OPTIMAL WEIGHTED ESTIMATES FOR HORMANDER MULTIPLIERS
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ABSTRACT. We characterize weights for which Hérmander multiplier operators are bounded
on the associated weighted Lebesgue spaces. The weights we consider lie in intersections
of Muckenhoupt and reverse Holder classes. Our proofs are based on delicate interpolation
between weighted estimates with weights whose powers lie in such intersections. The
sharpness of our results is indicated by counterexamples and extrapolation. Our results rely
on but also extend those of Beltran-Roos-Seeger [3] and Bernicot—Frey—Petermichl [5].

1. INTRODUCTION

For a Schwartz function f on R we denote by f(£) = Jgn f(@)e 2™ dz its Fourier

-~

transform. The inverse Fourier transform of f is denoted by fY(£) and equals f(—§). A

Fourier multiplier is an operator of the form f +— (o f)Y, where o is a bounded function on
R™. A Fourier multiplier associated with a function ¢ is denoted by T, and is called an L
Fourier multiplier if it admits a bounded extension from LP(R") to itself, for some p € (1, c0).

A condition on bounded functions ¢ which imply that 7, is an L? Fourier multiplier for
some p € (1,00) is the following one due to Mikhlin [28]:

(1) 0 (&) < Calel M, ol <[] + 1

Inspired by the work of Hérmander [17], condition (1) has been relaxed in a few ways, for
instance, if rs > n, the requirement

1/r
(2) sup (Rﬂo‘_”/ |8°‘0(x)|rdx) < 4oo forall |a] <s,
R>0 R<|z|<2R

implies that the associated operator T, is L? bounded. A natural generalization of (2) is

(3) sup (7= 2)3 (T o(27))]

o < 00, where rs > n.

Here (I — A)z is a fractional power of the Laplacian A and throughout this paper ¥ is
Schwartz function whose Fourier transform is supported in annulus {£ € R" : & < [¢] < 2},
is equal to 1 on {£ € R™ : 1 < [¢] < 2}, which satisfies Zjez\if(2_jf) =1 for all £ #0.

Calderén—Torchinsky [7] showed that condition (3) implies that T, is bounded on L? in
the range

(4)
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The appearance of 7 in (4) is not necessary. In fact, if 1 < p < 0o, 0 < s < n, and (3) holds,
then 7, is bounded on L? whenever

()

on this see [14]. Endpoint estimates involving Besov spaces B, (see [33]) were obtained by
Seeger [30], [31], who for instance, for the Hardy space H'! showed that

(6) T fllpir < C suZp || 0(2j-)||Bg/12 | f | 22 - r>2.
JE€ ’

On the critical line, Grafakos—He-Honzik—Nguyen [14] proved that if 1 <p < 2,0 < s < n/2,
and |% — %| = 2 then T, is bounded from L” to the Lorentz space L"* provided

1P o (2-)]

Bi/s,l < Q.

Grafakos and Slavikova [13] improved the space in (3) from L” to the Lorentz space L™*?,
proving that under the Lorentz—Sobolev condition

(7) sup H(I - A>S/2({I}O-(Qj'))”Ln/sal(Rn) < 00,
JEZ

the operator T, is bounded on L? for all

(8)

Sl

Moreover, a counterexample of Slavikova [32] indicates that the boundedness of T, from L?
to L? fails on the critical line |1/p — 1/2| = s/n.

In contrast with the unweighted case, the understanding of the weighted theory for Fourier
multipliers has been rather limited. Kurtz and Wheeden [23] proved that if 1 < p < oo,
1 <r<2,rs>nand ps>n, and o satisfies (2), then the operator 7, is bounded on L”(w)
for every weight w € A,/,. Additionally, Kurtz and Wheeden identified the sharp range of
power weights |z|? ensuring the boundedness of T, under (2). Later, Muckenhoupt—Wheeden—
Young [27] obtained a complete characterization of Fourier multipliers on power-weighted
spaces L?(|z|**). Recently, Park and Tomita [29] investigated necessary conditions for the
LP(w) boundedness of Fourier multipliers under (2) when 2s > n and r = 2. They proved
that A/, is the optimal Muckenhoupt class in this setting. In the radial setting, Lee and
Seeger [25] further showed that for quasi-radial multipliers, weighted L? boundedness with
power weights is equivalent to a one-dimensional Sobolev condition on the multiplier.

Extrapolation results for operators ([2], [9], [10]) show that weighted boundedness of
an operator T at a single exponent provides weighted boundedness for other admissible
exponents. These results give that weighted boundedness for multiplier operators T, with
s < n/2, under conditions (3) and (7) must necessarily involve weights contained in both A,
and RH classes.

The recent work of Beltran-Roos-Seeger [3] shows that T}, satisfies a sparse bound whenever
(3) holds. Combining their result with Proposition 6.4 of Bernicot-Frey-Petermichl [5], one
obtains the weighted estimate

Ty : LP(w) — LP(w) for all w € Apiy 1y N RH,,
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where the A, and RH, classes are described in Definitions 1.1 and 1.2 and ¢ > 1 satisfies
s 1 1 1 1
9) —— =>4+ —
n o r 2 p pq
In this paper, we make advances in this direction providing necessary and sufficient conditions
for weights w so that T, is bounded from L”(w) to LP(w) under condition (3).

We now provide some definitions. Throughout this article, all cubes will have sides parallel
to the axes. Recall that a weight is a locally integrable, a.e. positive function.

Definition 1.1 (Muckenhoupt A, weights). Let 1 < p < co. A weight w belongs to the
(Muckenhoupt) class A, if

o a3 ) 14 <

where the supremum is taken over all cubes @ C R™. For p =1, we say w € A; if
[w]a, = sup / (essinfw) ™! < oc.
. @ Q

We note that [w]a, > 1 for all p > 1.
Definition 1.2 (Reverse Holder RH, weights). Let 1 < ¢ < co. We say w € RH, if

e =ep by [ ) (&[] "<

where the supremum is taken over all cubes ) C R™. For ¢ = 0o, we say w € RH, if

esssupQw
[w|rH,, = sup 1 Tw — <oo.
@l Jo®

In Section 6 we prove an interpolation result (Theorem 6.1) that allows us to vary the

smoothness of a multiplier operator T, f = (af)v on weighted spaces. As an application of
Theorem 6.1 we obtain a characterization of weights in Muckenhoupt intersection RH classes
for which estimates for Fourier multipliers satisfying Hormander’s condition (3) are valid.

Main results: The main contribution of this paper are Theorem 7.1 and Theorem 7.3 which
state that if 1 < p < o0, 0< £ <1 |1 —] < 2,18 > n, then the weighted estimate

n = 27
1T v S sup H(l - A)é[@a@f‘-)}H (P
JEZ Lr

is valid for all o satisfying (3) and all weights w in intersections of Muckenhoupt and RH
classes if and only if

(10) weU( + 1oy N RH, 1),>

acl

where

—
N | =
S e

=
| I

when 2 < p < o0,

%} when 1 < p < 2.

.—.
S =
|
S |w
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We adopt the conventions that (1)’ = oo, (00)’ =1, and § = oo in the above formula. The
optimality of our result is indicated by counterexamples discussed in Section 2. The range of

pairs (%, «) permitted in the union in (10) is depicted in the following figure.
(&%
1
2
1_ s
2 n
0 i-ii b b+

FI1GURE 1. The vertical red line segment represents the corresponding range
of v in the union in (10) for a fixed value of %.

Notation: Throughout this paper we use the symbol A < B to denote that the quantity
A is bounded by a constant multiple of B, where the constant only depends on inessential
parameters. We use A ~ B to indicate both A < B and B S A. We also use the notation
C(a,b,...) to denote a constant depending on the indicated parameters. For an exponent
p € (1,00) we denote by p’ = p/(p — 1) its conjugate exponent. We also denote by x¢ the
characteristic function of a set (. We use the standard LP notation for Lebsegue spaces and
LP9 for Lorentz spaces (for the latter, see [11, Definition 1.4.6]).

2. COUNTEREXAMPLE

In this section we discuss counterexamples that pose restrictions on the indices ¢ and ¢ for
weights w in Ay N RH, if the Fourier multiplier 7, maps L”(w) to itself.

Lemma 2.1. Let s > 0. Consider the multiplier

(1) 7() = e (1 4 4mfe]?)
defined on R", where £ = (&1,...,&,). Then
(12) sup (7 - A)E[Wa(2)]|| a < 0.

Here U is a smooth function supported in an annulus centered at zero.
Proof. Case I: If s is an even integer, then we have
R ; /i ; 2¢ a—B3 . .
(I-A)3 (To(2) = Y Caud™(To(28) = > Y Ca,s(ﬁ)(f?2 () 27(870)(2¢€).
|| <5 la|< 3 B<20
Moreover, one has

00(6)| = .

B— (p—2mik1) Y
Za (6 )a <<1—{—47T2|§’2)8/2>

v<B

<> (Nearia

v<B



OPTIMAL WEICHTED ESTIMATES FOR HORMANDER MULTIPLIERS 5
In view of these facts we obtain

- 2)icio ) < X X5 (5) () undorruo 0 (54 16)

la|<s B<a v<pB

S ()0

la|<s B<a y<B

(13)

bEleI—,

where we used that 2/08=s=7) < 1 since || < |a|] < s and j > 0. We conclude that

(I — A)3(To(27.))| is bounded by the absolute value of a compactly supported smooth
function, which certainly lies in L*'' with norm independent on j. Thus we have

sup [|(1 — A)2 (Do (27-))]| 2.1 < oo

=/

Case II. If s is not an even integer, we find an even integer N such that N > s. Define

F(o) = [ (0= 3% o) u(e) ds.

where 1) € L(3)"% with ’WHL(%)’W =1.

When z = it we have
Pl < | [ (- &) o leues

(14) <Yl oo || (T — )T(@a(zj.))HL%J
< C(L+ )2 Ta (27,
< oz Co(1 + [t 1212,

An application of Holder’s inequality for weak type spaces yields the second inequality
above. For the third one we used [12, Corollary 5.3.3], which gives ||(I — A)*||zr_p» <
C(n,p)(1 + [t))15#2 when 1 < p < co. And for the third we simply use that ¢ is a bounded
function.

Similarly, when z = 1 + it, for the same choice of N we have

Facil=| [ 1-o% %[%@J NGIGLS
(15) < [l pn e[ (1 = A) T H5 [Bo (27|, 20

< Cy(1+ [t))! 1+2H [—A)Z[Uo (2], »
< CY(L+ [t B2,

Ls

We applied Case I (since N is an even integer) to deduce the last inequality above.
Assume momentarily that F' is analytic on the unit strip S = {z : 0 < Rz < 1} and
continuous on S. This allows us to apply [12, C.0.4] to obtain

[F(0)] < Coo(Cr.s)' " (Ciy)" V¥ 0 €(0,1).
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Thus taking 6y € (0, 1) such that s = §yN, we deduce
o= w18 )@
(%) 0™ "

= sup | F(6)]
27,00 =1

< Cn,90 (CN,S>1_90 (CEV,s)GO )

I(7 = A)2 (Do(27))]

which is the desired conclusion.
We now prove that F'is analytic on .S and continuous on S. By Fourier inversion we write

P = [ (1= )2 o) guene
= [ [ sy E o anue) de

The double integral converges absolutely and the continuity of F on S is straightforward.
We now show that F'is analytic on S. For any point 2y in S, pick 6 > 0 such that

Z()N>
2

(16)

25<§—§R(

By [12, lemma 2.7.5] for 0 < £|z| < 4, we obtain

1+ 4m? > —1 2N
Lt =1 < 2 e {1+ 4, (0 4l 2,

which yields

z +z0

— (1 44x2[p2) %

1+ 472 N
‘( 4 |77| ) < T(1_i_471_2|,'7|2)%

z

Taking into account that ¥ and 1 are Schwartz functions and the preceding estimate we
apply the Lebesgue dominated convergence theorem to deduce the analyticity of F on S. [

Proposition 2.2. Let 1 < p < o0, 0 < s <n and let o be as in (11). Suppose that T, is
bounded from LP(|z|?) to itself for some 3 € R. Then we must have

—sp < 8 < sp.

Proof. Let e; = (1,0,...,0). Consider the function

—5
@) = o+ a7 <1og ) ober <1y (@)

|z + e
for some § satisfying 1/p < § < 1. Then we have

Pla)f do =
@il de = |

1\
|z +eq| " (log —) dr < 0.
|z+e1|<1/5 [z + e

Notice that
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where G is the Bessel potential. Then T,(f)(x) is nonnegative (since G, is positive) and
equals

=5
nO@= [ yral (1og ) Gz — 1 —y)dy
ly+e1|<1/5

ly + e1]

1 -9
= / ly| P <log —> Gy(r —y)dy
lyl<1/5 ]

)
1
> —n/p 1 - . —n—i—sd.
2 [ TN

|z—y|

Let us consider x in the region |z| < 2. Then if |z| > 2|y], it follows that |z — y| &~ |z|.
Moreover, if [y| < 1 then |z — y| < 2. Then restricting the integral to |z| > 2|y|, we obtain

—5
L@ ze [ (logi) =y dy

lyl<1/5 |yl

-0
1
> —n/p 1 . 7n+sd

|lz[>2]y

1 —0
~ Clxl’”s/ ly| P (log —) dy.
ly|<lzl/2 Y|

Since |z|/2 < 1/5, the last integral is equivalent to

1 -4
2] /s (1og—) |
]
2

-5
1
T,(f)(x) > c|x|/Prs (log m) . when |z| < s

Now recall that we are assuming T, maps L?(|x|®) to itself. This implies that

—61p
/ [\x!’"/p“ <log |71‘> ] 2P dr < oo,
lz|<2/5

and this implies that 5 > —ps.

so we obtain

We now turn to the other assertion of the proposition. Consider the function

Cn 1\
g(x) = |z| (nth)/p (log m) X{|m|§1/5}($)

for some 1/p < § < 1. Since dp > 1, we have g € LP(|x|?).
Arguing as in the preceding example, we write

T5(9)(x) > C/Q(y)Gs(w —e —y)dy

-6
1
—(n+8)/p _ _ o |—nts
Zc/msm vl (logm) [z —ex —y[T"dy.

lx—e1—y|<2
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Let us consider z in the region |z — €| < 2. Then if |z — ey > 2|y|, it follows that
|z — ey —y| = |z — ey]. Moreover, if |y| < £ then |z —e; —y| < 2. Then restricting the

integral to |z — e1]| > 2|y|, we obtain

B o 1\’
L)) > cho e+ [ WI“%W(be—) ay.

ly|<|z—e1|/2

Hence,

1\ 2
To(g)(l‘) Z C|ZL‘ — e |S (n+8)/p <10g |:L‘ — €1|) , when |$ — €1| S g

Now, notice that the assumption

/ T, (g)(x) |2l dx < 0o
|lz—e1|<2/5

implies that ps — g > 0. 0

Using the information from Proposition 2.2 and the extrapolation theorem in [2, Theorem
4.9] we derive the following result.

Theorem 2.3. Let 0 < s <n/2.
When p > 2, suppose that either of the following holds:
(a) > +1 and 1 <r < oo;
(b)) 1</l<oocandl<r<( e 23))/'
When p < 2, suppose that either of the following holds:
(a)€>p(%+%) and 1 <r < oo;
(b)) 1<{< o0 and1§r<pﬂs.
Then there is a weight w € Ay N RH, (for some {,r € [1,00]) and a bounded function o on
R™ satisfying
(17) sup ||(I — A)*?[ o(27)]|| 21 < o0
jez

such that T, is unbounded from LP(w) to itself.

Proof. Case p > 2.

(a) If £ > B2 + 1, then we choose 3 satisfying ps < # < n(¢ — 1), and we note that |z|® lies in
A;N RH,. By Proposition 2.2, T, is unbounded from LP(w) to itself. The function o here is
as in (11).

(®H1<r<(

e 25))/ suppose T, is bounded from LP(w) to itself for all w € A, N RH,.,

( ) =r< (ﬁ)/. By the extrapolation theorem
n [2, Theorem 4.9, there ex1sts q with

2n
n—2s
such that T, is bounded from L4(w) to itself for all w € Alq N RH, () Note that p < —=

p< <q<qo

23
since |5 — —| < 2 is a necessary condition to get the boundedness of T, satisfying (17) on
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unweighted spaces LP; see [13, Theorem 1.1] and [32, Theorem 1]. In particular, taking w = 1,
we obtain the unweighted case: T, is bounded from L7 to itself for

- 2n 1
, e ——

g n — 2s 2

which is a contradiction.

1 S
- > -,
q n
Case p < 2.

1 1 S

(a) A similar argument to the case [p > 2 (b)] applies by combining the necessary condition

p 2 n

in the unweighted case with the extrapolation theorem in [2, Theorem 4.9].
(b) If 1 <r < %, then we use a similar argument to [ p > 2 (a)] by choosing £ such that

n
—— < fB < —sp.

r
This concludes the proof of the theorem.

condition

O
We also remark that condition (17) in Theorem 2.3 can be replaced by the more restrictive

sup [|(1 — A)3 (Wo(29-))]|1r < 00
JEZ

for r > n/s. This is followed by a small adjustment in the proof of Lemma 2.1

3. PRELIMINARIES

In this section we present some useful facts about the A, and RH; classes.
Lemma 3.1 ([11, Corollary 7.2.6]). Let 1 < p < oo, then we have

A4,= | 4,

a€(L,p)
Lemma 3.2 (|20, Lemma 3.1])

We have w € RH; if and only if w® € Ay 1= Ups1 A, with

[w]Aoo < [w]RHs < [ws] o

Throughout this paper we will make use of the notation

o [

Ti={w:[wls, <o} for 1<p<ooand1<g<oo
introduced in [21, Section IJ.
Lemma 3.3 ([21, Section I]). Let 0 <o < o0, 1 <p <oco andv € A7, thenv € A p1 if
and only if v € As. In fact, we have
1
(V] < [v]a ;
and

L S [v]ga, if o > 1,

1 1 _
Wlae < [vla, o0 <715, 1077, ¥0<o <1
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Lemma 3.4 ([8, Theorem 2.2], [21, Section I]). For 1 < s < oo we have
.Ag = A1+L—1 NRH,

with the following norm estimates

)2 < [w'a, < ([Wlrm[wla )"

(a1, 1 o

Proof. This follows by combining Lemmas 3.2 and 3.3. 0J

Lemma 3.5 ([12, Theorem 8.6.9]). For any w € A,,1 < p < oo, and K > 1, and any r
satisfying

—1 1
K 23/261/66n[w]Ap

we have [w|gry, < K, i.e., for any cube Q in R",

1 r K
— "d — dx.
QQLéu}x> S

Lemma 3.6. If1 < q < 0o, then we have
\J rH; = RH,.
a>q

Proof. Let w € RH, be arbitrary. By Lemma 3.2, we know that

K
1<r<1+

w? e A, for some £ > 1.
It follows from Lemma 3.5 that there exists » > 1 such that
(w?)" =wi" € A,.
Applying Lemma 3.2 again, we conclude that
w € RHy,.

Since r > 1, we have ¢gr > ¢, and hence for every w € RH, there exists ¢ > ¢ such that
w € RH;. On the other hand, it is well known that the Reverse Holder classes are monotone,
namely
RH; C RH, for all ¢ > q.

We conclude that

\J rH; = RH,,

q>q
which completes the proof. O
Lemma 3.7. Let 1 < p,p; < 00, 0 < s*,sf <mn and 1 < q,q; < oo fori € {0,1}. Suppose
wy € Apyey N RHyy and wy € Ay e N RH,, with Z% > 1, and these parameters satisfy

1 1- 1 1—
= 9+ 0 s*=(1—-0)s;+0s;, —= 0 0

P¢ Podo  PiGa

2_? Do p_1’
for some 6 € (0,1). Then we have

1-6 0
P P

w=w," w € Ap N RH,
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and moreover,

_Pq_(1_¢p _Pq_g
(18) w4, < ([l Lay, ) ([ L, ) 5
where
sh 57 s*
(19) P0:<p00—1>(10+1, p1:<p11—1>Q1+17 P:(p —1>Q+1-
n n n
Proof. The proof follows by a straightforward application of Holder’s inequality and the use
of Lemma 3.4. O

Lemma 3.8 (The converse to Lemma 3.7). Let 1 < p,q < 0o and 0 < s* < n. Fiz parameters
qo, q1, Do, P1 € (1,00), s3,s7 € (0,n), and 0 € (0,1), with [% > 1 fori=0,1, satisfying
1 1-60 0 1 1—4 0
= + —, s* = (1—0)s;+ 0s], — = + —.
p Po Y41 pq Poqo p1q1
Then for any w € Apsx N RH, there exist weights

wo € Ay NRHy, and wy € Apsp N RH,

such that Y ,
w = woﬁp lﬁp
and
14£0=1 I ek
(20) W] a,, < co([wla,)  »7 and [wf]a,, <eci(fwa,) 7

for some constants cy, c; (depending on po, p1, qo, 1, S, S5, 1), where pg, p1, p are as in (19).

Proof. By the classical factorization of A, weights (see [22], [12, Proposition 8.5.1]) for a
given w € Ap+ N RH,, there exist vy, vy € A; such that

(2= -1)

q __ —q
W* = V1 Uy

and
1

[01]4, < ¢ [w] [v2]a, < ¢ ([w]4

Ay iy a(BE_1)41
for some constants ¢/, ¢, that depend on p, s*,n. Then we define
P0sH p1s]
) —qo(Tp0-1)\ & . —q1 (5t =Dy o
Wo 1= (’Ul Uy )qO, wy = ('Ul () )
and we observe that

wo € Apysy N RHy, and  wy € Apsr N RH,,.

Finally, we notice that

1-6 0
_ (wgo) poao P4 (willl ) Pl

The estimates (20) follow from the standard inequalities [vivy P]a, < [v1]4, [vg]ﬁ_ll. This
concludes the proof. O
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Remark 3.9. It follows from (20) that the converse of (18) holds with an extra square, i.e.,

(21) ([wf]a,, )0 0 ([wi], ) 2" S ([w7]a,).

Lemma 3.10. Let 0 < s <n, 2 <r, <r; < oo, and suppose that the multiplier o satisfies

sup H(I — A)*/? [\il a(2j‘)] ’ < 00.
jJEZL Lm

Then we have
sup H([ — A)S/2 [\if a(2j-)] ‘ . < 00.

jez
Proof. Let s > 0 and 1 < p;,¢; < oo with ¢ € {1,2}. For nice f,g we have
(1= AP 2(fg)lor SN =AYl lgl praae + ([ flloran (T = A) 2] pracan

where the indices are related as in

1 1 1 1 1

- = — + —, 1 —_ _.I_ N

p P P2 a1 Q2
by [15, Page 21]. Let p=rg, p1 =1, n =11, @2 =1}, f = \TJU(Qj-), g = 0 which is compactly
supported and § = 1 on supp (V). Note that || - ||z = || - ||z~ for 1 < r < co. Choosing
p2 > 1 such that i = % + p% is satisfied, we obtain that

I(I = A)(000(27-)]|r.
< (1 = A) 2080 (27-)) | pren
SN = Ay 2o (2N l6]] oy + 1927 [ [|(1 = A)720)]
ST = Ay (Bo(27:)[| 1 < oo.

This provides the required conclusion. 0

LI’Q a”‘g

Theorem 3.11 ([6], [12, Theorem 8.4.3]). The Hardy-Littlewood mazimal operator with
respect to cubes M, satisfies the estimate

/ 1 %
|IMel| o ) Lo () < 3" D7 (16" pp')» [w] !

for 1 < p < o0o. Consequently, the centered Hardy-Littlewood maximal operator with respect
to balls M satisfies

1

/ 1 =
”MHLP(w)ﬁLP(w) S (\/E/Q)n:g(n—&-l)P (16npp/)17 [w]2p1
forl <p < 0.

Another tool that will be useful to us is the following sharp form of extrapolation.

Theorem 3.12 ([19]). Let F be a set of pairs of functions' defined on R™. Let 1 < r < co.
Suppose that there exists an increasing function N, such that for every v € A, and every
(f,g) € F the following estimate is valid:

g1l zr @) < Ne([v]a,) [1f 1] w)-

IThe precise formulation in [19] is not stated in terms of pairs, but the proof easily carries through to this
setting.
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Then for any 1 < p < oo, every (f,g) € F, and every weight w € A,, one has

9112wy < Np([w]a,) (11 o)

where for any t > 0,

2+ N, (2 (2”3(”+1)p(16”pp’)i)%t> if p>r
(22)  Ny(t) =

, 1 (r=p)(r—=1) ,_q
92 NT(2’“‘1(2"3(”+1)1’ (167pp)r) t) it p<r

Recall our fixed Schwartz function W whose Fourier transform is supported in annulus
{€¢ e R : § <|¢] <2}, equal to 1 on the annulus {€ € R™ : 1 < [¢] < £}, and which

satisfies ZjeZ @(2‘%) =1 for all £ # 0. We now introduce the Littlewood-Paley operator
A; (associated with W) by setting

Ajf = f * \Ilgfj,
where j € Z and Uy(z) = ¢ "W (¢ 'x). The Littlewood-Paley square function is defined by
3
Sf = (Z!Ajfﬁ) .
jez

Theorem 3.13. Let 1 < p < oco. Then if w € A, and f € LP(w), we have

/ max(1,—)
(23) ISl oy < (P Tw]a,)™ 7| Fll o
and
2, max(l,p%l)
(24) [f ey < 3ch P [w]y, 1S f 1l 2o ()

for some dimensional constant c,,.

Proof. We begin by noting that (23) holds when p = 2 using the Rademacher functions and
the result of [18]. To deduce the case of a general p € (1,00) we use Theorem 3.12 which
provides the norm estimate

p

V2N, (ZC(p')P%f[w]Ap) when p > 2

15 oy vy < 1

V2N (C(p) 7 [w]} ") when p < 2
for our square function S. Here C(p) = 2"3"+D¥' (167 pp/ )% from Theorem 3.11 and

HSHL2(w)_>L2(w) < Na([w]a,)

which, by [18], is known to satisfy No([w]a,) < ¢ [w]a,, where ¢/, depends only on the

n
InaX(p7p,) /

_1
dimension. Therefore, we get (Cn op [w]Ap)max(Lp,l)

as the constant in (23), and we can
max(1

/ L . . .
choose an upper bound (¢ [w]a,) ) showing in (23). Using these facts, we deduce
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the validity of (23). Now we can use the duality argument to get (24). We compute

T / fgdu
sl v’ (wl P'y<1
<3 s | [ (Sp(Sods
”gHLp/(wlfpl)Sl R™

= <3 w0 150l
< 3(c [wlfp’]A;,)m”‘“”"”||Sf||Lp(w) by (23)
<37 e S o
in view of the fact that [w' 7], , = [w];’f. This proves (24). O

Theorem 3.14 ([12, Corollary 8.6.11]). Let 1 < p < co. Given w € A, for any an indez q

~ p—1 1o 2
in [—1+(cn[w}i/;1)—1 + 1, 00) we have w € A,. Moreover, one has — <57 and

[w]a, <277 Hw]a,

P

Recall that M is the centered Hardy-Littlewood maximal operator with respect to balls.
The next result we need is the so-called weighted Fefferman—Stein vector-valued estimate
for the Hardy-Littlewood maximal operator. This was obtained in [1, Theorem 3.1] without
explicit bounds on the constants. As we need the latter, we present a different proof based
on sharp extrapolation.

Theorem 3.15. Let 1 < p,r < co. Then there exists a constant C(p,r,n) such that for every
w € A, and every f, € LP(R™, w) we have
(Z )"

max(1,
Ap

< (Cpp’rr )max( p-l—l l)[w] - 17p 17T 1)

n 9

Lr(w)

o | (Soesr)”

LP(w)
where ¢, 1s a constant depending only on the dimension n.

Proof. The case p = r comes from Theorem 3.11. For the remaining cases we use the estimates
(22) contained in Theorem 3.12 to get the constant for the estimate (26):

( , , (r—p)(r—1) 1 max =1 .

(\/Tﬁ)ns(nJrl)r (,m,,/)%Qmax(l,rfl) (2n3(n+1)p 16npp) 27 1 max(l,ril)[w] ” (p 1 p— =1 if p<r
max (1, 2= .

(\/Tﬁ)n3(n+1)r'<16nrr/)% [w]AT =) if p=r
max(1, 2= )

\ (\/Tg)ng(n_’_l)r/ (T’?“) 2(n+1) max(1, 1 )3(n+1)pmax( )(1671pp )max( arll)[w]Ar @ Tﬁl) lfp > T,

Choosing an upper bound for the above formulas, such as for example

1 r—1 _1
max(1, 517, 2= 1)
AP

(Cgp/rr/)max(%—l-l,l) [w]

with ¢, > (100n)", yields the claimed assertion. O
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In the next result, we set M, f = (M]|f]?])¥/4 for 1 < ¢ < oo.

Lemma 3.16 ([13, Theorem 8.6.9]). Assume that 0 < s <n and ¢ > n/s. Then there is a
constant Cy(s,n) such that for all local L? functions f on R™ we have

flx+277) Co(s,n)
1+1-17 s

The stated value of the constant simply follows by tracing the flow of the constants in the
proof in [13, Theorem 8.6.9].

sup
JEL

M, f(x), x € R".

R 1-—

Lemma 3.17 ([13, Lemma 3.3]). Let 1 < p,po, p1 < oo be related as in
1 1-60 0

p Po Y41

for some 0 € (0,1). Given f € C°(R") and ¢ > 0, there exist smooth functions hs,

7 =1,..., N, supported in cubes on R™ with pairwise disjoint interiors, and nonzero complex
constants ¢ such that

N¢
(27) fe=3Je e
j=1

P
1fg = fllzz <& W feviellerne < (1fllzr +€)7%, & =0,1.

Having completed this introductory material, we now proceed to stating some known
results concerning estimates of multipliers on weighted spaces that will be useful to us. This
is accomplished in the next section.

4. KNOWN RESULTS ON WEIGHTED ESTIMATES FOR MULTIPLIER OPERATORS

We use the definition of sparse collections given in [26] and [3]. Let 0 < v < 1 and Sgn
denote the set of simple functions on R". We say that a linear operator 7" mapping Sgn
to weakly measurable valued functions on R" satisfies a sparse (pi, p2) bound (in the sense
of [26]) if there exists a constant C' > 0 such that for all f,g € Sg» we have

1 1/p1 1 1/p2
C — n g L P g ‘
<c v Sl (g fromar) " (g [ )

The smallest constant C' such that the above estimate is valid is denoted by [|T[|sp. (py ps)-

‘ [angds

Proposition 4.1 ([3, Proposition 7.5]). Let 1 <py <2, n>s>0, 1/r=1/py—1/2, and o
satisfies

sup [|(1 — A)*2[Wa (2] 1 < o0.

jez
Suppose one of these followings holds:
(1)1 <po<q<2,and s >n(l/py—1/2) i.e s/n>1/r
(11) 2 < qop < 00 and s > n(1/py — 1/q0) i.e. s/n>1/r+1/2—1/q.
Then, there is a constant C'(po, T, s, qo, @, ) such that

el gy < €007 52 00,0,7) sup (1 = A2 (0 ()]

!
0 JEZ
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Remark : (i) and (ii) both imply that s/n > 1/r. In addition, on the critical line
s 1 1

n o @
the sparse bound T;, € Sp. (po, ¢y) is established under stronger Besov-type assumptions on
the multiplier [4, Theorems 1.1, 1.2 and 1.3].

Proposition 4.2 ([5, Proposition 6.4]). Let 1 < py < p < qo < 00. Suppose a linear operator
T on LP is bounded and
||T||Sp’y(pqu6) < 0.

Then one has

HT”LP(w)HLP(w) S C(pap07 qO)HTHSp,Y(pO,qé) <[U]]A% [w]RH(%O)/) )

-1
where o = max (2, ©=2).

Combing Proposition 4.1 and Theorem 4.2 yields the following theorem.
Theorem 4.3 ([3] [5]). Letn>s>0, s/n>1/r, s/n>|1/2—1/p|, and suppose that the

multiplier o satisfies

sup H([ — A)¥/? [\if o(24)] ‘

JEZ.

< Q.
Lr

Then there exists a constant v € (0,1), independent of the weight w, such that

1= o], (. e )

( 1 qé‘—1>
o = max T,
p—?% qy — P

T

(28) I Tol 1w < CCprG5.7,5,7) sup |
je

where

in the following three cases:
Case 1: p=2. If ¢ > 2 satisfies

s 1 - 1 1
nor 2 q
then (28) holds for any weight

w e A2+1 N RH(Q

.

M‘O*

Case 2: p> 2 and%—%>%— . If q5 > p satisfies

s 1 1 1

nor 2 q

1
p

then (28) holds for any weight

w € A$+g N RH(ﬁ),.
Case 3: p < 2. Then (28) holds for any weight

w e Ag+g N RH(

%y
=)

provided that one of the following holds:
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(Z)1<1—r<p<%<2;

s 1o 1_ 1
(ZZ) 71‘+§ <p<2<q0 andﬁ—;>§—%
In the statement of Theorem 4 3, the condition |5 — 1\ < 2 follows from () and (77) in

Proposition 4.1 with = o= Ly 5. We notice that when 1< p < 2, letting 1 - approach 2
implies that the maximum of ¢} approaches 2. In this case, Case 3 of Theorem 4.3 yields
that the operator T, is bounded on L?(w) for the class of weights

U)EA +)ﬂRH2

p
which approaches the class

Ap(%Jrg)
as 7 — . Then we may use a duality argument to obtain a new class of weights in the case
p > 2.

lﬂRH%

Theorem 4.4 (The case p > 2 by duality). Let p >2,0<s < %, % —
and rs > n. Define

1
p

T p—1
29 (== = —
29) 2 Ty -1
Let w € AN RH; and let o satisfy
sup H(I - A)g[\ifa(y-)}‘ < 00.
L’I‘

JEL
Then for any bounded compactly supported function f on R™ we have

(1 = 85 @ ]| Iz

HTafHLP (w) ~ sup

Proof. Fix p > 2. Let

. 1
w=w r-1 & Ap’(%-i—%) N RHQEP/
We use a duality argument to prove that
(30) 1T 2oy ey = 1T o ()= 2 ()
Assume ||| 2o (w)—rr(w) = C(T) < co. For any g € L¥ (R™, @), we have
B) Tl = s | [(Torods
1flLe @) <1
(32) = sup /gw_;T(fu?)wzlv dx
1l e (wy<1

1
I

%) :||pr(u,><1(/‘T /) |pwd$) (/Ww pdx)
) = ||f§3£><1(/|fw|pwdx)p</|g|p ’ dx)

(35) =0T suwp | fller@) 9]l )

1Nl Lpan <1

=
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(36) < C(M) gl (a)-
Thus one obtains
HT*"LP'(w)—)LP’(u?) < C(T)~
Applying the same argument with p replaced by p’ and w replaced by w, we deduce the
reverse inequality, and therefore (30) holds.
In particular, if 7' =T, for some multiplier o, then we have
||To||Lp(w)%L”(w) = ||T;||LP’(1E)—>LP’(@)'

(Notice that if o is real-valued, then T} = T,.) Moreover, we observe that

’LU_ﬁ €A NRH 2 i w(lipl)(%p/) €A, 1,1 =
P (5+3) T 5o (P (3 +3)-1)+1

2 1 1
WhereP:2_p, (p/ (;+§>—1)+1,

W) g,

<~ we€Ap_, ,NRHg,
S

where S = (1 — p/) (2 _2p,) (1—P).

S =

+

SIS

Simplifying these parameters, we obtain

o p—1 = B
q_S—p—’(l—i—%)—l’ K——S +1=

r

These are exactly the relationships (29) on the indices appearing in the statement of the
theorem. Moreover, ¢ is finite, so w € A; N RHj; is not covered in the weight classes in Case
2 of Theorem 4.3. U

5. WEIGHTED BOUNDEDNESS FOR HIGHER ORDER OF SMOOTHNESS

In this section we study weighted estimates for multipliers with orders of smoothness bigger
than half the dimension of the ambient space. The dependence of these estimates on the
Muckenhoupt characteristic constant of the weight is crucial for interpolation and for this
reason we keep track of it. Unfortunately, this leads to some cumbersome expressions in the
proof of the next theorem.

Theorem 5.1. Let § <s<nand’; <p<oc andw € Ars. If 0 € L*(R") satisfies

< 00,

n

Lst

sup||(1 — 4)F o (2]

JET

then, for any bounded compactly supported function f on R™ we have

B bl < o P s, s [ - 2)5 1002

" jer

L 1 llzru)s

where fort > 0,

att) = p(l + (c(s,n)t(ins)/l)l - 1) © <g,p>,
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1 1
04:6max<—7£_1,—§_1> > 0,
and c(s,n), C(p, s,n) are constants depending only on the indicated parameters.

Remark 5.2. The conclusion of Theorem 5.1 is also valid under condition (3) on o.

Proof. Let

n

Ls!t

K =sup H(I - A)g[\iia(Qj-)]‘
JEL
Introduce the function © defined by

o (g) )+ D(2e),

and observe that ) )

O() =1 onsuppV.
Let A; and Aj@ denote the Littlewood—Paley operators associated with U and ©, respectively,
ie.,

Ajflx) = / WEIOfE)emdg, AT f(w) = / O(277¢) f(€)e>™ =€ de.

n

Then, we have

AT (f) () = / FO)T (279€) o(e)Pm e

n

= | (A%F)" (&)T (277¢) o(£)e*m " Ede

R

:2]”/

— oin / n ( / ey () 0 (20¢) fdf) (A7 £) (y)dy

= /IR (A21) (w+277y) |To (2j~)]A (y)dy

N L R N S
- [ B [ ()]

By Hoélder’s and Hausdorff-Young’s inequalities on Lorentz spaces we obtain

(Aj@f) (x4 277y)

(AD)" (€)W ()0 (7€) 7 e

n

I
[\}
=
3
T
\)
~

/R (ADf) (y)e 2 2¢ dyT (¢') o (27€') > 2'¢ ge

n n

=

AT (f) ()] <

e B ()]

(14 |yl)* 200 () (2) @)
(A9f) (x +277y) Pl
< I—A): |[Wo (2.
(38) =¢ (14 |y|)® L2 o) H( ) [ o ( )} ‘ L 1(Rn)
< o |[(A7F) (x4 277y)
- (a1
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Note that by Lemma 3.1, there exists ¢ € (n/s, min(2,p)) which is close to 2 such that
w € Apjq- Then for this ¢, applying Lemma 3.16, we get

A9 f(x +27.) Cols,m)
A+

(39) ) ST gnos AT ().

n
S0

L

Combining (38) and (39) we deduce for any x € R”
.. Co(s,n
(10) AT ()] < KD 019 ().

Applying (24) in Theorem 3.13, (40), Theorem 3.14, Theorem 3.15, and (23) in Theorem
3.13 we obtain

15 £l 2o ()
) :
< s o[ (zmjmﬁ)
e L2 (w)
3
00(5,71) 2 max(l,p%)
< 3mcﬁp [w]a, VK Z(Mq[AJQf])Q
JEZ L7 (w)
C(S,TZ)QSP 2,1 max(l,p%) 2 2|
< q_—ﬁcﬁp [w]a, K Z(Mmjeﬂq)q
S JEZ L4 (w)
g(g)/z(z)/ maX(EE:%-Fl 1) O(S,TL)QSP 2,7 Zmax(%il’%il) 2 2
< ()T A, K| (S 1ags
| Ie L (w)
g(g)’%(%)’ max(g_ 1)0 S, N 2P 5 2max(§ 1 511) 2
= ()R g, K| (Siasr
q s a JEZL L (w)

b_q102_
— P [wly, T K| fllew)
q

n

ps g(psyr2s oc2sy\ max (2(>—%),1) (J s, n 25p ’ s 6 max %,%
< (cn" 2005 2(")> P (q— e (2 [wlay, ) it 27‘1)K|!f\|m(w)7
where in the third inequality, since ¢ € (n/s, min(2, p)) which is close to % such that w € A,q,

which implies § > 1 and % > 1. In the fourth inequality, we applied Theorem 3.15 with the
corresponding constant

—/~
o
Sals
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2

Note that max (1 1 1 571) < max (ﬁ7 %_1) Moreover, by Theorem 3.14, ¢q can be

»yP_1y2_19 B _q
q q q q q

chosen as follows:

q= p(l N (C(s,j{) T 4 1)‘1

bs
n

with sufficiently large ¢(s,n) so that

B_1§p8_1’ 2_ 1 — 28 _ 7’
q q

/ !/ / /
cehn (=) D (=23
q n q n q n q n

These estimates justify the inequalities in the preceding alignment. Now letting

ps _ 1 -1
C.I(t) = p( = pS\/ — + 1) ?
1+ (c(s,n)t)1) '

we deduce the constant in the claimed bound in (37). O

which imply

6. INTERPOLATION THEOREM FOR FOURIER MULTIPLIERS

The main result of this section is an interpolation theorem for Fourier multipliers on spaces
of weights whose powers lie in intersections of A, and RH; classes. This is based on an
extension of the 3-lines lemma due to Hirschmann [16].

For the purposes of the following theorem, we define

B={feL>*:R"— C|supp f C B(0,R)\ B(0,¢), forsome(0<e<R<oo}

the space of all bounded functions whose support is compact and misses the origin. Note
that for any fixed p € (1,00), B is a dense subset of LP. Moreover, we have

/ \f|pwdx§]|proo/ wdx < oo,
R™ supp f

and B is dense in LP(w) for any weight w by [12, Proposition 8.2.2], so B is a dense subset of
LP(w) for any weight w. In addition, for a fixed weight w, we set

Ws, M = OX{w<s) + WX {s<werr} + MX{wzr)
for 0 < § < M < oo. Then notice that

lim wsy =w pointwise.
§—=0,M—oco

3 |5
vV
|-

Theorem 6.1. Let 0 < 0 < 1,1 <p,p;, <00, 1<q,q <00, 0<s,s;,8,s <n,
and r; >+, i € {0,1}. Suppose that

1—-60 0
= +—, s=(1—-60)so+0s, s =(1-80)s;+0s],
Po p1

1—-6 0 1 1-46 0

ro T Pg Podo P

Sl QB
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Assume that for each i € {0,1} there exists increasing functions M;(-) such that for all
w; € Ay O RH, = At b

9, where p; = (=+ — 1)q; + 1, for all o satisfying

sup [|(1 — A) 2 (Wo(27)) || 1 < 00
JEZ

and all f € B we have
(41) I Pliniy < Mufu ], ) sup |7 = 2)3 (B (2]
J

Fllzei (wy)-

Then for every w € Ap N RH, = A%, where p = (’% — 1)q + 1, there is an increasing
function My such that for all f € B one has

(42) 175 fll o) < € Mp([w]a,) sup (7 = 2)2 (T (7)) |11 1| oy

for all o satisfying sup;cz [|(I — A)2 (Do(29))||1r < 00 with C = C(sg, s1,70,71,n, 0, (I\l)

Proof. For a bounded function o satisfying

(43) sup H(z - A)%[@a(zf.)H <oo with r>2,
JETZ Lr S
we denote
pj == A)ETo(2)], jeL
For a complex number z with 0 < R(z) < 1, we define
<44) 02(6) _ Z(I B A)_(14)820“81 “()Ok‘%(l—z)—i-ﬁzemrgtpk] (Q_kf)(i)@_kf),

kEZ

where ® is a Schwartz function supported in the set {£ € R” : 1/4 < || <4} and & =1 in
the support of W.
Fix f,g € B, Given € > 0, by the density we can choose f,, g. € C°(R") such that

45)  fi=flier <& g —gllw <&, and|lfs = fllz2 <&, g« —gllz <e
for any fixed p > 1. Let fZ and g be functions having the form (27), satisfying
(46) 1fg = fellz <& llgg = gelle2 <,

and

P P
[ fitllro < (flle + )P0, (il < (1fille + )71,

(47) o M
Igiellro < (lgell o + )70, MgTiell o < (lgull o + )75

Combining (45), (46) and (47), we obtain

(48) 15 = Fllz < 2e, llgg — gllee < 2e,

and

D D
1 fillzro < (I[flle + 2670, 7 pirllor < ([ fllze + 2¢)71,

/
P
!

lgillzzo < (lgllpe +22)%%,  llgiall 4 < (gl + 2€)

Fe) = [l
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where

_1—z _z 1—2 z
P Po r1 o) pP1
T.f:=T1T,, [f wO,&,Mw1,6,M:| Wy, 5.0 W1 ,6,M

and z is a complex number with 0 < R(z) < 1.
Next we verify that F is analytic on the strip S = {z € C : 0 < R(2) < 1} and continuous

on its closure. Let z € 7 + it satisfy 0 <7 < 1 and t € R. set s, = (1 — 7)sp + 751 and
L= 1;—07 + = By applying [12, Theorem 5.4.9 (c) and Corollary 5.3.3] we obtain

Tr

lollze < sup |[(1 = )~ =5 [y it azgiron] |
keZ .
< C(n,rg, 71, S0, 51) Sup H (I —A4) g [|S%|T0 o +L1Ze““"9‘ﬁ’k]
kez L

0 T (1— +L .
< C(n,ro,71,50,51) Sup H I-A) " [|<Pk|”)( 2 leeZA"”W’“]
kez

LT

< C/(TL,TO, 1, S0, 81)(1 + |t|)[%}+1 sup H|(pk|%(1—z —|—T1 eZAT!N?k
keZ

Lrr

= C'(n, 10,71, S0, 51) (1 + [¢])[2]F! sup lowll 7 -
€7

Here the constant C(n,rg,r1, So, s1) is obtained from [12, Theorem 5.4.9 (c¢) and Proposi-
tion 5.2.3]. Additionally, we have the estimate

Ne

—R(2)) 22 4 R(2) 22
1202 = > 1|4 O gl o < C(po, pre, f) < o0

j=1
Similarly, one obtains

651122 < Clpo,pi,e,g) < 00

Then we have

|F(2)] =

1—2 z A 1—2 2 \Y
/ o [f wOéMwlcSM‘| (&) {gi : wo?ao,wa,la,Ml (&) df’

_1-z _ 2z A 1—2 z v
< o= [f; - wo,;]awl,;m} (©) [gi - wof’g,wa,z,M} <s>\ e
<50) 1-R(2) R(z) 1-R(2) R(z)
< lozl[z= || f5 - wo,g,ﬁ) wl,&,l}\l/[ g wo,éz,% wliSl,M
L2 L2

< C(n, 70,71, 50, 51, f, 9,6, M) (1 + |t sup |17 -
JEZ

Here the Fourier and inverse Fourier transform above are well defined. In fact,

1=z _ =z
€ PO p1
IZ- Wo 5,0 W15,

is a bounded and compactly supported function, so

_1—z _z
P1
JZ W s W s
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lies in L?(R™). This implies

_1—z z A
Ity !

Moreover, o, € L, then we have

_1-z _=z N
@P?%ﬁmﬁﬂ e I2(R").

Hence we can get the first equality of (50) by [12, Prop 2.3.7].
For any point 2y in .S, pick 6 > 0 such that

20 < §R<;—?> < 1.

By [12, lemma 2.7.5] for 0 < = < 4, we obtain

z

wik,— 1
1,6,M < y4! 26 —26
— — max{wis s, Wi 5}
z 0
which gives
z+2zq 20
Pl pl
w —w
1,6,M 1,6 4 P
‘ ’ < gmax{wf(;M,l} < gmax{MQ,l}.
Z "

In addition, from the argument above of (50), the Fourier transform and the inverse Fourier
transform at the first line is in L*°, so we can apply the Lebesgue dominated convergence

theorem when the z derivative hits the term wy% ,,. Also we use the similar way to deal
with other terms in F'(z) involving with 2. This ylelds the analyticity of F' on S, while its

continuity on S is simpler and omitted.

Then, we consider F(1 + it) and F(it). For the function W oy ;(27-), only finitely many
indices k near j contribute nonzero terms in (44). Therefore, for each j € Z we have

(7= 2)F o271

Lm

- H([_A)% [@(I_A)_mm;rsm [’gpj’%(—z‘t)—&-ﬁ(l-i-it)eiArgSDj]:|

s1+it(s1—sq)
2

gd@hm@HJ—A%ﬂu—Ar [

(51) I
<C(sl,r1, H] A M“%|%(—zt)+q(1+zt)em,,g¢j}

—it)+ 7 (1+it)

< Cy(s0, s1,71,m, W) (1 + [¢]) 57 |[| ;] 70

LM

xr

= Cl(SO,Sl,Tl,n, @)(1 + |t|)%+1 HSOJ IT/I

= (1+Zt) iArgcpjo ‘

L
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where we have used [12, Corollary 5.3.3] for the fourth inequality. By Holder’s inequality and
(41) we obtain

[F(1+it)] < ||T1+itf1a+z‘t||Lp1 ||gi+it||LP/1

it _ 14t

(52) = [ Torsi (Frviewo s arwr v Ml e o s an 912l o4

< Ml([wléM] SUPH (I - A) [\Ijal+zt(2j )]‘

W rallon gl -

it 144t

Note that fi,; € C5°(R") implies flJﬂtwOMMw1 s € B, and wisy € Aps; N RH,, . Com-
bining (49), (51) and (52) we deduce '

[F(1+it)] < Mi([wf's sl ) Ci(so 51,1, m, W) (L4 [t]) 37
(53)

EGR

ol L
Sup sl (1w + )7 (gl + )7
J

Similarly, for \ilait(Zj-), only finitely many indices k near j contribute in (44). Therefore, for
each j € Z, we have

[CEFNESZACR)]

LTo

< H (I-A)? [A(]_A)—M?‘SO) [| A e”‘?“g%m

Lro

—it)+ 71 e'LArng]]:H

t(§1 50) (1—it)+ =
—0(80,7”0, H I — A |:| ]| it) M ezArgSDJ

< (s, 70, V) H (I—A)% [(1— A) [\gpj -

L"o

Lro

< 02(30,7”0751,7% ‘I’)(l + !t\ EH iyt e roes

5175
— (50,70, 51,0, D)(1+ 1) 3 [y 72
Now we can apply the Holder’s inequality and (41) to obtain
[F(it)] < ||th z‘iHLPOHgft”Lp{)
< Mo((0fsarlan) sup (7 = 2)F (B 1S5l gl

1 it zt

Here f5 € Cg°(R™) implies fjw, s w; 54 € B and the truncation ensures that wy 5 5, lies in
Apgsy ﬂ RHqO Therefore,

|[F(it)] < Mo ([wis 17]a,, ) Ca (50,70, 51,1, T)
(55)

P_
ol
0

n r P
(1+ f¢)= sup sl (N lle +€)ro (gl +€)"
J

A combination of (53), (55) and [12, Corollary C.0.3] yields
~ 1—6 1 6
’F(9>’ < 0(307 51,70, 71, 1, 6? \D)MO ([wg?é,M]Apo) M, ([wg,é,M]Am)
sup [l - (1 fllze +€)([lgll o + )
JEZ
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for all f? g€ B where C'(807 $1,T0, 71, M0, 97 \/1}) = 02(807 To, 81, M, {I\I>1_GCI<807 51,71, 1, \/1\1)9
Consider the following inequality

[ @pgas

where f,g € B and f5, g5 € C°(R™). Set

1-0 0

(57) < [F(O)] +

/n(*fef)gdx — /n(fefé)gé dz|,

179_"_9 79+9
wMM—woaMquM6((s i, M ro Ter)

and estimate the second term in (57) as follows

[ @ngae- [ @pprgias

1\ Y
= / (oo fwysar)” - gwosar — (Gof§Wasar)” * Gowosm da

_ 1 v S— e V
= / Uﬂfwe,a,M (gwosar)” — Uefewe,é,M - (gowe.5.0) " dx

— —_—

= / o) [fgw;,;,M(ggw@,&M — gwo )’ + (gwosn)” (f5wy s — wa(SM)i| dx

IN

ol (11510g, 4 22 9500500 = g0z + Ngwosarllezll fiwg g = Freghadllze)

< C(6, M, po, prs 90, 41, Dl oolloo ([ /511 2195 = 9llz2 + Nlgll2 11 f5 = Fll2)-

— e~

In the calculation above, fw;iM, fgwg_yg’M, agfwe_l, crgfgwe_’;’M gwg s and ggwg s are all
in L2, so the corresponding Fourier transform and the inverse Fourier transform are well
defined. Letting ¢ — 0 the second term of (57) goes to 0, by using the duality argument and
the fact that B is dense in LP(R"™) we have

0
ITo.flle < C(s0. 51,70, 71,1, 0, 0) Mo ([wi \]a,,) Ml([wg,lé,M]Am) S‘El§|!90j||m||f“m
J

1—0 0
for all f € B, equivalently, replacing f — f w5 ,w %, € B, we have

||T0'f|| %p %p = ||T0'6f|| 11%917 %Z’
P(wy s 0 W16, M P(wo s A w1 5, 00)

1-6 9
< 0(50, 51,T0,71,M, 0, W)Mo([wg?(;,M]Am) M, ([wi]}@M]Am)

sup || ||| f 16, o
up [ [ £1] BB

1—-6 7]

where f € B C LP(wy, MZ wy JPM). Now we prove that

i 1n (g, = I gy for all f € B

where
1-0 0 1-60 6

S Po Pp1 P PO P1
Wo,5,M = Wy 5 pWy 5,0M Wy = Wy = Wy~ -
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1-0, 0
First, fix M, we have that |fwgs|? is bounded by an integrable function, |fM »o o P, so
we can apply the Lebesgue dominated convergence theorem to get

16 o
W (| fll oy, ) = I llerqey ) With  wear = wyjpw

Secondly, since | fwg p|P converges to | fwy|P increasingly as M — oo, applying the Lebesgue
monotone convergence theorem we have

J\}iinoo Hf”Lp(wg’M) = Hf”Lp(wg .

By Fatou’s lemma we obtain

|75 fll -0 o §C(30,31,r0,r1,n,9,\fl)
Lp

(1w, "l
Bminf Mo (T =03 1 (T 0 ' )
it Mo([wifsadan ) Mi([wisula,, ) sup ool e

Consequently, we obtain for all f € B

||T0'f|| 1-0, 06, S C(SO,Sl,TQ,Tl,n,e,\I])

Lr (w0 “wit)
1-6 0
Mo([wgo]APO) Ml([wih]Apl) Sup”SOJHLTHfH lp;ep Lp -
JEZ Le(wy™0 “w )

10, o
Here the weight w,"™ pwflp lies in A,e+ N RH, by Lemma 3.7.
" 1-0, 6
Finally, any given w € A, N RH, can be factored by Lemma 3.8 as w = w,” wy ™ with

wo € Apysy N RHy, and w, e Apss N RH,, with (20) being valid. Setting

—1\ 1-6 —1\ 0
Moy (t) = M, (Cgtlerf?*l > M, (CltlJrﬂPl*l ) , t>1,
and using that My and M, are increasing functions, we obtain

—0 . 0
Mo ([, ) M ([0 1a,,)" < Ma('],)
concluding the proof of (42) for w. Notice that Mp is also an increasing function. U

Remark 6.2. Theorem 6.1 also holds for multipliers satisfying a Lorentz-type condition:

sup [[(1 = A)% (U o (27))|prer < 00,

JEL
where 7;5; > n, or even the less restrictive conditions

sup [|(1 = A)Z (T (27 ))|| pysin < 00
JEZ

Then conclusion (42) contains the corresponding Lorenz-type norm for ¢ on the right-hand
side. The proof follows from an adaptation of the given argument to this setting.
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7. APPLICATIONS

In this section we use Theorem 6.1 to obtain results concerning weighted bounds for Fourier
multipliers whose symbols satisfy Hormander’s condition. Our main application concerns the
characterization of weights in classes of the form A, N RH, for which such Fourier multipliers
are bounded on the associated weighted Lebesgue spaces.

Theorem 7.1. Let 1 <p < o0, 0<s< 2, |% —
on R™ which satisfies

%\ <2, rs>n and o be a bounded function

(58) sup [[(1 = A)3[bo(27,)]| <o,
JEZ Lr

Define the functions

_ s _ (L) 0<a<i

(2 — ) \pa P
(59) ) :=p(>+a), qa): {1 0
for
[%—%,%] when 2 < p < o0,

(60) a €

)

Then, for every weight w € Ay, N RHgy, there exists a constant C,, such that

5 when 1 < p < 2.

(61) | T 1l £ (wy < Cuwsup for all f € B.

JET

| = 2280 @ )| 1£lrw)

The relevant pairs (i, a) of Theorem 7.1 are displayed in Figure 1.

Remark 7.2. We note that the weight classes in Theorem 7.1 are independent of the
parameter r that appears in (58). Moreover, the constant C, in (61) depends only on the
Muckenhoupt characteristic constant of a suitable power of the weight w.

2 2s

p’n

Proof. Case 2 < p < oo. By the change of variable # = 1 — 2«, we have 0 € [ } We

define
p

£(0) := % +5(1-6),
1 9 / .
q(0) == E(1-6) - (p(l—e)) if0<0<1,

1 —
1

if 0 =1.

For fixed p and s, it suffices to show that (61) holds for all f € B and all w € Aygy N RHyp)

2 2s

!

whenever 6 € |

p’n
When 6 € (1 — 1%, %), we first choose sg € (0, s), s1 € (5, n), po = 2, and p; € [5, 00] such
that
1 1-6 0
(62) - = —, s=(1—10)syg+ 0s;.
p Po p1
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Then we define the following parameters for small gq,e; > 0,

1 s S5 S0 1 . 4 (q(’;)’ 2
—:——5’ _— = — — £ -, :—7 e B :—7
70 n 0 n n ot 2 o 2—¢p o 2 €0
1 S1 %
— = — — &, 312817 Q1:1
IS n
Next we choose s*(eq,¢1), r(¢0, 1), and g(g9,€1) such that
1 1 1 1 1-6 0
s*(eg,e1) = (1 —0)sy +0s], ——=(1—-60)—+60—, = + )
(E0,21) = (1= 0)sg + s r(go,€1) ( >To r’ o pa(eo.e1)  poge i
We observe that as ¢, e7 — 0 we have
s*(eo, € S 1 S s 1—60 (@
ews) 1 p( i d) et 2412010
n n 2 n n 2 P
1 1—-60 0 s
= + = — -
r(g0,€1) To r n
(c0e1) 1 — 9)
q\€o,€1) = — T oy 4\Y).
03+ -5hp | 1-81-9)

For any given w € Ayg) N RHy) and given r € (%, 00), we choose sufficiently small ¢, e, by
Lemma 3.6, such that for ¢ = q(e¢,¢1), s* = s*(€0,€1) we have

U)EA@HRHQ

r > r(eg, 1) > L
s

Then we apply Lemma 3.8 with weights
Wy € AM N RHg,, wy € Am NRH,,

such that
(1-0p op
_ Po Pl
w = w, wyt.

We explain why there are increasing functions M;, i € {0, 1}, such that one has

(63) I oy < Mot L, sup [|(7 = &) % [Bo(2)]]

2o L Nl i )

for all o satisfying sup;c ||(1 — A)F (B0 (27:)] 1 < o0, all w; € Ay NRH, and i € {0,1}.

n

In particular, when ¢ = 0, one verifies that

1 So So 1 1 1
ro n’ noro 2 q
Hence, (63) follows from Theorem 4.3 (Case 1 or Case 2), where
2aq

Mg(t) = O(pO» q& 70, S0, ’7>tﬁ

< 1 %—1>
o = Imax T = .
bo — i1 4o — Po

70

with
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For ¢ = 1, Theorem 5.1 yields the bound

C
Ml(t) = th
s1q(t) —n
pis1 _ 1 -1 1 ]
t) = n . -+ 1 s = 6 ( S ’ )

obtained in (37). Finally, applying Theorem 6.1, we deduce
\To fll Loy < C(S0,51,70,71,M, 6, \/I\/) Cu SuZp H(I — Aﬁ [@U(Qj.)} |
je

Lr(e0-21) ||f||LP(w)

for all o satisfying

(64) sup (1 = 2)3 [Fo(27)]|

Lreoen) < OO

Here we set

1+p0711 1-60 1+p1*11 0
a, " > M, (01 (w4, " ) :
Finally, we notice that all o that satisfy (58) must also satisfy (64) by Lemma 3.10, then

(61) holds.
It remains to treat the endpoint cases for 6. When 6 =1 — %, for any w € Aps .1 N RH,

C, = M, (co [wi]

we can choose 6 > 1 — % sufficiently close to 1 — % such that

Since RH, = ﬂq>1 RH,, it follows that w € RH 5. Hence we have
w e Ag(g) N RHq(g)

Similarly, when 6 = %, assume first that s < . For any w € Ag N RH (o2 ) there

p(n—2s)

exists 6 < %, sufficiently close to %, such that
by Lemma 3.6.
Now suppose s = . For any w € Ag, Lemma 3.5 implies that there exists 7 > 1 such that

w € RH,. Hence, we can choose 6 with 1 — % < 6 < 1 such that q(é) = r. Moreover, since

(0) > %, we obtain w € Ar C Ay N RH, ).

Case 1 < p < 2. In this case, using the same change of variable § = 2a — 1 + %S, we have
RS [ —2 %] We define

P’

1 B ( 2n )’
p(2—-5)+1 \p((1+0)n-25)) "
For fixed 1 < p <2 and 0 < s < %, it enough to prove (61) holds for any f € B and any
w € Ay N RHye) whenever § € [1— ]%’ 251 We let

(65) (0) = g(l ), §0) =

n

_1
Ww=w 1 €Ay, » NRH_ .+ .
7+7(1—9). 17},7/(179)
2
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From the duality argument in Theorem 4.4 we have that, if

T, : LY (R", @) — L” (R", 0)

then
T, : LP(R",w) — LP(R™, w).
with || 75 || oo (w)—Lp (w) = ||TU||LP’(1I;)—>LP'(1I;)' Moreover, we observe that
. 1
w=w r1 €& Aﬁ_i_pi/(l_e) N RHF%}(FQ)

q _.
<:'>wp11€A <p5+1’(1 9)> _.AP
< U)ii;if&/(71 € Ap
= W € Ap:
= w e Ag(g) N RH@(Q)

where
1 P — 1 ~ 1
- . G(e 00)==(P —1)+1.
i = gy 10 =B 0= 57—

Eliminating the auxiliary parameter P, we obtain

iy P S0y 1 _ 2n '
i) =5(1+9)., a(0) <p(< )).

p(£ -8 +1 14+ 60)n—2s

These are exactly the relationships (65) of the indices in the statement of the theorem. [

We now show that the weight classes in Theorem 7.1 are optimal in the following sense.

Theorem 7.3. Let 1 <p<o00,0<s< &

n (59). Given any « as in (60), suppose that a pair (£,q) € [1,00)? satisfies either £ > {(c)
or ¢ < q(a). Then there exist a weight w € A, N RH, and a multiplier o satisfying (58) such
that T, is unbounded from LP(w) to LP(w).

o ———‘<— and rs > n. Let {(a) and q(a) be as

n’

Proof. When 2 < p < oo,if { > 2 +1orq< (W) then the conslusion is obtained by
Theorem 2.3.

If1 <0< +1and (552
q=q() = (pa )’ since the range of g(«) is [(p(anQS))’, o0o]. Under the assumption, there

exists g9 > 0 such that ¢ = {(ag + £9) = p(£ + ap + £9). Now suppose (61) holds for all f € B
and all w € AyN RH,. Let

- 1 1
) < g < oo, then there exsits oy € [5 -2 5] such that

1 S 1
—=—+ay+c, =
Do n 060

which implies that py < p < qo and py < qo. By the relevant extrapolation theorem for such
spaces [2, Theorem 4.9], it follows that for any py < h < go we have

1o flln S sup |7 = 2518 )] 1 llnw
JEZ Lr
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for any f € Band any w € Ax N RH(qTo)/. Moreover, by Theorem 2.3, we have p% < % +1,
PO
which implies pio <Z+ % for all py < h < qo. Letting h — ¢, , we obtain
1 s 1
— < —+—.
Po n Qo
Substituting the expressions for py and ¢g, this is equivalent to

s 5
—+tapt+eg< —+ap.
n n

However, this inequality cannot hold whenever €y > 0, which yields a contradiction.
When 1 <p<2,if {>2 +Lorg< 1% then the conslusion is obtained by Theorem 2.3.

If 1 < £ <P 4% then there exists a; € [1—1) — £, 1] such that £ = f(a;) = p(£ + o). Under
the assumption, we can choose £; > 0 such that ¢ = g(a; — &1). Now suppose (61) holds for
any f € Band any w € AyN RH,. Let
1 S
—=—+a, (=
Po N
which implies that pg < p < go and py < go. By the extrapolation theorem [2, Theorem 4.9]

it follows that for any py < h < qo we get
(1= A1) 11 lenw

Lr

1

oy —ey

IZ5 fll oy < sup
JEL

for any f € B and any w € Ax N RH(%O),. Moreover, by Theorem 2.3, we have ()" > -,
Po

which implies

o .n
qo = .
TS
Letting h — pg, we obtain
n 1 1
o < — < —.
— — S a1 — &1 (03]

po
However, the last inequality cannot hold whenever £; > 0, which yields a contradiction. [

Remark 7.4. The chart below lists the spaces claimed by Theorems 7.1, 4.3, and 4.4. The
spaces given by Theorem 7.1 provide the optimal classes of weights in all cases.

Case Thm 7.1 Thm 4.3 ([3], [5]) Thm 4.4
Apa) N RH o),

p>2 U (Ap(%_._a) N RH(;)/) s 1 1 1 Ag N RH;
o pe where — — — > - — —
ag3—5. 3] n r 2 g
| A2(1+%)QRH(%§)/

=2 ( sy NRH 1 ) 1 1 1 —

! 1Us Aatal (z5) where & — 2 > = - —

. 3] n o ~ 2 g
(Ap(%+a)ﬂRH(p%)/> A (%_‘_%)QRH% —
33

Q
m
i
|
|
i

—_
N
S
N
)

(@

Q
m
=
|

3|
[N

TABLE 1. Outline of results in the case 0 < s < g
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