THE LATTICE BUMP MULTIPLIER PROBLEM
EVA BURIANKOVA, LOUKAS GRAFAKOS, DANQING HE, PETR HONZIK

ABSTRACT. We study the lattice bump multiplier problem. Pre-
cisely, given a smooth bump supported in a ball centered at the
origin, we consider the multiplier formed by adding the translations
of this bump centered at N distinct lattice points. We investigate
the dependence on N of the LP norm of the linear and bilinear
operators associated with this multiplier. We obtain sharp depen-
dence on N in the linear case and in the bilinear case when p > 1.

1. INTRODUCTION

The theory of bilinear multipliers was recently enriched by a surge
of interesting activity; see for instance [16], [7], [13], [11], [3], [4], [12].
The optimal smoothness required of the symbol to have boundedness
on a given LP is closely related to questions about the boundedness
of a multiplier given by finite sum of translations of a given bump.
In this paper we promote this point of view and we study multiplier
operators associated with Fourier multipliers of this type. We focus on
the bilinear case, although we briefly discuss the LP behavior of linear
multipliers of this sort.

We fix a smooth bump ¢ supported in the ball [£| < % in R”.
Consider the linear operator defined for k € Z"

Seo(f)@) = [ FOH(E =Ry s,

where f(z) = Jon fz)e™?™ 4 dz is the Fourier transform of a Schwartz
function f.

Suppose we are given a finite subset F of Z". Associated with £ and
¢ we define a linear operator acting on Schwartz functions

Lpag =) arSus(f);

keE
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where a = {ay }rez is a sequence of complex numbers satisfying |a;| < 1
for all k. We pose the following problem about Lg g 4.

Problem 1: Given p € [1,00] what is the smallest value a(p) such
that for all subsets E of Z" with |E| = N we have

| LEaollrorr < Cpno New® 7

The trivial L? and L® estimates yield by interpolation that

() ap) < 2> - 5|

But estimate (1) is not sharp as it can be improved by a factor of 1/2.
Results similar to the following are known in different formulations in
the literature, e.g. [10, inequality (7)], but for the sake of completeness
we include a proof for it in the next section.

L1 we have
p

Proposition 1.1. For any p € [1,00] and a(p) = | :

(2) HLE,a,¢>HLP—>Lp < CN®)
Conversely, we have

(3) sup sup || Leagllre—rr > CN«®)
a:lla|lg=<1 E:|E|=N

Next, we consider the analogous, but more difficult, bilinear problem.
We fix a smooth bump ® supported in the ball [£] < i in R?". For a
subset E of Z?" we consider the following bilinear operator

Bra(f,9)(x) = Y Sune(f®g)(z,z).

(k,))eE

Problem 2: Given pq,py with 1 < pq,po < oo, what is the smallest
value a(py, p2) such that for all subsets E of R™ with |E| = N we have

”BE7<D”LP1 wLp2—srp < Cphm,n,@ NOé(Pth) ?

We focus on the situation where p, py, po satisty 1/p = 1/p; + 1/ps.

It is very natural to study multipliers appearing as sums of bumps
supported in lattices, as many decompositions in analysis lead to such
objects, e.g., wavelets, frames, ¢ transform, etc. Our present study
is motivated by the solution of boundedness of rough bilinear singular
integrals in the largest possible open set of exponents, obtained in [6].
This solution relies on standard techniques of harmonic analysis but
also uses a new treatment of columns of coefficients. A discretization
and adaptation of this idea builds the foundation of the proof of our
following main result that addresses Problem 2.
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Theorem 1.2. Let 1 < py,py < oo and 1/p=1/p1 + 1/ps.
(1) If p < 1, then there is a constant C = C,, ,,, such that

1 1 1
| Be,o||zp1 xpr2—rr < CNmin(pl’p2)+2maX(p1’p2)_2

(i1) If p > 1, then there is a constant C = C,, ,,, such that

HBE,’I)HLPI % P2 — P S C’Nﬂl(pl,pz)’

where
0 ot =3 ) () -~ 1)
= —|max(——=,0)—min{ ——=,0 ) —min{ —— = :
a(P1, P2 9 ax D 27 n 2a Do 27
Moreover the power of N cannot be reduced in estimate (i1).
Remark 1.1. Let Brao(f,9)(%) == 34 ner iSwn.e(f ® g)(z, )

with |ag;| < 1. One see easily that all claims in Theorem 1.2 are valid
for Bgqa as well.

In the local L? case, i.e., the case where 2 < py, pa2, p’ < 00, Theorem
1.2 (i7) yields the constant «(py,p2) = 1/4. Also when p > 2 we have

a(py, p2) = 1/2p'. Here p’ = p/(p — 1).

We also have results concerning upper and lower bounds for the con-
stant a(py, p2) for indices outside the local L? case. These are discussed
in Sections 5 and 6.

Throughout this paper, C' will denote a constant independent of N
and dependent only on auxiliary parameters which may vary in different
occurrences.

2. THE LINEAR CASE: THE PROOF OF PROPOSITION 1.1

We begin with the positive direction of Proposition 1.1, namely (2).
Proof of (2). We observe that the multiplier of Lg, 4 is

o(&) =) _ard(§ — k),
kEE
whose Fourier transform o(z) = ¢ (2) Y, cp ax€®™™* satisfies
o[l < 1> ane ™ 1oy
keE
due to the rapid decay of ¢* and the periodicity of Y, . ape®™*. This

in turn is bounded by
<Z || ) < NV,
L2([o,1]»

(5) H Z aeTer

keE
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having used that |a,| < 1. This implies ||Lg gl < CNY2, In-
terpolating between the trivial L? estimate ||Lg 44l 1272 < C and (5)
we obtain (2). O

Remark 2.1. We can prove a continuous version of Proposition 1.1.
Define ¢g(§) = ¢ * xg, where the Lebesgue measure of E is N. Then
it is easy to verify that

logllzr < llollr2llxelle < CIEIY?,

which implies that the associated operator given by convolution with ¢g
is bounded on LP(R™) with bound C N*®).

We now turn to the proof of (3). We fix a smooth bump ¢ supported
in the ball of radius 1/10. We will need the following lemma.

Lemma 2.1. Let E = Ey = {—N,—N+1,...,N—1,N}. For any fized
p € [1,2], there exists a constant C, > 0 and a sequence a = {ay}rep
such that for all positive integers N we have

(6) ||LE,G,,¢||LP_>LP > CpNa(p)‘

Proof. For simplicity we first consider the one-dimensional case.
We first take p € (1,2]. The following counterexample is inspired by
an example in [8]. Let

m(&) = > at)p(& —k), mn(&) = ) ar(t)p(NE — k),

kI<N k<N

where a; are the Rademacher functions. Take a smooth function ¢
supported in the support of ¢ such that p¢ # 0 and define f, fy via

FO=NV S gk, Fn@) = o(Ne—k).

[k|<N |k|I<N

Then || f|lzr = || fwlz» < C as the Dirichlet kernel Dy (x) = 37y €™
has L? norm comparable to N'/7'. Let T;, be the linear operator
associated with m in the form T,,(f) = (fm)Y, then [|T,,,(f)|l» =
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| Ton (fN)]l e, and by applying Khintchine’s inequality we have
1 1 X P
[ e = [ [ 3 aoN o0 (v tapernsk
0 o JrI Gy

N/R ( > ‘Nl(sbw)V(N1x)62m}3‘2>5dx

[k|<N

NP / N () V (N~ 2)Pda

1_1

(7) ~NG2)P

Denote sup,, || Lg.q,0llr—rr by Cp(NN), then

/O I T (F)2dt < C,(N)P.

In summary C,(N) > C;N ap)  In particular, we can find a sequence
a such that || Lpq g/ Lr—rr > C,N®) with C, < O for p € (1,2].

Notice that || f||; < C'log N by the L'-norm of Dy, therefore we can
only show that C;(N) > CN'%(log N)~! by the same argument. On
the other hand, interpolation can help us to remove the logarithmic
term below.

We next consider the case when p = 1. Suppose that (6) fails for
p = 1. This is equivalent to saying that for any C' > 0 there exists a
corresponding N¢ such that

1
(8) sup || Lg.allzip < CNEW = CNE.

Interpolating between sup,, ||Lg a6/ 122 < C" and (8) we obtain that,
when p € (1,2), for any C), > 0 there exists a number N (by choosing
C'in (8) small enough) such that

sup ”LE,a,(bHLP_)Lp S %]\IO‘(p)7
a

this contradicts (6) for p € (1,2). In other words (6) holds when p = 1.
We now consider the higher dimensional case. The idea is simply to
consider products of the one-dimensional example. We briefly describe
this example.
Taking
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and defining

FO=N3"oa -k ]e& -1,

|[k|I<N Jj=2

we have

T()@) = N7 (D ant)(09) (w0)em ) [[(00)" ().

[k|<N

Since the variables are separated, this is essentially the one-dimensional
case, and running the same argument as before yields the same neces-
sary condition.

Combining these results we obtain the proof of Proposition 1.1. [J

3. THE BILINEAR PROBLEM

In this section we begin the study of the bilinear problem lattice
bump in 2n dimensions. We apply the Fourier series method of Coifman
and Meyer [1, 2] to express the smooth bump ® as a sum of products of
bumps in each half of the variables. As the function @ is supported in
the ball B(0,1/20), which is contained in [—1/2,1/2]*" we can express
it in Fourier series as

D) = 3 e ERTIG(E) (1)

r,s€ZL™

where ¢(§) is smooth, is equal to 1 on || < 1/20, and vanishes outside
€] < 1/10. Moreover,

Cre = / Oz, y)e TV dady
B(0,1/20)

and an easy integration by parts shows that
lersl < Car(L+[r] + [s) ™

for every M > 0, where C); depends on the L* norms of sufficiently
many derivatives of ®. Letting ¢,(£) = 62”"'%(5 ), we have that

1o(f @9)(x,2) = Y et (£)(2)S1e.(9)(x)
r,s€ZLn"

and in view of the rapid decay of ¢, s, it will suffice to study an analogous
problem for Sy 4, (f)(2)S;4,(g)(x) in place of Sy (f ® g)(z,x) and

obtain estimates for the norm that are independent of r and s.
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We make the remark that the same approach can handle the two
adjoints of Bg. Let us look at the first adjoint of Sy (f ® g). This is
associated with the multiplier

O(—E=n—kn=10)=0(=(E+k+1)=(n=1),n-1)
:(I)*l(g o (_l - ]C),T] o l)?
where ®*1(¢,n) = ®(—& —n,n). Now notice that as (k,l) varies over
E, then (—k — [, l) varies over
— {(=k—11): (k1) € E)
and |E'*| = |E|, while the bump ®*! is smooth, has L> norm 1 and
is supported in {(&,n) : |+ 0> + [n]* < 355} which is contained in

{(&n) = [(¢,n)] < ‘2/—05}, which is only slightly larger than B(0,1/20).
Thus any theorem about Bg ¢ can also be applied to the first adjoint
Bgl,@ = Bp«1 ¢ of Bg e, which has the same characteristics as Bg ¢.
This symmetry is one main advantage of Bg o(f, g)(z) compared with

Sk.o, () (2)S1,6,(9)(2)-

4. THE CASE p; =py =2

In this section we prove the sufficiency part of Theorem 1.2. By
duality and interpolation it will suffice to consider only the case p; =
po = 2 and p = 1. The trivial estimate is

|Beellr2xr2—rr < CN,

but it turns out that the optimal value of the constant «(2,2) = 1/4.
The consideration here is related to the proof of [9, Theorem 1.3], which
enhances the combinatorial argument in [6]

Proof. We denote by E’ the set of all k € Z"™ with the property that
there exists an | € Z™ such that the point (k,l) € E. That is E’ is the
set of all first coordinates of elements of E. We think of the set E as
a union of columns Col;, indexed by k € £’ and we write

E = U Coly.
keE’

By the argument in Section 3 it suffices to consider the case when
Bro(f,g) is a sum of products of operators of the form

O'N f g Z Sk Z Sl(g)7
keE' I: (k,1)€Col,

where oy = Z(k,l)eE &r(§ — k)ps(n — 1), and we have dropped the
dependence on ¢, and ¢, for notational convenience.
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We split the columns in large and small. Precisely, we write
E == E1 U EQ,
where F; contains all columns of size > K and F, contains all columns
of size < K, for some K to be chosen later. Analogously we split
E' = FE]UE],
where E] and FY is the set of all first coordinates of columns in E; and
E5, respectively. Correspondingly we define:

:Zsk() Z Si(g)

keE, 1: (k,1)€Coly,
and
= Z Sk(f ) Z Si(g)
keE, (k,1)eColy,
= > ) D S
1:3k (k,1)EE k: (k1) EE,
so that

T,y (f.9) = T,,(f,9) + T7, (. 9)-
We start with 7)) . We have

1T (ol < D NSk Do Sig)ll

keE] l: (k,l)eColy,

sznsk(f)HLQ\ > sils )|,

keE] YeColy,

2

l: (k)
1
2

<( X lIsnl:) (ZH Si(9)

keE, (k,)eColy,

1
2 \3
L2

<l @llee[L.fllz2 (#E) 7 | ]l o HgHLz,

exploiting the orthogonality of Sy’s on L2.

Notice that as there are N points in E and each column in E] has
least K elements, this means that there are at most N/K columns in
E{. We conclude that

(9) |70 (£ 0 < (N/E)2 (6] 711122192
We continue with 777 . We have

|72 (9| 11

:H S Sl Y S

1: 3k (k1) EE, k: (k,l)€Ea

Ll
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< 2 fsw 3 s,

1

1: 3k (k) €E2 k: (k)€ B>
< Z I Q)HL2 Z Sk(f)’ Lo
1: 3k (k) €E2 k: (k,)EEs
1 1
2 2
L > gsel] | 2 | > sol)
1: 3k (k,1) € o 13k (k1)EEs  k: (k1)EE

1

Dolilolz] 0% |&uw;r

“1: 3k (k,1)EEs k: (k,1)EE
1

elilale] Y uauwgr

- keE} 1: (kl)eColy,

smmqmmx{}jwmﬁMJ

keE)

NI

1
<[|pllz=lgllz2 K=l os [ f ] z2-
This yields

(10) 172, (£, 9, < K216l Fllz2llg]l -

In view of (9) and (10), the optimal choice of K = N'/2. This proves
1

(11) [ Ton (f )| n < NElSI T 112291 22

We have now proved the sufficiency direction in Theorem 1.2. U

5. BILINEAR CASE: SUFFICIENCY

Recalling (4) we notice that «(1,1) = 3/4 and «(1,2) = «(2,1) =
1/2. We begin with the following result which is nontrivial when p < 1.

Proposition 5.1. If E C Z*" has cardinality N, then
| Be,o|| Lo xr2—sp < CN
for 1 <pi,ps < oo with 1/p=1/p; + 1/ps.
Proof. Recall that
Bealf.0)e) = [ [ Feamn Y el(&n) - (o) day

(kl )eE

=/ Ky, 2)f (e — y)gla — 2)dyd=,
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where K (y, z) = ®Y(y, 2) Z(k,l)eE el (),
Setting ¥(y) = (1 + [y[)7>", as [®Y(y,z)| < CY(y)¥(z) we have
|K (y,2)| < CN(y)y(z), which implies that

|Bea(f;9) (@) < ON([f] *¢)(x) (I9] * ¢)(2).

As a result we obtain

|Be,a(f,9)lle < CNI||f|+0lzea|lg] * [z < ONI fllLes||gll ez,

hence the conclusion follows. O

Remark 5.1. This result is sharp for (p1,p2) = (1,1) by Proposi-
tion 6.1, discussed in the next section.

Corollary 5.2. Fiz % <p < 1. There is a constant C such that

3 1

|Be.o || zerxr2e e < CN4P~2.

Proof. Interpolating using [5, Theorem 7.2.9] between the estimate at
the point (1,1,1/2) [Proposition 5.1] and at the point (2,2, 1) obtained
in Section 4, we deduce the conclusion. U

For some endpoints, we can also reduce one half of the exponent of
the estimate in Proposition 5.1 as in the linear case.

Lemma 5.3. There exists a constant C > 0 such that

| Be,o
Proof. Obviously ||Bg.a(f,9)| is bQunded by || K| 21 ®en [ £l ool 9]lo
where K(y, 2) = (v, 2) > er e?mi(w2)- (k) We argue as in the proof

of (2) in the linear case to show that || K||pi gz is bounded by N*/2,
which concludes the proof. O

1
|eoxpoospee < C N2,

For the most general case 1 < p1,p» < 00, we obtain the follow-
ing nontrivial estimate from Lemma 5.3 via duality and multilinear
interpolation.

Proposition 5.4. (i) If p < 1, then there is a constant C' = C,, ,,
such that

1 1
|Brallin s sie < CN i) Tmastaiza) 2.

(i) Fizi € {1,2}. If1 <p; <2, and 1 < p < 2, then there is a
constant C = Cp, p, such that

—_

1
||BE,<I>||LP1 wip2—srp < C'N2pi,
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(111) If p > 2, then there is a constant C = C,, such that

1 1
||BE,<I>||LP1 <Pz srp < CN2 2p,

Proof of Proposition 5.4. It follows from Lemma 5.3 and duality that
we have the rate of growth N'/2 when (pi, ps,p) is one of (oo, 00, 00),
(1,00,1), and (o0, 1,1).

Estimate (7). It suffices to consider the case 1 < p; < po, and p < 1,
when the desired estimate is

1,1 1
‘|BE,¢"|LP1XLP2—>LP < CNP1+2p2 2

It follows from interpolation between (1,1, %), (2,2,1), and (1, 00,1).
Estimate (ii) follows by interpolating between (2,2, 1), (2, 00,2), and
(1,00,1) when i = 1. The case i = 2 follows by symmetry.
Estimate (i7) follows from interpolation between (o0, 2, 2), (2, 00, 2),

and (00, 00, 00) . O

6. BILINEAR CASE: NECESSITY

Our main result in this section, stated below, includes the necessity
direction in Theorem 1.2.

Proposition 6.1. Fiz a smooth bump ® supported in the ball |¢| < 5
in R?™. Then for all py, ps with 1 < py,ps < 00 satisfying 1/py+1/py =
1/p we have

Nmax(a(m ,pz),%—l) '

s%p | Bea||lw xore—sre > C

In particular, ||Bpol/iixpi2 > CN, and estimate (i) in Theo-
rem 1.2 1s sharp when p > 1.

We recall that Bge(f, 9)(2) == >4 nep Sten,e(f ® g)(z,2). Via an
argument similar to that used in the proof of Lemma 2.1, it suffices to
consider the case n = 1, which we discuss below.

Let

,( ) 1711 1 . (1 10) . <1 10>]
=—|-—=—min|{— — = —min (— — — .
& (D1, P2 9 D 92 n 2a

Note that o/(p1, p2) = a(p1,p2) when p < 2. We need two lemmas to
prove Proposition 6.1.

Lemma 6.2. For all 1 < py,py < oo with 1/p =1/p; + 1/ps we have

(12) sSup HBE,<I>HLP1 X LP2 [P = CNa/(pl’pQ).
E
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Proof. 1t suffices to prove the conclusion for }_ g )cp ariSk(f)Si(9)
with ay; € {1,—1}. Actually if we verify that

H Z Gk,sz(f)Sl(g)’
(k1)EE
with aj; € {—1,1}, then we must have (12); otherwise we obtain that

“Ejémﬁﬂﬁ&@w
(k,)EE

since we can write

> aiSk(£)Si9) = Br, o(f,9) — Br, o(f.9)

(k)EE

> 3CN0/(1017102)

LP1x P2 — [P

< QC’NO/(phpz)

LP1 X LP2—LP

for appropriate sets F, and Fj.
Inspired by the examples in [7] for n = 1, we define'
VN VN
= Z Z ag(tr)a(tz)ansi(ts)cknd(€§ — k)o(n — 1),
k=1 1=1
where a(t) are Rademacher functions, and ¢; = 1 when 9v/N/10 <
1 < 11v/N/10 and 0 elsewhere. We also define

- YN N
fn(€) =N Zak(tl)@(f —k), gn(n) =N Zal(t2) o(n —1).
h=1 =1

By a calculation analogous to that in (7) we obtain

-

1 1 o
([ 15atsamllata)” ~ w365,

On the other hand

(/ HfNHLpl dt1> ~ NQ(—_,

Let Co(N) = supg || Be.e||Lrr xzr2—1r, Where the supremum is taken
over all F with |E| = N, then

N2(,,7 - H”Tm(vagN)”Lp < CO( )HfN”LmHgNHLm.

LP(dt3)
Taking LP'(dt;) and LP?(dty) norms on both sides, we obtain that

= CONT1,

12@ ay means Z%g} ay, where [v/N] is the integer part of v/N.
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using the estimates for fy and gy. This estimate works for all choices
of indices py, pa, p with 1/p; + 1/p2 = 1/p but it is sharp only in the
local L? case, i.e. in the case where 2 < py, s, p’ < 00.

Now if all the coefficients ay(t) are equal to 1 in the definition of

fn, then || fy|l,, < C for p; € (1,2], which is smaller than NzGim2)
p1 < 2. So in the case p; < 2 < po, we modify the multiplier m by

= Z Z al(tQ)ak+l(t3)Ck+l¢(£ - k’)¢(77 - l)

k=1 l=1

correspondingly, which gives then
Co(N) = ON?G72 %2 = ON#n

By symmetry we have Cy(N) > CN 22 when p2 < 2 < p;. In analogous
way, when 1 < py,py < 2 we set ag(t1) = a;(t2) = 1 to obtain the lower

bound Cy(N) > CN 32, Combining these estimates in one form,
we obtain the lower bound C' N (®12), U

Lemma 6.3. There exists a set £ C Z* with cardinality N such that

1
=1
(13) ”BE#PHLPlXLpQ*)Lp > CNr .

In particular || Bgol|| g1y p1_p1/2 > CN.
This estimate is stronger than (12) when § < p < 2.

Proof. We consider the multiplier
N

m(&n) = > (&~ )b+ 7).

j=—N

whose inverse Fourier transform is

N
K(y, Z) Z 2mij(y—=z)

We remark that 2;17 ~ €279% is real by symmetry. Moreover we have
(2N +1) — Z;V:_N e?™iis| < N for s < 1/(50N). We now take

fy) =9y = 100NX[0,(100N)—1](?J),
which satisty || f||z1 = ||g|[zr = 1. Then

=/ K(z —y,z — 2)f(y)g(z)dyd-z
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satisfies that
(14) T (f, 9)(x)] > CN for || < (100)~"
1

if we choose ¢ appropriately so that [¢"(x)] > 1 for |z| < g. This
yields that ||T,,,(f,9)|| 12 > CN. In summary || Tl p1xpi—p12 > CN.

From this example we also obtain that

1_
| Tonl| o1 x L2 20 > Cm > CNv

This concludes the proof of the lemma. O

We provide the following intuitive understanding of the proof of (13).
As m is supported in a tube with dimensions N x 1 along the antidiago-
nal, the kernel K = m" is essentially equal to the constant N in a tube
of dimensions 1 x N~! along the diagonal, in view of the uncertainty
principle. If f ® g is supported in a square of length N~! of height N2,
then K * (f ® g)(z,z) is essentially K x (f ® ¢)(0,0) ~ N3N72 ~ N
for |z| < C. This gives the claimed lower bound of Bg .

Remark 6.1. Suppose that 1 < py,ps < 2. We have &/(p1,p2) =

2ip — %, Note that o/ (p1,p2) > % — 1 if and only if p > % In other

words, the example in Lemma 0.3 provides a larger lower bound for
| Be,o || Lr1 x p2—1p when p < %

We now provide the proof of Proposition 6.1.

Proof of Proposition 6.1. It follows from (12) and the discussion in Sec-
tion 3 that
sSup HBElstLPl wir2—rp > CN® (Pr.p2),
E
More precisely if 1 <p; <2 and 1 < p < 2, we have

S%p HBE{@HLM w2 spp > C NP1

which implies by duality that

S‘ép 1Be®ll 0, pe ot = CONY@p1)

We can rephrase this estimate as

sup ||BE,<I>||LP1 x P2 — [P Z CNI/(QP,)7
E

which matches N*(1:72) as the upper bound, and is greater than o/ (p1, ps) =
N'/* when p > 2, which happens exactly when a(p1, p2) > o (p1, p2).
In summary, we obtain that

|LP1 <LP2sLp = CN“(PI:;DQ),

sup H BE,@
E

which combined with (13) finishes the proof. O
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We finish this section by giving the formal proof of Theorem 1.2; this
was essentially done in last three sections.

Proof of Theorem 1.2. We refer where we discussed the sufficient part
first. The local L? case is proved in Section 4. The case when p > 1
but the local L? case is given by Proposition 5.4 (i) and (iii). The
case when p < 1 is Proposition 5.4 (i). The necessity is provided by

Proposition 6.1. 0
Remark 6.2. One notices that 4% — % > % — 1 when p > %, and
4% — % > 2ip — }l for p < 1, therefore, as of this writing, there is a

gap between the positive result from LP x LP — LP/? for p < 1 in
Corollary 5.2 and our two counterexamples.
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