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ABSTRACT. We obtain endpoint estimates for multilinear singular integrals operators
whose kernels satisfy regularity conditions significantly weaker than those of the stan-
dard Calderén-Zygmund kernels. As a consequence, we deduce endpoint L' x---x L! to
weak L'/™ estimates for the mth order commutator of Calderén. Our results reproduce
known estimates for m = 1,2 but are new for m > 3. We also explore connections be-
tween the 2nd order higher-dimensional commutator and the bilinear Hilbert transform
and deduce some new off-diagonal estimates for the former.
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1. INTRODUCTION

Multilinear Calderén-Zygmund singular integral operators originated in the work of
Coifman and Meyer [CM1], [CM2], [CM3]. The study of these operators has advanced
significantly and although several features of its theory have presently been understood
and developed, several other aspects of it remain unexplored.

In this work, we study boundedness properties of m-linear operators whose kernels

have regularity significantly weaker than that of the standard Calderén-Zygmund kernels.
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For instance, our kernel regularity assumptions allow singularities along planes in R".
Consideration of these weak kernel conditions is motivated by the study of singular
multilinear operators, such as the mth order commutators, for which one would like
to obtain an endpoint weak type L'™ estimate on L' x --- x L'. The results in this
article have applications in the context of commutators of singular integrals; in fact the
mth order commutator of Calderdn falls under the scope of the theory developed herein.
Endpoint estimates for these commutators on products of L' spaces have been obtained
by C. Calderén [CC] when m = 1 and Coifman and Meyer [CM1] when m = 1,2 but
the case m > 3 seems to be have been missing from the literature and is completed
in this work. We also study a connection between the higher dimensional commutator
introduced by Christ and Journé [CJ] and the bilinear Hilbert transforms and use this

connection to obtain new off-diagonal bounds for the higher dimensional commutator.

Before we formulate our results we set up some notation. We will follow the notation
in [GT1], [GT2]. These articles, and the references therein, contain some background on
the subject.

Let K(xz,v1, - ,ym) be a locally integral function defined away from the diagonal
=y = =yyin(R)™ ! andlet T : S(R") X - - - x S(R™) — S'(R™) be an m-linear

operator associated with the kernel K (x, vy, - ,yn) in the following way:

(T fu)9)
X — K$, e s Ym) fiyn) o fon(YUm $d1dmd$,
(1) L e i) Futum)atedn -y

where fi,+-, fm, g in S(R™) with NLysupp f; Nsupp g = (). We will assume the size

estimate on the kernel K

A
(12) |K(x’y17ay]77ym)|§

(lz =yl + -+ [z = ym[)™"

for some A > 0 and all (z,y1, -+ ,yj, - ,ym) With  # y; for some j. We will also

assume that for some € > 0 we have the smoothness estimates

|K(x73/17"' yYjy e ,ym)—K(x/,y1,~~ yYjy ot 7ym)’
Alx — 2'|f

(1.3)
whenever |z — 2/| < fmaxi<j<m|z — y;| and also for each j,

|K(xayla"' yYjy ot 7ym)_K($ay17"' 7y;‘7"' >ym)|
Aly; — yjl°

1.4

whenever |y; — y;\ < %maX1§j§m|x — 4.
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Under the above assumptions we say that 7' is an m-linear operator with Calderdin-
Zygmund kernel K. The collection of kernels K satisfying (1.2), (1.3), and (1.4) with
parameters m, A and e will denoted by m-CZK(A, €). Examples of operators with kernels
in 2-CZK(A, 1) are the bilinear Riesz transforms on R x R, given for j = 1,2 by

: xTr) = V. x_y] 1\91)J2\Y2 1452
Ry ) = pov. [ [ o ) o)y

Numerous other examples can be constructed. In fact, given a linear operator P on R™"

with kernel in 1-CZK (A, €) one may obtain an m-linear operator 7" on R” x --- x R"
with kernel in m-CZK (A, €) by setting

T(fl’... 7fm)(l»>:P(f1®®fm)(l‘7 ,IL‘),
where z € R" and (z,--- ,2) €e R™ and (fi® @ fin)(x1, -+ ,xm) = fi(z1) -+ fn(2m).

For linear Calderén-Zygmund singular integrals one has the classical endpoint estimate
LYR™) — LY%°(R"). For m-linear operators, the corresponding endpoint result is as
follows.

Theorem A. Let T be a multilinear operator with a kernel K in m-CZK(A,¢). Assume

that for some numbers 1 < q1,qo, -+ , @ < 00 and some 0 < q < 0o satisfying
1 1 1 1
qa g2 dm 4
T maps L™ (R™) X -+ L (R™) to LY*°(R™). Then T can be extended to be a bounded

operator from the m-fold product L*(R™) x --- x LY(R") to LY"™>(R"). Moreover, for

some constant C,, ,,, (that depends only on the parameters indicated) we have that

”THLl><~~~><L1—>L1/”%oo < On,m(A + HTHqu ><--~><Lq’"—>Lq’°°)'

It should be noted that m-linear operators 1" that satisfy the hypotheses of Theorem
A are usually called multilinear Calderén-Zygmund operators. For a proof of Theorem
A, we refer to [GT2] and in some special cases, also to [KS].

We work with a class of integral operators {A;};~o, which play the role of an ap-
proximation to the identity operator as in [DM]. We assume that the operators A; are

associated with kernels a;(z,y) in the sense that

(@) = | o) i)y

for every function f € LP(R™), 1 < p < 0o, and the kernels a;(x,y) satisfy the following

size conditions

(15) ()| < huley) = 1o (2200,
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where s is a positive fixed constant and h is a positive, bounded, decreasing function

satisfying

(1.6) lim " "h(r®) =0

00

for some 1 > 0. These conditions imply that for some C’ > 0 and all 0 < n/ < n, the

kernels a;(z,y) satisfy
(i, y)| < CE (L4 7 o — y[) T

Now, let T" be a multilinear operator associated with a kernel K (x,y, -+ ,ym) in the
sense in (1.1). The basic assumptions we are going to be making concerning 7" are the
following.

Assumption 2.1. Assume that for each j = 1,2,---  m, there exist operators {A }t>0
with kernels a’ )(x, y) that satisfy conditions (1.5) and (1.6) with constants s and 7 and
there exist kernels Kt(j )(:c, Y1, ,Ym) SO that

(T(fr,- A S, ,fm> 9)
(1-7) /n/n " 37 YY1, 7ym)f1<y1)"'fm(ym)g(x)dyl"‘dymdma
for all fi,---, fm, g in S(R™) with N7~ supp f; Nsupp g = 0.

Assumption 2.2. There exist a function ¢ € C(R) with supp¢ C [—1,1] and a constant
€ > 0 so that for all z,y;, -+ ,y, € R" and t > 0 we have

|}(($7ylf" 7yWJ _-1{§ﬂ($7y1a"'7ynJ|

A — (v —
(2 —yi|+ -+ |2 — g™ 2“5(]157)

k#j

the/s

1.8 +
(1.8) o=l F e g™

for some A > 0, whenever /% < |z — y;|/2.

Under Assumptions 2.1 and 2.2 we say that T is an m-linear operator with generalized
Calderon-Zygmund kernel K. The collection of functions K satisfying (1.7) and (1.8)
with parameters m, A, s,n and € will be denoted by m-GCZKy(A, s, 1, ¢€).

The main goal of this article is to show that endpoint estimates can be obtained for op-
erators associated with generalized Calderén-Zygmund kernels provided these operators
are bounded on a single product of Lebesgue spaces. In particular, the most interesting

endpoint case is the m-fold product of L! spaces. We have the following result:



MULTILINEAR OPERATORS AND COMMUTATORS 5

Theorem 1.1. Let T be a multilinear operator with a kernel K in m-GCZKy(A, s,n,€).

Assume that for some 1 < q1,qo, -+ ,qm < 00 and some 0 < q < oo with
1 1 1 1

(1.9) — =t — =,
@1 42 dm 4

T maps LT (R™) x --- x L™ (R") to LY*(R™). Then T can be extended to be a bounded
operator from the m-fold product L'(R™) x --- x L'(R™) to L'/™>(R").

Moreover, for some constant C,, ,,, (that depends only on the parameters indicated) we
have that

HTHL1><4-~><L1~>L1/7"’°° < Cn,m(A + ”THL‘H X---XL‘I"L%L‘I"X’)-

As a consequence of Theorem 1.1 and multilinear interpolation, 7' is also bounded
from LP1(R™) x --- x LP(R"™) to LP(R") for all 1 < py, -+ ,pm < oo and 1/m < p < oo
related to the p; as in (1.9). This will be discussed in Section 3.

The layout of the paper is as follows. In Section 2, we give a proof of Theorem 1.1,
and check that our condition is a consequence of the conditions of Theorem A (see
Proposition 2.1 below). In Section 3 we discuss a multilinear interpolation theorem that
allows us to remove the assumption g; < oo on the indices in Theorem 1.1. In Section 4,
we apply the results of Section 3 to deduce standard bounds for the mth commutators of
A. Calderon; these results seem to be new for m > 3. In Section 5, we obtain new bounds
for the higher dimensional commutator introduced by Christ and Journé by exploiting
a connection between this commutator and the bilinear Hilbert transforms.

Throughout, the letter “C” will denote (possibly different) constants that are inde-

pendent of the essential variables.

2. PROOF OF THEOREM 1.1

For matters of simplicity, we assume that for all j the operators A,Ej ) all coincide with
a fixed operator A; with kernel a;(z,y) which satisfies conditions (1.5) and (1.6) with

two positive constants s and 7 > ¢, where € is the constant in (1.8).

Proof of Theorem 1.1. Setting B = ||T||paix..xpam —pa~. For 1 < i < m, we fix f; €
L'(R™), and by the linearity of the operator, we may assume that || f;|| 1 @) = 1. Also
fix a A > 0. We would like to show that there exists a constant C' > 0 such that

(2.1) Hx ER™ : [T (fr, ey fi) ()] > )\H < O(A+ B)Ymp~Ym,

Once (2.1) has been established for f;’s with norm one, the general case follows imme-

diately by scaling. Let a be a positive real number to be determined later. We perform
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a Calderén-Zygmund decomposition of functions {f;}7, at height (a\)'/™ to obtain a

decomposition
fi = gi + b :gi+zbi,k
k

such that
(a) |gi(z)] < C(a\)V/™ for all almost » € R™;
(b) there exists a sequence of pairwise disjoint cubes {@Q;x}r so that the support of each

b is contained in @); %, and

|bi,k($)|d$ < C(a)\)l/m|Qi,k|;
Rn

() ; |Qil < (aX)~V/™
(d) >°xqr, <127, where @, has the same center as Q; ) and £(Q;,) = (1 +n)l(Qix),
A

for any n with 0 <n < 1/4.

We mention that this decomposition can be obtained by letting {Q; x }» be the Whitney
decomposition of the set {M f; > (a\)/™}, where M is the uncentered Hardy-Littlewood
maximal operator with respect to cubes. Then property (d) is obtained from the fact
that the ratio of the side lengths of two Whitney cubes that touch is between 1/4 and
4 (see for example, Appendix J, [G]). Note that the functions b, are usually chosen
to satisfy [o. bik(@)dr = 0 as well, but we do not need this property. Conditions (b)
and (c) imply that |[b;||1(rr) < C' and hence that ||g;| 1 rry < 1+ C. In addition, from
condition (a) we have that ||g;||re@rn) < C(@X)Y™ for 1 < p < oo; (p' is here the dual

exponent of p). Now let
reR": ’T(gbg% 7gm ‘ > )\/Qm

{ )

E/(\Q) = {x eER™:|T(b1,92, ., gm)(x)| > )\/Zm}
{ }
{

E/(\?’) = <z €R":|T(g1,b2, ..., gm)(z)| > N/2™
(2.2) E® = fu eR":|T(by,bs, ... bp)(x)] > A/zm} ,
where each E H:v € R" : |T(hy, hgy ..., hiy) ()] > )\/Qm}| with h; € {gj,b } and all
the set Eg are distinct. Since [{z € R™ : [T(fy, fa, ... z)] > A} < Pl |E( |, it

will suffice to prove estimate (2.1) for each of the 2™ sets Ei ),
For the sake of clarity, We first present the proof when m = 2. Let us start estimating
the measure of the set E ) which is the easiest. Chebychev’s inequality and the L9 (R™) x
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L2 (R") — L%*°(R™) boundedness of T give

1
BV < (BN g1l 0 o 19201 S ey
q

CBIA () )3
(2.3) < C'BINV2q0z,

IN

Consider now the term E/(\S) as above with s = 2,3,4. We will show that
(2.4) IE®| < OBIA Y2005 + OAV2(a7 V2 4 AdM?).

Let x¢,, be the center of the cube Q;x and let £(Q;x) be the side length of @Q;. Fix an
e >0 in (1.8). We denote by

0(Qik))" " .
(2.5) Tie(x) = Xk: (f(QMS _(|_ |xk>_> L 1=1,2,

the Marcinkiewicz function associated with the family of the cubes {Q; x }x. It is a known

fact, see [F'S], that for every p > n/(n + ¢) we have

(2.6) | Frellrny < CO1Qik)'? < Clad) ™2
k

For the term E/(\Q), we note that by = ), by in which every by is supported in a cube
Q1. We will approximate each by by A, , by where t1 = (£(Q1x)/32)° and s is the

constant appearing in (1.5), and decompose

T(bi,g2)(x) = T bi, g2)(x)
= T A bk, 92)(@) + T (bis — Ar, big) s 2)(2).

k

For the first of the above term, we note that if z € R” and y € (1, then

((Qup) + o —yl = UQu) + | — 20,

Using conditions (1.5), (1.6) and property (b) of the Calderén-Zygmund decomposition,

we have

(U@Qu))
DIEREIENC) oY T Qlk o)y

(U(Q))e
< C ) )
B Z Qlk + |x —TQ,, |)n+e|| 17k||L1(R )

(2.7) < O(aA)”QJLe(x),
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where we used the fact that 0 < e < 7 and the size estimate for the decreasing function
h. Using (2.6) we obtain

n A
{zeR T(Y Ausbies 92)@)] > T} < @ByA 13 An bl a2
k

—q g q/2 (_i)
< CXIBUaN) (| Tr el gy (@)

(

< OMN qu(a)\)% )(a)\)%(l—g)
(2.8) < C'BINY2q03
Now, we let
Q= Jaix i=12,
k

where Q7 is a cube with the same center as @);x but expanded 9 /8 times. By property

(c) of the Calderén-Zygmund decomposition, we have
21 = Qi <O 1Qikl < Cla)™12.
k k

Then,

" A

Hx € R" ;T(buC — Agy b g2)(x)] > ZH
4
(29) < C(a/\)—1/2 + X Z /Q* : ‘T(blyk — Atl,kb17k7 gﬂ(l’)}dl’
1,k

Next we observe that for x ¢ Q7 ; and y; € @1, we have that

|z — 1| > EE(QM) = Qti,/k
and that

|z —yi] + |z = go = 2+ 16v/n) 7 (lz = yi| + VR l(Qui) + ly1 — 2l)-
These facts, together with condition (1.8), yields

> / (b1 — A b, 92)(o)|da
(@ %
< Z/ . / ‘K(fﬂ,yl,yz)_Kt(lli(may173/2)|d$)|bl,k(?/1)“g2(92)|dy1dy2
lk

< ca¥ [ (L v o) sl

1 32|y —
o Z/< B o o)l s
k ) )
= I+ 1.
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For term I, we have

U(Q1r)
I < C’AZ/ il Qm)—:ryl y2’)n+€|b1,k(?/1>||92(y2)|dy1dyz

Q
< oAy / T e Ea TS ORI AT
1,k
< CAN? [ 1g2(y2)| T e (y2) dys
Rn
< CA(aN)"?| g2l 2@ | Tr,ell 2 @my < CA(aN)2,

Consider term II. Since ¢ is supported in [—1, 1], we have that |y; — yo| < €(Q1x)/32.
Note that if y1 € Qx, then yo € Q7. By property (d) of the Calderén-Zygmund

decomposition, we have

1
= CAZ““"““L“R”/ o (U@up) e — ol 20 e () e

IA

1/2 U(Q1p)"
NS [ e oo, (e

IN

CA(aN)'/? 192(y2)|Lu,01 , (Y2)dye
Rn

CA(N)"?| g2l 2 e |UQ1 |

1/2

IA

< CA(aN)2.

Estimates for I and II, combined with (2.9) and (2.8), yield
B < CATV2 (a2 + Aal?).

By symmetry, we obtain that |E§\3)| < CX V2 (a2 + Aal/?).

Finally, we estimate term E/(\4)

terms E§\2)

. For this one, we use an approach as we employed for

to decompose

T(bl, b2 Zblka ZbZJ ZT(blﬂbQ)( )
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where

Ty (b, bo) (x ZAtlkblk, ZAt2 boj) (@

Ty(bi,bo)(z) = > T(Aty brks boj — Ap, jbaj) (@)
ko 5:l(Q1r)<l(Q2,5)
T3(by, b2)( Z T(bl,k — A b2,j) (z)
ko 50(Q1r)<l(Q2,5)
T (bl, bQ Z Z T(bl,k‘ - Athbl,k‘ ) Atz’ij,j) (l’)
ko 3:0(Q11)>0(Q2,5)
T (bl, bQ Z T(bl,k ) bQ,j - Atg,j b2,j) ('T)
ko 5 l(Q1r)>4(Q2,5)

For terms T7(by,by) and T5(by,by) we can use an argument similar to that in the

treatment of E* to show that
[{z e R": [T1(by, ba)(x)| > A/20}] < CBIN V20072
and
[{z € R™ ¢ |Ta(by, b)(z)| > A/20}| < CAV2 (a2 + Aa'/?).

Now consider term T5(by, by)(z). By condition (1.8), we have
|T5(b1, b2) ()]

<X 2L

ko 5:0(Q1,1)<l(Q2,5)

Q1 k)
CAZ Z / \:c — y1\ + \x |)2n+€ ‘bl,k(yl)blj(y2)’dyldy2

ko 5:0(Q1,1)<(Q2,5)

dy,dys

K(x,y1,92) — Kt(ll)k (x, y1, Z/z)} b1 (y1)b2,5(y2)

IN

|01k (y1)b2,5(12)| 32|y1 — yo|
+CA / 10) dy dy
;JE(%;ZQQ (lz =] + |z — af)* ( U(Q1) ) Y
=: T31(by, bo)(x) + T32(b1, b2) ().

Note that if = ¢ U7, Q; = U7, U, Q4 and y; € Qi then

[z — vl = L(Qi) + |7 — 2, |-
The assumption (@1 ) < ¢(Q2;) implies
Ts1 (b1, b2) ()

0(Qr) 2|1 (1) 0(Q2.5)7 |ba i (y2)]
< CA ()2 (Z (g(QL,C)Hx_yIDM;) (Z( 1(Qay) + |7 — 1)) )dyldyz

S CA(OCA)jl,e/2<x)\72,6/2(x)a
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which gives

[ mtb@lie < CA)) [ @l
(UZ_ Qr)e R™

< CA(N)|| T erallz @) | T2 el L2 ey
(2.10) < CAn'”

On the other hand, since {Q1x} is a sequence of pairwise disjoint cubes in R™, we use
the fact that ¢ is supported in [—1, 1], the assumption ¢(Q; ) < ¢(Q2;) and property

(d) of the Calderén-Zygmund decomposition, to deduce
| T32(b1, b2) ()]
1
< CA b n by ;i 1o+ d
<A N il | e e, )i

ko 5:(Qur)<UQ2,5)

1/2 QQ )
< CAEYPY [ o o) e (e

< 1/2 Q2j> | |
= CV>\ Z/ sz + ‘x—y |)2n |b2,](y2)|dy2

This gives
[ Tt < ca@y 93 [..a UGaal' 1y, ()l dydo
(U2, 9) (U(Q2,5) + |z — o>
< CAN S [ (o)l

- Rn

J
(2.11) < CA(aN)'2,
Therefore,

‘{xER” : ‘Tg(bl,bQ)(:c)\ > 2%}) < UQ*|+_Z/2 |T5;(b1, ba)()|dz

U2 Qi)e
< COXNV2(a712 4 Aal/?).

By symmetry, we have the same estimates for terms T4(by, by) and T5(b1, by), and then
the desired estimate E( ) follows readily. Combining estimates of {E )}7, 1, we obtain
estimate (2.4) for any @ > 0. Selecting o = (A + B)™! in both (2.3) and (2.4) we obtain
the estimate (2.1) when m = 2.

Consider the case m > 3. Chebychev’s inequality and the L& (R") x ... x L (R") —
L% (R™) boundedness of T' give E( ) < CBIA ma w. Let us estimate a set E( of
(2.2) with 2 < s < 2™. Suppose that for some 1 <[ < m we have [ bad functions and
m — [ good functions appearing in T'(h4, ..., hy,), where h; € {g;,b;}. It suffices to show



12 X.T. DUONG, L. GRAFAKOS, AND L.X. YAN

that
(2.12) |E§\S)| < C’Bq)\_ioﬂ_iﬁLC’)\_%(a_%+Aa1—i)‘

For matters of simplicity, we assume that the bad functions appear at the entries 1,2, ..., [,
ie., E/(\s’) = T(b1, .., b1, 911, -y Gm), Where s; = Zli;(l] Ci+ 1 FixazdgU_ Uy, Q-
One has

T (b, ooy biy Qi1 ooy gm) () = T(bl,kl, s Dikys Gis1s ooy Gm) ()
k1,....ky

= Z Z T(bl,klv“'abl,kﬁgPFl’""gm)(x)

Kook k1:(Q1,k1 ) <UQi,k,;)
for all =2,...,1

l

4 Z Z T(bLkl,-..,bl,kl,gl+17~~7gm)(x>

Jj=2 k‘17...,k2]‘,1 k:jtk‘j E@j
kjt1,e.5k
l

(213) = ZT(j)(blv"'7blagl+17"'7gm>('x>7

j=1

where ©; denotes the set
{k; : E(Qj,kj) <lQik),i=1,..,5—1and E(Qj,k].) <UQix;),i=7+1, .. 1}

For every TV (by, ..., by, Giz1, -y Gm), We will approximate each bjr; by At]-,kj bjr; where
tik, = ({(Qjk,)/32)° and s is the constant appearing in (1.5); e.g.,

e (b1, ooy bty Gig1s ooes Gm) ()
- Z Z T(bl,/ﬁ - Atl,kl b17k17 ) bl,klagl-‘rh ) gm)(x)

ko,....ky k1:6(Q1 1, )<€(Qi k,)
for all i=2,...,l

+ Z Z T(Atl,klbl,kp --wbl,kl?glJFl’ ’gm)<x)

kooskp k1:(Q1, k1 ) <U(Qi,k;)
for all 1=2,...,0

(2]‘4) = T(ll)(blv ) bl7 Gi41, -y gm)(x) + T(IQ) (bh ceey bl7 Gl+1y -+ gm)(x)
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Consider the term T (by, ..., by, gii1, .., gm). Note that z & U\_; Uy, Qj,- By condition
(1.8), we have

T (b, oo by, Gt oo Gon) ()]

<cay % / Qlkl [T, J)im% I1 lostn !dej

Kaoooskt k1:0(Q1 iy ) <ész 2 |7 =yl j=1+1
for all i=2,...,

- H':1 |bj,k-(yy)’ 32!y1 yu
+CAZ Z Z / (ern |$_J |)mn Cb( >H 195 (y; |de]
u=2 k2;..., kl k- K(Ql k1)<£(QLk )( )m j:]' y] =l+1
for all =2,...,

= Tl(ll)(b17 "'7bl7gl+17 "'7gm)('r) + T2(11)(b17 "'7bl7gl+17 "'7gm)($)'

The assumption £(Q1 x,) < U(Qik,), 1 = 2, ..., 1, together with property (b) of the Calderén-
Zygmund decomposition, imply that

T(H)(bl,.. bl,gz+1,- - Gm) (T )

< CA / H Z QQ]k? K (Y5)] >ﬁ <( (Ql(il)k;)u‘gfij >de]

PEEm

anjl

< CA(aA)l/mHJj,E/m(x) H M(g;)(x)

j=1 j=l+1
where M denotes the Hardy-Littlewood maximal operator. On the other hand, we
use the fact that ¢ is supported in [—1,1], and [|byy, [|pi@ee) < C(@XN)Y™|Q1y,|, the
assumption (Q1x,) < U(Qix,),i =2,...,1, to deduce

T(ll)(bly-- bl7gl+17- 7gm)( )

< CAfaN) VmZg/ 0Qjk,) ™ bk (7)) >
u=2 ky # k; ng)—i-‘:v—y]])m
j#u

Qi)™ g ()| UQup,) ™1 by, ku(yu )
L] <<€<@m>+|x—y»|>r’f’ﬁ><z< HQui) + Jo— a5 " yu)H b

j=l+1
UQjey) ™ bk, (7))
+ CA A 1/771, Js Js J
(a uzl;; (Rnym—1 -: (U(Qjx,) + |z — ;)T 1>
= Qi)™ 7 g (y;)] (Ql Y d
jdql((g(QLkl)_’_|x_yj|>m><( <Q1k1)+ Iz — ya) 2 i |gu(yu) |1 @1k, (Yu );[E Yj
J#u
m l
< caan™ 3 119, 2) T M(a)@)(Mig)(@) + @)V o (@)).
u=Il+1j=2 J=l+1

j#u
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From these estimates, it follows by a standard argument as in the treatment of E/(\4) of
m = 2 that

1

'm,).

For the term 712 (by, ..., b, g1, ..., Gm), We use estimate (2.6), Chebychev’s inequality
and the L7 (R™) x ... x L (R") — L%*(R™) boundedness of T" to deduce the desired
estimate. This concludes the case [ = 1. For [ > 2, we decompose T = 70U 4 702,
2 < j <l as wedid for [ =1 in (2.14). We then prove estimate (2.12) for the terms
T(by, ..., b1, gis1, .-, gm) by suitably adapting the argument as in the case [ = 1 and m = 2.

‘{a: eR": ‘T(H)(bl, e bty Gt ,gm)(:c)| > )\}‘ < C’)\’%(OF% + Aal™

This argument does not require any new ideas but just some cumbersome notation and

for this reason it is omitted. This concludes the proof of Theorem 1.1. O

A natural question about Theorem 1.1 is how strong is the imposed assumption (1.8),
and what is its relation with the regularity condition (1.4). We will show that, for
suitably chosen Aﬁj ), condition (1.8) is actually a consequence of (1.4). This implies that
Theorem 1.1 is a strengthening of the analogous theorems in [GT2] and [KS]. Precisely,
following Proposition 2 of [DM], for any m > 0, we can construct a;(z,y) with the

following properties

(2.15) ai(z,y) =0, when |z —y| >t/

(2.16) / ai(z,y)dr =1
for all y € R, ¢ > 0. This can be achieved by choosing

a(z,y) =t X gy /0 (),

where X g, 1/+) denotes the characteristic function on the ball B(y, t1/%). Then let A, be

the operators which are given by the kernels a,(z, y).

Proposition 2.1. Assume that T has an associated kernel K(x,yy, -+ ,Ym) which sat-
isfies condition (1.4). For each j = 1,2,--- ,m, let {Aij)}bo be approximations to the
identity represented by kernels ai(x,y) satisfying (2.15) and (2.16). Then the kernels
Kt(j)(:z:,y) of (1.7) satisfy condition (1.8). More precisely, there exist positive constants
C and € so that

Ate/s
(lz=yal + -+ + [w—ym[) e

|K(x7y17"' yYjy o 7ym)_Kt(j)<x7yl>”' yYjy e 7ym)| S

whenever /% < a — y;].
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Proof. For j =1,2,--- ,m, we assume that ¢t'/° < %|x —y;|. Then,

|K<£L',y1,"' 7yj7"' 7ym)_Kt(j)(:Cay17"' 73/]'7"' 7ym)’

= ‘K(xayl)"'aij'”)ym)_ K(x7y17"'aza"'7ym)at<z7yj)dz
Rn

= ‘K(maylf" 1 Yjs e ,ym)/ at(’z’yj>dz

la—y;| <t/

_/ K('raylv'” 2 7ym>a’t<z7yj>dz
lz—yj|<tt/s

< / ‘K(:Evyla"'7yj7"'aym)_K(maylv'”)Za"'7ym)||at(z7yj>|dz
lz—y;|<tt/s
Ats/s /
’at('Z?y')’dZ
(o =yl + - 2 = ym)™ Jjy <ss ’
Ate/s

(le =gl + -+ o =yt
Note that the second equality is using condition (2.16) and the second inequality follows
from (1.4). This completes the proof of Proposition 2.1. O

3. MULTILINEAR INTERPOLATION

In this section, we will show how to obtain strong type LP*(R™)x - - - x LP»(R"™) — LP(R")
boundedness results for multilinear operators of generalized Calderén-Zygmund type
starting from single estimate.

An m-linear operator T : S(R") x - - - x S(R") — S’(R") is a linear in every entry and

consequently it has m formally transposes. The jth transpose 7% of T is defined via

(3.1) (T (fro s fm)s by = (T (fro s fimtshs fisn, s fm)s fi)

for all f1, -+, fm,g in S(R™).
It is easy to check that the kernel K*/ of T* is related to the kernel K of T via the
identity

(3.2) K9 (,y1, oY1, Yis it > Um) = KU Y1y s Uity Ty Yjt 1o+ s Yim)-

Note that if a multilinear operator 7" maps a product of a Banach spaces X; x --- x X,
into another Banach space X, then the transpose 7%/ maps the product of Banach spaces
Xy X x X5 x X* x X x - x X, into X;‘. Moreover, the norms of 7" and T*7
are equal. To maintain uniform notation, we may occasionally denote 7" by T*° and K
by K*0.
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Assumption 3.1. Assume that for each i = 1,--- ,m there exist operators {AE")}N

with kernels a!” (x,y) that satisfy conditions (1.5) and (1.6) with constants s and 7 and

that for every j =0,1,2,--- ,m, there exist kernels K:’j’(i) (x,y1,"** ,Ym) such that

T*] f17 fza"' >fm)>g>
ea = / (@ ) o0) - ) -

for all f1,---, f in S(R™) with N, supp fx Nsupp g = 0.

Assumption 3.2. There exist a function ¢ € C'(R) with supp ¢ C [—1, 1] and a constant

€ > 0 so that for every 7 =0,1,...,m and every : = 1,2, --- ,m, we have

|K*j(£(],y1,- te 7ym) - K:]V(Z)<x’yla e 7ym>|

A |yz yk|
o )

k=1
ki

At€/s
+ mn-e
(lz =yl + - + |z — yml)

(3.4)

whenever tV/° < |z — y;| /2.

Under Assumptions 3.1 and 3.2 we will say that T" is an m-linear operator with general-
ized Calderon-Zygmund kernel K. The collection of functions K satisfying (3.3) and (3.4)
with parameters m, A, s,n and € will denoted by m-GCZK(A, s,n, €). A kernel K belongs
to m-GCZK(A, s,n, €) exactly when it belongs to m-GCZKy(A, s,n, €) and all of its ad-
joints also belong to m-GCZKy(A, s,n,€). We say that T is of class m-GCZO(A, s,n, €)
if T is associated with a kernel K in m-GCZK(A, s,n,¢).

We first have the following:

Theorem 3.1. Assume T is a multilinear operator in m-GCZO(A, s,n,€). Let 1 <

qQ1,G2; " 5 qm,q < 00 be given numbers satisfying
1 1 1 1
=
a1 Q2 dm 4
Assume that T maps LT (R™) X+« - x L (R™) to L4(R™). Let p, p; be numbers satisfying

I/m <p<oo,1<p; <oo and 117 = 1%1 + piQ + -+ ﬁ. Then all statements below are

valid:

(1) when all p; > 1, then T' can be extended to be a bounded operator from the m-fold
product LP*(R™) x --- x LP™(R™) to LP(R™);

(i1) when some p; = 1, then T can be extended to be a bounded operator from the
m-fold product LP*(R™) x - -+ x LP™(R™) to LP>°(R").
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Moreover, there exists a constant Cp o, p,.q; Such that the estimate holds

(35) ”THLl><~~-><L1—>L1/7”'%OO < Cn,mvpjﬂj(A + HTHqu ><~~~><Lqm—>L‘1) .

Proof. The proof of Theorem 3.1 is similar to that of Theorem 3, page 140 of [GT2]. We

outline the main idea when m = 2.

Proof of (i). Since T : L% (R"™) x L%(R") — L4(R™), it follows that the adjoint with
respect to the first variable 7% : LY (R") x L%(R") — L% (R"). But then Theorem 1.1
yields that 7*' : LY(R") x L'(R™) — LY2°°(R"). Interpolation (in the complex way)
between these estimates yields that T*! : L5 (R") x L®2(R") — L%*°(R"™) for some 1/s;+
1/sy = 1/s where s > 1 since ¢, > 1. Duality implies that 7" : L*"*°(R") x L**(R") —
L*1(R™). Theorem 1.1 yields that 7' : L'(R") x LY(R") — LY2°°(R"). Interpolating
between this estimate and the estimates 7' : L**°(R") x L*2(R") — L*(R") and T :
Lo (R™) x L®(R™) — L(R") yields boundedness for 7" in the interior of an open triangle.
(Here we use the bilinear Marcinkiewicz interpolation theorem that yields strong type
bounds in the interior of the convex hull of three points at which Lorentz space estimates
are known, see [GK]). Bootstrapping this argument and using duality and interpolation,

we fill in the entire convex region 1 < py, ps < 00.

Proof of (ii). In the case when some p; = 1 (say p; = 1), it follows from (i) above that 7" :
LP(R™) x L>*(R™) — LP(R™) for 1 < p < oo. Let us prove that T : LI(R”) x L*(R") —
LY*(R™). For a fixed function f» € L®(R"), we set K(z,y) = [o. K(z,2,9)f2(y)dy,

and define the 1-linear operator

T(fi)(x) = T(f1,[f2)(z)

= [ ([ K@) aca:
(3.6) =: K(z,2)f1(2)dz

RTL

It follows that the operator 7' maps LP(R") to LP(R") with norm

B = ||T||zr—rr < ||T||pxro—rrllfolloe < Cropg (A + T Lo xpa—spa) || fol oo -
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By Assumption 2.2, we have

[ Vo) B
r—z| 22t/

= / K (z,2,9) K(Q)(x z y)>f2 dy‘dx
|z—z|>2t1/s R”

Lz|22t1/s / (Jo — 2| + ]:c y’)2n¢<‘Ztl_/sy|>f2(?/)dy‘dx

Ate/s
+/ / e dy’dx
oziz2ti/s | Jrn (|7 — 2| + |2 — y])

< CAlfallpe®n)-

IN

Now fix a A > 0. For every a > 0, we apply the Calderén-Zygmund decomposition to
the function f; at height e, and an argument similar to that of Theorem 1 of [DM] to
obtain that there exists a constant C' > 0 such that

[z e R |T(f1, fo) (@) > A} = |[{z € R":|Tfi(x)| > \}|
< C)‘_l(épap(l_%) + All foll oo @) | fill 21 ey -
We now select a = [(A + ||T L XngﬁLq)HngLoo}_l. Therefore,

{z e R [T (fi, fo) (@) > A} < CANTHA+NT |l poxrs—sra) | fill oagemy | fo | oo ny

and thus 7 : LY(R") x L>®(R") — LY%®°(R"). Since T': L*(R") x L*(R") — LY?*>(R"),
it follows by (linear) interpolation that 7' : L'(R") x LP*(R™) — LP*>°(R") where p =
p2/(p2 +1).

Keeping track of the constants yields (3.5) as the norm of T from L'(R™) x L'(R") to
weak L'/2(R") is bounded by a multiple of A plus the norm of 7" on L% (R") x L®(R"). [

We note that in the proof of our Theorem 1.1, the assumption ¢, qs, ..., ¢n < 00 on
the indices was necessary (needed for instance in (2.8) in the inequality involving the
Marcinkiewicz integral). This restriction presents an inconvenience in certain applica-
tions. The main contribution of the result below is to remove this restriction on the

indices g;.

Theorem 3.2. Assume T is a multilinear operator in m-GCZO(A, s,n,€). Assume that

for some 1 < q1,q2, ,qm-1 <00, 1 < gy <00 and 0 < q < oo with
1 1 1 1

(3.7) -t =+t —=-,
a1 Q2 dm 4

T maps L®(R™) x -+ x L9 (R™) to L2>°(R").
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(i) Then T can be extended to be a bounded operator from the m-fold product L'(R™) x
- x LYR™) to LY™>(R™). Moreover, for some constant C,, ,, (that depends only on

the parameters indicated) we have that

”THLl><~~~><L1—>L1/7’%OO < On,m(A + ||T||L‘11 ><--~><Lq’"—>Lq*°°)'

(11) T can be extended to be a bounded operator from the m-fold product LP*(R™) x
- x LPn(R") to LY(m=mo):o(R") where p;, = oo for 1 < k < mg and p;, = 1 for

mo + 1 < k <m with norm
||T||LP1x.--xLPm—)Ll/(m—mo)@O S Cn,m<A + HTH[/H ><...><Lq'm_>Lq,00>.

Proof. By Theorem 1.1, it suffices to prove there exist some 1 < ¢f, 5, -+ , ¢ _1, ¢, < OO
and 0 < ¢* < co with

1 1 1 1
(3.8) —*—F—*—i—""l-—*:—*,
aq 2 dm q

T maps L9 (R") x --- x L% (R") to L9*°(R™). We outline the main idea when m = 2.
Suppose ¢ = o0 and 1 < ¢ < oo and suppose T : L% (R™) x L2(R") — L%=(R™).
Then T*! maps L%(R") x L%(R") — L'(R"). As all the adjoints of 7' and T*! have
kernels that satisfy assumptions 3.1 and 3.2 it follows from Theorem 3.1 that 7*! maps
LPr(R™) x LP2(R™) — LP(R™) for the whole range of exponents. In particular it maps
L3(R™) x L3(R™) — L*2. Then so does T and then we can apply Theorem 3.1 again to
obtain boundedness for T in the whole range possible.

0J

4. APPLICATIONS: COMMUTATORS OF SINGULAR INTEGRALS

In this section we apply Theorem 3.2 to deduce nontrivial bounds for the commutators
of A. Calderén. This operator along with its higher counterparts first appeared in the
study of the Cauchy integral along Lipscitz curves and in fact these led to the first proof
of the L2-boundedness of the latter. The first order commutator is defined as

A(z) — Aly)
(4.) Cla.)a) = | H=,

It is known that the operator Cy(a, f) extends as a bounded operator from LP(R) x
LY(R) to L"(R), when 1 < p, ¢ < oo and ]lj + % = %, r # 00. Moreover, if either p
or q equals 1, then Cy(a, f) maps LP(R) x L%(R) to L™*(R) and in particular it maps
LY(R™) x L'(R) to LY?*°(R). We refer to the articles of [AC], [CC] and [CM1] for these

results.

f(y)dy, where A" =a.
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In this section we obtain all possible Lebesgue strong and weak type bounds concerning
the mth order commutator of Calderén using the techniques developed in the previous
sections. We note that the results below for m > 3 seem to be new (the previous articles
only consider the case m = 1 while [CM1] also considers the case m = 2).

We recall the m-th commutator given by

7?11 Aj xTr) — Aj
(4-2) Cm+1(f7 ag, ... ,am)(:c) = /IR HJ? ((J; _(y))m-H (y))

where A’ = a;. It is a well-known fact that f — Cpyi(f,a1,...,an) is a bounded

fly)dy  xeR,

operator on L*(R). Moreover C,,,; can be viewed as an m + 1-linear operator which
satisfies an L? x (L>®)™ — L? estimate for each number m, that is, there is a constant

C,, > 0 such that for all suitable functions f, a4, ..., a, we have
ICria(frans s m)llzoxzenxnssrz < Con 1 ez ( TT 145 liemy)-
j=1

This will be our starting estimate of Theorem 3.2 for the operator C,, 1 with ¢; = 2,
g2 =+ = ¢ms1 = 00 and ¢ = 2. There are various estimates for C,, ([CJ] and [M]). For
example, there is an absolute constant C' > 0 such that C,,, < C(1 + m)? for every m.
See Theorem 3, page 68 of [CJ].

Define
1, x>0,
e(z) =
0, z<0.
Since A = a;, the m + 1-linear operator Crmi1(f,a1,...,ay,) can be written as
Cm+1(f7 Ay, - .. 7am)(y0> - K(ym s 7ym+1)a1(y1) cee am(ym>f<ym+1)dyl s dym—H

Rm+1

where the kernel K is

(—1)cWm+1—yo)m

K(y()a"'aym—l—l): (

)(W) .

Yo — Yma1)™ ! i X(min(yo,ymﬂ),maX(yO,ymH)

We notice that the adjoint kernels K*/ for j € {1,...,m} are

(—1)cWm+1—y)m o

K*j(yOa"'7ym+1) = (yf)a

(yj - ym+1)m+1 P X(min(yj7ym+l)7max(y]~,ym+1))
l#£]

while K*(m*1) is essentially the same as the original kernel

(_ 1)(€(y0*ym+1)+1)m m

(ye) .

KM (g ) = —
(Y0, Yt o — Ymr)™ 1 L L (mino ) max(uo.91))

We have the following result concerning C,, 1.
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Theorem 4.1. The m-th order commutator Cp,1 in (4.2) is an (m + 1)-linear operator
with a kernel K in (m+1)-GCZK(A, 1,1,1). Precisely, there ezist operators { A; }1=o with
kernels ai(x,y) that satisfy conditions (1.5) and (1.6) and for all j € {0,1,...,m + 1}
and for all i € {1,...,m + 1} there exist kernels K:j’(i)(yo,yl, ce vy Yme1) SO that (1.7)
holds and there exists a function ¢ € C*(R) with supp ¢ C [—1,1] such that

| K (Yo, Y1, - - Y1) — K*j’(l)(yoa Y1y Yms)]

& /v — il At
(4.3) _ o(H ) + ==
( “!yo ’”HZ (o o — i )ym+?
k;éz

whenever t < |yo — ;| /2.

Proof. We begin by observing that it suffices to prove the required estimate for 7 = 0.
In fact the case j = m + 1 is identical to that of j = 0 while the case j € {1,...,m} is
symmetric; one just needs to reverse the roles of y, by that of y;. Let us therefore take
j = 0 and consider the following two cases: (1) i € {1,2,,...,m} and (2) i =m + 1.

Let ¢ € C°(R) be even, 0 < ¢ < 1, ¢(0) = 1 and supp (¢) C [—1,1]. We set & = ¢’
and ®,(z) = t~'®(z/t). Define,

Aif(z) = /R ai(z,y) f(y)dy where a;(z,y) = (T — Y)X(2,00) ()

Then the kernels a,(z, y) satisfy the conditions (1.5) and (1.6) with constants s =n = 1.
For i # 0 we set

(44) K(z)(y07"'7ym+1 /K Yo, - - - Yi-1, 7, lerla"'?merl)at(Z yz)d

Case (1) i € {1,2,...,m}.
In this case we may take i = 1 as all the indices in the set {1,2,...,m} play the same

role. There are two subcases to consider: yy < Ypmi1 and Y1 < Yo-

Subcase (1.1) Yo < Ym+1-
Here we have that K(vo, Y1,- - -, Yms1) — Kt(l)(yo, Yl, -+ Ym1) 18 equal to

mHZI: X (yo,ym 1)(y/€) o zZ =1 dz
oo Tt ) b2 ]

If the intervals (yo, Ym+1) and (y1 — ¢, 41) do not intersect, then the difference in (4.5) is

zero. If they intersect, since t < |yo — y1|/2, we must have that yo < y13 —t < y;. Now if

()%

which is zero. Therefore (4.5) is not zero exactly when yo < y1 —t < yme1 < 1. In this

Yms1 > Y1, then the expression inside the square brackets in (4.5) is 1 — fyyll_ @
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case we have

1
‘K(yo,yl, e Yma1) — Kt( )(yo,yl, ey Yma1)
_ HIT:Q X(y07ym+l)(yk)/
y

(Yo — Ymy1)™ !

Ym+1 _ d
cI)<Z ?h) az
L t )

C (ym+1 —y1>
(lyo — w1l + -+ |0 — Ymsa [) t

Subcase (1.2) ¥mi1 < Yo-
In this case we have that K(vo,y1, .-, Yms1) — Kt(l)(yo, Yl,- -+ Yme1) 18 equal to

Hm: X( m—+1, )(yk) v Z — yl dZ
10 T 0 [ et (7).

If the intervals (ym+i1,v0) and (y1 — t,71) do not intersect, then (4.6) is zero. If they

intersect, then since t < |yo — y1|/2 we must have y; —t < y; < yo. Now if ¢, < 91 — ¢
the expression inside the square brackets in (4.6) is 1 — yyll_ , (2% which is zero.

Thus (4.6) is not zero exactly when y; —t < y11 < y1 < yo. In this case we have

1
‘K(yo,yb s Ymt1) — Kt( )(?/anla s Ymt1)

- H;cnsz(ymH,yo)(yk)(l_/yl ¢<z—y1>%>‘

(yo B ym+1)m+1 Ym+1 t t
C (ym+1 — yl)
(lyo — w1l + -+ 1Yo — Ymga [) t

Case (2) i=m+ 1.

Subcase (2.1) yo < Ymt1-

In this case we have K (yo, Y1, .-, Ymi1) — Kt(m+1)(y0, Uiy - Yma1) 18 equal to

(47) (—1)’”1_[?:1 Xyowmsn) (k) /ym“(_l)e(z_ywm [Tt X (yk)q)<z - ym+1> dz

(Y0 = Yms1)™H! o0 (yo — )™+ t t
The first observation is that if yp < yo or yx > Yms1 for some k € {1,2,...,m}, then
the expression in (4.7) is zero. Therefore we must have yy < yx < ymq1 for all k €
{1,2,...,m} for (4.7) not to be zero. This forces the first product in (4.7) to be equal
to 1. Since t < |yo — Ym+1]/2 in this situation we must have yo < Ymi1 — t < Yma1-

For the integral in (4.7), the range of integration in z i8 Y11 —t < 2 < Y1 and yg < z
for all k= 1,...,m. The latter can rephrased as yi, < z where y, = maxj<x<m Yp. We

consider the following two sub-subcases:

Subsubcase (2.1.1) Yo < Yms1 — t < Yky < Ymr1-
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We observe that if ¢ < |yo — Ym+1]/2 and Y1 — t < 2 < Ymy1 then |z — yo| >

[Yo — Ym+1]/2 and also |yk, — Yo| > |Y0 — Ym+1|/2. Since & = ¢, ¢ € C°(—1,1) and
¢»(0) = 1, an integration by parts gives

’K(ym Y1, - - 7ym+1) - Kt(m+1)(y07 Yty - 7ym+1)’

_ ‘(_1 m 1 ey [T | X(yo,z)(yk)q)<z - ym+1> dz
(Yo — Ymg1)™ . (yo — z)m+! t t
1 Yko = Ymi1 s 1 2~ Ym41
_ ¢< 0 >—(m+1) ¢( )dz‘
‘yO _ yk0|m+1 t vig (Z/o _ Z)m+2 t
Yo —Ym
Cgb(’“of“) C't

+ .
(Iyo = w1l + -+ %0 = Ymer D)™™ (lvo —y1| + -+ (Yo — Ymsr|)™F?

Subsubcase (2.1.2) yo < Yk, < Ym+1 —t < Ym+1-

Here we have

|K(?Joa o Ymt1) — Kt(mﬂ)(yo, . 7ym+1)|

B ‘ 1 /y’"+1 1 (I)(Z — ymH) dz
(Yo = Yms1)™H ymH ¢ (yo — z)mH1 ¢ t
Ym+1 _
— (m+1) ‘/ ;0 (° ym“)dz‘
Ym4+1—1 yO - Z m+ t

C't
< .
(lyo — ym+1|)m+2 ~ (o —wal + -+ lyo = Ymia )™+

Subcase (2.2) Y41 < Yo
We have K(y07 Yiy .- >ym+1) - Kt(m+1) (y07 Yiy .- 7ym+1) 1s equal to

(4.8)

Tt X@ns1.0) (Y) _ /ym+1 (_1)e(zfy0)m T Tt Xao) () o (z — Ym+1 > %

(Yo — Ymg1)™ ! o (yo — z)m+! t t

In this case we have y,, 11 —t < yms1 < yo. We first observe that (4.8) is zero unless all
yx lie in the interval (y,11 —t,yo)-
The range of integration for z is the intersection of the two intervals (Y11 — t, Ym+1)

and (—o0, Y, ), where yg, = minj<x<,, yx. We consider the following two sub-subcases:

Subsubcase (2.2.1) Y1 —t < Yms1 < Yk, < Yo-

In this case all the y; are between y,,.1 and yy and we have
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m+1
|K(y0a s 7ym+1) - Kt( - )(y()a' e aym—i-l)l

B ‘ 1 /y’"+1 1 q)<z—ym+1>dz
(Yo = Yms)™ (yo — z)mH! t t

m—+1 t

+1)
I e
Ymg1—t (yo — z)m+2 t
C't

<
(lyo — ym+1|)m+2 = (lyo — vl + -+ Yo — Ymia| )2
since |z — yo| > |Yo — Ym+1| in this case.

= (m+1)

Subsubcase (2.2.2) Y11 —t < Yry < Yma1 < Yo-

Here we apply an integration by parts as we did previously to obtain the estimate

\K yOa'--aym+1) Kt(m+1)(y07---aym+l)|

Yk, — Y d
_ ‘/ +1<I)(Z Y +1)_Z
y+1t yo—zm t t

< ¢<yk‘1 ym+1> + (m + 1)t
=y — yml’”*1 t (1yo — Y, )2

C(b Yk —Ym+1 t
- il T mt2
(lyo = vl + -+ + lyo = Ymsrl) (Iyo —vil+ -+ lyo — Ymsal)
since in this case we have |yo — yr,| > |yo — yi| for all k =1,2,... ,m + 1.
The proof of the theorem is complete. 0

Applying Theorem 3.2 we deduce the following result concerning the mth order com-

mutators. This contains several new endpoint estimates for them.

Corollary 4.2. Let 0 < 1/p = ZmH 1/p;. Then the m-th order commutator C,, maps
LP(R) x -+ - x LPm+1(R) to LP*°(R) whenever 1 < p1,...,pmy1 < 00 and it also maps
LPr(R) x - -+ x LP»+1(R) to LP(R) when 1 < p; < oo for all j. In particular it maps
LY(R) x --- x L'(R) to LY(m+):>(R),

5. THE HIGHER DIMENSIONAL COMMUTATOR

In this section we obtain new bounds for the higher dimensional commutator intro-
duced by Christ and Journé [CJ]. We discuss a connection between this commutator
and the bilinear Hilbert transforms and we use this connection to obtain some nontrivial
new off-diagonal estimates for the former. The results of this section are inspired by
of Calderén’s original idea to express the 1-dimensional commutators in terms of the
bilinear Hilbert transforms.
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The higher dimensional commutator is defined as

(5.1) cy”(f,a)(x) = p.v. [ K-y / F)a((1 =) + ty) dt dy

where K (z) is a Calderén-Zygmund kernel in dimension n and f, a are functions on R™.
Christ and Journé [CJ] proved that C{" is bounded from LP(R™) x L®(R") to LP(R")
for 1 < p < oco. Here we discuss some off-diagonal bounds I” x L9 — L", whenever
1/p+1/g=1/rand 1 <p,q,r < 0.

To obtain these bounds we will exploit a connection with the bilinear Hilbert transform

defined as

“+00

Hop(f0)) =pv. [ Fa—atg(e— a0

for f,g are functions on the line and z,a, 5 € R. This operator was first shown to be
bounded by Lacey and Thiele [LT1], [LT2] in the range

(5.2) 1<pg< oo, 2/3 <r< oo, 1/p+1/qg=1/r.

Uniform L™ bounds (in «, ) for it were obtained by Grafakos and Li [GL] in the local
L? case, (i.e the case when 2 < p,q,r" < 0o) and extended by Li [L] in the hexagonal
region

1 1
(5.3) 1<p,qr<oo, ‘

L
p q

5 )
As the operator C{"(f,a) is n-dimensional, we will need to “transfer” H,p in higher

dimensions. To achieve this we use rotations. We have the following lemma:

Lemma 5.1. Suppose that K is kernel in R*" (which may be a distribution) and let Ty

be the bilinear singular integral operator associated with K

Tie(f.9)(x) = / / Kz —y, 7 — 2)f(y)g(z) dy dz.

Assume that Tk is bounded from LP(R™) x LYR™) — L"(R™) with norm ||T| when

Ip+1/q=1/r. Let M be a n x n invertible matriz. Define a 2n x 2n invertible matrix

M = O ]\04>, where O s the zero n X n matriz. Then the operator Th. 15 is also

bounded from LP(R™) x LY(R"™) — L"(R"™) with norm at most ||T.

Proof. To prove the lemma we note that

Tyoii(£:9)(x) = Tic(fo M~ go M™H)(Ma)
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from which it follows that
(det M) " Tx(fo M~ go MY -

< (det H) T [If o M~ zollg o M~z
I} (det M)~ T || £l o (det M) P g||a(det M)YP = || T

||TKOM<fa g)HLT

O

We apply Lemma 5.1 to the bilinear Hilbert transform. Let e; = (1,0,...,0) be the
standard coordinate vector on R”. We begin with the observation that the operator

e e dt .
ozl,ﬁ(fvg)(x) =p.v. f(x_atel)g<x_6tel)7 reR

defined for functions f,g on R™ is bounded from LP(R") x L?(R™) — L"(R™) for the

same range of indices as the bilinear Hilbert transform. Indeed, the operator H;! 5 can

be viewed as the classical one-dimensional bilinear Hilbert transform in the coordinate

x, followed by the identity operator in the remaining coordinates xs, ..., x,, where x =
(1,...,2,). By Lemma 5.1, for an invertible n x n matrix M we have that
1 1 e 1 1 dt

ag(foM™ goM ") (Mz) = p.v. flx —atM " ey)g(x — ftM~ 61)7 , xeR"

maps LP(R") x LY(R™) — L"(R") with norm the same as the one-dimensional bilinear
Hilbert transform H, g whenever the indices p, ¢, satisfy (5.2). If M is a rotation (i.e.
an orthogonal matrix), then M ~'e; can be any unit vector in S"~!'. We conclude that
the family of operators

“+oo

Hoa(f o)) =pv. [ flo—atbgle—pi0)S  oeR

is bounded from LP(R") x L¢(R") to L"(R") with a bound independent of # € S"!
whenever the indices p, g, r satisfy (5.2). This bound is also independent of «, 5 whenever
the indices p, ¢, r satisfy (5.3).

It remains to express the higher dimensional commutator Cén) in terms of the operators
’Hzﬁ. Here we make the assumption that K is an odd homogeneous singular integral
operator on R", such as a Riesz transform. For a fixed x € R™ we apply polar coordinates
centered at x by writing y = x — rf. Then we can express the higher dimensional

commutator in (5.1) as

(5.4) /Sn1 /OOO @ /01 f(x —r0)a(x —tro) dtr* 'drdo .
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Changing variables from § — —6, r — —r and using that K () is odd we write this

expression as

(5.5) /S ) / () /1 (@ — rf)a(z — trf) dt @ i .

Averaging the (5.4) and (5.4) we arrive at the identity

) = [ KO [ 10w .

This certainly implies the boundedness of C2 (™) from L? (R™) x L9(R™) to L"(R™) whenever
the indices p, ¢, r satisfy (5.3). Interpolation with the known LP x L — LP bounds yield
the following:

Corollary 5.2. Let K be an odd homogeneous singular integral on R™. Then the n-
dimensional commutator C§" associated with K maps LP(R™) x LY(R™) — L"(R™) when-
ever 1/p+1/q=1/r and (1/p,1/q,1/r) lies in the open convex hull of the pentagon with
vertices (0,1/2,1/2), (0,0,0), (1,0,1), (1/2,1/2,1), and (1/6,4/6,5/6).

Bounds for Cén) near the vertex (0,1,1) and on L"(R") for » < 1 (in particular, the
L' x L' — LY?* estimate derived in the 1-dimensional case) remain elusive at the

moment.
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