THE BILINEAR MULTIPLIER PROBLEM FOR THE DISC

LOUKAS GRAFAKOS AND XTAOCHUN LI

ABSTRACT. We present the main ideas of the proof of the following result: The character-
istic function of the unit disc in R? is the symbol of a bounded bilinear multiplier operator

from LP*(R) x L”*(R) into L?(R) when 2 < p1,pz < oo and 1 <p = P2 <2,

1. INTRODUCTION

The subject of multilinear operators was extensively studied by Coifman and Meyer [2],
[3], [4], [5] in the seventies but remained stagnant during the late eighties and early nineties;
it was not until the work of Lacey and Thiele [11], [12] on the bilinear Hilbert transform
that renewed interest in the subject was spurred. One of the main problems in the area
is to study bilinear multipliers, in particular to determine which functions are bounded
bounded bilinear multipliers.

An L™ function m(&1, &) on R? is said to be a bounded bilinear (LP!, LP?, LP) multiplier
(or symbol) if the expression

To(fr, fo) () = /R /R B (&) Fa(m)emEreem e &) de, de,

gives rise to a bounded bilinear operator, i.e. there exists a constant Cj, 5, , such that for
all Schwartz functions f; and fo on the line we have the estimate

HTm(fla f2)”p < Cphpmp”f”ﬁ”f”pz .

The smallest such constant Cp, p, , is called the norm of the bilinear multiplier m. The
bilinear Hilbert transforms are multiplier operators whose bilinear symbols are the functions
ma(€,m) = —imsgn (¢ —an) in R%, where « is a real parameter. These functions have jump
discontinuities along the lines £ = an which present significant difficulties in the analysis
of the corresponding operators. This analysis requires a careful decomposition based on
sensitive time and frequency considerations and delicate combinatorial arguments, see [11],
[12].

It is natural to ask whether characteristic functions of other geometric figures are bounded
bilinear symbols. In this expository article we present some ideas of the proof of the fact
that the characteristic function of the unit disc in R? is such a bounded bilinear multiplier.
To facilitate the understanding of the proof we include several figures. The full details of
the proof of this result can be found in the article [9] by the same authors.

Recall the classical theorem of C. Fefferman [7] which says that the characteristic function
of the unit disc is not a (linear) multiplier on LP(R?) unless p = 2. So, it may come as
a surprise that the disc is a bounded bilinear (LP!, LP2, LP) multiplier for some open set
of indices (p1,p2,p) which satisfy 1/p; + 1/p2 = 1/p. Consideration of this function as a
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bilinear multiplier is motivated by the problem of uniform bounds for the family of bilinear
Hilbert transforms studied by Thiele [17], Grafakos and Li [8], and Li [13]. The fact that
the characteristic function of the unit disc is the symbol of a bounded pseudodifferential
operator has some remarkable consequences that we state below. We set

Tp(f1, fo)(zx) = /R/RJ?1(5)J?z(n)eQ’ri(5+”)x1§2+n2<1 dedn, zeR,

for Schwartz functions f1, fo on the line. (We use the notation 14 for the characteristic
function of the set A and | k|| for the L? norm of a function h over the real line.) Our
main result is the following:

Theorem 1. [9] Let 2 < p1,ps < o0 and 1 < p = p]ZlTpZQ < 2. Then there is a constant

C = C(p1,p2) such that for all f1, fo Schwartz functions on R we have
ITo(f1, f2)llp < Cllfillps |l f2llp, -

Theorem 1 above provides a strengthening of Theorem 1 in [8] which claims that the
operators H, are bounded from LP* x LP2 — LP uniformly in @ € [—o00,+00] whenever
2<p,pp<ocandl <p= p’l’lTp;Q < 2. This assertion follows from a classical idea due
to Y. Meyer: Observing that translations and dilations of bilinear symbols preserve their
multiplier norms, we obtain that any disc has the same multiplier norm as the unit disc.
Also Fatou’s lemma gives that a pointwise limit of a sequence of bounded bilinear symbols
is bounded. Given any half-plane one can find a sequence of increasing discs converging
pointwise to it as in Figure 1. Thus the norm of the disc as a bilinear multiplier controls
that of the indicator function of any such half-plane. Clearly this control is uniform in the
slope of the half-planes, thus uniform bounds for the bilinear Hilbert transforms follow.

FIGURE 1. A sequence of discs approaching a line.

Building on this idea, we can obtain the following stronger result.

Corollary 1. Let 2 < p;,ps < o0 and 1 < p = % < 2. Then there is a constant

C = C(p1,p2) such that for all sequences of Schwartz functions fj,g; on R we have

sup H(Z IHaj(fjvgj)\Q)me < CH(Z |fj|2)1/2||p1H(Z \9]'|2)1/2Hp2 :

{a;}CR

where H,, is the bilinear Hilbert transform, i.e. the bilinear operator with symbol the
function mq(§,m) = —im sgn (& — an).
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The corollary can be easily obtained from Theorem 1 using the two-dimensional gener-
alization of Khintchine’s inequality and an adaptation of the idea in the linear setting (c.f.
[7].) We skip this easy argument but we refer the reader to [9] for details.

This article is based on a lecture by the first author on this topic at the Summer Research
Conference in Harmonic Analysis held in Mount Holyoke, MA June 25-July 5, 2001. This
author would like to take this opportunity to thank the organizers for the time and effort
they took to make the conference successful.

2. AN ORTHOGONALITY LEMMA AND TWO EASY FACTS

We state and prove an orthogonality result which allows us to obtain that a sum of
bounded bilinear operators is bounded under certain conditions on the supports of the
symbols. This lemma will enable us to control a variety of errors that appear in our
decomposition.

Suppose that a sequence of bilinear symbols o, is supported in sets S, that have disjoint
projections on the lines & = 0, n = 0, and & = n as in Figure 2. If each o, is symbol of a
bounded bilinear operator L,, and if all the operators L,,, are uniformly bounded, we show
below that the sum of the L,,’s is also a bounded bilinear operator.

n E=n

©

\

F1GURE 2. The sets S, have disjoint projections on the lines £ =0, n =0,
and £ =n.

Lemma 1. Let 2 < p1,ps < 00, 1 < p < 2, and 1/py + 1/pa = 1/p. Suppose that
{Lm}mez is a family of uniformly bounded bilinear operators from LP(R) x L1(R) into
L™ (R). Furthermore, suppose that for all functions f,g,h on the line we have

(Lin(f.9):h) = (Lin(Ay, f, AL9), Aph)

where AL f = fxa,,, A2,9 = fxB,., A3.f = hxc,,, and {An}m, {Bm}m, {Cm}m are sets
of intervals such that the A,,’s being pairwise disjoint, the B,,’s being pairwise disjoint,
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and the Cyp,’s being pairwise disjoint. Then there is a constant C = C(p1,p2,p) such that
for all functions f,qg we have

1> L9, < ClIf o ll9llps -

Proof. Denoting p’ = p/(p — 1) we have

|<ZLm(fa ’ ‘_‘Z AI f? )7A§nh>}
< / (S IEm (B 880 F) (185 s
R m
sH(D%(AMA@)P)Iﬂ (3|3, h2)

gH(Zwm(A;f, A2 g)2) /2

where the last inequality follows from Rubio de Francia’s thtlewood—Paley inequality for
arbitrary disjoint intervals (p’ > 2), see [14]. It suffices to estimate the square function
above. We have

1 2 y12\1/2 P
(O 1L (AL f A2 9) )

p

/

p p

e

/’

§/ Z |Ln (AL £, A2 )P dx (since p/2 <1)
R m
:Z 1L (AL f, AL9)E

<CZ Al fly, | A2, qllb, (by unif. boundedness of L,,)
Z I3 (3 IAnalz)™™ (F6lder)
1/2 1/2 .
SCH(Z!AM ) H(Z ) 2|, (since prop2 > 2)
<CII£15, lgll5,.
where the last inequality also follows from Rubio de Francia’s Littlewood-Paley inequality
for arbitrary disjoint intervals (p1,p2 > 2), see [14]. O

We observe that Lemma 1 holds even when the intervals A,, are not necessarily disjoint,
provided the intervals A, 1100, Am+200, Am+300, - - - are disjoint for all m € Z. We are going
to use this lemma under such conditions on the intervals A,,, B,,, and C,.

We denote by fV the inverse Fourier transform of a function f defined by fY(¢) =
f(—f ). We will also need the following trivial lemma whose proof can be easily obtained
by Minkowski’s integral inequality and Hélder’s inequality.

Lemma 2. Suppose T is a bilinear operator with symbol o(&,1n), £,n1 € R, i.e.

/ / FlE)amo (€, m)erm e de dy.
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Assume that the inverse Fourier transform o (in R?) satisfies

//\Jv(x,y)]dxdy—(}’o<oo.
R /R

Then T maps LP(R) x LY(R) — L"(R) when 1 < p,q,r < 0o and 1/p+ 1/q = 1/r with
constant at most Cy.

Finally, we have the following lemma, whose proof is standard and also omitted. We use
the notation Opqgiar = % and Oungular = %, where (r,6) are polar coordinates in R2.

Lemma 3. Let k,l be real numbers greater than or equal to 1.

(a) Let g/b\(ﬁ,n) be a smooth function supported in a rectangle of dimensions 27 x 271 with
sides parallel to the aves in R%. Assume that |8§‘$\ < 0y2% and \855\ < C32" for all
a, 3> 0. Then we have the estimate

Cy 27k
(1 + (27 Fz])? + 271 y))2)N

for all N >0. Thus ¢ has L' norm bounded by some constant independent of k and .

(b) Let ¢ be a smooth function on R? supported inside the intersection of an annulus of width
27k and a sector of angle 27'. Suppose that |02 4iar®] < Cp2F and | 0| < Cﬁglﬁ for
all a, 8 > 0. Then we have the estimate

¢(z,y)| <

8
aangular

CN kafl
(14 @27, y) - er])? + (27'(2,y) - €al))N

lp(z,y)| <

for all N > 0, where e, is a unit vector in the radial direction of the support of qg and eg
is a unit vector perpendicular to e,, while - is the usual inner product in R%. Therefore ¢
has L' norm bounded by some constant independent of k and I.

3. THE DECOMPOSITION OF THE DISC

We start with a nonnegative smooth function ¢ on [0, 1] which is identically equal to 1
on [0, — 2%0], is supported in [0,  + 2%0], and satisfies ((¢) +((1—¢t)=1forall0 <t <1.
Define

Grl(t) = C2M L —1) = ¢(25(1 — 1))

for k in Z™. Then each function ¢}, is supported in the interval
1-27F14+27%) <t <1 -2+ —279)

and we have the identity
Ct) + D Glt) = Tpo(8) -
k=1

Let g, ¥1, 12, ... be radial Schwartz functions on R? whose Fourier transforms are

It follows that for k£ > 1, each 171; is supported in the annulus
1—2751+27%) < [(gm)] <1 -27*+D(a-277)
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and that

k=1

where D = D(0, 1) is the unit disc. This way we have a decomposition of the characteristic
function of the unit disc as an infinite sum of smooth functions supported in annuli whose
width becomes smaller as they get closer to the boundary of the disc.

Ficure 3. The disc is smoothly decomposed as a union of annuli whose
width becomes smaller as they get closer to the boundary of the disc.

We now introduce a smooth function x on the real line supported in [-F — 2%0, g+ 2%0]

and equal to 1 on the interval [—% + 2%, g 2T0] such that
(32) (et 50) =1
JEZ

for all z € R. For each £ € {1,2,3,4,5,6,7,8} we introduce a function ¢, on R? whose
Fourier transform is defined by

(3.3) du(&,m) = X(Argument(% — e?’%@—ﬂ))

and we also define functions
i = iy
Observe that each (34 is a homogeneous of degree zero function and that each 1,/1); is a radial

function whose a'"" derivative (in the radial direction) blows up like C,2%*. Using (3.3), it
follows that for all o, 3 > 0

(3.4) ES (B0)] < Ca 2.

radml angular

For all k > 1 and ¢ € {1,2,3,4,5,6,7,8} we now introduce bilinear operators

po(f.9) Z / / TG =gl (¢, m) de dn.
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Because of (3.1) and (3.2) we have obtained the following decomposition

8

Tp=To+ > Tpu
=1

where Tp is the bilinear operator whose symbol is @/Z)B. See Figure 4. Using Lemma 2, it
follows that Tp is a bounded bilinear operator and we therefore need to concentrate on the

TD(Z)7S'

A
\

FIGURE 4. The eight pieces of the decomposition of the disc.

It is easy to see that if o(§,n) is a bounded bilinear symbol, then so is o(—¢,—n).
Therefore, it suffices to obtain estimates for the bilinear operators Tp(1), Tp(2), Tp(3), and
T'p(a), since these imply the same estimates for T'n(s), Tp(6), Tp(7), and Tp(g) respectively.
Moreover, the symbol of Tp(3) can be obtained from that of T ;) by interchanging § and 7.
Since the set of (p1, p2, p) for which we plan to obtain boundedness for T (qy from LP* x L2
into L is symmetric in p; and pg, the estimates for T (3) can be obtained from those for
T'p(1) by symmetry. It therefore suffices to obtain estimates for Tp(1), Tp(2), and Tp(y).

We now describe the decomposition of the operator T)p(;) whose symbol is essentially
supported in a neighborhood of the sector D(1).

For —% <a<b< % let us denote by Z‘,(a, b) the sector

a<6<hb.
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For every k > 1 and p € {1,2,...,k + 1}, we introduce functions pj on R? such that Pl
are homogeneous of degree zero, smooth (away from the origin), satisfying for all 5 > 0

(3.5) 100 sutar Pl < C52°% 1<p<k+1,

a

(3.6) P o =1 on B(—F(1427%),5(1427%)),

and such that for any 2 < p < k the functions pj are supported in
S(—27"7 T(14279),27 7 T(14279)) \ 2(~2"%
and are equal to 1 on

D27 r(1-279), 27 T (1-279)) \ B(—2 5 T (14279),2~
8 8 8

(1-27%),2

while for 4 = 1 the function ,0,1C is supported in

S(-5(1+27%), 2(1+27%) \ B(-272 5(1-279), 272 2(1-279))

and is equal to 1 on
S(=T(1427%), Z(14+27%) \ B(=272 2 (14279),273 2(14279))
and for pn = k + 1 the function pi“ is supported in

S(-2725(14279),275 T(14279))

and is equal to 1 on

FIGURE 5. The decomposition of D(1)



THE BILINEAR MULTIPLIER PROBLEM FOR THE DISC 9

In view of (3.6) we have the identity

(3.7) b= Bl (A ok o )
since the set ¥(—%(1+27%),2(1+27®)) (on which the sum inside the parenthesis in (3.7)

is equal to 1) contains the support of b,lf for all k£ > 1.
It follows from estimates (3.4) (with 5 = 0) and (3.5) that

S k
| radml( llng” <C 2¢

| angular( klok:)| <Cﬁ2ﬁ2

forall 1 < pu < k+1and o, > 0. Moreover the function b k is supported 1ns,1de an

(3.8)

annulus of width approximately 27% and inside a sector of “length” approximately 2~ 7,
For each k, u > 1, we introduce bilinear operators Sy, T}, as follows

/ / FOTBL(E, mpl™ (6, m) 22 ag dyy

g) = /R /R f(é)ﬁ(n)k_ S BLE (€, m) RTE D g

We have now achieved the following decomposition of Tp):

00 00
= Zsk + ZT;M
k=1 pn=1

and it will suffice to show that both sums above are bounded on the required product of
LP spaces. This decomposition is shown in Figure 5.

In the rest of the paper we present the main ideas of the proof of the boundedness of
Tp(1)- We refer the reader to [9] for the treatment of the pieces Tpp(p) and Tp(y)-

4. THE BOUNDEDNESS OF » 2, S

Let us denote the operator Y .-, Sk(f1, f2) by S(f1, f2). In this section we will prove
the boundedness of S.

For each k > 1 we pick a Schwartz function ®;; on the line whose Fourier transform

®, 1, is supported in the interval [— %8(1) 27k — 1%90 27+=1] and satisfies ]Cg‘é—aai\k(fﬂ < Cp2ke

—

for all o > 0. Moreover we select these functions so that

(4.1) Z@(f) =

for all — 200 < € < 0. For each £ > 1 we pick another Schwartz function (I>2 % on the line
whose Fourier transform <I>2 ¢ is equal to 1 on the interval [—— 2_5 4 -2 2] is supported
in the interval [—27 3 , 27 2], and satisfies |d’l7—0‘q)27k( n)| < C, 25 for all a > 0. We introduce

a bilinear operator S’ by setting

S (f1, f2)( Z/ / FUE) F() @11 (€ — D)o ()e?™ ET M= dedny
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and we prove the following result regarding it.

Lemma 4. For all2 < p1,pa < 0o and 1 < p < 2 satisfying 1/p1+1/pa = 1/p, there exists
a constant C = C(p1,p2,p) such that

I1SCf1s f2) = S"(frs folllp < ClLA Ny L follpe

Proof. Let L = S — s Using condition (4.1) we obtain that the symbol of the bilinear
operator L consists of a smooth function with compact support plus a sum of smooth
functions oy, (k large) each supported in Ay X By union Ay x (—DBy), where

Because of conditions (3.8), the support properties of p,ﬁf“, and the properties of ®; ;, and
®, 1., Lemma 3 implies that the o’s have uniformly integrable inverse Fourier transforms.
Lemma 2 implies that the bilinear operators with symbols o} are uniformly bounded from
LP x L1 — L" for all 1 < p,q,r < oo satisfying 1/p + 1/q = 1/r. Now observe that the
intervals Ay, Ak+10, Ak+20,-.. are pairwise disjoint and the same property holds for the
intervals By, Ar + By, and Ay — By. Using Lemma 1 we obtain that L is bounded from
LPt x [P2 — [P where the exponents p1, p2, p are as in the announcement of Lemma 4. [

A x B,

FIGURE 6. A closer look at the union of intervals Ay x By.

We now turn our attention to the boundedness of S’. Observe that

S'(f1, fo)(x) = ™5 (fre72™0), fo) (),
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where

S(f1, f2)(x Z//fl ) F2 (1) @11 (8) B ()€™ EF DT de

Z (f1 * @rp)(@)(f2 * Pog)(2).

=1
Therefore the boundedness of S’ is equivalent to that of S. We now have the following.

Lemma 5. For each 1 < p,q,r < oo satisfying 1/p+ 1/q = 1/r, there exists a constant
C =C(p,q,r) such that

ISCf1s f)llr < Cllfrllzollfolla

Proof. For each k > 2, we pick a third Schwartz function ®3; whose Fourier transform is
supported in the interval [—2 - 27%,2 . 275], which is identically equal to 1 on the interval

[~% 275, 8 . 275, and which satisfies | &5 ®3(€)] < Ca22 for all a > 0. For k = 1,

pick @31 so that its Fourier transform is equal to 1 on the set [—12, -5-] and supported in

10 5./2
It is easy to see that for all kK > 1, the algebraic sum of the supports

k
2

(=10 — 100 5\/_+ 100

of <I>1  and <I>2 k is contained in the interval [—— <27 ,% . 2_5] on which CI;;\IC is equal to

one. It follows that

S(fr. f2)(@ Z/ / F1L(E) Fo () @1 1 ()P (1) @3 (€ + m)e*™ E D= dedn,
and pairing with another function f3 we write the inner product <§ (f1, f2), f3) as

) St @R dx—zf Fux @1 @) (fo @) (@) (f % By ) () dar

We now use a telescoping argument, inspired by [18], to write

/R S, f) ) @) e =3 /R (1 ®10)(2) (o % o) (2) (s * Ba ) (@) dt

k+5

=3 [ (e @@ 3 (o) @) s+ (0
r=1"R m=0
— (fa* o pymt1) (@) (f3 % B3 prmyr) () } da

+3° [ (e @) @) 2010)@) o * Toarsa) @) e
=1"R

We begin by Clalmlng that the last sum above is identically equal to zero. Indeed, we have

that the support of <I>17k is contained in [— %8(1) 2k — 19090 27+=1] the support of D9 916 s

2—k—37 2—k:—3] 2—k—27 2—/@—2]‘

contained in [— , while the support of ®3 5446 is contained in [—

It follows that

(SUPP @1 + supp ‘132,2k+6) N supp P3or46 =0,



12 LOUKAS GRAFAKOS AND XIAOCHUN LI

which establishes our claim. It follows that

/ S(f1, f2) (@) F () da
R

k+5

-3 / (r# @1)(@) S (o * Boom) (2) s * By i) (2)
k=1"R m=0

— (fax Po ymi1) (@) (f3 % P3 pymr1) () } da,

which by a change of variables, we write as

/ S(f1, fo)(2) f3(z) d
R

— kf;/R { mi::o(fl * (IJLk_m)(x)}{(fz * @o ) () (f3 * D3 ) ()

— (fo * Pop1) (@) (f3 * Ba i) (@) } dz

+ A(fl * ‘1’1,k7m)($){(f2 * Do 1) () (f3 * P3 ) ()

— (f2 * Pop41) (@) (f3 * P3 k1) () } da.

Now the last double sum above is indeed a finite sum which is easily controlled by a constant
multiple of | M fi||p|| M f2|lq|| M f3]|, and the required estimate easily follows for it. (M here
denotes the Hardy-Littlewood maximal operator.) We therefore concentrate our attention
to the sum over k > 7 above. We set

I= ,27 /R { mizo(fl * <I>1,k_m)(ﬂ:)}{(f2 * ®o 1) () (f3 % P3p) ()

— (fa % Do) (@) (f * Byi) (@) J d,

and we write I = I1 + I + I3, where

Jr

Z/ { Z fr# <I>1,km)(x)}(f2 * Qo) (@) (fs  (Pak — Papsr) () d,

b

M\+

(f1* %,k—m)(@}

3
I
=)

(fo*x (Por — Pogr1)) (@) (f3 % (P3py1 — P3it6))(x) do,

\+

Z / { Z P )0 b (B = Bae)) ) T B el (o) o
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We write I7 as I11 + 112, where

I = ;/R { mZ:O(fl * q’l,k—m)(fU)}(fz * Do) (x) (f3 % (P3 g — P3pq1)(x) do,

=3 / { 3 <f1*c1>1,k_m><x>}<f2*<1>2,k>(x> s * (@a — Byprn) (2] dr.

k—4 k+5
7 <M<

We begin by observing that I; is identically equal to zero. Indeed, let us calculate the
supports of the functions the appear in I;;. We have

k—4 k—4
2 2 .
S 101  o—k+m 99 —k+m—1 101 o—% 99 —k
SUPP(Z@Lk—m)CU[—m'? » 300 " 2 1 C =200 272, =305 - 27"
m=0 m=0

k
2

supp @ c[-272,27

k
2

[NIE

]
e - y i
supp (¢3,k—¢3,k+1)c[—2-2 ’_5_\9/5‘2 Q]U[%'Q

where in the last inclusion we used the fact that @ is equal to one on a substantially
large subset of its support. It is easy to see that

k—4
=
e — kK
supp <Z (I)l,k—m> +supp Oy, C [-30L 272, 272],

m=0
from which it follows that
k—4

2
(Supp < > (I)l,k—m> + supp (1)2,k> (supp (Ps — 3 pp1) =0,

m=0

since Cfg\k — ®3 141 is supported in [—2- 2_5, —5% . 2_5] U[% . 2_5, 2. 2_5]. We conclude
that 117 = 0 and we don’t need to worry about this term. We proceed with term I;2 which

is equal to a finite sum of expressions of the form

(4.3) Z/ (f1 % Py k) (@) (f2 % Pok)(2) (f3 * (Pak — P k1) () da,
k=7“R

where m(k) is an integer in the interval (252, ££2]. We can now control I;5 by
/ (O 1A * Py i) 2 Sup o5 Pok (D [ fs % (Pap— Py pp1)[?) ? da
R h=7 k=7

and this is easily seen to be bounded by a constant multiple of

LF1llpll F2llq 3l

in view of the Littlewood-Paley theorem and the fact that supy |f2 * ®2 | is bounded by
the Hardy-Littlewood maximal function of fs.
We continue with term I. We first claim that the estimate below is valid:
k+5

N
(4.4) sup | Y f1% P
ko m=0

< Gyl fallp -
p
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To see this we bound the left side of (4.4) by

k k k
(45) sup ‘ Z fl * (I)l,m‘ < sup | Z fl * <I>l,m‘ =+ || sup ‘ Z fl * (I>1,m‘ .
k _k=5 p ko ks p k _k=5 P
’ m 0d2d m evén

We let ay (resp. ¢x) be the infimum of the left points of the supports of the functions CITlTn

with m odd (resp. even) in [%55, k] and by, (vesp. dj) is the supremum of the right points

of the supports of the functions 31; with m odd (resp. even) in [%53,k]. Then the right

hand side of (4.5) is equal to

Sup’(( Z fl*(I)l,m)Al[ak,bk]>v’H +
k m odd p

and this is bounded by

(1) (I X fixousl, + 1) X el )

k odd k even

Sllip ’ <( Z f1x* (I)l,m)/\ I[Chdk])v’Hp

m even

in view of the Carleson-Hunt theorem. The expression in (4.6) is easily controlled by
Cyll f1llp via a simple orthogonality argument, and the proof of our claim in (4.4) is complete.
It follows that I is controlled by

k+5
R s 1 1
/ sup | Z f1* @1’k7m|(z | fo * (<I>2,k—¢’2,k+1)!2) 2 (Z | f3 * (<I>3,k—<1>3,k+6)\2) 2 dx
R k50 k=7 k=T

and this is in turn bounded by a constant multiple of

L 1llpll f2ll gl 5l

in view of the Littlewood-Paley theorem and the discussion above.

Before we turn our attention to I3, we make a couple of observations regarding the
supports of the Fourier transforms of the functions ®q;, ®2, and ®3 ;. First we observe
that

k—4 k—4
= =
T _ —_ _ _k _
supp (30 Fa) € U4 -2~ e 4o g 27,
m=0 m=0
— _k 4 _k 4 _k __k
supp (@27k—<b27k+1)C[—2 2,—ﬁ'2 Q]U[mQ 2,2 2],
1 _k 1 _k
supp ®3 46 C [—7-27 2,727 2].
Therefore, the algebraic sum
k=4
2 e — —_—
supp ( > (I)l,km> +supp (Por — Pokt1)
m=0

is contained in the union of the intervals

501 o—& 4 -k 99 o5k 4 101 —k 101 -k
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from which it easily follows that

k—4

3
(Supp < Z ‘1’1,k—m> +supp (Pg . — q)2,k+1)> Nsupp P56 =0.

m=0

Therefore I3 reduces to the sum

ki;/R{M%i

in which m ranges only through a finite set (depending on k). For every such m = m(k),
we can estimate I3 by

i+ @l,k_mxx)}(fz « (B — Do) (@) o * Bapre) (@) de

k+5

2

(oo} o
1 1
/R (Z 1% 1 pmi?) (Z | fo x (Do, — P 1) [?) 2 sup | f3 % D1 py| do
e s

and this is clearly bounded by a constant multiple of || f1]|, f2|l4l| f3ll- via the Littlewood-
Paley theorem and the L"" boundedness of the Hardy-Littlewood maximal operator. This
estimate completes the proof of the boundedness of S and thus of Lemma 5. U

The proof of the boundedness of S = > 7, Sj is now complete.

5. THE BOUNDEDNESS OF Zz":l Ty

Throughout this section we will fix 2 < py1,py < 00, 1 < p < 2 with 1/p; + 1/ps =
1/p. The main difficulty is to show that the operators T}, are uniformly bounded from
LPr x P2 — LP. Once this is established we can use Lemma 1 to control the sum Zzozl T,.
To do so, it will suffice to check that the hypotheses of Lemma 1 apply for the operators
T),. Indeed, one can easily see that the support of the symbol of T}, is contained in the set
A, x B, union the set A, x (—B,,), where

A =[(1 = (14+27)27#) cos (5(1+279)227 %), cos (5(1-27°)27%)]
By =[(1 - (14+27)27") sin (£(1-27")275), sin (§(1+279)2275)] .

It is now elementary to check that the sets A, A, 110, Au420, ... are disjoint, and similarly
for the sets By, A, + B, and A, — B,,. (To apply Lemma 1 one may consider the “upper”
and the “lower” part of T}, separately.)

We now turn our attention to the crucial issue of the uniform boundedness of the T,’s.
We fix a large p and we break up the support of T}, as the disjoint union of the “curved
rectangles” D, for k > pu, defined as follows

Dyp ={(&mn): 1—271(1+27%) < [(¢,n)] <1 — 27D}
m {(&n): %27%(1—279) < |Argument (&, n)| < %2*”7_1(14_2*9)},
while for k > p+1
Dk ={(&mn): 1-27F <[(&n)] <1-2"¢"F1}
ﬂ {(5,77) : %2_%(1—2_9) < |Argument (&, n)| < g2_“T_1(1+2—9)}_

In the sequel, rectangles will be products of intervals of the form [a, b) X [¢, d). The quantity
(b —a) x (d — ¢) will be referred to as the size of a rectangle. We tile up the plane as the

(5.1)
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union of rectangles of size 277 x 2727% and we let &, be the set of all such rectangles.
Let Sl‘jel“t be the subset of £, consisting of all rectangles that intersect D, ,. We denote
by &,41 the set of all rectangles obtained by subdividing each rectangle in £, \ Eﬁel“t into

four rectangles, each of size 2776 x 27%76, by halving its sides. Let Sjﬁrl?t be the subset of
&u41 consisting of all rectangles that intersect D, ,41. Next, we denote by &,42 the set of

all rectangles obtained by subdividing each rectangle in &,11 \E/‘jfﬁ“ into four rectangles,

each of size 277 x 27%77, by halving its sides. Continue this way by induction. Then we
have “essentially covered” each D, by disjoint rectangles of size 27F=5 % 25755 and the

set of all such rectangles is denoted by £ ffiid. Since each D, has area about 25k , we

have used approximately 2¥7# rectangles of size 27575 x 227k=5 o “cover” D, . In other
words, the cardinality of each set EZilft is of the order of 28,

/
N

FicURE 7. The selected rectangles of two successive generations.

ect

Elements of £ jﬂk will be denoted by Ry ,,; explicitly

_ _ ok R
Rk:,l,m = [3%2 kl? 3_122 k(l + 1)] X [3%2 k+2m, 3%2 k+2 (m —+ 1)] .

So the first index k indicates that the rectangle Ry ;,, has size 27k=5 » 25k=5 The
second index [ indicates the horizontal location of the rectangle Rj;,,, while the third
index m indicates its vertical location. Furthermore, if Ry, is selected, then for any
integer k > u + 1, [ ranges in the interval

(5.2)  32- (2" = 1)cos (Z(1+279)275+2) —1<1<32- (2" — L) cos (B(1-279)27%),
with the left inequality above only slightly changed to
32 (28 — (14+279)) cos (F(14+279)275F2) —1 <
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when k = p. Moreover, for fixed k and [, the range of m is specified by the inequalities

_u _ 2k (111 —u —k— —k
(5.3) 95+k 2\/(1_2 k+1)2_( 3(2+))2_1< |m| < 95tk 2\/(1_2 k 1)2_(23_21)2.

T n
A 2 | |

~

N 1 |

o ll

N A

Ficure 8. This picture indicates that there exist at most finitely many

selected rectangles in 55‘1,‘2“ that intersect a vertical strip of width 2%,

It is a very important geometric fact that given a fixed k and [, there exist at most 64

integers m such that the rectangles Ry, in El‘j‘jfz"’t intersect D, . The verification of this

fact is a simple geometric exercise shown in Figure 8 and is left to the reader. Therefore in
the sequel, we will think of m = m(k,[, 1) as a function of k, I, and p whose range is a set
of integers with at most 64 elements.

Let € > 0 be a very small number. Pick Schwartz functions ®; ; and ®g 1 ,, (unrelated
to the ones in the previous section) such that

supp @15, C (1+ 5)[3%2_]% 3—122_k(l +1)],
supp $a o © (1+2)[H27" 5 m, L2755 (m + 1)),

Dipy=1 on (1-e)[527 %, H27F1+1)],

—

Popm=1 on (1— 5)[%2*’”%771, 3%2*’”%(7;1 +1)],
such that for all 5 >0

dP

e~ dﬁ T _ B
(5.4) ’@%,k,l(ﬁ)\ < CBQkﬁv |W(I)2,k,m(n)‘ < 062(k 28
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and such that the function

S Y OFaem)

k=p I,m such that
select
Rk,l,m€5;iic

is equal to 1 on the union of all Ry ., in Sjﬁfzd that do not intersect the boundary of the
support of T},. For an explicit construction of these functions, we refer the reader to the
appendix in [8]. The basic idea of this decomposition is that the functions

——

(&) — D11 (E)Bopm(n)

form a smooth partition of unity adapted to the rectangles Ry, ;.
Recall that the symbol of the bilinear operator T}, is

Z:ﬁﬁnpkﬁn)

We now write o, as

(5.5) e =3 3 @ Fomn) + ED(E ),

k=p I,m such that
lect
Rk,l,megjiic

1) .
where E£ ) 1S an error.

(1)

We start by studying the error E,;’. Let (r,6) denote polar coordinates in the (&,n)

plane. The function E(l) consists of six pieces: The piece E(l) supported near the line

0= %2 , the piece E( % supported near the line § = £27 2, the piece E :)3 supported

near the circle r = 1 — 27# between these two lines, the piece El(,”i supported near the

line 6 = —%2_ the piece E ( % supported near the line § = —¢ “Tfl, and the piece El(:%

supported near the circle r = 1 — 27# between these last two lines. The error E/Sl:),, + El(}% is

the easiest to control. Since Eﬁel“t consists only of finitely many rectangles (independent

of p), EI(}% + E;(Ll% is equal to a finite sum of smooth functions ¢,, which are supported in a

small dilate of D, , and which satisfy the estimates

d? d? L
‘@(ﬁu‘ < Cb’Quﬁv W‘?u’ < 06225
because of (3.8) and (5.4). It follows from Lemma 3 that the inverse Fourier transforms of
the ¢,,’s are in L' uniformly in p. Using Lemma 2 we obtain the uniform (in ) boundedness

of the operators whose symbols are E % + E( )

We write E(li—i—E( %—i—E( ) E/(j%
piece of this function 1n51de the annulus 1 —27% < r < 1—27%"1. An easy calculation
shows that the support of £, ;. is contained in the union of the sets A, j, X By, ., Au & X B’

= E?:u E%k, where each E,, j, consists of the (smooth)

wk?
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Ak X (=Byy), and A7, x (=B),;), where
Au =[(1-27 ’““) os (E(1+27%)27%), (1-2752) cos (£(1 — 29)2°¥)]
By =[(1=27"")sin (§(1 —27%)272), (1-27")sin (§(1 +27%)277)]

! =[=27F ) cos (T(14+279)2578), (1-27%72) cos (£(1 — 27%)2372)]

o =[(1=27) sin (3(1 - 27)2879), (1-272) s (3(1+ 27028 74)].

We now observe that the sets A, x, A, k+10, Ay k420, - .- are pairwise disjoint, and the same
diSJ;ointness })roperty /also hol/ds for the fanililies {l/?u,k}k, {A#k + Btk {Auk — Bmk}'k,
{A, 1 ks '{Bu,k}’“ {A“k + B,y }i, and {4 | - B bk Usmg. (3.8) agd (5.4) we obtain
that the inverse Fourier transforms of the functions E,, ; are uniformly integrable in ;1 and
k. Then Lemmata 1 and 2 imply that the operators with symbols E;(Ll) are bounded from
LP x LY into L" uniformly in u. (We apply Lemma 1 for each of the four pieces above
separately.)
For every selected rectangle Ry, we now choose a third Schwartz function ®3 ;,, such
that
4B
a7

for all g > 0, @?;;m is equal to 1 on the interval

B 1 ()] < Cu25)0

(27 k4 275 5 m, Lokl 4 1) + 2752 (m + 1))

and also on the interval

— — -3
[27F — 27" 5m, Lokl 4 1) — 2752 (m + 1))
and is supported in an (1 4 €)-neighborhood of the union of the two intervals above. We

now denote by CF the bilinear operator whose symbol is o, — E,gl). Then

Z 2 //f (1) ®1.100(E) P o ()2 ET DTy

k=p l,msuch that

select
Rk: I,m ESMJ’_}Q

and because of the properties of the function ®3j ; ,, Tu(f, g)(x) is also equal to

(5.6) Z . / / FEGO) @111 () Bk (1) B o1 (€ + )X D dedy.

k=p l,msuch that
Rk L megselect

We now let Jj ,, be the set of all integers [ satisfying (5.2) and for each k, 1, u we set

_ K —k
)\:)\(kalmu) = |:322k g\/(1_2_k_1)2—(23—2l)2 —|—1,

where the square brackets above denote the integer part. We can therefore write Tu( fy9)(z)
as a finite sum (over 1 < s < 64) of operators of the form

IS GGt e e

k=pledy,,
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The uniform boundedness of the I,,’s for the claimed range of exponents will be a con-
sequence of the results in [8] and [13] once we have established Lemma 6 stated below.
This lemma will allow us to use Lemma 4 in [8] and Lemma 3 in [13] to obtain uniform
boundedness for each I, from LP' x LP? — LP, where p1,p2,p are as in Theorem 1. The
results in [13] are only needed to cover the endpoint cases in which p; = 2, ps = 2, or p = 2.

For uniformity we replaced @9 \(x,1,)—s DY P2k 1Ak 1,0)—s 0 the lemma below.

Lemma 6. Let be @111, Popir—s, and P pir—s be as above and let |k — k'| > 100.
(1) If supp P11 ; supp @y g1, then for j € {2,3} we have

—

Supremum(supp (I)j,k:,l,)\—s) < inﬁmum(supp @j,k’,l’,A—s/)

and

1 A . T T _ L/ B
(5.7) T MEe < dist(supp @) r—s, Supp Ljppaey) <5277 T2

(2) If supp @jpix—s G supp @jp v s for j € {2,3}, then
supremum (supp QD/LE/) < infimum (supp <I>/17\k:l)

and

5 ! e — e —— ’
(5.8) o1 27+ < dist(supp Dy g1, sSupp <I>17k/,l/) <4.27%

The proof of Lemma 6 can be obtained by a sequence of algebraic manipulations and is
omitted in this exposition.

6. CONCLUDING REMARKS

The range of indices we studied in Theorem 1 dealt with the spaces LP!, LP2, and L¥ in
which all functions are locally in L? since pi, p2,p’ > 2. In the linear case, if p,p’ > 2, we
must have p = 2, which is the only exponent for which the disc multiplier is bounded. So,
it is conceivable that there is an analogy with the linear case if the Theorem 1 is false for
other exponents pi,ps,p. But it is still unknown to us whether Theorem 1 remains valid
for other indices. This issue will be addressed in future work.
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