A.E. CONVERGENCE VERSUS BOUNDEDNESS
XINYU GAO AND LOUKAS GRAFAKOS

ABSTRACT. In this paper, we extend Stein’s maximal theorem [26] to the bilinear setting;
precisely, let M be a homogeneous space on which a compact abelian group acts transitively
and let 1 < p,q<2,1/2<r <1 berelated by 1/p + 1/¢ = 1/r. Given a family of bounded
bilinear operators Ty, : LP(M) x LY(M) — L"(M), m = 1,2,..., that commute with
translations and converge a.e. as m — o0, we show that the associated maximal operator
T*(f,g9) = sup,, |[Tm(f,g)| satisfies a weak-type LP(M) x LI(M) — L"*(M) estimate.
Our proof is based on probabilistic arguments, properties of the Rademacher functions, and
measure-theoretic constructions. The main obstacle we overcome is an extension of Stein’s
lemma, that provides an estimate for the L? norm of a tail of a double Rademacher series in
terms of the L® norm of the series over a measurable set.

We also obtain a bilinear analogue of Sawyer’s [25] extension of Stein’s theorem to the
wider range 1 < p,q < 00. This result is valid for positive bilinear operators that commute
with a mixing family of measure-preserving transformations.

Our main application concerns the boundedness of a maximal bilinear tail operator asso-
ciated with an ergodic measure—preserving transformation on a finite measure space, which
was shown by Assani and Buczolich [2] to be finite a.e.. Our results imply that this maxi-
mal operator is bounded from LP x L9 to L" for the natural exponent r = (% + %)71 when
p,q > 1; this extends the integrability of the bilinear maximal tail operator from the sub-
critical region to the “natural” boundedness region. We discuss an additional application
related to the a.e. convergence of bilinear Bochner-Riesz means.

1. INTRODUCTION

A well-known classical fact is that the LP boundedness of a maximal family of linear
operators together with pointwise convergence for a dense subspace of the domain implies
a.e. convergence for all functions on the domain. In contrast to this classical direction,
our results show that a.e. convergence of a bilinear sequence forces weak-type bounds for
the associated maximal operator. Motivated by the work of Stein [26] and Sawyer [25], we
obtain bilinear analogues of their results and we also study some of their consequences in
terms of applications. The main results of this paper are Theorems 1 and 3, while our main
application is Theorem 5.

In Stein’s celebrated work [26], it is shown that if a sequence of translation-invariant
operators {1,,} on a compact group acts boundedly on LP(M), 1 < p <2, and if T,,,f — T'f
pointwise for every f e LP(M), then the maximal operator

T*f = sup|T,f|
m=1

satisfies a weak-type (p,p) inequality. The argument is based on probabilistic techniques
with Rademacher functions and provides a powerful connection between a.e. convergence
and weak-type (p,p) inequalities. In this work we develop an analogue for sequences of
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bilinear operators T,,, : LP(M) x LY(M) — L"(M) with 1/p+1/g=1/rand 1 < p,q¢ < 2. It
should be noted that the opposite direction also holds: if a sequence of multilinear operators
satisfies a maximal weak-type estimate LP x L9 — L™® then it converges a.e. for all LP x L4
functions, assuming it does so for a dense subclass; for a proof of this fact see for instance
9, Proposition 2].

Interest in bilinear operators originated in the pioneering work of Coifman and Meyer [4] [5]
in the seventies and by the celebrated work of Lacey and Thiele [19, 20] on the bilinear Hilbert
transform in the nineties. These works have spurred a resurgence of activity on adaptations
of many classical linear results to multilinear analogues, such as the Calderén-Zygmund
theory [12] and many other topics. In relation to a.e. convergence of multilinear singular
operators and boundedness of the associated maximal operators (which naturally implies
a.e. convergence) we refer the reader to [18] [22], [13] [23], [21], [7], [10], [8], [17]. This list is
by no means exhaustive, but is representative of the work in this area.

Another contribution of this work is the bilinear analogue of Sawyer’s extension of Stein’s
theorem to the range 1 < p, ¢ < oo for positive bilinear operators under certain mild mixing
conditions. The main application of our results concerns improved weak-type bounds for
a bilinear tail operator associated with an ergodic measure-preserving transformation on a
finite measure space.

We begin by introducing some preliminaries and then develop the probabilistic and measure-
theoretic framework necessary for establishing Theorem 1.

Let G be a topological group and M a Hausdorff topological space. We say that G acts
continuously on M if there is a continuous map

Gx M — M, (g,2) — g(z),

such that
e(r) ==z
for every x € M, where e denotes the identity element of GG, and
(9192)(2) = 91(g2(2))
for every ¢1,¢9: € G and x € M.
In the measure-theoretic arguments below, we additionally assume that the action map is
jointly measurable with respect to the relevant product measure spaces.
We call M a homogeneous space of G if G acts continuously on M and transitively; the
latter means for every pair of points x,y € M there exists an element g € G such that
g9(z) =y.

We also define the translation operator 7, acting on functions f on M by

(1)) = flg'z), geG.

Now suppose G is a compact group and M is a homogeneous space of G. Then the homo-
geneous space M inherits a unique normalized G-invariant measure dp from G that satisfies

JM flg(z))du(z) = JM f(x)du(x), for all fe L'(M) and g € G.

If we normalize the measure du on M such that

J du =1,
M
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then G also has a finite Haar measure dwg, that satisfies

J dUJG:1.
G

It is useful to recall the relation between the measures dy on M and dwg on G. For a
fixed point xg € M and a Borel subset E of M we define the fiber of E over the point xg
under the action of G as follows:

E={geG:g(x) € E}.
Then, by translation invariance, for any xy € M we have

(1) w(E) = wa(E).

Some classical examples that the reader may keep in mind are the following. First, when
both the group and the space coincide with the k-torus, G = M = T*, the action is simply
translation modulo 1:

g-r=g+x (mod1l), g,z €Tk,
that is, addition is taken componentwise on the torus.

A second, closely related example arises when G = M is the dyadic group, in which case
the action is given by componentwise dyadic addition:

g-z=g+x (mod2).

Finally, one may think of the rotational setting: let G = SO(n), the group of rotations in
R"™, and M = S™ ! the unit sphere. Here the natural action is the usual rotation of vectors,

g-x=g(x), geSO(n), ze S™ L

These three cases serve as canonical examples of compact group actions and motivate the
general framework discussed below.
We now discuss the setup in the bilinear setting. Let M and G be as above.

Definition 1. For each m = 1,2,..., let T,, be a bilinear operator defined on LP(M,du) x
LY(M,du), where 1 < p,q < 2.

o We say that each T, is bounded if for each m = 1,2,... there is a constant C,, such
that

1T (f, ) rary < Conll f o |B] Laan),
for all f e LP(M) and h € LY(M). We do not assume the constants C,, are uniform
m m.
e We say that each T,, commutes with simultaneous translations if for every g € G we
have

Ton(7yf.7oh) (@) = 7, T f,h)(x), ae. x€ M.
o [or fe LP(M) and h € LY(M) we define the associated maximal operator:

T*(fa h) = Sup |Tm(f7 h)|

m=1

The first main result of this work is the following theorem:
3



A.E. CONVERGENCE VS BOUNDEDNESS XINYU GAO AND LOUKAS GRAFAKOS

Theorem 1. Let 1 < p,q <2 and % < r <1, such that % = % + é. Let T, be a sequence of

bounded operators from LP(M) x LY(M) to L"(M) that commute with simultaneous transla-
tions. Suppose that for every f € LP(M), h € LY(M), the pointwise limit

T Ty (f, 1))

exists for almost every x € M.
Then, there ezists a constant C' > 0 such that for all f € LP(M), h € LY(M), and all
a >0,

C
(2) p{ze M:T(f 1) (@) > a}) < [ flenlhlzean.

In Section 5 we also prove a version of this result for positive operators. In Section 6 we
discuss applications. Naturally, our results extend to the case of multilinear operators, but
for the sake of notational simplicity we only focus on the bilinear case.

Notation: We denote Lebesgue measure on Euclidean space or the torus by | - |. The
indicator function of a set S is denoted by 15. We use the notation A < B to indicate that
the quantity A is controlled by a constant multiple of B, for some inessential constant.

2. SOME PRELIMINARY RESULTS

We begin the proof with some lemmas. The following summability lemma allows us to
balance size and frequency of occurrence of the terms of a series.

Lemma 1.1. Let (a,)¥_, be a sequence of numbers satisfying 0 < a,, < % for some A > 0.
Then we can find a sequence of natural numbers ny < no < nz < --- such that:

o0
(3) D an, <0,
k=1

0
(4) Z Ny, = 0.
k=1

Proof. If limsup,,_,., na, = a > 0, we define n; = 1 and for k > 2 we define inductively

a
n, = min{n > max(k?, ng_1) : na, > }
g { (Fsmea) s nan > 4=

Then we have

IS

5 < o,

=~

0 oe]
2, < 2,
k=1 k=1

while, for every K > 2,
K Ko
Z Nk, = Z —_—.
k=1 imktl
Since the series on the right diverges as K — o0, we obtain the desired divergence.

Now suppose that

lim sup na,, = 0.
n—o0

1
b, —
! \\2tCL2t| ’

4

For each t € N, set




XINYU GAO AND LOUKAS GRAFAKOS A.E. CONVERGENCE VS BOUNDEDNESS

and define the sequence (a,, ) by repeating ag: exactly b; times for each ¢; that is,

as,...,02,092,...,092,...,09t,...,09t,....
b1 times bs times b; times
Here
|z] = max{n e Z:n < x}
denotes the floor of x, i.e., the greatest integer less than or equal to x.
Since

2ta2t E— O,
we have
o t
bt2 Aot = {2tazt|2a2t — 1.
Moreover,
1
biay = t < 27t
12 {2%24 )
Therefore,
oo o0 o0
2 Qp, = thLQt < Z 27t < 00,
k=1 =1 t=1
whereas
o0 o0
Z Nklp, = Z by 2'as = o0,
k=1 t=1
because
bt Qt(lgt — 1.
Thus (3) and (4) hold. O

Lemma 1.2. For a positive numerical series Zle a, < 00, we can find a sequence of positive
numbers R,, such that R, — o0 as n — o0, but also such that Z;O:l R,a, < .

Proof. Denote by

the nth tail of 3, a,. Since

o0
Sy < o,
n=1

we have T,, — 0 as n — 0.
Assume first that 7}, > 0 for every n. Define

1
Tnfl .

Then R,, — o0, since T,,_; — 0. Moreover, using

R, =

Qp = dp—1 — Tna
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we obtain
;Rnan = g \/7
- LW - VR
2Z<v ~VT)
2(\/To VIy)
<2 TO
Therefore,

o0
Z R,a, < 0.
n=1

If T,, = 0 for some n, then ap = 0 for all sufficiently large k. In this case, we may choose
any sequence R, — o0, and the series

[ee}
2, Fnan
n=1

is automatically finite.
Thus, in all cases, there exists a sequence R,, — oo such that

0
Z R,a, < 0.
n=1

O
Then by the above lemma, we have the following

Lemma 1.3. Let 0 < p,q < 0. Let {a,}>_;, {bn}_; be sequences of positive numbers such
that

o0 o0

P a
Zan<oo, an<oo.
n=1

Then, there ezists a sequence {R,}>_, with R, — o such that
ZRpap<oo Zquq < 0.

Proof. Take ¢, = af, +b%, then by Lemma 1.2, there exists a sequence { R/}, with R] — o
such that

0
/
Z R, c, < 0.

n=1

Note here we can choose R/, > 1 by replacing it by max{1, R, }. Setting R, = R ax{pat

we rewrite the preceding as

0¢]
Z RUpale < o,
n=1
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Then we have that

o0
D D max{p,q}
RPab < Z R Cp < 00,

n=1

s

3
I
—

0
RibS < Y Rymipdle, < oo,
n=1

This proves our claim. O

M8

3
Il
—

Lemma 1.4. Let (t,)n>1 be a sequence of real numbers such that
O0<t,<1 foralln=1,2,...

and

o0
Z t, = o0.
n=1

Then, for every fixed natural number N, we have

M
n(l—tn)—>0 as M — oo.

n=N
Proof. Fix N € N and set

M
Py:=]]0=t)), M=N.
n=N
Since 0 < t,, < 1, each factor 1 — ¢, lies in (0, 1), so Py, > 0 and

In Py = i In(1 —t¢,).
n=N
We now estimate the logarithms. For x € (0, 1), we have the standard inequality
In(1—2) < —ux.
Applying this with = = t,,, we obtain
In(1 —t¢,) < —t, forall n.

Therefore, one has

M M
Py =Y In(l—t,) < = ) tn,
n=N n=N

thus
Py = eZnM:Nln(l—tn) < e*ZivI:Ntn_
By hypothesis, Y.~ t, = o0, hence also Y\ t, = 0. Thus
M

St
M—o0
n=N

which implies Py; — 0 as M — oo. This is exactly the desired conclusion. 0J
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Lemma 1.5. Let Fy,Es, ..., E,, ... be a collection of sets in M, with the property that
S u(E,) = oo. Then there exists a sequence of elements gi, o, .-, Gn,-.. of G, so that
the translated sets Fy, Fy, ..., defined by F,, = g,[E,], have the property that almost every
point of M belongs to infinitely many sets F,,. Precisely, let

Fy =limsup F,, = ﬂ UF

k=1n=

Then u(Fy) = 1.

Proof. We consider two infinite product spaces. First, let

o0
MzHMk,
k=1

where each M}, is a copy of M. Thus the points of M are sequences {x,}, where x,, € M.
We impose the usual product measure of the measures du on each My on M. We call this
product measure dp*.

Next we consider the infinite product group

o0
r=]]G
k=1

where each Gy, is a copy of G. The elements of I are sequences {g,}, where g, € G. On T’
we also consider the usual product measure.
We notice that I' is a compact group which acts on M in a the following way

v (xy, 22, ... ) = (g1(21), go(22), .. . ), v=1(91,92,...) €T,

Hence (M, p*) is a homogeneous space of T'.
Consider now the collection of sets &, &,..., &,, ... on M defined as follows

En={x=(x1,29,...) EM: z,€ E,}, n=12....
Then p*(&,) = p(Ey,). Let

||
i DS

e¢]
We claim that p*(&) = 1.
Recall that

3

e} o0
=N e
k=1n==k
Hence, by the subadditivity of the outer measure p* we have

(5) (D) < Y pt ( N &2) .

n=~k

Fix k > 1. For any m > k,

ﬁ&ig OSC
n==k n==k
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so by the independence of the coordinate events, one obtains

m

u*(ﬁ&i) HuEC [ (= wE)).

n=~k

Since, we can assume that p*(€,) = u(E,) > 0, we have u*(EL) = 1—pu(E,) by the definition
of the product measure. Thus,

u*(ﬁ 82) <[]0 - uED.

n=~k

Letting m — oo, we obtain

(6) Iy (ﬂ 52) < lim ﬁ(l — pu(En)) =0,

by Lemma 1.4.
Now summing over k and substituting (6) into (5), we find that

0 0
pHES) < D (ﬂ 65) =
k=1 n—k
Hence, it follows that
pi(€) =1 —p*(&) = 1.
Therefore we have u(£5) = 0 and thus u(&) = 1.

Let now ¢(x1,22,...,&,,...) be the characteristic function of the set &. Consider the
function f(v,z) defined on I" x M as follows

FOya) = v(gr (@),92 ' (2), -, g0 (@), ),
where v = {g,} € T, and z € M. For z € M, let

pe = (z,2,...2,...).
Define the set
Ap:i={yel: f(y,x) =1} ={yel:y ' p, e &}
We apply (1) with G replaced by I" and E = & to obtain

1 (&) = wr(As),

where wr is the product Haar measure induced by wg. Since p*(&) = 1, it follows that for
every fixed x € M,

wr(4;) =1, ie  f(v,p.) =1 for almost every v e I'.
We then have that for each x, f(v,p,) = 1 for almost every . Hence, by Fubini’s theorem

J ff’ypm dwr dp* —1—ff f(v, pz) dp™ dwr.

Thus for almost every v = {g,} € I', we have f(v,p,) = 1 for almost every x € M.
Therefore for almost every x € M, v '(p,) € &. That is, for almost every z € M,
g, (z) € E, for infinitely many n. Hence, for almost every = € M, we have x € g,[E,] for
infinitely many n. This proves the lemma. U
9
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Next we consider the Rademacher functions r,(¢) defined by
ra(t) = (2" ), n=12,...,
for t € I := [0, 1], where 79(t) = 1 and

o= 1L if0<t<1/2
T =
' ~1, if1/2<t<1.

These functions are orthonormal over [0, 1] and their importance lies in the fact that they
can be thought of as mutually independent random variables. We shall not make explicit
use of this fact, but instead we shall use a property that, in effect, follows from this.

Our next lemma is an analogue of Lemma 2 in [26] (see also [24]) for double Rademacher
series. The approach in the proof below is based on the work of [1]. Let r,(s), rx(t) be the
Rademacher functions indexed by k,n > 0, and for numbers a,,; with Zf,k:o lank]? < oo,

we consider the double Rademacher series
o0

F(s,t) = Z A Tn(S) Ti(t).
n,k=0
The following lemmas concern F'.
Lemma 1.6. Let 11,79, ... denote the Rademacher functions on [0,1], and set
o = 1.

For every finite collection of complex numbers

{Cj,k}Oéjém, 0<k<n)

= Z 2 cjrri(s (set) € [0, 1]%.

j=0 k=0

let

Then one has

(7) J P(s, D) dsdt < 9 (J
[0,1]2 [0,1]2

In particular,

2
P(s,t)|*ds dt) :

m n 2
f P(s, 1) ds dt < (Z 3 |cj,k|2> |
[0,1]2 —0 k=0
Proof. We first recall the following one-dimensional fourth-moment estimate. If
x) =by+ Z bjr;(z), b; € C,
then

(5) f Q)| dr < <Z|b\2>2

This is the p = 4 case of Khintchine’s inequality.
10
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For completeness, (8) also follows directly. Let ey,...,&,, be independent Rademacher
random variables. Since )

I

[ 16wyt ar -

b() + Z bjﬁj
j=1

introduce an additional independent Rademacher variable ¢y. Multiplication by ¢y does not
change the absolute value, and hence

bo + i bjEj

=1

4 4

m
b0€0 + Z bjE(]Sj

=1

E =E

The random variables
€05 €0€15---,€0Em

are again independent Rademacher random variables. Thus it suffices to estimate

S = i bj{fj.
7=0

Expanding the fourth moment and using independence gives

m 2 m 2 m
E|S[* = 2 <Z W) + >0 =2 (bl
j=0 j=0

j=0

Since

m m
INAEDNUTE
j=0 =0

we obtain ,
E[S|* <3 <Z \bJIQ) ,
=0

which proves (8).
We now prove the two-parameter estimate. For 0 < t¢,s < 1 write

Pls,t) = ) Ai(0)rs(s),
where .
Aj(t) = > ciuri(t).
k=0

For each fixed ¢ in [0, 1], applying (8) in the s-variable gives

L |P(s,t)[*ds <3 (Z |Aj(t)|2) :

Integrating with respect to t, we obtain

(9) J{OHQ |P(s,t)|4dsdt<3Ll ( |Aj(t)|2) dt.

Jj=
11
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By Minkowski’s inequality on L?*([0,1]) we have
o s 2
j(Z&@@dt - 4P
0 \j=0 §=0 72
< ZH|AJ|2HL2
i=0

m 1 1/2
=X ([ o)
j=0 \0
Applying (8) to each A;, we obtain
1 1/2 n
(] 1asara) < va X el
0 k=0
Consequently,
1 m 2 1/2 m n
f (Z |Aj(t)|2> dt| <3 > el
0 \j=0 §=0k=0
and hence
1 m 2 m n 2
[ (Bor) aea (53 )
0 \j=0 =0 k=0
Combining this with (9) yields
m n 2
f |P(s,t)|* dsdt <9 (Z > \cj,kP) .
[0,1]2 §=0k=0
Finally, orthonormality of the Rademacher products gives
f Plst)dsdi = 3 S eyl
[0,1]2 j=0k=0
and thus (7) follows. O

Corollary 1. Let R = I x J be a dyadic rectangle, and suppose that, after the affine rescaling
of I and J onto [0,1], a function P is a double Rademacher series as in Lemma 1.6. Then

2
(10) f |P(s,t)[*dsdt < ( f \Pst\stdt> :
[R| |R|

Equivalently,
2
f P(s, )" ds dt < (J P(s,1) \2dsdt> |
R |R|

The same estimate holds for square-summable double Rademacher series.
12
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Proof. The finite-series estimate follows immediately from Lemma 1.6 by an affine change of
variables.

For a square-summable series, let P, be its rectangular partial sums. Then P, — P in
L*(R), and hence a subsequence v; converges almost everywhere on R. Moreover,

2
J|Py(s,t)|4dsdt<iq |P,,(s,t)|2> ds dt.
R 17| \Jr

f |P,, (s, t)[dsdt —>J |P(s,t)|*ds dt,
R R
as j — oo, Fatou’s lemma gives
9 2
J |P(s,t)|[*dsdt < liminff 1P, (s, t)[*ds dt < —: (J \P(s,t)\2) ds dt
R =% IR Rl \Jr
which proves (10). O

Lemma 1.7. Let E < [0,1]? be a measurable set with |E| > 0, and let

a0
F(s,t) = > angra(s)ra(t), D lanil® < o0,

n,k=0 n,k=0

Since

where {an x}—o 18 a sequence of complex numbers. Then there exists an integer N = N(E)
not depending on the coefficients a, j, such that

1/2
< Z ]an,kF) < V2 esssup |F(s, t)].
n>N(E) (s,t)eE
k>N (E)

Proof. Fix € = %. By a standard measure theory theorem, there exists a dyadic rectangle
Ry = Iy x Jn, [Iy| = |Jn] = 27F,
such that
|[En Ry| > (1—¢)|Ry|
Equivalently, we have
(11) |RN\E| < ¢|Rn].

Since ¢ is fixed, the integer N depends only on E. We write R = Ry.
On R, the functions r,, with n < N are constant on Iy, and the functions r, with k < N
are constant on Jy. Decompose

F=Hy+FY+F® 1 FO)

where

Hoo(s,t) = Z A T (8)T5(),

os<n<N
0<k<N

FY(s,t) = Z A kTn (8)7T5(2),

n>N
k>N

FO(s,t) = > anprn(s)ra(t),

n>N
0<k<N

13
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and

and, for £ > N,
J re(t) dt = 0
JIN
It follows that the four functions Hyy, FO F@) F®) are pairwise orthogonal
in L*(R).

Also, the family
{ro(s)rg(t) :n> N, k> N}
is orthogonal on R. Hence

fyF (s, ) dsdt = |R| Y |anl

n>N
k>N
By the orthogonality of the four pieces,
(12) RS Jansl? < J (s, )2 ds dt.
n>N
k>N

By Corollary 1 we have

(13) fRyF(s,t)ﬁdsdt T U |F(s,t ]2dsdt>2.

It follows from the Cauchy—Schwarz inequality, (13), and (11) that

1/2
f F(s, )2 ds dt < |R\E|"? <f (s, )" ds dt)
R\E R

[|R\E|
<3 |R\ J|F t)? ds dt

< 3ﬁf |F(s,t)|* dsdt
R
1
_ -J (s, )2 ds dt,
2 Jr

where in the last line we used £ = 1/36.

Since
J|F(s,t)|2dsdtzf |F(s,t)|2dsdt+f P (s, )2 ds dt,
R RNE R\E
we obtain
1
(14) —J ]F(s,t)|2dsdt<f |F(s,t)> ds dt.
2 R RNnE

14
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If

esssup |F(s,t)| = oo,
(s,t)eE

then the desired inequality is immediate. Thus assume that this essential supremum is finite,
and set

M = esssup |F(s,t)].
(s,t)eE

Then
f |F(s,t)|?dsdt < |R n E|M?* < |R|M?.
RNnE

Combining this with (14), we obtain
f F(s, )2 ds dt < 2| R| M.
R

Using (12), we therefore have

R ) lansl* < 2| RIM?

n>N
k>N

which gives

n>N (S,t)EE
k>N

2
Z | <2 <esssup |F(s,t)|) :

Taking square roots yields

1/2
Z | .| < V2 esssup | F(s,t)].
n>N (s,t)eE
k>N
Thus the conclusion holds. O

3. THE PROOF OF THEOREM 1

We now have the tools required to prove Theorem 1. In this section, we provide the proof.

Proof of Theorem 1. We assume that conclusion (2) is false and we will reach a contradiction.
Then for each n € N, there exist non-zero a.e. functions f; € LP(M), h], € L4(M), and a,, > 0

such that:
! h/
,u({xeM:T* (ﬁ,—") () > 1}) =n
an an

Thus we can reduce matters to the following situation: f, = % e LP(M), h, = % e LY(M),
E, :={x:T*(f, hy)(x) > 1}. Then:

p(En) = 1| fol e || 7a-
15

s T

A

Qp

h/

Qp

p La
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Apply Lemma 1.1 to extract a subsequence ny of the natural numbers such that the triple
(fnka hnk7 Enk) SatiSﬁeS

D Fanllza i, 170 < o0,
k

15
( ) ZM(Enk:> = 0.
k

By bilinearity, it is not hard to show that for any a > 0, condition (15) for (f,,, hn,, En,)

and for (afn,,a  hy,, E,,) are equivalent. Now we take o = ap, = || fo, || 15 [|Ang || 24, then
we have that:

_rp rp
||O‘nkfnk||zzp = O‘ﬁkankHiP = ||fnk||LPq ||hnk||Lp¢1||fnk||]£P = ”fnk”;:PthkHEq
Similarly, we have
e g% = 1 o i |7
For notational convenience, we replace (a, fnk,agklhnk,Enk) by (fu,hn, Ey). Then we

have the following situation:
For n € N, there are f,, € LP(M), h, € LY (M), and E,, = {x : T*(f,, hy,)(x) > 1} such that

Z u(Ey) = o,

D2 falle = D Izl 10 < o0,

n k

Z thH%q = Z ”fnkHzPthk |7 < o0.
k

n

Apply Lemma 1.3 to choose R,, — o0 such that:
SRSl < o0,

D Ruh |8, < 0.

Apply Lemma 1.5 to the sets
E,={xeM:T*(fn, hy)(x) > 1}.
Since ), u(E,) = o0, choose g, € G such that
Fy :=limsup g,[E,], u(Fy) = 1.

n—00

We record explicitly the null sets appearing below. For every m,n € N, set

VASRRES {x e M : T,.(7y, frs Tgp n) () # Ton(frn, hn)(gglx)}.

By the hypothesis of commuting with simultaneous translations we obtain u(Z}} ) = 0 for

every m,n. Hence
0 0
7= J 2z,
m=1n=1
is a null subset of M. Thus, for every x € M\Z", the above translation identity holds
simultaneously for every pair (m,n).
16
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For a function F' on M x [0, 1] we introduce the slices
F.(t) = F'(z) = F(x,t), H.(s) = H*(z) = H(z, s).
We claim that there exists a pair of functions F'(x,t), H(x,s) both defined on M x [0, 1]

with the properties:

(i) For almost every (t,s) € [0,1]*, we have F' € LP(M), H* € LY(M), and hence by
assumption we have T,,(F*, H*) € L"(M) for each m.
(ii) For almost every (¢, s) € [0,1]?, the maximal function

T*(Ft,Hs)(:c) = suﬁ ]Tm(Ft,HS)(q:)\ =

for almost every x € M.

Note that the validity of (i) and (ii) leads to a contradiction since the assumption is that
for every f e LP(M), h e LI(M), the limit

lim T,,(f,h)(x)

m—0o0

exists for almost every x € M. Thus, the desired inequality (2) must hold.
Let I = [0,1]. We define measurable functions on M x I by setting

v (1) Z ) Ry, (fn)(2),

HN(ZE,S) Z (S)RkTgk(hk)(x)>

=1

B

for x € M. For Ny > N; natural numbers we consider

f f Py (2,8) — Fu, (2, 1)Pdadt.
IJM

We need the following observation. Let

= 22 byrn(t)

n=N1
then for 1 < p <
No g N2
j ropa< ( [irora) = (S mr) < 3w
n=Ni n=Ni
Notice || follrary = ||7g, (fu)||zr(ar) by translation invariance, then by Fubini’s theorem, we

obtain

JJ Py (2,1) — F, (x, 8)Pdadt < Z R fulll,,

n=N1

and similarly

N2
JJ |Hy, (2,5) — Hyy (2, 9)"dads < 3 || Rl |L-
I JM

n=N1
17
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Then the sequence Fy(x,t) is Cauchy in LP(M x I), since the series > ||Rufull}, is
convergent. Hence there exists a function F'(z,t) in LP(M x I) such that

IFn () = F (- )lzeuxn — 0

as N — o0. Define
Gmw;WM@wmezwyihuwmw~F@ﬁwwu>

By Fubini’s theorem we have

wm—m;mm=ﬁcmwm

Since Fy — F in LP(M x I), the right-hand side converges to 0. Thus Gy — 0 in L'([).
Convergence in L' (I) implies the existence of a subsequence Gy, of Gy such that Gy, (t) —
0 for t € I, except for a subset of measure zero which we denote by A. Equivalently, we have

(16) |Fn, (- t) = F ()| o(ary — O for t € I\ A, (as i — o0).
Similarly, there exists an H(x,s) € LY(M x I) such that
| Hn, () = H ) paaxn — 0,
and there is a subsequence N;; of N; and a subset B of I of measure zero such that
(17) ||HNL.]_(',S)*H(',S)HLq(M) —0 for s e I\B (as j — o0).
Keep the original partial sums Fy and Hy indexed by their actual cutoffs. Let
vj =N

denote the common subsequence obtained above. Since v; is a subsequence of V;, equations
(16) and (17) imply

F, (-, t) — F(-,t) in LP(M) for every t € I\ A,

J

and
H,(,s) — H(,s) in LI(M) for every se I\B.
In particular,
F':=F(,t)e L’(M) (tel\A), H®:=H(.,s)e LYM) (sel\B),

so property (i) holds. We do not rename F,,, or H,, as Fy, Hy; below Fy, Hy always denote
the original partial sums with cutoff N.
Let us now fix m € N. For n,k, N € N, set

Al (@) i= BuRi T (75, (), 70, (1)) (2)
and
N N
Pon(a,t,s) = >0 > aly (@)ra()ri(s).
n=1k=1
By bilinearity we write
Poun(z,t,s) =T, (Fx, Hy) ().
We first consider the limit as N — oo. If N > L, then

Pon— P = Tow(Fy — Fr,Hy) + T (FrL, Hy — Hyp).
18
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Since 1/2 < r < 1, the r-triangle inequality and the boundedness of T, : LP(M) x LY(M) —
L™ (M) give

1P = Pt iriacrsy < O (1P = Fllzmqaaen | v lzaguey

1 nqarcny Ex = Helaqarcn))-

Here we used r < p,q and |I| = 1. Hence P, x is Cauchy in L"(M x I?), and there is a
jointly measurable representative (), such that
Pon — Qn in L"(M x I?) as N — o0.

Recall the common subsequence v; above. For every (¢,s) € (I\A) x (I\B), the continuity
of T,, gives
Py (t,5) = Tu(FL HS) — T (FLHY) in I(M),
On the other hand, define
dmj(t S HP’H’LV] ,3)_Qm(',t,3) .

Lr(M)”
Since P, ,, — Qp in L"(M x I?), we have

f dm;(t,s)dtds — 0.
I2

Choose a subsequence I/](-m) such that d,, ;,(t,s) — 0 outside a null set C,, = I?. Enlarging

C,n, if necessary, by the null set
(AxT)u (I xB),
we may assume that for every (t,s) € I*\C,,,
Qum(-t,8) =T, (F", H®) in L"(M).

Define the common parameter-null set

(e
m=1

Then |C| = 0, and for every (t,s) € I*\C the preceding identity holds simultaneously for all
m.
For later use, for every (t,s) € I*\C and every m, choose

Z9(t, s) == {x eM:Qn(x,t,s)# Tm(Ft,HS)(iL‘)}.
Then p(Zi4(t,s)) = 0. Thus
Z(t, ) EOJ Z9(t, s)
is null and, whenever z ¢ Z'(¢, s), :
Qum(x,t,8) = T (F', H*)(x) for every m.
For purposes of bookkeeping of null sets, define the product-space null set

3= (M xC)u {(x,t, 5):(t,s) e I\C, x e Z'(t, 3)}
19
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By Fubini’s theorem, (u x dt x ds)(3) = 0, and on (M x I%)\3'¢ one has
Qum(x,t,8) =T (F' H*)(x) simultaneously for every m.

We now prove square summability of the coeflicients. Let (¢, ) be finitely supported and

set
O(t,s) = Y caprn(tri(s),  S:i= > leasl’
n,k n,k
If S =0, the desired estimate is trivial. Assume S > 0. By orthogonality,
|®(t,s)|*dtds = S,
J2

and Lemma 1.6 gives

|®(t, s)|*dt ds < 95>
12

Applying the Paley—Zygmund inequality to |®|* with § = 1/2 yields
S 1
t 0,1 [®(t,s))* = = ¢| = —.
{toreaps oo > 5>
Consequently, for every r > 0,

572 < 36-272 | |®(t,s)|" dt ds.
12

Thus, with C, = 36 - 2"/2,

r/2
Z ‘Cn,k‘z < Cr J
n,k 12

Apply this finite-polynomial inequality to P, n(z,-,-) and integrate in x. We obtain

N N r/2
j;(ZE]QQ@W> du(x) < Col| P arre)

n=1k=1

r

dtds.

Z Cr kT (D)r(s)
n,k

< ORI EN o ux 1 HN [ Lagaexry-

Since Fy — F in LP(M x I) and Hy — H in L%(M x I), the right-hand side is bounded
uniformly in N. By monotone convergence we deduce

Define

Then u(Z%) = 0.
Put
emJV(x) = ”Pm,N(x’ E ) - Qm(m7 " ')HET(IQ)'
Again,
| enat@) duta) = 1oy = Qulisaersy — 0.
20
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Choose a subsequence N](m) such that e o (z) — 0 for all z € M\ZP, where u(Z}) = 0.

Fix = € M\(Z% U Z). Since the coefficients ag’,? (z) are square summable, the full
sequence P, y(z,-,-) converges in L?(I?), hence in L"(I?), to the double Rademacher series

m(z,t,s) ZZank r(s).

n=1k=1

The subsequence P N<m>( ,+,+) also converges in L"(I?) to Q,,(z,,-). Uniqueness of the
L"(I?)-limit therefore gives

Qm(z,,) =Ru(x,-, ) in L"(I?).
Accordingly, for each such x, define

Rz = {(t, s)eI?: Qum(z,t,8) # Rn(w,t, s)}
Then |Rp..| = 0 whenever z € M\(Z% U ZfP).

Now define the remaining common null sets in M:
0 0
-Jz., 2=z 2= MR

Define the common full-measure set
My = M\(Zimsw o 7t O 2% U Z).
Then u(M;) = 1. For every x € M, set

o0
R, = Ul R

Since this is a countable union of null sets, |R,| = 0. For every x € M, every (t,s) € I*\R,,
and every m € N, we therefore have the simultaneous Rademacher representation

(x,t,s) Z Z S)R, Ry Ty, (Tgnfn,Tgkhk)(:v).

n=1k=1

Moreover, because x ¢ Z%, for every m,n € N,

T (Tgu frs Tgultn) (2) = Tin(fn, hn)(gy, ).
Finally, because = € Fy,
x € gn|En] for infinitely many n.

Choose the jointly measurable representatives @), constructed above and define

Q*(x,t,s) := sup |Qm(z,t, ).
m=1
Suppose, towards a contradiction, that Q* < oo on a set of positive measure in M x I%. Since
a0
<o) =Jl@* <)
j=1

there exists a finite constant A > 0 such that

Sa=A{(z,t,5) e M x I* : Q*(x,1,5) < A}
21
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has positive product measure.
Since pu(M\M;) = 0, the set

Sy =S40 (M x I?)
still has positive product measure. For x € M;, define
E,:={(t,s)eI*: (x,t,5) e S5,}
By Fubini’s theorem,
My :={x € M : |E,| > 0}
has positive measure.
Fix x € My. Recall the common parameter-null set

Rm = [:Jl Rm,xa |Rm’ = 07

and define
E! = E,\R,.
Then |E%| = |E,| > 0. On E%, for every m,
Qulz,t.s) = D ar)(@)ra(t)ru(s),
n,k=1
and, because (z,t,s) € Sy,
|Qm(z,t,s)] <A  for every m.

Apply Lemma 1.7 to the positive-measure set Ef. Its cutoff depends only on the set, so
there exists
N, := N(E?)
which is independent of m, such that for every m we have

1/2
( Z Z |a,(:2)(x)|2) < V2 esssup |Qu(x, t, s)| < V2 A.

n>Nz k>N, (t,s)eE%

Therefore, for every m and every n > N,, the diagonal coefficient satisfies
Ry | To(Tg, fos Tou B (2)] = a3 (2)] < V2 A.
Since z € My ¢ M\Z"™, the simultaneous translation property yields
R2|T(fu, ha)(gn ') < V2A,  m>=1, n>N,.
Taking the supremum over m gives
(18) RYT*(fashn)(g, ') V24, n>N,.

On the other hand, z € My < Fy, so z € g,[E,] for infinitely many n. For every such n,
g, 'z € E,, and therefore

T*(fus ha) (g7 ') > 1.
There are infinitely many such n > N, and consequently

BT (far ha)(9,'2) > R,
for infinitely many n > N,. Since R,, — o0, this contradicts the bound in (18). Hence

Q*(z,t,s) =0 for almost every (x,t,s) € M x I?.
22
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We now return to the original operators. For every (t,s) € I*\C, recall that

oe]

720, s) = | Zia(t,s)

m=1

is a null subset of M, and for every x € M\ Z'(t, s),
Qm(z,t,8) = T (F', H*)(x) for all m.
Thus
Q*(w,t,s) = T*(F', H*)(x)
for all such x. Since |C| = 0, Fubini’s theorem and the fact that Q* equals infinity a.e. on
M x I? imply that for almost every (¢,s) € I?,

F'e LP(M), H® e LY(M), T*(F', H*)(z) = oo for almost every z € M.
Choose a pair (t,s) such that T*(F*, H*)(x) = o for almost every x € M. For every m,
define

Zin(t,s) = {xe M : |T,(F', H*)(z)| = o0}.
Since T, (F', H®) € L"(M), u(Zin(t,s)) = 0. Hence

7z (t,s) == | ) Zin(t,s)

m=1
is null, and all the individual terms are finite on M\ Z%"(¢, s). But
T*(F", H*)(z) =
for almost every x, and therefore

limsup | T, (F*, H*)(z)| = o0 for almost every z € M.
m—00

This contradicts the hypothesis that T,,(f, h)(z) converges almost everywhere for every
(f,h) e LP(M) x LY M). Hence the weak-type inequality (2) must hold. O

Under the structural and exponent hypotheses of Theorem 1, its weak-type conclusion
remains valid if the almost-everywhere convergence assumption is replaced by

(19) p({z: T*(f,h)(z) < 0}) >0 for every (f,h) € LP(M) x LI(M).
Equivalently, one may assume

p({z : limsup |T,,(f, h)(z)| < 0}) >0 for every (f, h) € LP(M) x LI(M).
m—00
Indeed, the proof above shows that failure of the weak-type estimate produces one pair with
T*(f,h) = oo almost everywhere, contradicting the first assumption. The two assumptions
are equivalent because, outside a common null set, every individual T,,(f, h)(z) is finite:
a sequence of finite numbers is bounded in absolute value if and only if the limsup of its

absolute values is finite. This is the consequence used in Theorem 2.
23
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4. THE EXTENSION TO BOREL MEASURES

In this section, we focus on the case where p = ¢ = 1 and r = 1/2 in which we extend
Theorem 1 to Borel measures. This extension could be helpful in certain applications; see
Section 6.

Throughout this section, let (M, du) be a compact metrizable abelian group equipped with
Haar measure u. We denote by C(M) the space of continuous functions on M, equipped
with the supremum norm.

For each m > 1, let

T,, : L'"(M) x L'(M) — C(M)

be a bounded bilinear operator. We assume that 7;, is represented by a specified bounded
Borel kernel

K, :MxM-—C

in the sense that

T(00)@ = || Kulo=yo = I @hE) du)du(). flve L),

M x M

Here K,, denotes a fixed pointwise-defined representative, rather than merely an element of
L*(M x M).

For finite complex Borel measures 1, 5 on M, we define

ﬂ%mmﬁ@y—[[Kﬁ@—%m—@dm@mw@)

MxM

Since K, is bounded and Borel measurable, this integral is well-defined and satisfies
T (v, v2) (@)] < | Koo 1] 2],

where ||v1| and ||| denote the total variations of vy and vs, respectively. This definition
agrees with the original operator whenever

dvy = fdu, dvy = hdp.

We use the same notation 7, for this extension.
We additionally assume that, for each m > 1, the kernel K, admits a finite tensor-product
decomposition

JIm
Kp(a,b) = > Apj(a)Bn;(b),  (a,b) e M x M,
j=1
where J,, < o0 and
Amj, ij € LOO(M)
are bounded measurable functions. Then we have the following.
Theorem 2. Suppose that for every f,g € L'(M), we have

limsup |15, (f, g)(x)| < o0

m—0o0

on a set of positive measure (which may depend on f,g).
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Then there exists a constant A > 0 such that for all bounded Borel measures vy,vy on M,
and all o > 0,

il € M T, 12)(0) > ) < 2 D] a2

We begin with a useful lemma.

Lemma 2.1. LetT}, ..., Ty be a finite collection of operators satisfying the conditions above.
Let vy,v5 be finite Borel measures with finite total variation |vi|,||ve| and set hy,(z) =
Tn(v1,v2)(x). Then there exist sequences { fi}, {gx} where fi, gx € L*(M) with | fi|pr < ||
and | gx|pr < ||| such that for allm =1,..., N we have

lm Ty, (fr, gr) () = hp()
k—0o0
for almost all x € M.

Proof. Let
Sk = Qr =11, gk = Ok * 2,
where {¢;} is an approximate identity on M. As established above,

| fellzrary < [l lgkllzrary < [vel-
Fix m =1,..., N. By hypothesis, the kernel of T}, has the form

‘]7YL

= D Amj(a)B

where A,,; and B,,; are bounded measurable functions on M. Define

ns() = | Ao = u)d(w)
M
and
b () = J B (2 — v) dvn(v).
M
Then ay,;, by € L* (M), with

Hamj||L°°(M) < ||AijL°0(M)||V1||a HbmgHLoo (M) S HBmgHLOO M)HV2||

Moreover, by the definition of the extension of T}, to finite Borel measures, we have

T Vla V2 Z am]
On the other hand, using Fubini’s theorem and the definition of f; = ¢ = 11, we have

JMAW-( i jj Apns (2 = )6xy — ) don () dpu(y)

= (On * am;)(@).
Similarly,

f By — 2)gu(2) dpa(2) = (6 * by ().
M 25
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Consequently, we have
(20) fkvgk Z ¢k*amj ¢k*bm])( )

Since Gy, by € L'(M) and {¢y} is an approximate identity,
Oh * Gy — @y in L'(M),
and
Ok * bmj —> by in LY(M).
For the finitely many functions
{@mj b 1 <m <N, 1<j<Jy,},

we may therefore choose a single subsequence {k;}; such that, simultaneously for every
m=1,...,Nand every j =1,...,Jp,

(P, * Amj)(x) — amj(z)

and
(P * binj) () — by ()

for almost every x € M.
Since all the factors are uniformly bounded, it follows from (20) that, for almost every
rzeM,

Ton(fris Ors) Z amgj(x = T (v1,10)(x)

simultaneously as k; tends to infinity for everym=1,...,N.
Thus, after passing to one common subsequence,

Ton(frs 9x;) () — T (v, 1) () for almost every z € M
for all m = 1,..., N. This completes the proof. U

Proof of Theorem 2. The kernel representation makes each 7T, commute with simultaneous
translations. Since u(M) = 1 and T, : LY(M) x L*(M) — C(M) is bounded, it is also
bounded into L'Y?(M). Then condition (19) therefore applies with p = ¢ = 1 and r = 1/2.
Consequently, there exists A < oo such that

u({z: T*(f,9)(x) > a}) < Tlfl/nglL/f, f.ge LN(M), a>0.

Fix finite complex Borel measures vy, 15, an integer N > 1, and a > 0. If either mea-
sure has zero total variation, the desired estimate is immediate. By Lemma 2.1, using the
pointwise finite-tensor kernel hypothesis, choose sequences f, gy € L*(M) such that

I feller < vl lgeler < [rel,
and, simultaneously for 1 < m < N,
Ton(fres gr) () — T (v1, 1) () for almost every x € M.
These sequences may depend on N; the constant A does not. Writing
* _
TN(“a U) - lgrlnang |Tm(u7 U) ‘7
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finiteness of this maximum implies

TN (frr ge) (@) — TR (1, 0)(x)  ae.
Hence
Lt unimyzay S I Lire (s gm0y ace.
Fatou’s lemma and the preceding weak-type estimate give
W(T (1) > 0} < liminf w({T5 (fr. 03) > )
< liminf p({T7%(fi, g) > )

1/2 1/2

21

< 2l
Va
Finally, as N — oo we obtain for any a > 0
{IN(,10) > a} T{T™(v1,10) > a}.
Continuity of the measure therefore yields

A 1/2

BT (,00) > a}) < Tl 2]

(2] i

as required. O

5. THE EXTENSION TO POSITIVE OPERATORS

Sawyer [25] removed the restriction p < 2 in Stein’s theorem [26] under the assumption
of positivity on the linear operators. Theorem 3 below extends Sawyer’s result to positive
bilinear operators which commute with an ergodic family of measure-preserving transforma-
tions; precisely, we prove that for such operators a.e. finiteness implies a weak-type estimate
from LP x L7 to weak L" in the range 1 < p,q < o where 1/r = 1/p+ 1/q. The proof uses a
delicate inductive construction, analogous to that in [25], and relates to Stein’s probabilistic
argument described in the proof of Theorem 1.

Let (X, B, pt) be a finite measure space normalized so that p(X) = 1.

Definition 2 (Continuity-in-measure). Let
B LP(X) x LY(X) — {measurable functions on X}

be a sequence of bilinear operators. We say that each 9B, is continuous-in-measure if the
following holds: whenever

we have, for every fixed m,

B (fres gr) () — Bo(f,9)(x) in measure.

Equivalently, for every e > 0,

u(x : ‘%m(fk,gk)(x) —%m(f,g)(:v)‘ > €> — 0, ask — .
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Definition 3 (Positive bilinear operator). A bilinear operator B defined on LP(X) x L1(X)
and taking values in the set of measurable functions of another measure space is called pos-
itive if f = 0 and h = 0 a.e. imply B(f,h) = 0 a.e.. Precisely, for any nonnegative
f in LP(X) and nonnegative h in LI(X) there is a set of measure zero N such that
B(f,h)(x) =0 for x e X\EAM,

Lemma 2.2. Let % be a positive bilinear operator, meaning that
B(f,h)(x) =0 for almost every x € X whenever f,h = 0.
Then the following properties hold.
(i) Monotonicity. If fi, fo € LP(X) and hy, hy € LI(X) satisfy
0< f1 < fo, 0<hi<hy ae onlX,

then
B(f1,h1)(x) < B(f2,ho)(x) for almost every x € X,

more precisely, for all

T € X\(g%(h—fl,m) U EB(frha=h1) g%(f2—f1,h2—h1)>.

(ii) Domination by absolute values. For all f € LP(X) and he L1(X),
1B (f.h)(x)] < B(f],|h])(z) for almost every x € X,

more precisely, for all
reX\ |J &2,

e,de{+,—
where f = f*— f~ and h=h" —h™ and fi,f}_,th,h_ > 0.
Proof. Proof of (i). Since f; < fy and hy < hg, write
fo=fi+u, hy = hi + v, u,v = 0.
By bilinearity we have
B (farha) = B(f1 +u, by +v) =B(f1,h) + B (u,hy) + B(f1,0) + B (u,v).
By positivity, each of the additional terms is non-negative a.e.. Therefore,
B(fr,ha)(x) = B(f1,h)(x) for all z ¢ ELP2=frh) ( ghUrha=hy) , gB(fa=frhe=h)

This proves (i).
Proof of (ii). Write the sign decompositions

f=f"=f", h=ht—h".
By bilinearity,

B(f,h) =B(fT07) =BT 07) =B hT)+B(fh7).
Set
A:=B(fY ") +B(f,h), B:=3(f"h")+B(f,h").

By positivity,
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for all
v¢ | £
€,0e{+,—}
Then
B(f,h)=A-B, |B(f,h)| < A+ B.
Finally,
A+B=B(f"h")+B(fTh7)+B(f A7) +B(f,07)
=B(fT+f,h"+h7)
=B 11, 1nl),
since |f| = f*+ f~ and |h| = hT + h".
Thus
(B (f, h)(x)] < B(f],h])(z)
outside the stated exceptional set. This completes the proof. 0]

Definition 4 (Measure-preserving transformation). A measurable map 7 : X — X is called
measure-preserving if

p(t7A]) = p(A) for all A€ B.

Equivalently, T is measure-preserving if for every integrable h : X — C one has

JhOTdu:J hd.
X X

Definition 5 (Ergodic family). Let 7 be a collection of measure-preserving transformations
on a measure space (X,B,u). We say that T is an ergodic family on X if whenever a
measurable set A € B, up to a set of measure zero, satisfies

T HA]=A  foreveryTeT,
then
u(A) =0 or u(A) = 1.
Definition 6 (Bilinear distributive sequence). Let
B LP(X) x LI(X) — {measurable functions on X}, m =1,

be a sequence of bilinear operators. Following Sawyer [25], we say that {%B,,}m is distributive
on X if there exists an ergodic family 7 of measure-preserving transformations on X such
that, for every 7 € T and every f € LP(X), h € LY(X), the relationship holds for each m

Bon(fyh)or(z) = Bu(for, hoT)(x) for almost all = € X.
One can show that if {%,,,},, is distributive, then the maximal operator
B"(f,h) = sup (B (£, 1)
is also distributive, i.e., it satisfies
B*(f,h)or(x) = B*(for, hoT)(x) for almost all x € X.

Precisely, the preceding holds for X\C?*(/M)°7 where C**(/)°" has measure zero.
After introducing all the necessary definitions, we are now ready to state the theorem.
29
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Theorem 3. Let 1 < p,q < o0 and % < r < o, such that % = %—i—é. Let 9B, be a distributive
sequence with the ergodic family T of continuous-in-measure positive bilinear transformations
of LP(X) x LX) to measurable functions on X. Suppose that for every f € LP(X) and
he LX) we have
B*(f,h)(x) <0

for almost every v € X.

Then, there exists a constant C' > 0 such that for all f € LP(X), h e LX), and all a« > 0,
forr < oo,

* C r r
(21) p{ze X B (f,h)(2) > a}) < | flie oo e
Additionally, if p = q = o0, there exists Cy such that
[27(f, 1) x) < Coo [ fll ooy [l o2 -
To prove Theorem 3 we need the following two lemmas.

Lemma 3.1 (cf. Sawyer [25]). Let T be an ergodic family of measure-preserving transfor-
mations on a probability space (X, B, u), and let S denote the semigroup generated by T and
the identity transformation. Then for every A, B € B and every 0 > 1, there exists 0 € S
such that

1(B ~ o' (A)) <0 u(A)u(B).

Lemma 3.2. Let S be the semigroup generated by the ergodic family T and the identity. If
D l(Ay) = o0, then there exist transformations 1, € S such that

1 <limsup7n_1(An)> = 1.

n—o0

FEquivalently,
-1
i ( U T, (An)> =1 for every M > 1.

Proof. Since

every tail also diverges:
0
Z w(Ay,) = o for every N > 1.
n=N

We first partition the positive integers into successive finite blocks
Ji={N;j_1+1,...,N;}, j =1,
with Ny = 0, so that
(2 []nas) <29,
nel;

Let us explain why this is possible. Since

pAL) = 1— p(A,)
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and 1 —t <e'for 0 <t <1, wehave

[ [uA) =TT = n(An) <exp (— > M(An)) :

n=p
Now suppose that N;_; has already been chosen. Since

0

Z 1(Ay) = o,

n=N;_1+1

we can choose N; > N;_; sufficiently large that

N;j
Y, #(An) = (j+1)log2.
n=N;_1+1
Consequently,
Nj
H H(AEL) < e—(i+1)log2 _ 2—]'—17
n=N;_1+1

which proves (22). Write
sz{nl,...,nLj}, L]=|Jj|

For n € J;, choose
0, =2Vt > 1.

[]6.=2

nEJj

Then

We choose the transformations 7,, successively after choosing 6,,. For the first index n;, apply
Lemma 3.1 with

B=X, A=A

This gives a transformation 7,,, such that

(T (AL)) < O pi(AS).

Suppose now that 7,,,...,7,,_ , have been chosen. Set
-1

Byy = ﬂ Tr;I(AELT)'
r=1

Applying Lemma 3.1 with
BIBg_l, A:AC 0:071@7

Nyg?

we may choose 7,, such that

lu (B[_l N TT;[1<AELZ)) g enél’b(AELg>lu(B€_1)
Iterating this estimate throughout the block gives

p{ (Vs ) < [ TT6n | TTuca.

TLGJ]' TLGJ]' TLGJ]'
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By the choice of the block and of the numbers 6,,,

i ﬂTn_l(AEI) <2277t =277,

TLEJ]'
Define
Fyi= () 7 (A
nEJ]’
and notice that
o0 o0 ]
DIuF) <Y 27 <o
j=1 j=1

Therefore, by the first Borel-Cantelli lemma we have
,u (lim sup FJ> =0.
Jj—o
Hence, for almost every x € X, there exists an index jo(z) such that

x ¢ F; for every j = jo(x).

Since
v¢ Fy= () (4)
neld;
there exists some n € J; for which
reT, (A

We conclude that, for almost every x, there is at least one such n in every sufficiently large
block J;. In particular,
rver H(A,)
for infinitely many n.
It follows that for every M > 1,

n=M
Equivalently,
To(x) € A,y
for infinitely many n, for almost every x € X. 0

Proof of Theorem 3. Let S denote the semigroup generated by 7 and the identity transfor-
mation, as in Lemma 3.2. Since every %,, commutes with every transformation in 7, the
commutation relation also holds for every transformation in .

We first consider the case p,q < oo. Arguing as in the proof of Theorem 1, suppose,
towards a contradiction, that the weak-type estimate fails. Then there exist sequences

{ﬁl}nzl - Lp(X)7 {%n}nzl - Lq(X)>

and positive numbers R,, — oo such that
0
p({z e X : B*(fo,hn)(z) > 1}) = o,

n=1
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while
o0

ee}
YR Salls <0, D |Rubalfe < 0.
n=1

n=1

Set

fo=Rufn,  hn = Rohy.
Since each %,, is bilinear,

%*(fmhn) = Ri%*(fm%n)a

and therefore
o0

p({ze X : B*(fo,hn)(z) > R2}) = 0.

n=1

Moreover,
0 o6}
Dl <o, Y Ihallfa < 0.
n=1 n=1

Since each %,, is positive, Lemma 2.2 gives

B (f 1) ()] < B (£, D) ()

for almost every xz € X. Since the family {%,,},,>1 is countable, taking the supremum over
m yields
B*(f, h)(x) < B*(|f], [h])(z)
for almost every z € X.
Hence, replacing f,, by |f.| and h, by |h,|, if necessary, we may assume that
Joshn =0 for every n.

Define
An={xe X :B*(fn, hy)(x) > R2}.
Then

0 0 0
DA =0, Yl <o Y alfl < 0.
=1 n=1 n=1

Apply Lemma 5.2 to the sequence {A,}. Since ), p(A,) = oo, there exists a sequence
{Thtns1 < S
such that
rer (A,) for infinitely many n
for almost every x € X. Equivalently,
B*(fry hn) (10 (1)) > R2 for infinitely many n
for almost every x € X. Since R,, — o0, it follows that

(23) sup (B*(fr, hn) 0 7o) () = 0 for almost every z € X.

n=1
Because each 7, is measure preserving,
[ fuomalle = IfalZo, w0 malle = [l Le-
Furthermore, by the simultaneous commutativity hypothesis, for every fixed n and every m,

ggm(fn O Th, h'n O Tn) = %m(fna hn) O Th
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almost everywhere. Taking absolute values and then the supremum over m, and using the
fact that the family {%,,} is countable, we obtain

%*(fn OTnahn O Tn) = %*(fnahn) O Th

almost everywhere. Taking a further countable union of the exceptional sets over n, (23)
therefore implies

(24) sup B*(fn © Tny hp 0 7o) () = 0 for almost every z € X.

n>1
Now set
Gn := fn O Tn, k, := h, oTy,.
Then g,,k, = 0 and

o0 o0
2 lgal7r < 0, Z |En]7a < o0.
n=1 n=1

For z € X define

© 1p © 1/q
F(z) := (Z gn(x)p> : H(z) := < kn(x)q) :

n=1

By Tonelli’s theorem we have

0
IFI = > 1gallfs < o0,
n=1
and similarly

Q0
[H 90 = > ke < 0.
n=1

Thus F e LP(X) and H € LI(X).

For every n,
0<gn<F, 0<k,<H
almost everywhere. Since %,, is positive and bilinear, we have
Bo(F,H) — B gns kn) = Bo(F — g, H) + Br(gn, H — k) =0
almost everywhere. Hence, for every fixed n and every m,
B (FyH) = Bu(gn, kn) =0

almost everywhere.
After removing one null set obtained by taking the countable union over m and n, we

therefore have .
PB*(F, H)(v) = sup |B,,(F, H)(z)|

= sup B,,(F, H)(x)
= sup %m(gnv kn)(x)

= B (Gn kn)(2)
for every n for almost every x € X. Taking the supremum over n gives
B*(F, H)(x) > up B (g, ko) (2)

n=1
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for almost every xz € X. By (24),

B*(F,H)(x) =0 for almost every z € X.
This contradicts the hypothesis that

B*(F,H)(x) <o for almost every = € X

whenever F' € LP(X) and H € L9(X). Therefore B* satisfies the weak-type (p, ¢, ) estimate
(21) whenever p, ¢ < co.

We next consider the endpoint case p = o0 and ¢ < c0. Define

Lnh =B, (1,h), L*h := sup |L,,h.

Then each L, is a positive linear operator, and
L*h =3B*(1,h) < w0 almost everywhere

for every h € L%(X). Moreover, the commutativity with translations for %,, implies the
corresponding relation for L,,.

We claim that L* is of weak type (q,q). Indeed, if this were false, the one-input version
of the preceding bad-sequence argument would give nonnegative functions v, € L4(X) and
numbers W,, — oo such that

0
D onllfe < o
n=1

and
o0

Z p({z e X : L*u,(z) > W,,}) = .

n=1

Applying Lemma 3.2 to these level sets, we can choose 7,, € § such that, by commutativity,

sup L* (v, o 1) (x) = o0 for almost every x € X.

0 1/q
V(z) = ( (vn oTn(g;))q) :

=1

Set

Then V € L4(X) and
O<v,om < V.
By positivity,
L,V = Ly(v, 071)
for every m and n, outside a null set. Consequently,

L*V = sup L*(v, oT,,) = @0

n=1
almost everywhere, contradicting the almost-everywhere finiteness of L*V. Thus L* is of

weak type (¢, q).
Now, for f e L*(X) and h e LX), Lemma 2.2 and positivity give

(B (f )] < B[ f1, 1))
< [ fllze Bin(1, |A])
= [ fllz= Lin(|A]).
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Taking the supremum over m,

B(fh) < [[flee L*(A]).

The weak-type (g, q) estimate for L* therefore yields the desired weak-type estimate for 9% *
when p = o0 and ¢ < 0.
The case p < 0 and ¢ = %0 is symmetric, using

Lonf := Bon(f,1).
Finally, suppose p = ¢ = o0. Set
V(z) :=B*(1,1)(x).
By hypothesis, V' < oo almost everywhere. For every 7 € T, the commutation relation gives
Vor=V almost everywhere.

Hence V is an invariant measurable function. By ergodicity, V' is constant almost everywhere;
say
V(z)=c for almost every = € X,
where ¢ < o0.
For arbitrary f,h e L*(X), positivity gives
BE(f h) < B*(|f],[R])
< [ fllze Il =287(1, 1)
= c[flrelh] e

almost everywhere. This proves the desired estimate in the case p = ¢ = 0.
Therefore %B* satisfies the weak-type (p, ¢, r) condition (21) in all the stated cases, com-
pleting the proof. O

6. AN APPLICATION CONCERNING MAXIMAL BILINEAR AVERAGES

Let (X, B,u) be a finite measure space and let 7 : X — X be a measure—preserving
transformation. Then the quadruple (X, B, u,7) forms a measure—preserving dynamical
system. In this section we study the family of bilinear averages

f(r™z) h(r*"x)
Bn(f,h)(x) =
() = e
defined for (f, h) € LP(X) x L%(X), and the associated maximal operator

BE(f,h)(x) = sup (B (D)), weX.

. meNy:={0,1,2,...},

This operator is commonly referred to as the bilinear tail maximal operator and was
introduced and studied by Assani and Buczolich [2]. We recall the following result.

Theorem 4 (Assani-Buczolich [2]). Let (X, B, u, ) be a measure—preserving dynamical sys-
tem on a probability space X. If 1 < p,q < o0 satisfy

1 1
-+ - <2,
P q
then the maximal operator
f(r™x) h(r>"x)
B*(f,h)(x) = su
(1) (@) = sup |RE T
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maps LP(X) x LY(X) into L"(X) for every exponent

1
O<r<—.
"3

Assuming that 7 is ergodic, we are able to obtain a substantially stronger conclusion.
More precisely, we show that 98* satisfies a strong—type estimate at the critical exponent
r= (i + %)*1. This extends the integrability range of %*(f, h) beyond that obtained in [2].

The ergodicity hypothesis is mild in this context, used in our application of Theorem 3:
it allows the family {%,,} to be placed within Sawyer’s abstract framework for maximal
operators generated by ergodic families of transformations, while all other structural features
of the bilinear averages remain unchanged.

Our results allow us to improve the target space L™ in Theorem 4.

Theorem 5. Let (X,B,u,7) be a measure—preserving dynamical system on a probability
space X, and suppose that T is ergodic. Let 1 < p,q < o0 and r satisfy % = é + %. Then

there exists a constant C' = C(p,q) > 0 such that:
Ifl1<pg<ow, fe LP(X), he LYX) then

(25) 187 (f M)y < Clf i) [Plzacx)-
If p=1and 1 < q< o, then for a > 0 we have

(26) p({B*(f.h) > a}) < Ca™ | flpallhlie  (f.h) e Lt x L7,
Analogously, if g =1 and 1 < p < o0, then for any a > 0 we have

(27) (B (f,h) > a}) < Ca~ |fllhly (fih)e L7 x LY.

We obtain our theorem as a consequence of Theorem 3, but in order to apply the latter,
we need the following two lemmas.

Lemma 5.1. For each m > 1, the positive bilinear operator %, : LP(X) x L1(X) - M(X)
18 continuous-in-measure in each variable.

Proof. Let fi, — f in LP(X) and hy — h in L(X). Since 7 is measure preserving, composi-
tion with 7 and 72™ preserves LP and L9 norms, hence

fro™ — for™ in LP(X), hyo 7™ — ho7®™ in LY(X).
Set r > 0 by 1/r =1/p+ 1/q. We express the difference as follows:

1
%m(fkvhk‘) 7%m(f7 h) = |m‘ +1

[(fkif)on'hkoTQmJrfOTm'(hk*h)OTQm].

By Holder’s inequality,

|(fe = ) or™ hio | < | fis = floe || s,
and
[for™ (hw—h)o |- < |fllew |l — Rl Lo
Since fr — fin LP(X) and hy — h in L9(X), the right-hand sides tend to zero as k — .
Consequently,
H%m(fk, hk) - %m(fa h)”LT — 0.
Finally, Chebyshev’s inequality yields, for every € > 0,

M(‘%m(fka hk) - %m(fa h)‘ > €> < 5_T“%m(fk> hk) - %m(fa h)HET - 07
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as k — oo, which is exactly convergence in measure.

It remains to consider the case p = ¢ = co0. In this case, f, — f and hy — h in L*(X),
and hence {|h| =} is bounded. Since composition with a measure-preserving transformation
preserves the L® norm,

|B o (fir hi) = Bon(f; B) | =

& e (1 Flee il + 1Sl e = W) — 0
Thus
Bon(frr i) = B (f h)  in LP(X),
and therefore also in measure. -

Lemma 5.2. Let T = {7% : k € Z}. If 7 is ergodic, then T is an ergodic family of
measure—preserving transformations. Moreover, the bilinear family {%B,,}m=1 is distributive
with respect to T, in the sense that

B (f, h)(T72) = By (f o 7%, ho ) ()
for all integers m, k and all v € X.

Proof. By definition, a family of measure—preserving transformations is ergodic if the only
measurable sets invariant under every transformation in the family have measure 0 or 1.
Since invariance under all 7* is equivalent to invariance under 7, the ergodicity of 7 implies
that 7 is ergodic.
The distributive identity follows from a direct computation:

m+k 2m+k
Bl 1)) = T AT

= Bu(fork hor*)(x).

Taking suprema in m yields
B*(f h) ot =B*(for® hoth),
which completes the proof. 0

Proof of Theorem 5. In view of Lemmas 5.1 and 5.2 the hypotheses of Theorem 3 are satis-
fied. By Theorem 4, we know that for 1 < p, ¢ < o0 we have

frm) hra)

(S B)fa) = sup | S EET

mENO

maps LP(X) x L(X) into L"(X) for every exponent

1
0 —.
<r<2

This implies that
B*(f,h) <o a.e.

Applying Theorem 3, we obtain the weak-type estimate

C
(28) p({re X :B*(£.0)@) > a}) < — | f o) Il Lace)

with the interpretation |B*(f,h)|r= < C|f| L= ||h]|r>, when r = co. Thus (26) and (27)
hold. Moreover, the strong type bound (25) also holds when p or ¢ equals co.
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Finally we examine the region 1 < p,q < 0. Here the weak-type estimates (28) hold on
an open convex region of exponents. Hence, by bilinear interpolation (see [11]), the weak
type estimates can be upgraded to the strong-type estimate

|87 (f, W)l < Ol fllw | 2o

in the same open convex region. Thus (25) is also valid. O

7. AN APPLICATION CONCERNING MAXIMAL BILINEAR BOCHNER—RIESZ OPERATORS

The Bochner—Riesz means present natural ways to obtain the summability and pointwise
convergence of Fourier series and Fourier integrals in higher dimensions. The study of bilinear
Bochner-Riesz means has attracted attention in recent years, beginning with the works
[3, 14], where LP x LY — L" boundedness is investigated.

In the bilinear setting, for & > 0 and A > 0, the bilinear Bochner—Riesz operator on R" is
defined by

BS e (£ 9)(a ﬂ (1= A2(€2 + )2 F(&) am) 2= € de iy
R xR™

The associated Euclidean maximal bilinear Bochner—Riesz operator is
B (£,9)(x) = suplB e (£.9) )]
>

Motivated by questions of pointwise convergence and almost everywhere control, maximal
variants of bilinear Bochner—Riesz operators were subsequently introduced and studied in
6, 15, 16], where necessary and sufficient conditions for boundedness were obtained in various
regimes of indices. In particular, He [6, Proposition 4.1] established necessary conditions for
the boundedness of the maximal bilinear Bochner—Riesz operator, highlighting fundamental
obstructions that do not appear in the linear theory.

We now turn to the periodic setting. Let f and g be trigonometric polynomials on T" with
Fourier coefficients f (k) and g(¢). For a = 0 and m € N, we define the bilinear Bochner—Riesz
means by

Lo = 3 (- EEEEY fggeneor

m2

+
klel™
The associated periodic maximal bilinear Bochner—Riesz operator is then given by
B:,T”(f»Q)('T) = SuII\)T‘Bgn,T"(fag)(x)‘? reT"
me

Although L? x L? — L" boundedness for By, is known for certain indices p, g, we are
interested here in the range of indices where boundedness fails. A necessary condition for
the boundedness of the maximal bilinear Bochner—Riesz operator is given below.
Proposition 6 (He [6]). A necessary condition for the Fuclidean mazimal bilinear Bochner—
Riesz operator By g. to be bounded from LP(R"™) x L(R"™) to weak L"(R") is that

- 2n—-—1 2n-1
a = - .
2r 2

Remark. When r > 1, Proposition 6 imposes no restriction on «, since

2n—1 /1
-—-1])<0
— (1)

39




A.E. CONVERGENCE VS BOUNDEDNESS XINYU GAO AND LOUKAS GRAFAKOS

and we already assume o > 0. When r < 1, however, the weak-type estimate
ere o LP(R") x LYR") — L"*(R")

2n—1<1 )
o= -—11.
2 T

The same necessary condition holds for the periodic maximal bilinear Bochner-Riesz oper-
ator B¢ pn. Indeed, a standard rescaling and periodization argument shows that a weak-type
estimate

can hold only if

en o LP(T") x LY(T") — L™(T")

would imply the corresponding weak-type estimate for B{g.. Consequently, Proposition 6

implies that
2n—1 (1
a = " (— — 1) .
r

2
Theorem 7. Letn >1,1<p,q< o, a >0 and suppose r = (1/p+ 1/q)~* < 1. Define
1 1 1 2n—1/1
a . 1 . —
S% = {(p,q,r) e (1,2] x (1,2] x (5,1) L= —E—i-a ando < 5 (;—1)}

Then if (p,q,r) € 8%, then there exist functions f € LP(T™) and g € L1(T™) such that the
limat

lim B3, 7.(f,9)(x)
does not exist on a set of positive measure in T™.

Proof. We apply Theorem 1 with M = G = T". The group G acts on the space M by
periodic translations. Let
(ryf)(@) = flex—y), yeT"
We first verify the boundedness hypothesis of Theorem 1. For each fixed m, the defining
sum for By, 1. contains only finitely many pairs (k,£) € Z" x Z". Moreover,

~

[FR < [ fllerermy < [ fllzoen
and similarly
9O < gl < lglzacem).
Consequently, for each fixed m there exists C,, < oo such that
1B (fs @)l ooy < Con[ f 2oz |9 Lacmy-
Since T™ has normalized measure one, this also gives
1852 (fs @) Lramy < Crnll f [ 2oy 9] Lo (amy.-
Thus each By, 1. is a bounded bilinear operator
LP(T™) x LY(T") — L"(T"),
as required in Theorem 1. No uniformity of C,, in m is required.
Then the Fourier coefficients satisfy

7;}'(]{) _ e—27rik:-y f(k’), 7{y\g(£) _ e—27ri€-y g(f)
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A straightforward calculation yields: for x € T" we have

o K2 + |62 et
Bm,Tn(Tyf7Tyg>(x) = Z (]_ T) Tyf( )Tyg( ) 2mi(k+20)
k,tezn
2 20 o o ' |
= Z (1 - M) 6_27”k'yf(k‘) 6_27”(‘9@(6) e27r1(k+€)~a:
k,(eZn m +
Z (1 M) f( k)g(0) e 2mi(k+£)-(z—y)
k,leZn m?

- qurn(f,g>($_y)
= 1y By, (f, 9) ().

Hence By, 1. commutes with simultaneous translations, in the sense of Definition 6.
Suppose, contrary to the claim, that for every f e LP(T") and g € L%(T") the limit

Tim B350 (f, 9)()

exists for almost every x € T". Under this assumption, Theorem 1 applies with M = T"
and yields the weak-type estimate

p({zeT": Bim(f,9)(x) > A}) < v HfHLP oy 9] Zacrmy A >0,

for all f € LP(T") and g € LI(T"). Thus By . is of weak type (p, ¢;7) on T". This contradicts
the periodic necessary condition since

<2n—1 1 ]
«Q - .
2 T

Therefore, the assumption of almost everywhere convergence must be false, and there must
exist f € LP(T™) and g € L9(T") for which the sequence

{Bg‘b,’ﬂ‘" (f7 g)}meN

fails to converge on a set of positive measure. 0

REFERENCES

[1] Annoni, M., Grafakos, L., Honzik, P., On an inequality of Sagher and Zhou concerning Stein’s lemma,
Collect. Math. 60 (2009), 297-306.

[2] Assani, I. and Buczolich, Z., The (LP, L?) bilinear Hardy-Littlewood function for the tail, Israel J.
Math. 179 (2010), 173-187.

[3] Bernicot, F., Grafakos L., Song, L., Yan, L., The bilinear Bochner—Riesz problem, J. Analyse Math.
127 (2015), 179-217.

[4] Coifman, R. and Meyer, Y., On commutators of singular integrals and bilinear singular integrals, Trans.
Amer. Math. Soc. 212 (1975), 315-331.

[5] Coifman, R. R. and Meyer, Y., Commutateurs d’intégrales singuliéres et opérateurs multilinéaires, Ann.
Inst. Fourier (Grenoble) 28 (1978), 177-202.

[6] He, D., On bilinear maximal Bochner—Riesz operators, arXiv preprint, arXiv:1607.03527, 2016.

[7] Demeter, C. Tao, T., Thiele, C., Maximal multilinear operators, Trans. Amer. Math. Soc. 360 (2008),
4989-5042.

[8] Douglas, S. and Grafakos, L., Remarks on Almost Everywhere Convergence and Approximate Identities,
Acta Math. Sin. (Engl. Ser.) 41 (2025), 255-272.

41



A.

E. CONVERGENCE VS BOUNDEDNESS XINYU GAO AND LOUKAS GRAFAKOS

9

] Dosidis, G. and Grafakos, L., On families between the Hardy—Littlewood and spherical maximal func-
tions, Ark. Mat. 59 (2021), 323-343.

| Grafakos, L., He, D., Honzik, P. and Park, B. J., On pointwise a.e. convergence of multilinear operators,
Canad. J. Math. 76 (2024), 1005-1032.

] Grafakos, L., Liu, L., Lu, S., Zhao, F., The multilinear Marcinkiewicz interpolation theorem revisited:
The behavior of the constant, J. Funct. Anal. 262 (2012), 2289-2313.

] Grafakos, L. and Torres, R. H., Multilinear Calderén—Zygmund theory, Adv. Math. 165 (2002), 124-164.

] Grafakos, L. and Torres, R. H., Maximal operator and weighted norm inequalities for multilinear singular
integrals, Indiana U. Math. J. 51 (2002), 1261-1276.

| Jeong E., Lee S. H., Vargas A. M., Improved bound for the bilinear Bochner—Riesz operator, Math.
Ann. 372 (2018), 581-6009.

] Jeong E., Lee S. H., Maximal estimates for the bilinear spherical averages and the bilinear Bochner—Riesz
operators, J. Funct. Anal. 279 (2020), 108629.

] Jotsaroop K., Shrivastava S., Maximal estimates for bilinear Bochner-Riesz means, Adv. Math. 395
(2022), 108100.

] Krause, B., Mousavi, H,. Tao, T., Terdvéinen, T., Pointwise convergence of bilinear polynomial averages
over the primes Ergodic Theory and Dynamical Systems 45 (2025), 3760-3799.

] Lacey, M., The bilinear maximal functions map into L? for 2/3 < p < 1, Ann. Math. 151 (2000), 35-57.

] Lacey, M. and Thiele, C., L? estimates on the bilinear Hilbert transform, Ann. Math. (2) 146 (1997),
693-724.

| Lacey, M. and Thiele, C., On Calder6n’s conjecture, Ann. Math. (2) 149 (1999), 475-496.

21] Li, X. and Muscalu, C., Generalizations of the Carleson-Hunt theorem I. The classical singularity case,

Amer. J. Math. 129 (2007), 983-1018.

] Muscalu C., Tao T., Thiele C., A discrete model for the bi-Carleson operator, Geom. Funct. Anal. 12
(2002), 1324-1364.

] Muscalu, C.; Tao, T.; Thiele, C., The bi-Carleson operator, Geom. Funct. Anal. 16 (2006), 230-277.

] Sagher Y. and Zhou, K. C., A local version of a theorem of Khichin, Analysis and Partial Differential
Equations, 327-330, Lecture Notes in Pure and Appl. Math., 122, Dekker, New York, 1990.

] Sawyer, S., Maximal inequalities of weak type, Ann. Math. (2) 84 (1966), 157-174.

26] Stein, E. M., On limits of sequences of operators, Ann. Math. (2) 74 (1961), 140-170.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO 65211, USA
Email address: xggh8Qumsystem.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO 65211, USA
Email address: grafakosl@umsystem.edu

42



	1. Introduction
	2. Some preliminary results
	3. The proof of Theorem 1
	4. The Extension to Borel measures
	5. The Extension to Positive Operators
	6. An application concerning maximal bilinear averages
	7. An application concerning maximal bilinear Bochner–Riesz operators
	References

