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ABsTRACT The norm of the operator which averages |f| in LP(R™) over balls of radius d|x|
centered at either 0 or z is obtained as a function of n, p and §. Both inequalities proved are
n-dimensional analogues of a classical inequality of Hardy in R!. Finally, a lower bound for
the operator norm of the Hardy-Littlewood maximal function on LP(R"™) is given.

0. Introduction

A classical result of Hardy [HLP] states that if f is in LP(R!) for p > 1, then

01) ([ Gf rf<t>|dt)pdx)1/p < ([ If(t)|pdt)1/p

and the constant p/(p — 1) is the best possible. By considering two-sided averages of f

instead of one-sided, (0.1) can be equivalently formulated as:

([ o)< foora)”

We denote by D(a, R) the ball of radius R in R™ centered at a. Let (T'f)(z) be the average
of |f| € LP(R™) over the ball D(0, |z|). The analogue of (0.2) for R™ is the inequality:

(0.3) ITfl[r < Cp(n)]|f| v
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for some constant Cp(n) which depends a priori on p and n. Our first result is that the
best constant Cp,(n) which satisfies (0.3) for all f € LP(R") is p’ = p/(p — 1), the same
constant as in dimension one. Another version of Hardy’s inequality in R™ with the best

possible constant can be found in [F].

Next we consider a similar problem. An equivalent formulation of (0.1) and (0.2) is

w0 (L o) )< (o)

where f is in LP(R'). Let (Sf)(x) be the average of |f| € LP(R™) over the ball D(z, |z|).
We compute the operator norm ¢, ,, of S on LP(R") as a function of n and p. The precise

value of the constant ¢, ,, is given in Theorem 2.

In section 3 a lower bound for the operator norm of the Hardy-Littlewood maximal
function on LP(R™) is given. Finally, in section 4 the norm on LP(R"™) of the operator
which averages f over the ball of radius d|z| centered at either 0 or |z| is given as a

function of ¢, p and n, for any 6 > 0.

Throughout this note, w,_; will denote the area of the unit sphere S*~! and v,, the

volume of the unit ball in R".
1. Hardy’s inequality on R".

In this section we will prove inequality (0.3) with constant Cp(n) =p’ =p/(p—1). We

denote by |A| the Lebesgue measure of the set A and by x4 its characteristic function.

THEOREM 1. Let f € LP(R™), where 1 < p < oo. The following inequality holds

1) (/R" (m D(0,[2]) Tl dy)pdx)l/p : p%l </R” )l dy>1/p’

and the constant p' = p/(p — 1) is the best possible.

Proor Fix f € LP(R™). Without loss of generality, assume that f is nonnegative and

continuous. Let RT denote the multiplicative group of positive real numbers with Haar
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measure 4. The function t”/plx[ovl] is in L*(R*, 9) with norm p’/n. For a fixed 6 in
the unit sphere S”~', the function t — f(t0)t"/? is in LP(R™, %) The group inequality

lg * Kllze < llgllze |51 gives:

(1.2) / O(/ F(r0)(rt) 5 17 %)p% < (/: (F(ro)r )P ‘ff") <;>p.

Note that equality holds in (1.2) if and only if equality holds in ||g* K||z» < ||g]|ze || K]/ 1-
This happens in the limit by the sequence gen = X[,n]. Since g(t) = fO)tP, we
conclude that equality is attained in (1.2) in the limit by the sequence

(1.3) fen () =t7"Pxcicn as € — 0 and N — oo.

Note that T'f is a radial function. Expressing all integrals in polar coordinates, we reduce

(1.1) to a convolution inequality on the multiplicative group R*. We have

& 1 r P
1T Loy = wn / ( ; / / f(ta)t”—ldedt) P dy
r=0 Unr t=0 eeSnfl
o0 1
(1.4) = wn;/ (/ / F(rt0)(rt) vt @de) @.
Un r=0 sn—1 Jt—p r

We apply Holder’s inequality with exponents % + 1% = 1 to the functions 1 and

0 — ftl—o f(rt&)(rt)"/pt"/p/ % and then Fubini’s theorem to interchange the integrals in 6
and . We obtain that (1.4) is bounded above by

(1.5) [5 / ( F(rto)(rt) 5 to %) %da

Note that if f is a radial function then (1.4) and (1.5) are identical. We now apply (1.2)

to majorize (1.5) by

S (L) L s = (25 ) W

using the fact that w,,—1 = nv,. We have now obtained the inequality |7 f||r < p’||f]lLe-

Equality holds when the family of functions (1.3) is radial. Therefore the extremal family

for inequality (1.1) is |x|_”/pX€§‘I|SN, as € — 0 and N — oo.
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2. A variant of Hardy’s inequality on R".
The derivation of the n-dimensional analogue of (0.4) is more subtle. Let B(s,t) denote

the usual beta-function fo (1 — z)® dx. Our second result is

THEOREM 2. Let 1 < p < oo and ¢, = p' == 25_1B(%(p— —1),25%). The following
inequality holds for all f in LP(R™):

1 P 1/p 1/p
2.1 —_— dy) d <cpn Pd
@) ([ (B L 018) 22) < [ 1001 a)
and the constant cp, ,, is the best possible.

PrROOF. We use duality. Fix f and g positive and continuous with || f||Lr@r) < 1 and
HgHLp/(Rn) < 1. We will show that [ g(z)(Sf)(x)dz < ¢p,. We express both g and Sf in
polar coordinates by writing x = r¢ and y = tf. The relation |z — y| < |z| is equivalent

to 6 - ¢ > t/2r. We obtain
/ @ EN@ = [ [ 0@ ) de dy

dt dr
-~ /S 1)2/ / P09 Xo1/2r 1" 5 o
n- r=0Jt

93 //Sn 1)2/ g(ro)r ( F2rt0)(2rt) ¥ x 4.0t o %) —dgzbd@
2 > ! n o dt Pdr L/p
< o //(Sn—1)2 G(9) {/r—o (/t—() f(2rt0)(2rt)» xg.0>¢ tP ?) 7} do db),

where G(¢) = ([ Og(rgb)p rm 4y %" The bracketed expression in (2.2) is the L norm
of the group (R, &) convolution of the function ¢t — f (t0)t» with the kernel X[0,0-¢] (t)tv

(2.2)

at 2r. We therefore estimate (2.2) by

(2.3) 2 //S .00 F9)</9¢ﬁ %)dwe,

where F(0) = ( [2° f(ro)Prm )P Let K(g-0) = [T /o' dt — ' [(¢.0)+]/7 where

N7 denotes the positive part of the number N. Next, we need the following:
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LEMMA. For any F,G > 0 measurable on S*~' and K > 0 measurable on [—1,1],
e [[ | FOC@KO 0dd < IFlsrisn|Cllse, [ KO- 0)do

PrROOF. We may assume that all three quantities on the right hand side of (2.4) are
finite. Since K depends only on the inner product 6 - ¢, the integral [q, , K(6 - ¢)d¢ is
independent of 6. Holder’s inequality applied to the functions F' and 1 with respect to the
measure K (6 - ¢) df gives

(2.5) [S FO)K(6- ) do < </S_ FOPK(®- 6) d@)l/p( 0 0) d@)l/pl.

gn—1
We will now use (2.5) to prove (2.4). The left hand side of (2.4) is trivially estimated by

(Ssn1 ([gu1 F(O)K(0-9) d9)pd¢) UpHGHLp/(Sn_l). Applying (2.5) and Fubini’s theorem
we bound this last expression by [|F||zo(sn-1)|Gll 1o (gn-1) [gn-1 K(0 - ¢) dp. The lemma
is now proved. Observe that equality is attained in (2.4) if and only if both F' and G are

constants.

We now continue with the proof of Theorem 2. Applying the lemma and using the

n

fact that F' and G have norm one, we estimate (2.3) by %2 : Son—1 ((6- ¢)+)ﬁ df. To

Un

compute this integral, we slice the sphere in the direction transverse to ¢. For convenience
we may take ¢ =e; = (1,0,---,0). The area of the slice cut by the hyperplane ¢, = s is
wn_o(1 — s2)"=" and the weight of this slice is (1 — s2)~2. We get

1
[ @ o a=u, [ 0 ds = e} BOG - 1,75
Sn—1 s=0
We now use that nv,, = w,_; to get the final estimate ¢, , in (2.2) which completes the
proof of (2.1). It remains to establish that the constant ¢, , is the best possible. For any
y € R™, let A(y) be the spherical cap {# € S~ : |#—y| < |y|}. This cap is nonempty if and
only if |y| > 1/2. For such y, the Lebesgue measure |A(y)| is wy,_o f11/2|y|(1—32)"7_3 ds. Let

G(t) = x[0,1(t) tn/p’ ftl(l — 82)%3 ds. An easy computation shows that [|G/ 1 g+
5

) T



(%) fol(l - 82)%35ﬁ ds. Let h = hen be an element of the family |$|_n/pXe§|x|§N

normalized to have LP norm one. We have

r=0.J¢pcSn—1 n D(r¢,r)
/ / ( / / pesn—1 h(tO)t" 1d9dt) Pl dg dr
r=0 Joesn-t \Vn™ J1=0 Ji0eD(ro.r)
dt\"? dr
r/t)¢)|h(t r" de —
//M(/_i ((r/))l ()t t) ’

gnp—n 1 . P
(2.7) = Wy Wi — 1/ (/ h(2rt)(2rt)5G(t)@) pn 4
R r=0 \ Jt=0 t

n T

The convolution inequality ||g * L||» < ||g||r»||L|/z: in the group (RF, &) written as

e ([ nemenicn D) Es ([T e ) 168 g

becomes an equality as € — 0 and N — oo. Inserting (2.8) in (2.7) we obtain

» onp—n pl p 1 g n=3 p oo - )
||Sh||Lp(Rn <w, o o7 (;) (/ 0(1 — %)z s¥ ds) wnl/ Oh(r) dr=ch,
S= r=

since ||h||L» = 1, and equality is attained as € — 0 and N — oo. Theorem 2 is now proved.

3. A lower bound for the operator norm of the Hardy-Littlewood maximal

function on LP(R").

Let M(f)(z) = sup,~q(var™)~? f|y_m|<r |f(y)| dy be the usual Hardy-Littlewood max-
imal function on R™. The family of functions fe n(2) = |2|™™"/Pxc<jsj<n is extremal for
Theorems 1 and 2. Let A, , be the operator norm of M on LP(R™). By computing

|\ M (fen)llze /| fen|lz» and letting € — 0 and N — oo we obtain a lower bound for A, ,,.

PROPOSITION. For 1l < p < oo, let A, ,, be the best constant C' that satisfies the inequality
| M fllLr@ny < CllfllLr@ny for all fin LP. Then

1
n
/

(3.1) Apn >p Y2 sup L (V1- sz)n_3 (s+Vs2+62—-1)%ds

Wn—1 5>15 -1
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and the supremum above is attained for some 6 = 0, p always less than 2.

PrROOF. The following is only a sketch. Since |z|~"/? is in Li _(R"™), we can calculate
M (|z|~"/?) instead. Observe that M (|z|~"/?) = c|z|~"/? where ¢ = M(|z|~"/?)(e1) and
e1 = (1,0,...,0). Also note that the supremum of the averages of |z|~™/P over balls of

radius r centered at e; is attained for some r = 1 4+ where v > 0. We therefore find that

1 . d
(3.2) c=sup ——— / T e A, —T,
>0 v (1 + ’7) r

where A, = [{6# € S"7!: |rf — e1| < 1+ 7}|. Calculation gives that A, = w,_1 for r <~
1 n—3 .
and A, = w,_o f(rg_72_2w)/2r(1 —s%) = ds for 2 + ~ > 1 > . We plug these values into

(3.2) and we interchange the integration in r and s:

2-1—’}/ 1 n 2+’Y +2’Y n dT
/ / rv (1 —s?) ds— / / r (1 —s2)" 7 7 —ds
r= s:rz_gi_Q'y

We now let § = v + 1 and obtain (3.1). Note that the constant on the right hand side of

(3.1) reduces to the constant ¢, of Theorem 2 when ¢ = 1.

4. Final Remarks.
We end with a couple of remarks. Let ¢, ; be the constant of Theorem 2. We observe that
Cnp < ]%. This can be shown directly or via the following inequality which can be found

in [HLP]:
(4.1 [ aetes [ @

where f and g are integrable and f denotes the symmetric decreasing rearrangement of
any function f. Let T and S be the operators of Theorems 1 and 2. The nonsymmetric
decreasing rearrangement of the kernel of S is the kernel of T'. Taking g to be the kernel
of S and f in LPN L' in (4.1), we obtain the pointwise inequality Sf < T f. Tt follows that

Cnp < p—1



For any 0 > 0, we define variants Ts of T" and Ss of S as follows:

1 1
S dy and (S -
1D(0,8|z])| Jp(0,512)) fy)dy and (55f)(z) |D(z,81z))| J p(a,6/a))

Since (Tsf)(x) = (T'f)(0x) it is immediate that the operator norm of 75 on LP(R"™) is

Lo,

(Ts.f)(x) = fy) dy.

To compute the operator norm of S5 on LP(R™), we repeat the proof of Theorem 2

verbatim. We obtain the following result:

THEOREM.

A. For § > 1, the operator norm of S5 on LP(R™) is

n
7

oo 1 1 e
P u—/ (1—52)Tg(s+ s246%2—1)"ds
~1

Wn—1 on

B. For § < 1, the operator norm of Ss on LP(R"™) is

1

o wn—2 1 (1_52)"7_3{(34_ 324—52—1)5—(3—\/32—1—52—1)% ds.

Wn—1 on s=+v1—62

(3.1) is of course subsumed in conclusion A above.

The second author would like to thank Professor Al Baernstein for stimulating his

interest in these problems and also for many useful conversations.
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