Vector-valued singular integrals and maximal
functions on spaces of homogeneous type

Loukas Grafakos, Liguang Liu and Dachun Yang*

Abstract The Fefferman-Stein vector-valued maximal function inequality is proved
for spaces of homogeneous type. The approach taken here is based on the theory
of vector-valued Calderén-Zygmund singular integral theory in this context, which is
appropriately developed.

1 Introduction

Let (X,d) be a metric space endowed with a regular Borel measure u. Recall that p is
said to be a regular Borel measure on X if u is a nonnegative countably subadditive set
function defined on all subsets of X', open sets are measurable and every set is contained in
a Borel set with the same measure (see, for example, [10]). We also assume that all balls
defined by the metric d have finite and positive measures on y. For any z € X and r > 0,
set B(z,r) ={y € X : d(x,y) < r}. The triple (X,d, u) is called a space of homogeneous
type in the sense of Coifman and Weiss [2, 3] if the following doubling property holds:
there exists a constant C; > 1 such that for all z € X and r > 0,

u(B(x,2r)) < Cru(Bla, ). (L1)

From (1.1), it is easy to deduce that there exist n > 0 and A > 1 such that for all x € X,
r>0and A > 1,
u(B(w, Ar)) < AN'u(B(z, 7). (1.2)

The number n here in some sense measures the “dimension” of the space X.
Let B be a complex Banach space with norm || -||g. Let B* be its dual space with norm
Il - ||+ A function F' defined on a o-finite measure space (X, 1) and taking values in B is
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called B-measurable if there exists a measurable subset Ay of X such that u(X \ Ap) =0
and F'(X)) is contained in some separable subspace By of B, and for every u* € B*, the
complex valued map = — (u*, F'(z)) is measurable. From this definition and theorem in
[17, p.131], it follows that the function z — ||F(x)||z on X is measurable.

For any p € (0, 00|, define LP(X, B) to be the space of all B-measurable functions F' on
X satisfying || F||1»(x, gy < 00, where

1/p
VFllor ey = { / ||F<x>r%du<w>} (13)

with a usual modification made when p = co. Similarly, define LP»*°(X, B) to be the space
of all B-measurable functions F' on &’ satisfying ||F|| s, x5y < 00, where

IFlln(x. = sup el (f € X+ [ F@)]ls > a})] 7} (14)

Let p € (0,00) and LP(X) ® B be the set of all finite linear combinations of elements
of B with coefficients in LP(X), that is, elements of the form,

F = fiu1 + -+ finum, (1.5)

where m € N, f; € LP(X) and u; € B for j € {1,--- ,m}. Then the space LP(X) ® B is
dense in LP(X, B); see, for example, [7] or Lemma 2.1 below. Given F € L'(X) ® B as in
(1.5), we define its integral to be the following element of B

/ F(x)du($)=g{ [ s dute) s

Therefore, for any F' € L'(X, B), the integral [, F(z)du(z), as a unique extension of the
integral of functions in L'(X)® B, is well defined; moreover, it is not difficult to show that

(w. [ F@dute)) = [ @ Fe)duta)

which further implies that

see, for example, [7] or [17] for more details.

for any u* € B*,

| F@duta)

< J 1@l dnte) (1.6)

Now we turn to the vector-valued singular integrals. Let B; and By be Banach spaces.
Consider a kernel K defined on (X x X)\ A with A = {(z,2) : © € X}, where K (z,y)
is an element of £(B;,B2), the space of all bounded linear operators from B; to Bz. The
norm of K (z,y) will be denoted by || K (z,9)||8,—5,-
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Assume that K (z,y) is £(B1, By)-measurable and locally integrable on (X x X)\ A
such that the integral

/K 2, 9)F(y) du(y) (L.7)

is well defined as an element of By for all F € L*°(X,B;) with bounded support and
x ¢ supp F. Assume that the kernel K satisfies Hormander’s conditions, i. e., there exists
a positive constant C'y such that for all y, z € X,

/ |B (2,y) — B(2,2)|15s—, du(z) < Car, (18)
(z,y)>2d(y, 2)
and for all x, w € X,
/ 1R () — B(w,y)l|5—8 du(y) < Cir. (1.9)
(z,y)>2d(z, w)

The main result concerning such singular integrals is the following;:

Theorem 1.1 Let By and By be Banach spaces. Suppose that T given by (1.7) is a bounded
linear operator from L"(X,B1) to L"(X,Bs) for some r € (1,00] with norm A, > 0.
Assume that K satisfies Hormander’s conditions (1.8) and (1.9) for some Cy > 0. Then
T has well defined extensions on LP(X,By) for all p € [1,00). Moreover, there exist
positive constants Cy and Cy depending only on X such that for all F € L'(X,B1),

Hf(F)HLl»oo(X,Bg) < Cx(Cy + A F L1, By)s (1.10)
and whenever p € (1,00), for all F € LP(X,B),

IT(F)||o(x, 82) < CaxCp(Cr + Al Fll 1o, 3y (1.11)
where Cp, = max{p, (p — 1)~'}. When r = oo, (1.11) holds with C, = max{1, (p — 1)7'}.

For any f € L} (X) and z € X, the Hardy-Littlewood maximal function M(f) is
defined by
M) = sup s [ 17 auty
B>z :u
where the supremum is taken over all balls B containing x, and the central Hardy-
Littlewood maximal function M(f) is defined by
—~ 1
fo:sup/ f)| duly).
D@ =3y [ VW)
Then it is casy to deduce that M(f)(z) < M(f)(z) < A3"M(f)(z) for all z € X.
Moreover, M is weak-type (1,1) and bounded on LP(X') for p € (1, oc]; see [2, 3] for more
details.
As an application of Theorem 1.1, we obtain the Fefferman-Stein vector-valued maximal
function inequality first proved by [5] for Euclidean spaces; see also [14].
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Theorem 1.2 Let M be the Hardy-Littlewood mazimal operator. For p € (1,00) and
q € (1,00], there exist positive constants Cx and Cx depending only on X such that for
all measurable functions {f;};en,

1/q 1/q
> M) < CxCy ||| Y151 (1.12)
JEN JEN
L1, 0(X) L1(X)
and
1/q 1/q
STIM)) < CxCpq ||| Do 11517 , (1.13)
JjeN JjeN
LP(X) Lr(Xx)

where Cy = max{1, (¢—1)"1} and C, ; = max{p, (p—1) "'} max{1, (¢—1)"1} if ¢ € (1,00);
and if ¢ = oo, Cy and C,,, coincide with the norms of the operator M : LY(X) — LY>°(X)
and M : LP(X) — LP(X), respectively.

Theorems 1.1 and 1.2 are classical and well known in the Euclidean setting. Their
extension to spaces of homogeneous type is dictated by the wide range of applications in
which they appear; see for instance [13, 8, 9, 12] for applications involving function spaces
and [13] for an application in the context of smooth manifolds with geometry given by a
Carnot-Carathéodory metric induced by a collection of vector fields of finite type.

One may give another proof of Theorem 1.2 using the weighted theory on spaces of
homogeneous type (see, for instance, [15]) and by a procedure as in [5] (see also [14,
Chapter II]). This was pointed out in [13] but neither that proof nor the one in this paper
has been previously published in this general framework with careful verification of all the
details involved, some of which are rather delicate.

The organization of the paper is as follows. In Section 2, we discuss a suitable adap-
tation of the Calderén-Zygmund decomposition on X to the vector-valued setting and we
prove Theorem 1.1 following [6, Section V.3| (see also [7, pp. 326-327]). The proof of
Theorem 1.2 is given in Section 3 and is also based on the approach in [6, Section V.4].

We use the following notation: N = {1,2,---}, Z, = NU {0}, and for p € [1,00], p is
the unique element of [1, o] satisfying 1/p+1/p’ = 1. We denote by C' positive constants
independent of main parameters involved, which may vary at different occurrences. Con-
stants with subscripts do not change through the whole paper. We use f < gand f 2 ¢
to denote f < Cg and f > Cyg, respectively. If f < g < f, we then write f ~ g. For any
x € X and r > 0, denote u(B(z,r)) by V;(x).

2 Proof of Theorem 1.1

We begin with the following density lemma, parts of whose conclusions are already known
and others are easy. We omit the details; see, for example, [7, pp. 320-321] or [4].
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Lemma 2.1 For p € (0,00), the set of functions with the form ®(x) = 377" x; (x)uj,
where m € N, u; € B, {Ej};ﬂ:l are pairwise disjoint bounded subsets of X and 0 <
u(E;) < oo, is dense in LP(X,B). For p = oo, the set of functions with the form ®(x) =
> j21 XE; (2)uj, where {u;}jen C B and {E;}jen is a partition of X, is dense in (X, B).

Remark 2.2 Denote by Ly° (X, B) the set of functions in L>° (X, B) with bounded support.
Forp € (0,00), Lemma 2.1 says that LP(X)®B is dense in LP(X, B), which further implies
that Ly°(X, B) is also dense in LP(X,B).

Using Lemma 2.1 and arguing as in [4, pp. 97-98], we obtain the following conclusions
by leaving the details to the reader. By B* we denote the dual space of B.

Lemma 2.3 Let p € [1,00], p' be the conjugate index of p, i.e., 1/p+1/p' =1 and let B
be a Banach space. Then,

(a) for any F € LP(X,B),

1| Lex,8) = sup
TR

?

/ (G(), F(2)) dpu(z)]
X

<1

(b) for any G € LV (X, B*),

/ (G(), F(2)) du(x)|
X

HGHLP'(X7B*) = sup
I1Fllp(x, By<1
Remark 2.4 From Theorem 1 in [4, p. 98] and Example 1 in [4, p. 60], it follows that in
general, LP' (X, B*) C (LP(X,B))* forp € [1,00). However, if B is reflexive and separable,
then LV (X, B*) = (LP(X,B))* by Corollary 4 in [4, p. 82] and Theorem 1 in [4, p. 98].

The following vector-valued version of the Marcinkiewicz interpolation is essentially
contained in [1, Lemma 1]. The formulation below keeps into account the constants; the
details of the proof are standard and omitted.

Lemma 2.5 Let By and By be Banach spaces. Let 0 < pg < p < p1 < oo and s € (0,1)
satisfy (1 —s)/po+ s/p1 = 1/p. Suppose that T is a sublinear operator, that is, it satisfies

IT(F + @), < | T(E)s, + I T(C)] 5,

for all F and G. Assume that T maps LPo(X,By) to LPo>°(X,By) with norm Ay and
LPY(X,By) to LP»°°(X, By) with norm Ay. Then T maps LP(X,By) to LP(X,By) with

norm at most 2(;E- + plp%p)l/pAé_sA‘f.

Using Lemma 2.1 and an adaptation of the proof of the classical Riesz-Thorin interpo-
lation theorem (see, for example, [7, 16]), we obtain the following result. The details are
omitted.
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Lemma 2.6 Let By and By be Banach spaces. Let 1 < pg, p1, qo, 1 < 00, s € (0,1),
1/p=(1—5)/po+s/p1 and 1/q = (1 —5)/q0 + s/q. Assume that T is a bounded linear
operator from LPi(X,By1) to L% (X, By) with norm A;, where i =1, 2. Then T is bounded
from LP(X,B1) to LY(X,By) with norm at most Ay~ *A5.

From Lemma 2.5 and Lemma 2.6, we deduce the following conclusion; see [7, p. 43] for
the scalar case.

Corollary 2.7 Let By and By be Banach spaces. Let 1 < p < r < 0o. Suppose that T isa
linear operator bounded from L'(X,By) to LY (X, Bs) with norm Ag and from L"(X,Bi)
to L™ (X, By) with norm Ay. Then T is bounded from LP(X,By) to LP(X,By) with norm

1/p—1/r 1-1/p

at most 8 max{1, (p — 1)*1}1/101401—1# A11—1/T'

Proof. Applying Lemma 2.5 and interpolating between L'(X', By) and L" (X, By), we ob-
tain the boundedness of T' from LP+D/2(X B;) to LPT1)/2(X | By). Then using Lemma 2.6
and interpolating between L®P+1/2(x|B;) and L"(X,B;), we further obtain the bounded-
ness of T from LP(X,B;) to LP(X,By), which completes the proof of Corollary 2.7.

The Calderén-Zygmund decomposition in Coifman and Weiss [2] can be generalized to
functions in L'(X, B) with bounded support as follows.

Lemma 2.8 Let F' € L'(X,B) with bounded support and o > ||F||11(x, g)/m(X). Then
there exist positive constants Co, M depending only on X and a sequence of metric balls

{B(zi,7i)}i such that
(i) F(x) = g(x)+ h(z), where h(z) =), hi(x) holds for all x € X;
(ii) for allx € X, |[g(z)|s < Cacy;
(i) g9l v, 8y < CollFllL1(x, )
(iv) for any i € N, supp h; C B(wi,ri) and ), p(B(zi, i) < Co||Fl[ 11 (v, 8) /s
(v) for any i € N, fX hi(x) du(x) = 0, where O denotes the zero element of B3;
(vi) i il x,8) < CollFllprx, s
(vii) every point of X belongs to no more than M balls of {B(x;,1;)}i.
Proof. We only give a sketch of the proof. Given any a > 0, set
Qu = {z € X s M(IF()5)(x) > A%6"a)}.

Then the weak-(1,1) property of M implies that 1(Qa) < [[Fllpx8)/a < oo It is
obvious that €, is open. By [3, Lemma (3.9)], we know that €, is bounded, i.e., 2, is
contained in some ball of X.



Vector-Valued Singular Integrals 7

Therefore, applying the Whitney covering lemma (see [2, 3]) yields a sequence of balls
{B(zi,ri)}: satisfying that: (1) Qo = U;B(zi,7;); (2) every point z € X belongs to no
more than M balls of {B(x;,7;)}4; (3) there exists a constant C' > 1 depending only on X
such that {B(z;, C~'r;)}; are mutually disjoint and B(z;, Cr;) N QL # () for i € N, where
and in what follows, Q8 = X\ Q.

For any i, set B; = B(x;,r;) and

() = XBi($)
ni() S s, @)

where xp,(z) =1 if z € B;, and = 0 if = ¢ B;. Define
o(5) = P @)+ 3 gy [, FO0) ) xs ),

and for any given ¢,

hi() = Fla)nz) - (

1
1(B;)

Notice that F(y)ni(y) is B-measurable and the integral fBi F(y)ni(y) du(y) makes sense,
which imply that g and h; are well defined. Properties (i) through (vii) above can then

/ F(y)ni(y) du@)) XB; ().
B;

be verified easily. This completes the proof of Lemma 2.8.

Proof of Theorem 1.1 Since Ly°(X,By) is dense in LP(X,By) for p € [1,00) (see Re-
mark 2.2), we only need to verify the theorem for F' € Ly°(X,B;). We further assume
that pu(X') < oo since the proof for the case p(X) = oo is similar and simple.

We first show the theorem for the case r < oco. Let us now prove the weak estimate
(1.10). If 0 < A7'A < ||F | 1, 5y)/1(X) (this happens only when pu(X) < co), then

i € X2 [T @), > A} < () < A TIEXE)

If A7A > ||Fllp1(x, ,)/1(X), then applying Lemma 2.8 to F' € Ly°(X,B;) and A1\
yields that

(2.1)

F(z) = g(z) + h(z +Zh

where g and h; satisfy properties (i) through (vii) of Lemma 2.8 with constant « replaced
by A-'X. For any 4, set B; = B(x;,2r;). Notice that

p{z e IT(F)(2)]s, > A})
<p({ze X T (@) > A/2}) + u({x € X : [|T(h)(x)ll5, > A/2})

_)\TIIHT( Dy + 0 (UBs | + 0 MZUB 1T (h)(2)]|5, > A/2
J

=71+ 72y + Zs.
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The boundedness of T' from L" (X, By) to L"(X, By) together with Lemma 2.8 (ii) and (iii)
shows that

(24,)" (2C2)" A,

(2C)" A,
Z1 < 7”9”m(x By) < THQHU(){,&) <—

11, By)-

By (1.2) and Lemma 2.8 (iv),
n A2"MCH A,
Zy < A2"Y " u(B(zj, 1)) < f”FHLl(X,Bl)-
J

Now we estimate Z3. Notice that Lemma 2.8 (v) and (1.6) imply that for any = ¢ (UjGNEj),

Ir@ls =3 [ R - )] i) )

J 373 By
S;AWJmekmmhwuww
sgéwmz%w>ﬁmmhlwmumwu

Thus,
zes [ 0@, dute)

UJ 5)
)\Z/ B(zj,r5) /(UJB )E

For any j € N, since z ¢ (Ujéj) implies that = ¢ Ej, it follows that for any y € B(xj,7;),
d(z,z;) > 2r; > 2d(y,x;). Then by (1.8) and Lemma 2.8 (vi),

2C'H QCHCQ
sz/ 13 @)y du(y) < =521 Fll s, m0)-
B(zj,1j5)

| /\

v) = Rea))|, b )l dine) dn(y).

Then combining (2.1) and the estimates of Z; through Z3 yields (1.10) for the case r < oo.

By Corollary 2.7 and interpolating between T : LY(X,By) — LY*°(X,By) and T :
L"(X,B1) — L"(X,B2), we then have that for p € (1,r), there exists a constant Cy > 0
such that for all F' € LP(X, By),

IT(F)|| 1o, ) < Cax max{1, (p — 1) N Cp + AL Fll 1o(x, 1) (2.2)

namely, (1.11) holds for p € (1,r).
We still need to verify (1.11) for p > r. From K € L(By, By), it follows that its adjoint
K* € L(B3,BY) has the same norm as K. Therefore, (1.9) for K is equivalent to (1.8)
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for K*. The boundedness of T' from L"(X,B;) to L"(X,By) and Lemma 2.3 (b) together
with Holder’s inequality show that for any F € L™ (X, B3),

IT*(E) L 2,y = sup
IGlLr(x,5,)<1

< s / | F() 1531 (G) (@), dpa(z)
IGllLrx, 8y <1 /X

< sup HFHLT’(X,B;)HT(G)HLT(X»Bz)
IGllLr 2, 5y)<1

< AlFl L sy

[T (0)@),6(a) dute)
X

That is, T* is bounded from L" (X, B}) to L™ (X,B:) with norm at most A,. Repeating
the proof above for (1.10), we obtain

HT*(F)HLLOO(X,B{) < Cx(Cu + A F|| Ly (x, )
Then using these bounds and interpolating yield that for any p € (1,77),
1T (F) .y < Coemax{L,p — 1HCit + ADIFll o s (23

since (p'—1)~! = p—1. Hence, (2.3) and Lemma 2.3 (a) together with Holder’s inequality
give that for any p € (r, 00),

IT(F) Loge, 55) = sup

[ 6@, T @) duta)
2)§1 X

< sup 1T (G| ot (0, 1) | F [l Lo, 1)

G107, 3, <1

< Cymax{l,p—1}(Cu + Ar) || F|| 1r(x, B,)-

This estimate combined with (2.2) yields (1.11). Thus Theorem 1.1 holds when r < oco.

Now we consider the case r = oo. Notice that if 0 < A < 2ACo||F|p1(x, 5/ 1(X),
then in a similar way to the case r < oo, we obtain (2.1) with A, replaced by 2A4.,Cs.
Otherwise, we apply Lemma 2.8 to F' € L°(X, By) arid (2400C) X > ||Fl 11, )/ ().
Moreover, since for any = € X, the boundedness of T' from L>(X,B1) to L*°(X, By) and
Lemma 2.8 (ii) imply that for all z € X,

IT(9) (@)1, < Ascllg(@) |5, < A/2,
we then have
p({z € X+ |T(F)(x)ls, > A}) < p({z € X« || T(h)(x)|ls, > A/2}).

Then repeating the estimates above for Z; and Zs yields (1.10), which together with
Corollary 2.7 further shows that (2.2) holds for any p € (1,00). This finishes the proof of
Theorem 1.1.
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By Theorem 1.1 and an argument similar to the proof of [7, Proposition 4.6.4], we
obtain the following conclusion, whose details are left to the reader.

Corollary 2.9 Let p, q € (1,00) and By, By be Banach spaces. Suppose that T given by
(1.7) is a bounded linear operator from Li(X,B1) to LY(X, By) with norm Ay > 0. Assume
that K satisfies Hormander’s conditions (1.8) and (1.9) for some Cyr > 0. Then there
exist positive constants Cy, C~'X depending only on X such that for all Bi-valued functions

{Fj}jen,

1/q 1/q
S IT(E)|E, < Cx(Ch+ Ag) || Do IEIIE,
jEN jEN
L1.o0 (X, By) L'(x,B1)
and
1/q 1/q
S ITE)E, < CxCy(Cr + Ag) ||| D IIF1IE, ,
JjeN JjeN
LP (X, B) Lr(X,B1)

where Cp, = max{p, (p — 1)1}

3 Proof of Theorem 1.2

To prove the Fefferman-Stein vector-valued maximal function inequality, the existence of
the following approximation of the identity on spaces of homogeneous type, proved in [9,
Theorem 2.1], plays a key role.

Lemma 3.1 There exist C3 > 1 and a sequence of bounded linear integral operators
{Sk}rez on L*(X) such that for all k € Z and all x, o', y and y € X, Si(z,y), the

integral kernel of Sy is a measurable function from X x X into RT satisfying
(i) Sk(z,y) =0 if d(z,y) > 227 and Sk(z,y) < CSW;

(ii) Sk(xay) = Sk(yax);

(iii) |Sk(z,y) — Sk(z’,y)| < C32kd($a$/)m for d(z,a") < 2°7F;

(iv) |[Sk(@,y) = Sk, )] = [S(a’sy) — Sp(a’,y)]| < Cy22h o AL
257F and d(y,y') < 2%7F;

(’U) f)( Sk(l’,y) dll’l’(x) =1
(vi) C3Vy—i(x)Sk(z,x) > 1.

for d(z,2") <
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Remark 3.2 From (iii) and (vi) above, we deduce that for any Cy € (0,(C3)™2), there
exists Cs > 0 such that for any k € Z and z, y € X satisfying d(x,y) < C,27F,

Cs5Vyi(x)Sk(z,y) > 1, (3.1)
where Cy = C3/(1 — (C3)%Cy).

Proof of Theorem 1.2 If ¢ = oo, then (1.12) and (1.13) can be deduced directly from
the fact sup;eny M(fj)(2) < M(supjey | fj])(x) and the boundedness of M. Thus we only
need to consider the case g < cc.

Let {Si}rez be as in Lemma 3.1. For f € L} _(X), set Mo(f)(x) = suppez |Sk(f)(2)].
Notice that for any x € X', by (1.2),

1 1
M) = sup s [ 1St ~sup s [ 1]
which together with (3.1) yields that for any =z € X,
M(f)(x) 3 Sup/ Sk(x, )| f (W)l du(y) < Mo([f)(z)- (3.2)
keZ JB(z,2-F)

We will obtain the claimed vector-valued inequality for “bigger” maximal operator M.
For any given y, z € X and y # z,set J; = {k € Z : d(y,2) < 237*} and Jo = Z \ J;.
Then we write,

/ sup |k (e, ) — Si(x, 2)| du(z)
d(z,y)>2d(y, )

kEZ
< Z/ |Sk(x,y) — Sk(z, )| du(z)
kez Y d(x, y)>2d(y, z)
=L (3.3)
keZ

For each k € Jo, by Lemma 3.1 (i) and the triangle inequality for the metric d, we can
deduce that I, = 0. For any k € Ji, set

Dy = {x e X d(a:,y) > Qd(y, z)} n (B(y’ 22*1%) UB(Z, 227]@)) '
Thus when k € Ji, by the support condition of Sy and the regularity of Sk,

2kd(y, z)
(@) + Va-x (y)

which implies that ;. ; Iz < 1. Combining this with (3.3) yields that

o= [ 1) - Sl duo) s [
Dk Dk 2_’C

sup / sup |Sk(z,y) — Sk(zx, 2)| du(z) S 1. (3.4)
Yy, 2€X Jd(x,y)>2d(y, z) kEZ
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Set By = C, By = (> and view My as the linear operator f — {Sk(f)}rez that
maps Bi-valued functions to Bs-valued functions. Precisely, we define a Bo-valued kernel
K(z,y) = {Sk(z,y)}rez and a By-valued linear operator Mo(f) = {Sk(f)}rez. For any
feL>®X)and z € X,

Sun@)l < [ S 0) F@)] duly) < 1 F ()

d(z,y)<2?~F

Therefore, My is bounded from L>®(X, B;) to L®(X, By). By (3.4) and the symmetry of
Si(x,y), we have that K satisfies Hormander’s conditions (1.8) and (1.9). Then applying
Theorem 1.1 yields that for any ¢ € (1, c0),

Hfﬂ%O(f)Hchx,Bg)?S max{1, (¢ — )"V} fllze(x, 51)-

Furthermore, using Corollary 2.9, we obtain

1/q 1/q
> IMo(£)lIE, Smax{1, (¢ - 17| | D15,
JEN jEN
L1, (X, Ba) Li(x,B1)
and
1/q 1/q
> IMo(£)lI, S G| Do NS11E, :
JEN JEN
LP (X, By) Lr(X,B1)

where C), , = max{p, (p — 1)~} max{1, (¢ — 1)~!}. Combining this with (3.2) and using
the fact | Mo(f;)(2)lls, = Mo(f;)(x), we deduce the desired inequalities and complete
the proof of Theorem 1.2.

Remark 3.3 Let d be a quasi-metric, which means that there exists Ag > 1 such that
for all x, y, z € X, d(z,y) < Ao(d(z,z) + d(z,y)). Recall that Macias and Segovia
[11, Theorem 2] pmved that there exists an equwalent quasi-metric d such that all balls
corresponding to d are open in the topology induced by d and there exist constants Ay > 0
and 6 € (0,1) such that for all z, y, z € X,

d(x, 2) — d(y, 2)| < Ayd(w,y)[d(x, z) +d(y, 2)]" .

It is known that the approximation of the identity as in Lemma 3.1 also exists for cz see
[9]. Obuviously, all results in this paper are invariant on equivalent quasi-metrics. From
these facts, we deduce that all conclusions of this paper are still valid for quasi-metrics.
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