaces (2.1), we therefore obtain
(AP f)(x +277y) e
L |+ Iy [T (2] ()
TS I
s ,dy)

Since = < 2, we can find a real number ¢ such that ? < ¢ < 2. Lemma 2.2 now yields
that

AT (f)(@)] <

L(%),’I(R",dy) ’

(AP f)(z +277y)
(1+ly]) .
Using inequality (2.13) with p = 2, we deduce that

[ o) B @] @) 0, < O 0+ 5 [Fo@ ] )

< CMpa (A7 f)(x).

(R LS (Rn)
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< C||(I - A): [To(27)]|
< CK.

L5 (Rn)

Altogether, we obtain the estimate
AT, (f)](x) < CKMpa(AS f)(x).

Assume that p > 2. Then applying the Littlewood-Paley theorem (2.11) and the
Fefferman-Stein inequality (2.5) (since 2 > % > 1) we obtain the following sequence of

inequalities:

Lr(R")

17y < € (22 ’A?Ta(fﬂ?);

<CK (Z|MLq(A§-“)f>l2)é

JEZL

= CK||(Y(m(ag s ﬁ)

=

< ok (S 1agsei)’|

JEZL

x| (S asse)’

JEL

< CK|fll o).

LP(R™)

Q=

D
q

La(R7)

L4 (R

LP(R"™)

If p € (1,2) then the result follows by duality. O

To complete the proof, we need to properly interpolate between L? and LP*, for p;
near 1. This is achieved via the following result, whose proof is not included here but

the reader is referred to [31] for a proof.

Proposition 2.4. Suppose that 1 < p; < o0 and 0 < s1 <n. If

(2.15) 1T ()i gy < Csup [[(T = A) 7 [To (2]

JEZ

L%’I(Rn)HfHL”l(R")?

then

1T ()| oy < Csup [[(I — A)3 [Wa(27.)]

: 22 gy LIl e @)
JEZ

forany 1 <p < oo and 0 < s < sy satisfying

(2.16) -
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Assuming Proposition 2.4, and using the estimate from Proposition 2.3 as the assump-

tion (2.15), we complete the proof of Theorem 2.1 as follows:

Proof of Theorem 2.1. If s € (%,n), then inequality (2.3) follows from Proposition 2.3.

If s < 7, then we denote
1|1 1'
a=—-|—-——|.
S

Since a € (0, 1), we can find p; € (1,00) and s; € (%,n) such that

n

a< —|——=|.
S1 | P1 2

111 1'

A combination of Propositions 2.3 and 2.4 thus yields the desired assertion (2.3). O

3. AN EXAMPLE

Unlike the Mikhlin multiplier theorem, the Hormander multiplier theorem and its
extension due to Calderén and Torchinsky (see Section 1 for more details) apply to

multipliers whose derivatives have infinitely many singularities, such as the multiplier

(3.1) o(x) = Z p(27Fx) |27 2 — ay|?,

keZ
where 8 > 0, ¢ is a smooth function supported in the set {z € R" : 3 < |z| < 2} and,
for every k € Z, a;, € R™ belongs to the same set.

As an application of Theorem 2.1 we show that the function o in (3.1) continues to be
an LP Fourier multiplier for any p € (1, 00) if [27*2 —ay| is replaced by (log \Heaj+k|n) -
This conclusion cannot be reached via the multiplier theorems of Hérmander or Calderon
and Torchinsky as the s-order derivative of the function (log %)_B , with 5 > 0, does
not belong locally to any Lebesgue space L"(R™) with » > n/s (but it does belong locally

to the Lorentz space L="'(R"), as we will see below).

Example 3.1. Assume that n € N, n > 2, and § < 0. Let ¢ be a smooth function
supported in the set A = {x € R" : 1/2 < |z| < 2} and let a, € A, k € Z. Then the

function

(3.2) o(z) = 3 62 *0) (log i) ’

T ol

is an LP Fourier multiplier for any p € (1,00).
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To verify the statement of Example 3.1, we fix a positive integer s and observe that

for any j € Z,
s s |~ e4™ A
I(1 = 2)2[Ta (27 )]l 21 gny < ||(I = D)2 | T(2)¢(2) ( log T—a
J L%,l(Rn)

R [ e4™ g

{7 - 9% [ Bwroten) (10g )

122 — a1 | n
i Ls (R™)

R [ e4" g

+||(1 = A)2 [ U()p(z/2) (log

In what follows, let us deal with the first term only, since the remaining two terms can
be estimated in a similar way.

Fix 7 € Z and denote

o) = B@ote) (1o Y
(z) = V¥(z)p(x) | log ———— | .
! |z — a;l"
For any multiindex « satisfying || > 1 we have

ed" ot

0°f;(2)] < Cxal) (log —— ) o — g7
[z = a;|"

Since |A| < 2"w,, where w,, stands for the volume of the unit ball in R", the previous

estimate implies

o p vk ed™w, p-1 o]
(0°f;)" (1) < Cx(027w,) (1) | log t

where the constant C' is independent of j. Therefore, if s is a positive integer and « is a
multiindex with 1 < |a| < s, then

3o

* edmw, \ P
@ £) () = Cxoaran®) (g5 ) 1,

Consequently,

(3-3) sup  [|0 f;]

1<|a|<s

2w p—1
" ed™w, _
L2 (R < C’/O (log ; ) t1dt < oo.

Since each |f;| is bounded by a constant independent of j and compactly supported in

the set A, we also have

I1.£5

It remains to observe that the quantity ||(I — A)%fjHL%,l(Rn) is equivalent to

> o gl

lal<s

L2 ®") < (C < .

LS (Rn)
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This can be proved in exactly the same way as the corresponding result for the Lebesgue

spaces (1.4), see, e.g., [48, Theorem 3, Chapter 5|. Therefore, we deduce that

sup [|(1 = A)2 [T (2-)]

)<oo
JEZ

HL%J(RTL
for any positive integer s. Theorem 2.1 now yields that ¢ is an LP Fourier multiplier for
any p € (1,00).

4. THE MARCINKIEWICZ MULTIPLIER THEOREM

We recall the classical version of the Marcinkiewicz multiplier theorem:

Theorem 4.1. Suppose that o(&1,...,&,) is a function on R™ such that

GG

for all B; € {0,1}, j=1,....n. Then o is an LP Fourier multiplier for all 1 < p < oo
with bound

(41) 8161 "'agno-(flv"'agn) S Aﬁl ----- Bn

| Tollrsrr < Chp sup Ag,.. s,
B;€{0,1}

Example: The following functions satisfy conditions (4.1) for all 8; € Z* U {0}:

&1
S+i(&+-+E2))

|§ |Oé1...|§n|a”
mQ(g) = (5% +1é“22+...+§%)a/27

where oy + o + -+ + o, = @, o; > 0,

my(§) =

_ 68
" Emrgrg

The functions m; and my are defined on R" \ {0} and m3 on R?\ {0}.

These examples and many other examples that satisfy conditions (4.1) are invariant
under a set of dilations in the following sense: suppose that there exist kq,...,k, € Rt
and s € R such that the smooth function m on R™\ {0} satisfies

mAFEy, AR E) = Nom(Ey, L 6)
for all &,...,&, € Rand A > 0. Then m satisfies condition (4.1). Indeed, differentiation
gives

Akrtetankn o (AR g AR E) = A0 m(E, L &)
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for every multi-index o = (aq,...,a,). Now for every & € R™ \ {0} pick the unique
A¢ > 0 such that (A]gl&, . ,\’gngn) € S*~!. Then )\?O‘j < &7, and it follows that

|80‘m(£1, .. ;€n>| < [supl |aam@ A?1k1+...+ankn < Ca’flral L. ’fn‘ian-

Example: Let k € R. Consider the function

_ 1+ [€+n? "
mi&.m) = ((1 TR |n|2)>

defined on R?". Define the function

Mgt = (

t2s% + [s€ + tn|? )”
(2 +1€12)(s? + [n]?)

on R?"*2_ Notice that

M(AE, AL, i, pus) = M(E,t,m, 8)
for any A, > 0. This says that for fixed (n,s), the function (£,t) — M(& t,n,s)
is homogeneous of degree zero, hence 9¢ M (,t,7, s) is homogeneous of degree —|af in

(&,t). By the same argument the function (7, s) — 85’8?]\/[(&,@ n, s) is homogeneous of

degree —|f| in (7, s). From these observations we conclude that

C
DL M(€,1,m,1)| < s
EOME L D) < e e+ e

Here o and ( are multiindices of n entries. It follows that

0202 m(&,m)| < Capsl] ™™ - |&al = ma| 7P -+ 7] P,

that is, condition (4.1) holds for all g; € Z* U {0}.

ogogme.n)| =

Let us now study a product-type Sobolev space version of the Marcinkiewicz multiplier
theorem. We define (I — 862)¥f as the linear operator ((1+ 47r2|77g|2)77[]/“\(n))v associated
with the multiplier (1 + 472|n,|?)=

multiplier theorem in which only |1/p — 1/2| 4 ¢ derivatives per variable are required to

We present here a proof of the Marcinkiewicz

guarantee LP boundedness of T, instead of a full derivative as in (4.1).

Theorem 4.2. Let n € N, n > 2. Suppose that 1 < r < oo and v is a Schwartz
function on the line whose Fourier transform is supported in [—2,—1/2] U [1/2,2] and
which satisfies Y. 12(2_%) =1 forall§#0. Let vy > 1/r, £ =1,...,n. If a function
o on R" satisfies

In

(42)  sup [[(1=3)) - (I =) (P(&) - V(&) (26, .., 276)) |

L < 00,
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then T, admits a bounded extension from LP(R™) to itself for all 1 < p < oo with
1 1
(4.3) ’5—5‘ <min(yy, ..., V).
Moreover, (4.3) is optimal in the sense that if T, is LP-bounded for every o satisfy-

ing (4.2), then the strict inequality in (4.3) must necessarily hold.

Carbery [4] first formulated a version of Theorem 4.2 in which the multiplier lies in a

product-type L2-based Sobolev space. Carbery and Seeger [5, Remark after Prop. 6.1]

obtained Theorem 4.2 in the case when v, = -+ = 7, > !é — %’ = % The positive

direction of their result also appeared in [6, Condition (1.4)] but this time the range of
p is {% — %| < % The present variant of Theorem 4.2 appeared in [32].
Let us now focus on the proof of Theorem 4.2. We use ¢ to denote the bump from

Theorem 4.2; further, 6 will stand for the function on the line satisfying

0(n) = ¥(n/2) +(n) +(2n).

One can observe that 6 is supported in {3 <J¢l <4} and 6 = 1 on the support of 1.
To simplify the notation, if £ = (&,...,&,) € R" and J = (j1,...,7,) € Z", we shall

write
2J§ = (2j1€17 ) 2jn§n)
and
(&) =[]vE). 0©)=]]0c).
=1 =1
Let £k € 1,...,n. For j € Z we define the Littlewood-Paley operators associated to
the bumps ¥ and 6 by

A;/’:k(f')<x> - / f(‘rh oy =1, Tk — Yy Tht1,y - - - an)2j¢(2jy)dy
R
and
A]&k(f)(x) = \/]Rf<x1’ oy =1, Tk — Y, Tht1y - - - 7$n)2]9(2jy>dy

We begin with the following lemma:

Lemma 4.3. Let 1 <r < oo, let 1 < p <2 satisfy 1 < p <r and let v1,...,7, be real
numbers such that vp > 1, £ = 1,...,n. Then, for any function f on R™ and for all

integers ji, ... Jn, we have

1
(4.4) ALLLAYT()] < CK (MW M (AR A?;”ﬂp)] 3
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where M denotes the one-dimensional Hardy-Littlewood mazimal operator in the (-th
coordinate and

K= sup
jl ----- anZ

(I=R)F (=) [o(26. 276)dl6) - U6

LT

Proof. Throughout the proof we shall use the notation introduced above and, whenever

J = (j1,.--,Jn), we write
AVf=AD AV A= AT AR
Since 0 is equal to 1 on the support of ¢, we have
AT () (w1, 2)
— [ i oo
R

(©)0277)p(27T€)o(€)e*™ ¢ de
(AL FE)D(277E)a(€)e e de

[ 2 Q)R 2 ) g
et [l >[ €)02’€)] @ )y

[ D T 42— gy [39)02"0)] (@ — ) d.
(=1

g | [peq (14 29¢ |2 — ?/e|

Holder’s inequality thus yields that |A;T,(f)(z)| is bounded by

(o it ) ,
</ Qit+in f[1+2je|m ye|)™ [ (&)o (Jg)] (QJ(w_y))pdy) |

where, when p = 1, the second term in the product is to be interpreted as

=

~

TTL+ 2, — wel) [ ()0 <2Js>] (- 1))

LOO
Since yp > 1 forall ¢ = 1,...,n, n consecutive applications of (2.6) yield the estimate

1

s AY)@)P z O RUIRE
(/n2 o H?:1(1+éj"xe—yz|)%ﬂdy) SC[M S MO (1A ] )(x)] '
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We now write

(/ 2j1+~--+jn H 1+2M|l’g
" =1

v
< ([ o+ o] of

< H(I —RT (I -)F [0(2‘75)13(5)]

fL
/

p
)

o(2€) ] (2 —y))

W

45 < C”(I o (- )% [0 (') (¢)]
< CK.

LT

Notice that the second inequality is the Hausdorff-Young inequality (2.12) while (4.5)
is a consequence of the Kato-Ponce inequality [29] (if p < 7). A combination of the

preceding estimates yields (4.4). O

Proposition 4.4. Let 1 < r < oo and let v, > max{1/2,1/r}, £ = 1,...,n. If a
function o on R™ satisfies (4.2), then T, admits a bounded extension from LP(R™) to

itself for all 1 < p < oo.

Proof. Suppose first that p > 2. Since v, > max{1/2,1/r}, £ = 1,...,n, we can find
p € [1,2) such that p <r and py, > 1, £ =1,...,n. Then

HTO'(f)HLP(Rn) < Cp(n)H< | Z |A;ﬁl,1 o A}{’,;”Ta(m?)é

VARTEED) ]nEZ Lp
2
’ <]1»~§€ [ :| ) Lr

< Cp(n) K| f| o

Notice that the second inequality follows from Lemma 4.3 and the third inequality is
obtained by applying the Fefferman-Stein inequality (2.5) on the Lebesgue space L7 in
each of the variables y,...,7,. Observe that the Fefferman-Stein inequality makes use
of the assumptions 2/p > 1 and p/2 > 1. The first and last inequality follow from
Proposition 4.5 below.

The case 1 < p < 2 follows by a duality argument, while the case p = 2 is a consequence

of Plancherel’s theorem and of a Sobolev embedding into L*°. 0J
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Proposition 4.5. If ¢ satisfies >, 12(2_3'5) =1 for all £ # 0, then we have
1

4. ( AP LA 2) 2 ~

(16) |( X At agme)| ..

where B(€) = P(2€) + Y(€) + P(271€).

£l e @ny,

Before we discuss the proofs we recall the Rademacher functions, which we plan to
use. The Rademacher functions are defined on [0, 1] as follows: 7o(¢) = 1; r(¢t) = 1 for
0<t<1/2andri(t)=—1for 1/2 <t <1;r(t) =1for 0 <t <1/4, ro(t) = —1 for
1/4 <t <1/2,1r9(t) =1for 1/2 <t < 3/4, and ro(t) = —1 for 3/4 < t < 1; and so on.
According to this definition, we have that r;(t) = sgn(sin(2/7t)) for j = 0,1,2,.... They
are mutually independent random variables on [0, 1] that satisfy Khintchine’s 1nequalities:

For any 0 < p < oo and for any complex-valued square summable sequences {z;} we

have

1 1
(47) B L1st) <[ Zan], 0 = 4(Z157)
J J ’ J

for some constants 0 < A,, B, < oo that depend only on p.

These inequalities also extend to several variables. Set

F (tl, oo 7 Z Z le ..... ]n/r_]l tl ,r]n (tn)7

Ji

for ¢; € [0,1], where ¢;,,. ;. is a sequence of complex numbers.

-----

For any 0 < p < oo and for any complex—valued square summable sequence of n

where A, Bp are the constants in (4.7).

Using the Rademacher functions we can now prove Proposition 4.5.

Proof. We begin by noting that (4.6) holds whenn =1,as >, (2 J¢) = 3 when £ # 0;
see [18, Theorem 6.1.6, Corollary 6.1.7] So it suffices to prove (4.6) in higher dimensions.

Using the preceding inequalities we write:

IS mgreaten)

=/n( S IAg AP s
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p
/ / le(tl)"'Tjn(tn)Azil'--Ag;"f(x) dty---dt, dz
" [0 1] JnGZ
p
/ / ( T th?f) (Z Tjn(tn)Af»;L">f(x) dty - - - dt, dx
"o J1EZ Jn€Z
2\ 5
z/ / /(Z A?JI{H(Z% Ael) }(asl,:v’) ) dry dty - - - dt,dx’
Rr=2 IO IR A ez, i=2 \jel

where 2’ = (x9,...,2,). We now apply the Littlewood-Paley theorem (2.11) in the first
variable z; to eliminate the square function in j; and replace the inner integral by the
p-th power of the function in the curly brackets. We then continue the same reasoning

to the remaining variables zo, ..., x, to conclude the proof of (4.6). O

5. THE INTERPOLATION ARGUMENT NEEDED IN THE PROOF OF THEOREM 4.2

When p = 2 no derivatives are required of ¢ for T, to be bounded. To mitigate the
effect of the requirement of the derivatives of o for T, to be bounded on LP for p # 2,
we apply an interpolation argument between p = 2 and p near 1.

We shall use the notation introduced at the beginning of the previous section, and we
shall denote

P({se}pmy) =T(s1,.y80) = (I =077 - (1= 02)%.

The following result will be the key interpolation estimate:

Theorem 5.1. Fiz 1 < py,p1,70,71 < 00, 0 < 89, ....8% sl .. sl < oo. Suppose that

ros) > 1 andris; > 1 forall¢ =1,...,n. Let ) be as before. Assume that for k € {0,1}

we have

(51 TNl < Ke swp |0k, s 07O TT O] || 1 1m
J1yeJn€Z —1 L™k
for all f € 65°(R"). For0 <6 <1 and{=1,...,n define
1:1_9_‘_&7 1:1_‘9+ﬁ7 582(1_9)82—’_98;

b Do b1 r To (8]

Then there is a constant C, such that for all f € €5°(R™) we have

T(s1,. .., 5n [ 2J§f[ ]

Assuming Theorem 5.1, we complete the proof of Theorem 4.2 as follows:

(52)  IT,(Hllp < CE'KY sup

J1sesJn €L

£l ze-
LT‘
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Proof. Given 1 <r < oo and v, > 1/r, £ =1,...,n, fix p € (1,00) satisfying (4.3). In
fact, we can assume that p € (1,2), since the case p € (2,00) follows by duality and the
case p = 2 is a consequence of Plancherel’s theorem and of a Sobolev embedding into
L*°. In addition, assume first that min, v, < % In view of (4.3), there is 7 € (0,1) such
that

1 1
5.3 - — — < Tmin",.
(5.3) P in 7y,
Set pp = 7%17 r1 = 2rmingy, and v} = % +e,0=1,...,n, where € > 0 is a real number
whose exact value will be specified later. Since p; > 1 and r1y} > 27, > 1,£=1,...,n,

Proposition 4.4 yields that

(5.4) ||Ta(f)||LP1 <C; sup

J1yesn€L

[f1l o -

L™

’]‘—‘(7117"'777’1 |: 2J€ H :|
Pick pg = 2. Let 0 be the real number satisfying
1 1-60 0
- = + —,
p Po p1
namely, § = %(% — 3). Observe that, by (5.3), 0 < 6 < 2min; 7y, < 1. Finally, choose

real numbers ro and 7, £ = 1,...,n, in such a way that
1 1-6 4
5.5 - = -, = (1—0)7) + 0,.
(5.5) S ot =0+
We claim that, for a suitable choice of € > 0, one has 7y > 2 and 707§ > 1, £ =1,...,n.

Indeed, since min, vy, < %, we have r < r, and thus, by (5.5), 7o > r > r; > 2. Further,

rr(ye—0yg)  rming (e — g — oe) - r ming v (ming 5, — & — )

0 _
ToYe = 0 . 0 . 0
r—or ming vy — 3 ming vg — 5

Since rming v, > 1 and ming v, — g > 0, one gets roy) > 1 if ¢ > 0 is small enough.

Consequently, the space {g: T'(7?,...,9%)g € L™} embeds in L>, and we thus have

(5.6) 175 < Cr sup

NARTEED) Jn€L

A1l

Lo

F(W?,--wn[ (27¢) f[ ése]
/=1

The boundedness of T, on LP(R™) for any o satisfying (4.2) thus follows from The-

orem 5.1. Finally, if min,~, > %, then the required assertion follows directly from

Proposition 4.4. 0

Proof of Theorem 5.1. The proof of Theorem 5.1 follows closely that of [3, Theorem 4.7]

and for this reason we only provide an outline of its proof with few details. Throughout
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the proof we shall use the notation introduced at the beginning of the previous section.

Also, whenever J € Z", we denote

P =Tls1i- o 50) 02O,

and for z with real part in [0, 1] we define

(65:7) 0. = D D({=sp—2) = stz |

Jezn

Weihe 20| (27T )27 ¢).

For any given ¢ € R", this sum has only finitely many terms and one can show that

T

(5.8) lorsillz S (U 1) % (sup [IDGs1, - 5[0/ €D],. )
Jezn

where 7, is the real number satisfying = - = I_OT + -
T

Let T, be the family of operators associated to the multipliers o,. Fix f,g € 45°
and 1 < pp < p < p1 < 0o. Given € > 0 there exist functions fJ and ¢ such that
15 = fll» <& llg5 = gllr < e, and that

1 1
1Fillzeo < (NI + )0 | fiviall g < (IF11Z0 +2) 7,

/ L{ . , L/
g5l oy < (gl +2) 70, ||giall o < (lgll?, +2)™.
The existence of f7 and gi is folklore and is omitted; for a similar construction see [3,
Theorem 3.3]. Let F(z) = [ T,.(f)g: de. Then F(z) is equal to

JREGHGEGEE
=3 [ r((-sh0 - 2) = ke ) [l T e 0] (e @) de

Jezn

1—2

=2 /Rn [‘WJ’T( o )it (e } 277)T (*{—52(1 —2) — 8§z}?:1> [5(2*J~)E§§] (&) de.

The function F(z) is analytic on the strip 0 < R(z) < 1 and continuous up to the
boundary. Notice that oy (2% ){D\ picks up only the terms of (5.7) for which J differs from
K in some coordinate by at most one unit. For simplicity we may therefore take K = J
in the calculation below. Using the Kato-Ponce inequality we may “remove” the factor

é\ and write

HTU'it( z‘i)HLPo

<Ky sup ||[T'(s?,...,s°) [Uit(QK'){ﬂH Il £l oo
Kezn Lro

<Kj sup ||[D({s{ — sp(1 —it) — sgit}j_,)|
Kezn

+3) piArg (¢K)] |

S
rro el oo
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- 1
(AN ).

3n
S+ t)2 Ko sup ek
KezN

Using Holder’s inequality |F'(it)| < [|T5,, (f3)[l 1eo |95/l » we may therefore write

n

)] < OO+ )% Ko sup [D({s k)o@ 2 (11 + ) (gl + )%

for some constant C = C(n, 1o, s}, s;). Similarly, for some constant C' = C'(n,ry, 9, s})

we obtain

3n

[F(L+it)] < O+ [H) ¥ Ky sup IT({seyi) o @) - (LI, + ) 7 (Nlgll + )7

Thus for z =7 +it,t € R and 0 < 7 < 1 it follows from (5.8) and from the definition of
F(z) that

FEI <"1+ )¥ (sup [Don,- )[04 ) "I eloE e = A-(0)

noting that || f<]|z2]|¢| 2 is bounded above by constants independent of ¢ and 7. Since
AL (t) < exp(Ae®®), the hypotheses of three lines lemma are valid. It follows that

£(O) < € KK sup [[D({sei)lo @), (1715, +€)7 (ol +2)7

Taking the supremum over all functions g € LP with ||g|,» < 1, a simple density

argument yields for some C, = C,(n,71,79, s, 57)

T, ()]l < C K§TKY sup IT(s1, .-, s0)[0(27) 2]

w1l

This completes the proof of the sufficiency part of Theorem 4.2. The proof of the necessity
part is postponed to section 6. 0

6. THE SHARPNESS OF THE MARCINKIEWICZ MULTIPLIER THEOREM

In this section we discuss examples indicating the sharpness of Theorem 4.2. We first

consider the multiplier
(&) = T [ o(&)lel ™,
=1

where ¢ is a smooth function on R which vanishes in a neighborhood of the origin and
is equal to 1 near infinity, and v > 0. This multiplier can be obtained by taking tensor
products of the functions o, introduced at the end of Section 1, with a = 2 and b = 2,.
Then o satisfies (4.2) when r > 1 and miny<<, vy, > % In addition, if boundedness
holds for T, from LP(R™) to itself, then by testing on tensor type functions, we must
necessarily have that each mg 2., (&) is bounded from LP(R) to itself and thus we must

have|%—%‘Swforallézl,...,n.
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Next we discuss an example indicating that Theorem 4.2 does not hold in the limiting

case when |% — }—17‘ =, for some ¢ = 1,...,n. Such an example appeared, at least in the
two-dimensional case with both smoothness parameters equal, in Carbery and Seeger |5,
remark after Proposition 6.1]. We provide an example in the spirit of theirs, given by

an explicit closed-form expression and valid in all dimensions n > 2.
Example 6.1 ([32]). Given « € (0,1), consider the function

o(€,m) = (e F I Qog )™, (€,m) € R x R*™ =R™,

where ¢ is a smooth function on the line such that 0 < ¢ < 1, ¢ =0 on (—o0, 8] and
@ =1o0n[9,00). Then

(i) o satisfies (4.2), with r large enough, whenever v1 = a and o, ..., 7V, are arbitrary
positive real numbers;

.o . . . . . . . 1 1
(ii) o is an L? Fourier multiplier for a given 1 < p < oo if and only if o > |5 -5l

The previous example indicates that condition (4.2) does not guarantee that 7, is L?

bounded unless all indices 71, . ..,7, in (4.2) are larger than |% — % . In particular, for a
given ¢ € {1,...,n}, one does not have boundedness on the critical line ~; = }D — %|, no

matter how large the remaining parameters are.

Let us now verify the statement of part (i) of Example 6.1. We shall first prove that

(6.1 sup (1= 98)% (1 = &S OB, 29 < o0

for any s > 0 and r > 1. Here, ® denotes a Schwartz function on R"~! whose Fourier

transform is supported in the set {n € R*' : I < |p| < 2} and which satisfies

ZZGZ&\)(Z%) = 1 for all n # 0. Indeed, for any k,¢ € Z, ¢ > 3, and for any given

nonnegative integer m, we have

D)D) (28, 2) || 1 < CL™
and
(I = 0¢)2(I — A E (€D (n)o (28, 2)] |- < CL- 07,

where the constant C' is independent of k and /. Interpolating between these two esti-

mates, we obtain

11 = 803 (1 — A)F[HEOBm)o (25, 2n)] |- < C.
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Notice also that the last inequality in fact holds for all integers k, ¢, since the function
@(5)21\)(77)0(2’95, 2n) is identically equal to 0 if £ < 2. Hence, we have

sup (I — ) (I = A,) =2 [9(E)P(n)a(2°¢, 2)] || < C,

k.tez

and interpolating between variants of this estimate corresponding to different values of
m, we obtain (6.1) for any s > 0. Now, part (i) of Example 6.1 follows by an application
of Theorem 7.1, which will be stated and proved in the next section, in the variable 7.
Let us finally focus on part (ii) of Example 6.1. If o > |]% — %], then o is an LP Fourier
multiplier thanks to (i) and Theorem 4.2. Let us now prove that T, is not L? bounded if
a < \%} — 3| By duality, it suffices to discuss only the case when 1 < p < 2. Furthermore,
one can make use of the result of Herz and Riviere [34] which asserts that if 7, is L?

bounded then it is necessarily bounded also on the mixed norm space LP(R; L*(R"1)),

defined as
i P ( [ ([ isenran) dﬁ) .

Thus, the proof will be complete if we show that T, is not bounded on LP(R; L?(R"1)).

Let f be the function on R™ whose Fourier transform satisfies

Fle.m) = e T o(lnlnl = Gog )~ (loglog [a)#,  (£,7) € R x R™1.

Using Plancherel’s theorem in the variable 7, it is easy to check that f € LP(R; L*(R"!))

whenever 3 > % Our next goal is to prove that T,f = F~ (o A) does not belong to

LP(R; LA(R"Y)) if 8 € (3, %] Using Plancherel’s theorem in the variable n again, this
is equivalent to showing that fgl(af) is not in LP(R; L*(R" 1)), where ]-"5_1 stands for
the inverse Fourier transform in the £ variable.

Observe that

1, —1(9rztlo 1-n a1 _
F (o )(w,m) = CemaCretiesll o2 (n))n| =" (log [n]) =~ (log log [n])

pn=l ol _
> CX{(:v,n): r<—2, 6—27“_1<|T]\<6_27‘””}($7 7]>€27r 2 (—.13) 2 (10g<—l’>) 5'

Therefore,

1F 0Pl rgszzn-1y) = C ( /

—0o0

which yields the desired conclusion.
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7. COMPARISON BETWEEN THE HORMANDER AND MARCINKIEWICZ MULTIPLIER
THEOREMS

In this section we show that the class of multipliers which satisfies the assumptions
of Theorem 4.2 is strictly larger than the set of multipliers treated by the version of the
Hormander multiplier theorem due to Calderén and Torchinsky [3, Theorem 4.6]; see
Section 1 for the statement of this theorem. Before we come to the proof we would like
to emphasize that such a comparison is not possible for the classical versions of these
two theorems (see (1.2) for the Hormander condition and (4.1) for the Marcinkiewicz
condition). Indeed, while condition (1.2) requires the multiplier to have more than n/2
derivatives in each variable, condition (4.1) assumes n derivatives in total, but only one
in each variable. Therefore, there are multipliers satisfying (1.2) but not (4.1), and also
multipliers satisfying (4.1) but not (1.2).

To compare the fractional versions of the Hormander and Marcinkiewicz multiplier
theorems, we first notice that Theorem 4.2 assumes the multiplier o to have 1/r + ¢
derivatives in each variable, while the Hormander multiplier theorem requires more than
n/r derivatives in all variables, and so there are multipliers which can be treated by
Theorem 4.2, but not by [3, Theorem 4.6]. On the other hand, it is an easy consequence of
the following theorem that every multiplier satisfying the assumptions of the Hormander

multiplier theorem falls under the scope of Theorem 4.2 as well.

Theorem 7.1. Let v be a Schwartz function on the line whose Fourier transform is
supported in the set {€ : & < || <2} and which satisfies Y., 12(2’“{) =1 for every £ #

0. Also, let ® be a Schwartz function on R™ having analogous properties. If 1 < r < oo

and vy, ..., Yo are real numbers larger than %, then
@ s -0 o 2e) [T06)
jl:--~7jn€z /=1 Lr
< Coup (1 )5 |a93(6)
JEZ Lr

Crucial ingredients needed for the proof of Theorem 7.1 are two one-dimensional in-

equalities contained in the following lemma.

Lemma 7.2. Let v be as in Theorem 7.1. If k € Z, v >0 and 1 < r < oo are such that
yr > 1, then

(7.2) 1£(25) |

L7 (R) = CHU - 02)%f} L7 (R)
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and
(7.3) (=072 [£ 250 || gy < COL+ 207 [[(2 = 8)3 £|
Proof. Since yr > 1, the Sobolev embedding theorem yields
(7.4) F252)] < [ fllem < CI(I = )2 || g for ae. z€R.
Therefore,

1£ @) gy < O = 02 | e 19 M|y = €I = 0%)2 1

This proves (7.2).
Further, using the Kato-Ponce inequality [29], the estimate (7.4) and the fact that n

is smooth and with compact support, we obtain

L"(R)’

[(=0%)2 [£(25 )] Lr@®)
< C (J=E @ g 19 ey + 1 F @M ey | =02 F 0 )
< C(JE @ gy + 10 =021y
= C (207D (=)E f]| ooy + 1T =0 £ )
< COD [T = )2 f|| gy
namely, (7.3). O

O(25¢), € € R™. Then F(£) = 1 for any &
satisfying 5= < [¢] < 2". Therefore, if ji, ..., j, are integers and j := max{ji,...,jn},
then F(27 3¢y, 296,) = Ton {(€1,..,&) + < [6] < 2.1 < [&] < 2},

2 ...75

Proof of Theorem 7.1. Set F(§) = >."

KR=—n

Consequently,

[T = Fie, ..., 2n ) [T w(&).
=1 =1
Using this, we can write

n
2

(1 —05)

L (I—00)% |:o‘(2j1§1, L2 ﬁ@(&)}
i

1

LT

(I—82)7 .. (I-8))% [0(2j1§1, 2N F(20 g, 2T T QZ(@)}
(=

1

L’r‘
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H(—afl)@l co (—afk)% [0(21'1&, L 2mE ) B(2N I e L pinmitag ) H@(&)}

(=1

LT
Using the estimate (7.3) in variables i1, . .., 4 and inequality (7.2) in the remaining vari-

ables, we estimate the corresponding term in the last expression by a constant multiple
of

20D - ay® -0 ot 0)be)

s=1 Lr
S 0(1 4 gnmaxe—i,.., n(’YZ_%))n (] — A)w [U(Qj—ag)zl\)(g)}
L’V‘
< csp (1 - 2)5 o080
meZ LT
This implies (7.1). O

8. A BOUNDEDNESS CRITERION FOR BILINEAR FOURIER MULTIPLIER OPERATORS

As physical and natural phenomena depend on numerous inputs, it natural to develop
theories that model dependencies on many variables. Multilinear Fourier Analysis pro-
vides a framework to study operations that depend linearly on several input functions.
Multilinear multiplier operators are special kinds of multilinear operators in which the
product of frequencies is jointly altered by a common symbol. Based on this definition,

bilinear multiplier operators are given by

T = [ [ memfeamer= e deiy.

where f, g are Schwartz functions and m is a bounded function on R?*. These are exactly
the bilinear operators that commute with simultaneous translations of functions. The
study of general bilinear operators was initiated by Coifman and Meyer [9], [10] but since
the turn of the present century this area has been enjoying a resurgence of activity. We
refer to [11], [33], and [19] for general material related to the multilinear operators. A
classical by now criterion for boundedness of bilinear multiplier operators says that if m

satisfies

090 (&, m)| < Cap(I€] + [n]) 777
for sufficiently large multiindices «, 3, then the associated bilinear operator T;, admits
a bounded extension from LP*(R"™) x LP2(R") to LP(R"™) when 1/p; + 1/ps = 1/p, 1 <
p1,p2 < oo and 1/2 < p < oo. This was proved by Coifman and Meyer [10] in the
case when p > 1 and was extended to the case p < 1 by Grafakos and Torres [33] and
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independently by Kenig and Stein [38]. This theorem is essentially saying that linear
Mikhlin multipliers on R?" are bounded bilinear multipliers on R"™ x R". It should be

noted that the analogue to the Marcinkiewicz condition
[0°0%0 (€, )| < Caplé] 7

does not suffice to guarantee boundedness of 7T, on any product of Lebesgue spaces; a
counterexample to indicate this fact was constructed in Grafakos and Kalton [25].

Extensions of the Coifman-Meyer—Kenig-Stein—Grafakos-Torres result for bilinear mul-
tipliers that satisfy Hormander’s [37] classical Sobolev space weakening of Mikhlin’s con-
dition for linear operators are available in the literature as well. They were initiated by
Tomita [50] and subsequently further investigated by Grafakos, Fujita, Miyachi, Nguyen,
Si, and Tomita among others; see [30] [17], [26], [41], [42], [28], [27].

As we have seen, bilinear Fourier multiplier operators may map LP' x LP? to LP when
1/p1+1/pe = 1/p for a variety of parameters p; and ps but in this note, we only focus on
the L? x L? — L' boundedness of such operators. Such estimates are central and play
the same role in bilinear theory as the L? boundedness plays in linear multiplier theory.
As Plancherel’s identity ||f||z2 = || f]lz2 does not hold on L', there does not seem to be
a straightforward way to characterize the boundedness of bilinear multiplier operators
from L? x L? — L'; however, different types of sharp sufficient conditions are available.
For instance, a bilinear variant of the Hormander multiplier theorem asserts that if the
functions m(2%)¢ have s derivatives in L"(R**) (1 < r < co) uniformly in k € Z, with
¢ being a suitable smooth bump supported in 1/2 < [¢| < 2, then T,, is bounded from
L? x L? to L' when s > sy = max(n/2,2n/r) and sy cannot be replaced by any smaller
number; see [21]. Thus more than n/2 derivatives of m(2*-)¢ in L*(R?") uniformly in k
are required of a generic multiplier m for T}, to map L*(R™) x L*(R") to L'(R").

In this note we restrict our attention to multipliers whose derivatives are merely

bounded. We introduce the space
ZL2R*™) ={m :R*™ — C: 9*m exist for all a and [[0%m||1~ < oo}.

In the linear setting we have m € L™ if and only if the corresponding linear operator is
bounded on L?. So one may guess that a bilinear operator T, is bounded from L? x L? to
L' when m lies in .£°°. However Bényi and Torres [2] provided an example of a function
m € £ for which the associated bilinear operator T}, is unbounded from LP* x LP? to
LP for any 1 < py,py < oo satisfying 1/p = 1/p; + 1/p2. The counterexample of Bényi

and Torres is also complemented by a positive result of the same authors [2] involving
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mixed norm spaces and a subsequent positive result of Grafakos, He and Honzik |20,
Corollary 8], who showed that the mere L? integrability of functions in £ suffices to
yield the L? x L? — L' boundedness of T,.

It turns out that if m € £ then a sharp criterion for the boundedness of the bilinear
multiplier operator T}, from L? x L? — L' can be formulated in terms of the magnitude
of integrability of the function m. We provide a proof of the main direction of this result,
the one that yields the boundedness of the operator. In what follows, €’ (R?") denotes
the class of all functions on R?" whose partial derivatives of order up to and including

order M are continuous.

Theorem 8.1. [24] Let 1 < ¢ < 4 and set M, = {ff”qJ + 1. Let m be a function in
LA(R?™) N ¢Ma(R?™) satisfying

(8.1) |0“m|| e < Coy <00 for all multiindices o with |a| < M,.

Then there is a constant C' depending on n and q such that the bilinear operator T,, with

multiplier m satisfies

&)

- q
(8.2) | Tonll2xze szt < CCy *ml| L.

Additionally, we are aware of examples indicating that for any ¢ > 4 there exist
functions m € LY(R*") N Z*(R*") such that the associated operator T}, does not map
L* x L? to L'; see [24] for ¢ > 4 and [47] for ¢ = 4. These counterexamples are discussed

in Section 11.

9. BUMPS CENTERED AT LATTICE POINTS

Before we prove Theorem 8.1 we present the idea of its proof in a simpler context. We
examine the situation where the bilinear operator is given as a finite sum of products of
smooth bumps supported in small discs centered at some lattice points in R2. As the set
of lattice points may not be a product of subsets of Z, the associated bilinear operator
cannot be written as a product of linear operators and an alternative approach needs to
be employed for its boundedness.

Let us define a linear operator as follows:

(9.1) Su(f) () = / F(&)(€ — k)emicede,

where ¢ is a smooth function on the line supported in the interval (—1/10,1/10).
Let E be a subset of Z? of size N. We denote by E; the set of all k& € Z with the
property that there exists an [ € Z such that the point (k,l) € E. That is E; is the set



30 LOUKAS GRAFAKOS AND LENKA SLAVIKOVA

of all first coordinates of elements of E. We think of the set £ as a union of columns
Coly indexed by k € E; and we write
E= ] Col

ke Fq

Toy(f,9) = Zsk /) Z Su(g)-

keEy l: (k,l)eColy,
We split the columns in large and small. Precisely, we write

and

E = Elarge U Esmall,
where E'9¢ contains all columns of size > K and E*™% contains all columns of size
< K, for some K to be chosen later. Analogously we split

El Elarge Efma” 7

l ) ) .
where E,"¢ and E;™e is the set of all first coordinates of columns in E'9¢ and Esmall,

respectively. Correspondingly we define:

(g = S0 s S Sio)

keEi‘"ge l: (k,1)eColy,
and
T3 (f,g) = Z Sk(f) Z Si(g)
ke Esmall 1: (k,1)€Coly,
- Y s Y s
1: 3k (k,l) € Esmall k: (k)€ Esmall
so that

T,y (f.9) = T30 (f, 9) + T;0" (f 9)-
We start with Tj‘j\;‘ge. We have

[Tl (f o)l < D 1S Do S,

keELoT9¢ I: (k,1)eColy,
< X sl X s,
keEloT9¢ I: (k,1)eColy,
1 2 1
S 1o (L | ¥ swl)
keEloroe kegleree L (k1)eColy

arge 1
<[lg e I Lz (HET)2 [l oe 19l 22,

exploiting the orthogonality of Sj’s on L2.
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Notice that as there are N points in E and each column in E'9 has at least K

elements, this means that there are at most N/K columns in E'9. We conclude that
(9:2) T (fo )| o < (NVE)2 10l £ 12219 22
We continue with 727", We have

small
[ I,

=H oSl Y s,
1: 3k (k,1)€ Esmall k: (k,l)eEsmall

< X s X sl
1: 3k (k1) Bsmall E: (k,l)€Esmall

< X ol X s,
1: 3k (k1) Esmall k: (k,l)e Esmall

(> pswl) ( | > s

(k,l)eEsmall 1: 3k (kl)eEsmall  k: (k1) Esmall

gnmuwugrm( 3 S s <f>||iz)§

1: 3k (k,l)eEsmall k: (k)€ Esmall

=||¢>HLoo||g||L2< > HSk(f)Hiz)é

keEsmall l: k l)ecolk

1

s||¢||Loo||g||LzK%( 3 ||sk<f>\\;>2

kJEEfma”
1
<Nl zoellgllze K2 |9l oo [ f 1] 2,

as all columns in E*™ have size at most K. This yields

(9-3) 150 (f. 9 < K2l 11l 22Nl gl 22

In view of (9.2) and (9.3), the optimal choice of K = N'/2. This proves
1

(9.4) | Ton (fs )| < Nallglzeoll £ll2 g 2.

10. PROOF OF THEOREM 8.1

We plan to outline the proof of Theorem 8.1. This is based on the product-type wavelet
method initiated in [20]. Our approach here incorporates several crucial combinatorial

improvements compared to [20].



32 LOUKAS GRAFAKOS AND LENKA SLAVIKOVA

We recall some facts related to product-type wavelets that will be crucial in our ap-
proach of proving Theorem 8.1 For a fixed M € N there exist real-valued compactly
supported functions ¥p, ¥y in C*(R), called father wavelet and mother wavelet, respec-

tively, that satisfy
[Vrll2m) = [¥mll 2@ =1
and
/kaM(:c)dx =0 forall 0 < k < M.
R

Then the family of functions of the variables (z1,x3) € R" x R”

U {1/)F($1 — )r(ze — M2)}

1,2 €L

{2%1@(2%1 — )2 Y (s — M2)}

(@
C
(@

=
—
=
)
m
N
3
>
Il
o

{2%¢M(2A951 - H1)2%¢F(2A$2 - MZ)}

(@
e
3

=
=
=
V)
m
N
3
>
Il
o

U U U {2%%\4(2%1 — /L1)2%A¢M(2/\372 — Mz)}

p1,p2€Z"  A=0

forms an orthonormal basis of L?(R?"). This result is due to Triebel [52].
We denote by J the set of all pairs (A, G) such that either A = 0 and G = (F, F'), or A
is a nonnegative integer and G has the form (F, M), (M, F'), or (M, M). For (\,G) € J

and (uy, ps) € Z*" we set

ni ni
UG (1,12) = 27 g, (2021 — 111)277 Y, (2002 — ).

for (z1, 1) € R*™ where G = (G1,G3) and (\,G) € J.

The cancellation of wavelets is manifested in the following result.

Lemma 10.1. Let M be a positive integer. Assume that m € €M*! is a function on

R?" such that

sup [|0%m||re < Ch < 0.
la|<M+1

Then for (A\,G) € J and (u1, pa) € Z** we have

(10.1) (IACm)| < CCp2-MFntDA

H1sp27

provided that 1y has M vanishing moments.
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This lemma can be easily proved and is essentially a restatement of Lemma 7 in [20].
Note that if G = (F, F') there is no cancellation, however, there is no decay claimed in
(10.1), as A = 0 in this case.

Proof of Theorem 8.1. To prove the theorem we use the product type wavelets intro-
duced. We begin by fixing a large number M to be determined later, which denotes the
number of vanishing moments of the mother wavelet.

For (\,G) € J and p € Z*" we denote the wavelet coefficient by

b>\ G _ <\I/>\ G >
By [51, Theorem 1.64] and by the fact that L9 coincides with the Triebel-Lizorkin space
F7,, we obtain
(10.2) Il ~[|[( 3 3 1992 2)1/2]
' Le(gen) X ) aggany

(NGET pez2n

where @, is the cube centered at 27y with sidelength 2!

Now, let us fix (A,G) € J. For notational simplicity, we write b, instead of bﬁ’G
in what follows. We also denote by Q/\u the cube centered at 27*u with sidelength
27*. Noting that these cubes are pairwise disjoint in u (for the fixed value of \), the
equivalence (10.2) yields

1
Il ozey Z 27 (D bul*xon,) 2 | agrany

HEZ?
1
> 2| (D [bulPxgy,) ooy
HEL?
=2 D Bulxa, | ageon
/LEZQn
= 20D )
HEZ?

Setting b = (b,)ez2n, the preceding sequence of inequalities yields
(10.3) 1blles < C27™07 D m| o
Also, Lemma 10.1 implies that
(10.4) 16| < CC2~ MM HRHD),

where M is the number of vanishing moments of ;.
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We have an infinite x infinite matrix of wavelet coefficients indexed by Z?". To better

organize these coefficients, define
U ={(k1) €Z" xZ"=7": 27" H|bllpe < [bpy| < 27"||b]|¢== 1,

where 7 is a nonnegative integer. Also, we write U, as a union of the following two
disjoint sets:

Ul ={(k,1) €U, : card{s : (k,s) € U} > K};

U? ={(k,1) € U, : card{s : (k,s) € U,} < K},
where K is a positive number to be determined. Thinking of U, as an infinite x infinite
matrix with integer entries, in this splitting, we placed in U} all columns of U" that

have size greater than or equal to K and in U? the remaining ones. We call U} the long

columns of U, and U} the short columns. Let us denote
E={keZ": (k1) €U} for somel € Z"}.
This set is exactly the set of projections of all long columns. Then

#E) K 27V blle=]" < D [baa” < BlI%,

(kDeU}

and therefore
(10.5) HE < K27 b o] | bII%-

Having broken down the wavelet coefficients in groups we proceed with the analysis of
the sums of the decomposition associated with these groups. Given (k,l) € Z™ x Z™, i

follows from the definition of ‘If( MG that \If(k ) can be written in the tensor product form
‘I’?k(l;) (21, 12) = w1 k(w1 )wa(22)
and

A
loor il = flwa il 2%

Define

Z bkz‘lfkkcl;)— Z (kw1 kw1

(k,)EU} (k,l)eU}

Let F~! denote the inverse Fourier transform. Then

[Tors G0l < | 3 b )7 i)

(k,1)eU}
Z bir,1ywa,1g H

Ll

<2 el

keE (k)eU}t
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< O Jorsf 1125 2 Mol oo
keE
/2 2 n
<c(32 ) (3 honsF )22l ol

ni

Ly (r 4 nA nA
< C{K SR el] H bl {2 2 bl 25 U122,

where we used estimate (10.5) and the property that the supports of the functions wy

and wy; have finite overlap.

Now define
Z b(klw1kw2z
(k,1)eU2
Then
T (o)l < || 32 b P ind JF w2,
(k1) EU2
< Z |w247]| > Z b(k,l)w1,kaL2
1: 3k (k) €U2 ks (ke 1) EU2
1
< (X)X L)’
lezn I: 3k (k,1)eU2  k:(k,l)eU?
1
<2l (Y el I X eol)’
k: 3 (k1) €U2 1:(k,1)€UZ
< 2% |g|l 227" \b||gooK2(Z||w1kaL2>
keZ

o, 1.m
< CO22 27" |[bllee K227 || f| 2]l gl 2
We have now obtained the estimates for an unknown quantity K:
-1 —(r -3 3 NAG—T
(10.6) T (F )l < CE 2 [270FD|bllese ] 2 (101172727 D]l e | f 1| 22l 22,
- 1
(10.7) | Tz (£, 9)llir < C22277|[bllese K2 | £ 22| g 2

We choose K optimally so that the two quantities on the right in (10.6) and (10.7) are
equal. The optimal choice of K is
Eay
1Bl

T r,1 r,2
m’ = g b pwirwar =m™ +m
(k,1)eU,

This choice of K yields for
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the estimate
(10.8) | Dol sr < €2 27 0= 2%
Using (10.3) and (10.4) in (10.8) we obtain
[ Trllinsimssn < Oy~ 2 A= DMEE G0 2= (=D

Notice that when ¢ < 4 we have 1 — ¢ < 0, hence we can sum in r € Z*. Also,

2n,\—,\(1—g)(M+n+1)+n(§—1)g,\ _ 2A[gf‘{%q(M+1)]

and the exponent is negative only when M +1 > 42an- Thus, if we choose M = LfT"qJ, we
can sum first over A € Z* U {0} when G € {(F, M), (M, M), (M, F)}. For G = (F, F)
there is no need to sum over . This yields (8.2) for any G and completes the proof of
Theorem 8.1. 0

11. THE SHARPNESS OF THE CONDITION ¢ < 4

In this section we discuss optimality of the assumption ¢ < 4 of Theorem 8.1. The

main result is the following.

Theorem 11.1. Suppose that q > 4. Then there exists a function m € Li(R*') N
L>(R*™) such that the associated operator Ty, does not map L? x L* to L.

Theorem 11.1 was proved in [24] in the case ¢ > 4. The limiting case ¢ = 4 is
discussed in [47]. We do not include the full proof here as it is somewhat technical but
we will describe the main ideas needed to reach the conclusion. To further simplify the
presentation, we will assume that n = 1.

We start by studying a randomized variant of the operator Ty, from Section 9. Namely,
we fix a (large) positive integer K and consider the set F = {(j, k) e N*: j + k < K}.
We observe that N := #FE = K(I;_l).

Let (r;(t))32, denote the sequence of Rademacher functions; see Section 4 for the defi-

nition. Assume that ¢ is a smooth function on R supported in the interval [—1/10,1/10]
assuming value 1 in [—1/20,1/20]. Let S be the operator given by (9.1). We fix t € [0, 1]

and define the operator T ; as

Ta(f9) = Y rier(t)Si(£)Sklg) = 7k (8)S; () Sk(9)-

(j,k)EE j=1 k=1
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This operator is associated with the multiplier

K—-1K—j

mi(€,1m) Z Zr]-i-k —J)o(n — k).

7=1 k=1
Let ¢ be a Schwartz function on R whose Fourier transform is supported in the interval
[—1/100,1/100]. We define functions f and g on R in terms of their Fourier transform
by

(11.1) &) = K723 3¢ —))

and

(11.2) G =K7Y 3n—k).
k=1

Then both f and g are Schwartz functions whose L?-norms are bounded by a constant
independent of K. We observe that

Do (f,9)(2) = K~ A T (t) (p(x)) 2w aTh)

I

s inequality (4.7), we obtain

dt dx

Y (= Dr(t)em (p())?

Using Fubini’s theorem and Khintchine

/01 HTmK,t(ﬁg)HLl dt = K_l/R/Ol
S 2
~ K~ / (Z:: l— 1 |<P ) "

NK2N 1

This indicates the sharpness of the estimate in Section 9. Let us now observe that this
calculation is also relevant for proving Theorem 11.1. We fix ¢ € [1, 00) and consider the
function

2

MK,t = K,ng’t.
Then the L? norm of M, is bounded uniformly in K and ¢, and the same is true for
the L*> norms of all partial derivatives of Mk ;. The calculation above yields

1_2

1
/ ”TMK,t(fug)HLl dt ~ K2 ¢,
0
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We see that the right-hand side approaches infinity as K — oo if ¢ > 4, which implies

that T}, is not bounded from L? x L? to L' with a constant depending only on the L4

norm of m and on the L norms of its derivatives in this case. A modification of this

example can then be used to construct a single function m € L(R?**) N L>(R?") for

which the associated operator T}, does not map L? x L? to L'.
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