MAXIMAL OPERATOR FOR MULTILINEAR SINGULAR
INTEGRALS WITH NON-SMOOTH KERNELS
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ABSTRACT. In this article we prove Cotlar’s inequality for the maximal singular in-
tegrals associated with operators whose kernels satisfy regularity conditions weaker
than those of the standard m-linear Calderén-Zygmund kernels. The present study
is motivated by the fundamental example of the maximal mth order Calderén
commutators whose kernels are not regular enough to fall under the scope of the
m-linear Calderén-Zygmund theory; the Cotlar inequality is a new result even for
these operators.

CONTENTS
1. Introduction and main results 1
2. Cotlar’s inequality for multilinear singular integrals 6
2.1. Proof of Theorem 1.1 6
2.2.  Further study on assumption (H3) 11
3. Weighted norm inequalities 13
4. Applications: commutators of singular integrals 17
References 21

1. INTRODUCTION AND MAIN RESULTS

Multilinear Calderén-Zygmund singular integral operators originated in the work
of Coifman and Meyer [CM1], [CM2] in the seventies; see also [CM3]. In recent
years the study of these operators has made significant advances. At present, several
features of the theory of multilinear operators are developed but certain other aspects
remain unexplored.

In this work, we prove Cotlar’s inequality (see [C]) for maximal singular integral
operators associated with m-linear operators whose kernels satisfy regularity condi-
tions significantly weaker than those of the standard Calderén-Zygmund kernels. We
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use this inequality to obtain multilinear weighted norm inequalities for these opera-
tors. An important example of singular multilinear operators whose kernels satisfy
our weak regularity conditions but do not satisfy the standard Calderén-Zygmund
kernel regularity are the mth order commutators of Calderén. In Proposition 4.1
and Remark 4.2 we obtain new weighted estimates for the mth order commutators
of Calderon.

We begin by recalling the notation in [GT1], [GT2] and [DGY]. These articles,
and the references therein, contain background material on this subject.

Let K(x,y1, - ,ym) be alocally integrable function defined away from the diagonal
T=1y = =Yy in (R?)™ and let T : S(R") x --- x S(R?) — &'(R™) be an mth
linear operator associated with the kernel K (x,y1,- - ,ym) in the following way:

(T(fre . fu)o0)
0= [ K ) ) Sl @ dim

where fi,--+, fm,g in S(R™) with N72,supp f; Nsupp g = (). Throughout the paper,
we assume the following size estimate on the kernel K,

A
1.2 K(z, g1, ,yj, -, <
for some A > 0 and all (z,y1,-- ,yj, - ,ym) With  # y; for some j.

We work with a class of integral operators { A; };~0, that play the role of an approx-
imation to the identity as in [DM]. We assume that the operators A; are associated
with kernels a;(z,y) in the sense that

Af(a) = [ ae.)r)dy

for every function f € LP(R™), 1 < p < oo, and that the kernels a;(x,y) satisfy the
following size conditions

(1.3 ) < helag) = (2220,

where s is a positive fixed constant and h is a positive, bounded, decreasing function
satisfying

(1.4) lim 7" *"h(r®) = 0

for some 1 > 0. These conditions imply that for some C’ > 0 and all 0 < n/ < 7, the
kernels a;(z,y) obey the estimate

Jar(, )| < O 47 o — gy

Now, let T' be a multilinear operator associated with a kernel K(x,y1,- -+ ,¥ym) in
the sense in (1.1). The first of the basic assumptions we impose on 7' is the following:
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Assumption (H1). Assume that for each j = 1,2,---  m, there exist operators
{Agj)}bo with kernels agj)(:z, y) that satisfy conditions (1.3) and (1.4) with constants
s and 7, and there exist kernels Kt(j)(x, Y1, »Ym) such that

<T(f17 7A1(t])f]> 7fm)7g>
(1.5) =/ / ED (@, y1,- - ym) fiy) - fn(ym)g(@)dy: - - dypd,
nJ(R")

for all f1,---, fm, g in S(R™) with ML supp f;Nsuppg = (), and there exist a function
¢ € C(R) with supp¢ C [—1,1] and a constant € > 0 such that for all z,y1,- -+ ,ym €
R"™ and t > 0 we have

‘K(l‘)ylf T 7ym) - Kt(])(xvyla e )ym)}

A (lyi = il
(’$—y1|+'-'+\x—ym|)mn;¢< t1/s )

k£

Ate/s
(lz =y + -+ |z — ym|) 7 He

(1.6) +

for some A > 0, whenever t/% < |z — yjil/2.

Kernels satisfying (1.5) and (1.6) with parameters m, A, s,n, € are called general-
ized Calderén-Zygmund kernels; their collection is denoted by m-GCZKy(A, s,n,¢€).

We recall the standard Calderén-Zygmund kernel condition for multilinear opera-
tors. For some € > 0 we have the smoothness estimates

|K($7y17'” 7yj7'” Jym) _K(‘T/?yh'" 7yj7'” 7ym)’
Alx — 2|
(lz = w1l 4+ + |z = yml)mre

whenever |z — 2/| < imaxi<j< |z — y;| and also for each j,

(1.7)

|K(x7y17"' yYjs e aym) 7K('T7y17"' ayg'v"' aym)|
Aly; —yjl°
(lz = w1+ + |z — ym|)mnte

whenever |y; — yi| < $maxi<j<m|r — yjl.

We refer reader to Proposition 2.1 in [DGY] where it was proved that the condition
(1.6) is weaker than, and indeed a consequence of, the Calderén-Zygmund kernel
condition (1.8). The main reason for the introduction of the condition (1.6) is that
it is sufficient for the weak type endpoint estimate. The next result is contained
in [DGY] (Theorem 1.1); the analogous result in the multilinear Calderén-Zygmund
theory is contained in [GT1] and [GT2].

(1.8)

Theorem A. Let T be a multilinear operator with kernel in m-GCZKy(A, s,n,¢€).

Assume that for some 1 < q1,q2, - ,qm < 00 and some 0 < g < oo with
1 1 1 1

(1.9) — =t — =,
q Q2 dm 9
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T maps LY (R™) x - -+ x LI (R™) to L¥*°(R™). Then T has a bounded extension from
the m-fold product L*(R™) x --- x L'(R™) to LY/ (R™).

Moreover, for some constant C,, ,, (that depends only on the parameters indicated)
we have that

(110) ||THL1><~~-><L1—>L1/"”'°° S Cn7m(A + ”THL‘II ><4..><Lqm—>Lq700).

In this article, our goal is to study the maximal truncated operator

T*(flv"' afm)(x) = sup Té(flv"' afm)(x) )
6>0

where (with the notation ¥ = (y1,- - ,ym) and di = dy1 - - - dym),

Ts(fi, -5 fm)(2) = Kz, g1, ym) f1(y1) - -+ fn(ym)dy.

/lvx_yl 24tz —ym|2 >52

We note that if f; € LP7(R™) with 1 < p; < oo, then T5(f1,--- , fm) is given by an
absolutely convergent integral and thus is well defined (see [GT3] for a proof). Thus
Ti(f1, -+, fm)(x) is also pointwise well-defined when f; € LPi(R™) with 1 < p; < oc.
In Theorem 1.1 below we prove a pointwise estimate for T, when the f;’s lie in suitable
Lebesgue spaces.

The next assumption (H2) is similar to (H1) with the main difference being that
the role of y; (j =1,...,m) in (H1) is assumed by « in (H1).

Assumption (H2). Assume that there exist operators {B;};~o with kernels b;(z, y)
that satisfy conditions (1.3) and (1.4) with constants s and 7 and also that there exist

kernels Kt(o) (x,y1, -+ ,Ym) such that the representation is valid

(1.11) K@y, um) = | Kz, ym)bi(@, 2)dz;
Rn

assume also that there exist a function ¢ € C'(R) with supp¢ C [—1, 1] and a constant
€ > 0 such that

|K(‘ray17' o 7ym) - Kt(O)(‘r?ylv T ;ym)‘

A (T — il
(le =yl + -+ |z — ym|)™ k:zl¢< t1/s )

K]

Ate/s
(T R ™ | Lo

(1.12)

for some A > 0, whenever 2t/ < maxj<j<, |2 — yj|-

By a proof similar to that of Proposition 2.1 in [DGY], we can see that (H2) is
weaker than the Holder continuity condition (1.7) for K(x,y1, -, Ym)-
We next introduce assumption (H3); this assumption is discussed in Section 2.2.
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Assumption (H3). Assume that there exist operators { B; };~¢ with kernels b;(x,y)
that satisfy conditions (1.3) and (1.4) with constants s and 1 and there exist kernels

Kt(o)(x,yl,--- ,Ym) such that (1.11) holds. Also assume that there exist positive
constants A and e such that

A
| —y1| 4+ + |2 — ym

(1.13) 150 @y, ym)| < (

)mn
whenever 2t'/% < minj<;j<p, [z — y;|, and

0 0
(1.14) K (yn ) = K@y )|

Ate/s
<
(Jz — w1+ + |z — yml)

mn-—+e

whenever 2|z — /| < t'/% and 2¢Y/* < minj<j<p, |z — y;|.
Our first main result is the following improvement of the multilinear Cotlar in-

equality:

Theorem 1.1. Let T' be a multilinear operator with a kernel K(x,y1,--+ ,ym) in the
sense in (1.1) that satisfies assumptions (H1), (H2) and (H3). Assume that for

some 1 < q1,q2- -+ ,qm < 00 and some 0 < g < oo with
1 1 1 1
(1.15) St — =
a1 g2 adm g

T maps LT (R™) x -+ x LI (R™) to LY*°(R™). Then for all n > 0, there exists a
constant C, = C(n,n) < oo such that for all f in any product of LPi(R™) spaces, with
1 <p; < o0, the following inequality holds for all x in R™

m

(116)  T(F)@) < G ((MATM @)+ (A+ W) [T M),

Jj=1

where W denotes the norm of ||T||pa x...xLam —pa00, and M denotes the Hardy-
Littlewood maximal function with respect to balls on R™.

An immediate consequence of Theorem 1.1 is that if T is given by a principle value
integral of the form

T(fi, -+, fm)(@)

00 J]g—yn 24t |z —ym [2>62

when the functions f; are in the Schwartz class, then the integrals in (1.17) converge
almost everywhere for all f; in LPi(R"); see [GT3].

The second main result of the paper is the weighted estimates of mth commutator
of Calderén in Theorem 4.3 in Section 4.
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The layout of the paper is as follows. In Section 2, we give a proof of Theorem 1.1,
and check that for suitable “approximations of the identity”, the regularity condi-
tions (1.12) and (1.14) are significantly weaker than those of the standard Calderén-
Zygmund kernels. We then apply Theorem 1.1 to obtain multilinear weighted norm
inequalities in Section 3 and deduce the corresponding results for the mth commuta-
tors in Section 4.

Throughout, the letter “C” denotes (possibly different) constants that are inde-
pendent of the essential variables.

2. COTLAR’S INEQUALITY FOR MULTILINEAR SINGULAR INTEGRALS
In the section, we use the vector notation f = (f1,--- , fin) for brevity. For a given

x € R" and § > 0 we denote by S5(z) = {§: sup;<;j<p ly; — 2| <}, and

:{522|yj—x\2<(52} and Vg(l’):{gj:

=1

inf x|l > 6L
1§1§‘1§m‘y] | 2 3}

2.1. Proof of Theorem 1.1. It suffices to prove the theorem for 7 arbitrarily small;
in fact we provide an argument for 0 < n < 1/m. Fix z in R" and let § > 0. From
condition (1.2), we have

sup| [ Ky, ym) o) ()|
5>0 nym\ (Us(2)uVs (x) )

(2.1) < C’Asup/ Hj:l ‘fj(yj)’ _
550 J(®nym\ (Us (2)uVs () 6+ ]z =]+ + |z —yml)

Note that (2.1) can be written as a sum of integrals over sets Rj, ... j, in (R™)™ for
some {j1,---,ji} C{1,---,m} and £ < m, such that for ¥ = (y1,--- ,ym) in Rj, ... j,
we have that |z —y;| < ¢ if and only if j € {j1,--- ,j¢}. It follows that for every 6 > 0,

dy.

[T | iy

/ o A
®ym\ (Us(@)uVs (@) (6 + 12 —yi| + -+ 2 — yml)
1
< ¢ H (Sn/ ‘fJ Y;)ldy; H / 77%’]} yj)|dy;
j€ligey . leuls ¢ ],} le—y;|25 [ — y;|m

IN

¢ H Mfj(x) H }/x byl \x—y = T ‘fJ yj)|dy;

Je{g1, g} J¢{ir,
< M)
j=1
It suffices therefore to show (1.16) with T, (f)(z) replaced by

(2.2) T.(f) (@) == sup [(T)(F)(x)],

>0
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where

(T)(g(f?)(x) = ﬁyl—x|25 K(x,yla te aym)fl(yl) t fm(ym)d:’j

Fix § > 0 and let B(x,d/2) be the ball of center x and radius 6/2. Note that, since
f lies in a product of Lebesgue spaces and T is a Calderén-Zygmund operator, T'(f)

is in some LP space and hence it is finite almost everywhere. We use the linearity of
T to obtain, for z € B(x,d/2), that

(T)5(H)z) = T()z) - T(o)z)

(2.3 -/ K(on ) i) Fonl )
&)™\ (Us(2)0Vs(2)
where fo = (f1XB(2,6), *** 5 fmXB(2,6))-
Observe that for every j =1,--- ,m, the conditions z € B(x,0/2) and |y; — z| > §

imply that |y; — 2|/2 < |y; — 2| < 2]y; — z|. We then use an argument as that in (2.1)
to deduce

/ Kz m) i) ()
&)\ (Us (2)UV3(=2) )

(2.4) < C’Aﬁ/\/l fi(2)

Jj=1

Consider the term | T s( (f) ( — (T ) ) (z)| when z € B(x,6/2). Let t = (g)s
where s is a constant in (1.3). Wi decompose it into

(D);(N@) = (1), = (BT) (F) = (D),(F)2)
+(BT) (M@~ (BT) (=)
+(D)(N@) = (BT) (F)(@)

(2.5) = I+41I+IIL

For term I we use assumption (H2). First note that |z — y;| > § = 4!/, This,
in combination with the fact that supp¢ C [—1,1], yields that qﬁ(‘z Yj > = (0. By

t1/s
assumption (H2) we have
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66
I < C’A/ _, )| dy
< R (P ) \)W“rﬁl_[l}fj ;)|dy
‘ym_zl> J
< CA/ 55 " H}f v;)|dg
N W1=2I20/2 (1 — 1| + - - + |@ — yom|) ™ Fe L i\¥5)10Y;
|lym—|28/2 j=

where we made use of the facts that z € B(x,0/2) and |y; — z| > 0, and consequently
ly; — 2|/2 < |y; — x| < 2|y; — 2| again. Hence,

ge/m ’fa ?/J ‘
|| CA d <CA

In particular, we also have that [III| < CAT[/L, Mf;(x).
We now turn to term II. We rewrite this term as

m

I = / Kt(o)(ﬁ,yh o Ym) H fi(y)dy
Vs (2)\Vs(2) j

+/V( ) <Kt(0)(x7y17"' 7ym) _Kt(O)(Zayh"' 7ym)> Hf](y])dy
5(2 i

= II; +1Ils.

Since z € B(x,§/2), we have that Vas/5(x) C Vs(z). This shows that Vs(z)\Vs(z) C
Vs(2)\Vss/2(z) C (R™)™\ (Us(2) U V3s/9(x)). Using (1.13) of assumption (H3) and an
argument similar to that in (2.1), we obtain

j=1

Ty | fiys))|
Ry (Us (@) 0Vas o) (84 |2 = pa| 4+ 4 = ym])™

| < /
R\ (Us (2)UVis ()

< CA mdy

cAT[ M)

Jj=1

IN

For term 11y, we use property (1.14) of assumption (H3), and the argument employed
in the handling of term I to deduce that for z € B(x,0/2) we have
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56
L < CA o o () |diT
- ||;Jl:j|2>i (Iz—y1|+--~+|z—ym|)m"+6‘f1(yl) Fm(wm )|
m e/m| £ (.
< CAH/ 9 ‘fj(y])71’+edyj
ot R (04 | —yyl) "
< CAJ[M/f(x)

J=1

Therefore, we obtain

1) < CAT[ M)

j=1

Collecting estimates for terms I, IT and III, it follows from (2.3), (2.4) and (2.5) that
for z € B(x,40/2),

26)  |@),(N@)| < cAT] M@ + 1)) - (o))

J=1

Fix now 0 < 7 < 1/m. Raising (2.6) to the power 7, integrating over z € B =
B(x,4/2), and dividing by |B| we obtain

g

27 < (C’Aﬁ/\/lfj(x) + M(|T(f) |B|/ 7o) (2)[d.

)s(F)@)]"

Next we estimate the last term in (2.7). First, we note that from Theorem A (see
also Theorem 1.1, [DGY]), T is bounded from L*(R™) x - -- x L'(R") to LY/™>(R").
Hence,

/B\T(ﬁ))(z)\"dz - mn/ooown1\{363;|T(ﬁ;)(z)\1/m>A}\dA

00 = m 1
< m??/o )\77177—1 mln{|B‘ (HHijB(x,d)HLl(Rn))m}d)\.

Letting

m 1/m
R =W ( L1 fixses HLl(R”)> ’

Jj=1

we use the condition mn < 1 to obtain
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. ) mn , [R/IBl o _
= [ r Ty < / AmnleAJr/ XTT2 RdA
|B|/B‘ (fo)(2)|"dz ,B|( ) 1] R/|B| )

< CyR™|B['"™

< C,W"B| ”(HHijB(x,é)HLl(Rn)>

j=1
< o ([Tmi)"
j=1

and if we insert this estimate into (2.7) and raise to the power 1/n, we obtain the
desired estimate (1.16). This concludes the proof of Theorem 1.1.

Before we state the following corollary, we recall that an m-linear operator T :
S(R™) x --+ x S(R") = S'(R") is linear in every entry and consequently it has m
formal transposes. The jth transpose T*7 of T is defined via

<28) <T*J(f17 7fm)7h> = <T(f17 7fj—17ha fj-‘rla"' 7fm>7fj>a

for all f1,--, fim,g in S(R™). ‘ ‘
It is easy to check that the kernel K*J of T™ is related to the kernel K of T via
the identity

(29) K*j(x,y1,~- Y Yi—1:Y55Yj+1, - ,ym) = K(ijylv"' yYji—1, Ty Yj+1, 7ym)

Note that if a multilinear operator T' maps a product of a Banach spaces X x-- - x X,
to another Banach space X, then the transpose T™7 maps the product of Banach
spaces X1 X --- x Xj_1 X X* X X411 x -+ X X, toO X;‘. Moreover, the norms of T’

and T*7 are equal. For notational convenience, we may occasionally denote T by T*0
and K by K*0,

Assumption (H4). Assume that for all i = 1,--- ;m, there exist operators {A,Ei)}t>0

with kernels agi) (x,y) that satisfy conditions (1.3) and (1.4) with constants s and 7

and that for every j = 0,1,2,--- ,m, there exist kernels K:’j’(i)(x,yl,--- ,Ym) such

that

(T*](fh T 7A7§Z)f17 to 7fm)7g>
(210) = / /< ) KOy ym) frmn) - fonym)g(@)dyn - dymdr,
for all f1,---, fm in S(R™) with NJ" supp fx Nsupp g = 0. Assume also that there

exist a function ¢ € C(R) with supp¢ C [—1,1] and a constant ¢ > 0 such that for
every j =0,1,...,m and every ¢t = 1,2,--- ,m, we have
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}K*j(x7y1>"' 7ym) _K:J,(Z)(aj?yla 7ym)‘
A (v — uil
(]a:—y1]+--'+\x—ym\)m”2¢< t1/s )

Ate/s
|z —y1| + -+ o — Y |) T

(2.11) 1

whenever t'/5 < |z — ;] /2.

Under assumption (H4) we will say that 7" is an m-linear operator with generalized
Calderon-Zygmund kernel K. The collection of functions K satisfying (2.10) and
(2.11) with parameters m, A, s,n and € is denoted by m-GCZK(A, s,n,€). A kernel
K belongs to m-GCZK(A, s,n, €) exactly when it belongs to m-GCZKy(A, s,n,€) and
all of its adjoints also belong to m-GCZKy(A, s,n,€). For operators with such kernels
we have the following result (see Theorem 3.1 in [DGY]).

Proposition 2.1. Assume that T is a multilinear operator with kernel K in m-
GCZK(A,s,n,€). Let 1 < q1,q2, "+ ,Gm,q < 00 be given numbers satisfying

1 1 1 1
S ==
a1 42 dm g
Assume that T maps LT (R™) x -« x LI (R™) to LI(R™). Let p,p; be numbers

satisfying 1/m < p < 0o, 1 < p; < oo and % = p%—i—p%—k‘ . -—{—]%m. Then all statements
below are valid:

(i) when all p; > 1, then T can be extended to be a bounded operator from the
m-fold product LP*(R™) x -+ x LPm(R™) to LP(R");

(it) when some p;j =1, then T' can be extended to be a bounded operator from the
m-fold product LP*(R™) x --- x LPm(R™) to LP>°(R™).

When all the previous continuity properties hold, we say that T is an m-linear
generalized Calderén-Zygmund operator. Some fundamental results concerning these
operators are obtained in [DGY]. Concerning the maximal operator T}, we have the
following analogous result.

Proposition 2.2. Let T be an m-linear generalized Calderon-Zygmund operator with
kernel K satisfying assumptions (H3) and (H4). Then for all exponents p1,--- ,pm
and p satisfying 1/p1 + 1/p2+ -+ 4+ 1/pm = 1/p, we have

T, : LPA(R") x -+ x LPm(R"™) — LP(R")
when 1 < p1,p2,-++ ,Pm < 00 and p < co. We also have

T.: LPY(R") x -+ x LP™(R™) — LP>(R")
when at least one p; is equal to one.

Proof. The proof is based on the idea of Corollary 1 in [GT3]. First, the strong
estimates follow directly from (1.16) (with any 0 < n < 1/m), Proposition 2.1, and
the boundedness of M. For the weak estimates we just observe, for instance if
q = 1/m, that by picking n < 1/m, we have
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IMATEN) s meny = IMATEO ey
< O oo )
= CHT(f)HLl/WOO(]R")’
since M maps LP*°(R") to itself for all 1 < p < occ. d

2.2. Further study on assumption (H3). A natural question concerning Theo-
rem 1.1 is the strength of the imposed condition (1.14) of assumption (H3), and its
relation with the following smoothness estimates: For some € > (

Alx — 2'|°
T (=l =yt

(2.12) |K(m,y1,~-- JYm) — K (2 g1, ‘

whenever |z — /| < imaxi<j<p|z — yjl-

Theorem 1 in [GT3] says that condition (2.12) combined with the assumption that
T maps L% (R™) x --- x LI (R™) to LT°(R™), for some 1 < 1,92, " yGm < 00O
and 0 < ¢ < oo with 1/q1 +1/q2 + -+ 4+ 1/qn = 1/q, yields inequality (1.16) for
the maximal operator Ty. This result was proved in [GT3| via the m-linear Cotlar
inequality; the latter generalizes the linear Cotlar inequality (see [C], [G], and [St]).

In the following, we show that, for suitably chosen {B;};~o, condition (1.14) of
assumption (H3) is actually a consequence of (2.12). This implies that Theorem 1.1
is a strengthening of the analogous theorem in [GT3]. Precisely, following Proposition
2 of [DM], we construct b;(z,y) with the following properties

(2.13) b(z,y) =0, when |z —y|>t"/*

(2.14) / be(z,y)dx =1

for all y € R™,t > 0. This can be achieved by choosing

by (x7 y) - t_n/sXB(y,tl/S) ((L‘),
where X g, 11/sy denotes the characteristic function of the ball B(y, t1/%). Then let By
be the linear operators whose kernels are b;(z,y).

Proposition 2.3. Assume that T has an associated kernel K(x,y1,--- ,Ym) that
satisfies condition (2.12) for some € > 0. Let {Bi}4~0 be approximations to the
identity represented by kernels by(x,y) satisfying (2.13) and (2.14). Then the kernels

(O) (x,y) of (1.11) satisfy assumption (H3). More precisely, there exists positive
constant C such that

A
(Jo =g+ + |z —ym|)™"

(2.15) KO (2,1, ym)| <
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whenever 2t1/* < minj<j<m [z — y;|, and

(216) ‘K(O)(x>yla T aym) - K£O)($,7y17 T 7ym)‘
Ate/s

<C
(|l =yl + - + |2 — yml

)anre

whenever 2|z — x| < /% and 2tY/° < mini<j<pm |v — y;l.

Proof. We first estimate (2.15). It follows from the conditions

2t1/s < min |z — v,
—1§J§m’ y]‘a

and the fact that by(z, z) = 0 when |z — z| > t'/%, that

m m
DLz =il ~ D le - il
i=1 =1

This gives
|Kt(0)(x7y17”' 7y2)‘ = )/ K(Zvyla”' 7ym)bt(xvz)dz‘
|z—z|<tl/s
/ A
<
|z—z|<tl/s (’Z - y1| +--+ ’Z - ym‘)

A

|be(z, 2)|dz
(Jz =y + -+ |z —ym|)™ /|zz|<t1/s

A
(| = 1|+ + |2 — yml

-

Let us now estimate (2.16). We may write

0 0
‘Kt( )(xayla"' aym) _Kt( )(x,7y17"' aym)‘
0
S |Kt( )(xvyla"'7ym)7K(Canla"',ym)|

+‘K(‘Tay17"' 7ym)_K(xlay17'” ,ym)‘

+‘K($/7y17-~- ;ym) - K15(0)<m/7y17'” 7ym)‘
(2.17) — T4 I+ 1L

Since 2|z — 2/| < !/ and 2¢1/* < minj<j<, |* — y;|, we have

mn |bt($7 Z)|d2

13
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0
‘Kt( )(x7y17"' 7y2) _K(xvyla"' )yQ)‘

‘ K(%yh'" 7ym)bt($72)dz_K($ay17"' 7ym)’
R»

= ‘/ K(zaylv"' 7ym)bt($,z)dz
|z—z|<tl/s

_K(xayla”' 7y2)/

|z—z|<tl/s

by(z, z)dz‘

< / ‘K(Z,yl,--' :ym)_K(xvyly"' 7ym)“bt(xvz)‘dz
|z—z|<tl/s
Ate/s /
< : bu(, 2)\dz
(l2 = 1] + -+ |z = yom]) ™" Jjo—si<trss
Ate/s

mn—+e’

(Jo =yl + -+ |z — yml)

Note that the second equality was a consequence of condition (2.12) while the last
inequality of condition (2.14). Similarly, we have that

Ate/s
(lz —yi|+ - + |2 — yml

Collecting these estimates and using (2.12), we obtain the desired estimate (2.16).
This completes the proof of Proposition 2.2. O

IIT < i

3. WEIGHTED NORM INEQUALITIES

Recall that a weight w is in the class Ay, if and only if there exists C,0 > 0 such
that for every cube @) and every measurable set £ C @),

w(E) [E]\?
(3.1) (o) < C(@) ,

where, for a measurable set F,w(F) = [, w(z)dz.

Let T, be the modified maximal truncated singular integral defined in (2.2). Then
we have the following result.

Theorem 3.1. Let T be an m-linear generalized Calderon-Zygmund operator with
kernel K satisfying assumptions (H3) and (H4) and let W denote the norm in (1.10).
Let f be in any product of L% (R™) spaces, with 1 < gq; < co. Also let w € As and 0
be as in (3.1). Then there exists a positive constant C' such that for all « > 0 and all
v > 0 sufficiently small we have

w({i(f) > 2m+1a} N { ﬁij < ’ya}) <C(A+ W)%fy%qu*(f) > a})
j=1
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Proof. The proof is based on a multilinear adaptation of the good-lambda inequality

maximal singular integrals developed in [CF]; see also Theorem 2 in [GT3]. One
writes

0= {xi(f)(x) > a} ZUQm

where @, are Whitney cubes. In view of (3.1), it suffices to show that for all Whitney
cubes (), we have the estimate

(3.2) ‘QV N {:E(f’) > zmﬂa} N { ﬁij < ’ya}‘ < C(A+ W)Hmalim|Q, ).
j=1

For each Whitney cube @, fix a large multiple of it @)}, and a point y, in “Q N Q}
with the property that

1. ¢ (¥
(33) ?61%}5 |yl/ - Z‘ < 5 dlSt(yl/v (Ql/))

In order to prove (3.2), for a given cube (), we may assume that there exists a
point &, in @, such that

(3.4) M) Mfn(&) < e,
otherwise there is nothing to prove.

Given f = (f1, -+, fm), define fJQ = fixq; and f° = f; — fjo for j=1,---,m.
The set

Q0 {T(F) > 2t} n { [T My <70
j=1

is contained in the union of 2™ sets of the form

(3.5) QT fi) > 20} n { TIMS; <70,
j=1
where r; € {0,00} for all j =1,--- ,m.
The argument in Theorem 2 of [GT3] shows that by picking v small enough, we
make the set in (3.5) empty when r; = -+ = rp = oo and 1p4; = -+ = 1y, = 0.

Likewise with all the remaining sets where at least one r; is infinity. We are now left
with the set in (3.5) where all the r;’s are equal to infinity, that is, the set

(3.6) @ T 20 > 20} 0 { [ My < e
j=1

In the following, we set foo = (f22, -+, f2°). We claim that for every 6 > 0 and for
all z € Q,, we have
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(3.7) (D)s(f*) (@) = (D)s(f¥) () < CAT[ MSj(6),
j=1
where &, is defined in (3.4).

Let us prove the claim (3.7). Let t = (Z(Cj”))s where £(Q,) is the side length of the
cube @, and s is a constant in (1.3). We may decompose it as

Da(F)@) = DaFm) = (BT) (7)) = (1)) )
+(BT) (F)@) ~ (BT) (7))
+(@) (7)) — (BT) (72)(@)

(3.8) = I4+II+1IIL

We estimate term I, using assumption (H2). First note that |y, — y;| > otl/s,
This, in combination with the fact that supp¢ C [—1,1], gives that qb('y:f/i”j') = 0.
By assumption (H2),

Q)" . "
I < CA o0 (0 Y| d
s /(Rnyn (Iyu—yl\+-~+|yu—ym!)m”+€j1;[1‘fj ()]

IN

cAQ) " ] / sl g,
j=17°@) Yo —y;| ™

=1

Similarly, we also have that [III| < CAT[L; Mf;(&).
We now turn to the estimate for term II. Using assumption (H3) and the argument
used in estimate of term II in Section 2.1, we have that for v, € “Q N Q;,

cA / L
Ry (Ug(2)UVas (@) (12 =42l 4+ 2 = ym|

Q)
@ ym (Yo =yl + -+ [y — Yml)

CAHMf](él/) +CA|QV‘€/TIH/ %dy}
j=1 (@) |yu _yj| m

| < o 111557l dg
j=1

+CA

7j=1

IN

j=1

CAT M6,

Jj=1

IA
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which proves (3.7). On the other hand, following the proof of (22) in [GT3], we easily
derive that

(D)5 (£2) )] < (T)s(f) () + CAT] MF5(&)-

j=1

This inequality combined with (3.7), gives

(D)s(f) (@) < (D)s(F) ) + CAT[ MFi(&)

j=1
< a4+ CAva < 2a,

if v is small enough because y,, is in Q. For these +’s the set (3.6) is empty and then
the proof of the theorem is complete. O

We then have the following proposition:

Proposition 3.2. Let 1 < py,--- ,pm < 00 such that £ = p% + p% + -‘-Ii, and
w € Asxo. Let T be an m-linear generalized Calderon-Zygmund operator with kernel
satisfying assumptions (H3) and (H4). Then there is a constant Cp,,, < 0o such that

for all f = (f1, -+, fm) satisfying HT*(JF)HLp(w) < 00 we have

7 ey < Cond+ ) [T IME sy

j=1
Moreover, if po = min(p1,- -+ ,pm) > 1, and w € A, then

HT*(f)HLp(w) < CPv”(A + W) H HfjHij(w)'
j=1

Proof. The proof is identical to that of Corollary 2 of [GT3]. O

Note: The hypothesis ||T%( f M Lr@w) < 00 is always satisfied if each component of

f is a bounded function with compact support and w is in A,,,pg > 1 as above.
We now extend the previous weighted norm inequalities to a generalized Calderén-
Zygmund operator T.

Proposition 3.3. Fiz exponents 1 < p1,--- ,pm < 00, and p such that 1/p1 +1/ps +
o o+1/pm =1/pandletw € Ax. Let T be an m-linear generalized Calderdn-Zygmund
operator with kernel satisfying assumptions (H3) and (H4). Then there is a constant
Cpn < 00 such that for all f: (f1,--+ , fm) with f; bounded and compactly supported
we have

1T () o) < Cpn(A+ W) TTIMEill 123 ()

Jj=1
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Moreover, if w € Ap, with pg = min(p1,--- ,pm) > 1, then

1T oy < ConlA+W) TT 15l 2rs ()

j=1
and, in particular, T extends to a bounded operator from LP*(w) X --- x LPm(w) to
LP(w).
Proof. The proof is obtained just as that of Corollary 3 in [GT3]. O

4. APPLICATIONS: COMMUTATORS OF SINGULAR INTEGRALS

In this section we apply Theorem 1.1 to deduce nontrivial bounds for the maximal
singular integral associated with the commutators of A.P. Calderén. These commu-
tators first appeared in the study of the Cauchy integral along Lipschitz curves and
led to the first proof of the L2-boundedness of the latter. The first order commutator
is defined as

(4.1) Cala, f)(z) = /R w

It is known that Ca(a, f) extends as a bounded operator from LP(R) x LI(R) to
L"(R), when 1 < p, ¢ < oo and %—F% = %, r # 00. Moreover, if either p or ¢
equals 1, then Ca(a, f) maps LP(R) x L4(R) to L™*°(R) and, in particular, it maps
LY(R) x LY(R) to L'/?*°(R). We refer to the articles of [AC], [CC] and [CMI] for
these results.

In this section we obtain boundedness of a maximal function concerning the mth
order commutator of Calderén using the techniques developed in the previous sections.

Recall that the mth commutator is given by

f(y)dy, where A" =a.

[T7% (45() — 4;())
(42) Cm+1(a17"'7am7f)(x) = /R ($—y)m+1
where A; = a;. It is a well-known fact that f — Cpy1(ai,...,am, f) is a bounded

operator on L?(R). Moreover C,,+1 can be viewed as an (m + 1)-linear operator that
satisfies an (LOO(R))m x L*(R) — L?(R) estimate for each number m, that is, there
is a constant C,, > 0 such that for all suitable functions a1, ..., a,, f we have

fly)dy  zeR,

m
||Cm+1(a17 <oy Om, f)HLOOX...XLOOXL2—>L2 < Cn ||f||L2(R) ( H HA;’HLO"(R))'
j=1
There are various estimates for Cp,41. For example, there is an absolute constant
C > 0 such that Cp,4+1 < C(2+m)? for every m. See Theorem 3, page 68 of [CJ].
Define
1, z>0,
e(x) =
0, =z<0.

Since A; = a;, the multilinear operator Cp,4+1(f, a1, ...,an) can be written as
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Cm—l—l(al, ey Qyp, f)(yo)
= /R » K(Z/O, ey ym+1)a1(y1) e am(ym)f(ym+1)dy1 .. dmerl’

where the kernel K is

(—1)eWmir—z)m T

(4'3) K(x7y17--~,ym+1> = (

T — Ymy1)™ L e, X(min(fv,ymﬂ),maX(LymH)) (e)-

We have the following result concerning C, 1.

Proposition 4.1. The mth order commutator Cp,+1 satisfies assumption (H3). Pre-
cisely, there exist operators { By }i~o with kernels by(x,y) that satisfy conditions (1.3)

and (1.4) with constants s and n and there exist kernels Kt(o) (T, 91, s Ym+1) Such
that

(44) Kt(O)(m7y17 to 7ym+1) = / K(Z7y17 o 7ym+1)bt(w7 Z)dZ
R
holds and
A
45) K @, ymn)| < —

a (’ff*?/1|+"'+’$*ym+1|)
whenever 2t1/5 < ming<;j<m41 |z — yj|, and there exists some € > 0 such that
0 0
(46) |Kt( )(1',y1, o 7ym+1) - Kt( )([Elaylv o 7ym+1)|
te/s

(|x _y1| 4+ |x _ym+1|)m+1+e

whenever 2|z — 2’| < /% and 2tY/% < miny<j<pmi |7 — yjl.

Proof. Let ¢ € C*°(R) be even, 0 < ¢ < 1, ¢(0) = 1 and supp (¢) C [—1,1]. We set
® = ¢/ and ®y(x) =t 1®(x/t). Define
Bif(x) = /Rbt(m,y)f(y)dy where  by(z,y) = ®¢(z — Y) X (—o0m) (¥)-

Then the kernels b;(x, y) satisfy the conditions (1.1) and (1.2) with constants s = n =
1. From (4.4), we have

@) K@y ymer)
z (_1)e(ym1—z)m ™ x—2z\dz
_ / (-1) - T (W)‘D( )—.

oo (2= Ymt1 P (min(z,ym+1),max(z,ym+1)) t t

First, it follows from (2.15) of Proposition 2.3 that estimate (4.5) holds. Let us
now verify (4.6). There are only two subcases to consider: = < yp,+1 and Y11 < .

Case 1. z < ymy1-
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Since |z — y;| > 2t for all j = 1,2,--- ,m + 1 and |z — 2| < t/2, we have that
ly; — | > 3t/2. It follows from identity (4.4) that if Kt(o)(a:,yl,--- s Ym+1) # 0,
we then have that x < y; < ymy1 for all j = 1,--- ,m, and thus |z — ym41| ~
S A |z — yi|. Hence,

0 0
‘Kt( )('x:ylv"' ,ym—i-l) _Kt( )(xlaylv"' ,ym—i-l)’

x 1 _ x’ 1 ’_
< |/ e )as - | 0|
—00 (Z - ym+1)m 13 0 (Z - ym+1)m 3

< Jompm w gyl Y /oo o)
! I _
v | gyt ()

|)m+2'

Ct
(|9E*y1|+"'+|$*ym+1

Case 2. yp,1+1 < .

In this case, an argument as in Case 1 shows that if Kfo) (T, 91, s Yms1) £ 0, we
then have that yp,41 <y; <z forall j =1,--- ,m and |z — Ymy1| ~ 217311 |z — yil.
Hence,

0 0
’Kt( )(x,ylf“ Ymt1) — Kt( )(a:’,y1,~-- ,ym+1)’

x 1 _ x’ 1 o
<f (e | ()|
—0o0 (Z - ym+1)m+ t —00 (Z - ym+1)m+ t
1

1 r 1 x—2z
< ‘ - ‘ + C‘ / dz)
(iL' _ ym+1)m+l (ZL‘/ _ merl)erl o (Z _ ym+1)m+2 ( t )
o’ 1 -z
+C| / () e
—00 (Z - ym+1)m+2 (b 13
Ct
(|9C i+ | — ym+1|)m+2
This proves (4.6), and concludes the proof of Proposition 4.1. O

Remark 4.2. It follows from Proposition 4.1 of [DGY] and Proposition 4.1 of this
article that the mth order commutator Cp,41 satisfies assumptions (H1), (H2) and
(H3) of Theorem 1.1. Howewver, it follows from (4.83) that if x < Ym+1, then
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(=™ 1
m+1 H X(xvym+1)(y5)

K(z,y1,- - Ym+1) m
m =1

= {(m—;n%lw if yo € (2, Ymy1) forall £=1,2,--- 'm

0, otherwise.
Hence, for any fized x, ym+1 and € > 0, we can choose y1,--- ,ym and yj such that
Yy <z <y <Yms1, L=1,2,--- ,m, and |y1 — yy| < €. Then we have

(=™

K@ 91, ymi) =0 and - K@y, ogmin) = o — =
m

hence
K(z,, ) — K(z )| = !
s Y1y -y Ym+1 y YLy ooy Ym+1 _|x_ym+1|m+1'
As |y1 — y)| can be chosen to be arbitrarily small, the kernel K(z,y1,...,Ym+1) does

not satisfy the standard Calderdn-Zygmund kernel regularity conditions (1.7) and

(1.8).

Consider the mazimal commutator operator

i

4;
(4.8)  Chii(ar, ... am, f)(x _?ilo))/p: s = x—(y;mﬂ (y))f(y)dy

where A} = a;. Recall the kernel K in (4.3). Define

5:n+1(a1, co s f)(T) =

sup K(z,y1,- - ym)a(y1) - a(Ym) f (Ym+1)dy1 - - - dym+1’.

6>0 ) /I:ry12+---+|xym+1l2>52

It is clearly that for all z € R,
Crv1(ar, . yam, f)(z) < Cmﬂ(al, ceyam, ().

Applying Theorem 1.1 and Proposition 3.2, we deduce the following new result con-

cerning the mth order maximal commutators 5;; at, .o am, f).

Theorem 4.3. Fiz exponents 1 < p1,-++ ,pmy1 < 00 and p such that 1/p = 1/p; +

4+ 1/pmy1- Let C) i (ay, ..., am, f) be an operator as in (4.8). Then for alln >0,
there exists a constant C, = C(n,m) < oo such that for all (a1, - ,am, f) in any
product of L% (R) spaces, the following inequality holds for all x in R,

Corpr(at, - am, f) (@)

< Oy ((MUCna(are . cam @) + ([[ Ma)@) M) @)).

j=1

As a consequence, if w € Ay, with po = min(py, -+, pm41) > 1, then
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ICsr(ans- s am Dl oy < Co( TTasl g 17 oms
j=1

and, in particular, C, | extends as a bounded operator from LP'(w) x - - - x LPm+1(w)
into LP(w).
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