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Abstract We obtain a fractional Sobolev inequality for Sobolev spaces W**(R") for ball
Banach function spaces X on R" with the homogeneity and the non-collapse properties. Pre-
cisely, we show the existence of a positive constant C such that, for any f € WSX(R") N X @+,

||f||Wl<X(Rn) > C”f”X# y

where « is the homogeneity index of X, s € (0, min{-e,1}), and X5 is the ﬁ—
convexification of X. Moreover, under some mild assumptions, we prove that the closure
of CZ(R") with respect to || - [lyysxs modulo constants is identified with WS¥(R") N X,
When X is a Lebesgue space, these results reduce to the well-known Sobolev embeddings
for which the restriction s € (0, min{—«, 1}) is sharp. However, our results also provide new
Sobolev embeddings for Morrey spaces, mixed-norm Lebesgue spaces, Lebesgue spaces with
power weights, Besov—Triebel-Lizorkin—-Bourgain—-Morrey spaces, and Lorentz spaces. As

in the case for the classical Sobolev inequality, our results have a wide range of applications.

1 Introduction

It is well known that, for any given s € (0,1) and p € [1, ), the homogeneous fraction-
al Sobolev space WSP(R") is defined as the space of all measurable functions f on R" whose
Gagliardo semi-norm
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is finite. The classical Sobolev embedding, also known as the fractional Sobolev inequality, states
that when sp < n one has

(11) ||f”LP§(Rn) <C ”f”WS.P(Rﬂ)

for any f € CZ(R") with the positive constant C independent of f, where p7 := nf’: > denotes the
critical Sobolev exponent and C°(R") denotes the set of all infinite differentiable functions on R"
with compact support. We refer to [54, Theorem 10.2.1] for an elementary proof of (1.1) (see also
[65, Théoreme 8.1]). It is well known that the Sobolev type inequalities on various function spaces
have received a lot of attention and intensive studies for a long time; see, for instance, Haroske et
al. [26, 28, 32], Nakai et al. [55, 56, 57, 58, 59], Sawano et al. [69, 70, 71], Liu et al. [46], Ho
[36], and, recently, Alvarado et al. [2, 3, 4]. The Sobolev type inequalities have wide applications
in harmonic analysis and partial differential equations (see, for instance, [27, 34, 54, 63]).

The ball Banach function space X was introduced by Sawano et al. [68] in order to unify the

study of several important function spaces. Compared with Banach function spaces, ball Banach
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function spaces contain a long list of function spaces. For instance, Morrey spaces, Orlicz-slice
spaces, mixed-norm Lebesgue spaces, and weighted Lebesgue spaces are all ball Banach function
spaces, but they may not be Banach function spaces (see [68, 79, 80] for the details). Recently,
Dai et al. [16] studied the Bourgain—Brezis—Mironescu formula of Sobolev type spaces based on
ball Banach function spaces. Moreover, the Brezis—Van Schaftingen—Yung formula of Sobolev
type spaces based on ball Banach function spaces was also established in [17, 18] and applied to
improve fractional Sobolev and Gagliardo—Nirenberg inequalities.

In this article, we establish the fractional Sobolev inequality in the setting of ball Banach func-
tion spaces and, as an application, we characterize the closure of C¢°(R") with respect to || '||W.Y,X(Rn),
which is a new Gagliardo semi-norm associated with X. To be precise, assuming that X has the
homogeneity property and the non-collapse property, that is, for any f € X, 4 € (0, ), and
x € RYIf()llx = A% fllx for some @ € (—00,0) and [[1p,1)llx = 1 with the implicit positive
constant independent of x € R", we show that there exists a positive constant C such that, for any
fe WSX(R") N Xass,

lf(x) = O

lx =y

> Cllfllyoes »
X

”f”WVX(R”) = H‘

X(x)
where s € (0, min{—a, 1}). Here and thereafter, for any x € R" and r € (0, 00),
Bx,r) :={yeR": [y—x|<r}

denotes the ball with center x and radius r and, for any f € .Z(R"), let ||[f(O)llxw) = IIfC)llx.
Then, using this inequality, we prove that the closure of C°(R") with respect to || - IIWS,X(R,.) modulo
constants, denoted by D*X(R"), is identified with WSX(R") n X a+. These results have a wide
range of applications and, in particular, when X is a Lebesgue space, they reduce back to the well-
known embeddings, (1.1) and [11, Theorem 3.1]; this indicates that in general the restriction s €
(0, min{—a, 1}) is sharp. To the best of our knowledge, when X is a Morrey space, a mixed-norm
Lebesgue space, the Lebesgue space with power weight, a Besov—Triebel-Lizorkin—Bourgain—
Morrey space, or a Lorentz space, these embeddings are new in the literature.

Recall that all the known proofs of (1.1) strongly depend on the explicit integral expression of
the Lebesgue norm under consideration. Since || - ||x has no explicit expression, the known clas-
sical proofs are inapplicable for the ball Banach fractional Sobolev inequality. To overcome this
essential difficulty, we fully employ the homogeneity property and the non-collapse property of X,
which are used, to replace the dilation invariance and the translation invariance of the Lebesgue
norm, respectively; these are crucial tools in the known proofs of the classical fractional Sobolev
inequality.

The remainder of this article is organized as follows.

In Section 2, we recall concepts related to ball Banach function spaces. Then, assuming that
a ball Banach function space X has the homogeneity property (Assumption 2.7), we introduce
the homogeneous ball Banach fractional Sobolev space W**(R") extending the concept of the
homogeneous fractional Sobolev space W*P(R") to this setting.

Section 3 is devoted to the ball Banach fractional Sobolev inequality. Specifically, in Theorem
3.3, under Assumption 2.7 (the homogeneity property) and Assumption 3.1 (the non-collapse
property of X), we show that, if s € (0, min{—a, 1}), then for any f in .Zx(R") we have

1 Tsxgny 2 f 1y 0

with the implicit positive constant independent of f. This extends the classical fractional Sobolev
inequality from the Lebesgue space to the ball Banach function space (see Remark 3.4). Moreover,
we prove that the ball Banach fractional Sobolev inequality is valid not only for CZ°(R") functions
but also for WSX(R") N X a+ functions.
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 3

In Section 4, we provide an equivalent characterization of the closure of C.°(R") with respect
to || - [lyys.x(gny modulo constants, which is denoted by DX(R"). To go further, we need an extra
mild assumption on X (see Assumption 4.1). Under Assumptions 2.7, 3.1, and 4.1, we show that
DX(R™) is identified with WSX(R") N X a. To be precise, we prove that there exists a linear
isometric isomorphism

I: D) —» W ®RY) N X

On one hand, using the ball Banach fractional Sobolev inequality, we show that I is injective.
On the other hand, by the Holder inequality associated with the ball Banach function space (see
Lemma 4.9), we prove that 7 is surjective. This result is an extension of [11, Theorem 3.1]
from the classical Gagliardo semi-norm || - IIWS,,,(Rn) to || - ||W3¢,X(Rn) (see Remark 4.3). Finally, we
show that Assumption 4.1(iii) is just slightly stronger than a necessary and sufficient condition of
CX[R" c WX (R™), which implies that this assumption is necessary in some sense.

In Section 5, we apply our main results to several specific examples of ball Banach function
spaces, namely the Morrey space M?(R"), the mixed-norm Lebesgue space LP(R"), the Lebesgue
space with power weight LI (R"), the Besov—Bourgain-Morrey space M B{;:,T R™), and the Lorentz
space LP9(R") (see, respectively, Theorems 5.3, 5.6, 5.7, 5.10, 5.11, 5.13, 5.14, 5.16, and 5.17).

Finally, we state our notation and conventions. We denote by N := {1,2,...}, Z; := N U {0}
and Z} := (Z,)". We always denote by C a positive constant which is independent of the main
parameters, but it may vary from line to line. The symbol f < g means that f < Cg. If f < g
and g < f, we then write f ~ g. If f < Cgand g = hor g < h, we then write f < g = hor
f < g < h. We use 0 to denote the origin of R*. For any measurable subset £ of R”, we denote
by 1g its characteristic function and denote by £ C its complementary set. In addition, we use the
symbol L‘;OC (R™) with p € (0, o] to denote the set of all measurable functions f on R” such that
f1g € LP(R") for any bounded measurable set £ C R". Furthermore, for any A € (0, c0) and any
ball B(x,r) ¢ R" with x € R" and r € (0, o), let AB(x, r) := B(x, Ar). Finally, for any g € [1, oo],
we denote by ¢’ its conjugate exponent, that is, é + % =1.

2 Preliminaries

In this section, we recall the definition of ball Banach function spaces and introduce homoge-
neous ball Banach fractional Sobolev spaces. In what follows, we denote by .Z (R") the set of all
measurable functions on R" and we set

2.1 B(R") :={B(x,r): x€R"and r € (0, 0)}.
The following concept is just [68, Definition 2.2].

Definition 2.1. Let X c .#(R") be a quasi-normed linear space equipped with a quasi-norm || - ||x,
which makes sense for all measurable functions on R”. Then X is called a ball quasi-Banach
function space on R" if it satisfies:

1) if f € A4 (R™), then ||f]|x = O implies that f = 0 almost everywhere;
(i) if f, g € .#(R"), then |g| < |f| almost everywhere implies that ||g||lx < ||f]lx;

(i) if {fiu}men € A (R") and f € A (R"), then 0 < f,, T f almost everywhere as m — oo
implies that || fiullx T |l f]lx as m — oo;

(iv) B € B(R") implies that 15 € X, where B(R") is the same as in (2.1).

Moreover, a ball quasi-Banach function space X is called a ball Banach function space if it
satisfies:
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(v) forany f,g € X,
If + gllx < lfllx + llgllx;

(vi) for any ball B € B(R"), there exists a positive constant C(p), depending on B, such that, for
any f € X,

| reonax < i

B

Remark 2.2. (i) Let X be a ball Banach function space on R”. By [77, Remark 2.6(1)], we
conclude that, for any f € .Z(R"), ||fllx = 0 if and only if f = 0 almost everywhere.

(i) As mentioned in [77, Remark 2.6(ii)], we obtain an equivalent formulation of Definition 2.1
via replacing any ball B by any bounded measurable set E therein.

(iii)) We should point out that, in Definition 2.1, if we replace a ball B by any measurable set E
with finite measure, we obtain the definition of (quasi-)Banach function spaces, which were
originally introduced in [7, Definitions 1.1 and 1.3]. Thus, a (quasi-)Banach function space
is also a ball (quasi-)Banach function space and the converse is not necessarily true.

(iv) By [19, Theorem 2], we conclude that both (ii) and (iii) of Definition 2.1 imply that any ball
Banach function space is complete.

The associate space X’ of a given ball Banach function space X is defined as follows (see [7,
Chapter 1, Section 2] or [68, p. 9]).

Definition 2.3. For any given ball Banach function space X, its associate space (also called the
Kothe dual space) X’ is defined by setting

X ={fed®R": |fllx <oo},
where, for any f € X’,

1l 2= sup{llfellzin : & € X, liglhx = 1)
and || - ||x- is called the associate norm of || - ||x.

Remark 2.4. From [68, Proposition 2.3], we deduce that, if X is a ball Banach function space,
then its associate space X’ is also a ball Banach function space.

We also recall the concept of the convexity of ball Banach function spaces; this is a part of [68,
Definition 2.6].

Definition 2.5. Let X be a ball Banach function space and p € (0, o). The p-convexification X?
of X is defined by setting
XP.={fed®R"): |fIF €X},

equipped with the quasi-norm ||flix» := |||f171ly" for any f € XP.

We recall the definition of ball Banach function spaces with absolutely continuous norm; see
[8, Definition 3.1] and [76, Definition 3.2].

Definition 2.6. A ball Banach function space X is said to have an absolutely continuous norm if,
for any f € X and any sequence of measurable sets, {E;}jen C R" with E;;| C Ejforany j € N
and (e E; = 0, If 15 llx > Oas j — oo.

Next, we extend the concept of the homogeneous fractional Sobolev space to the ball Banach
function space. To this end, we need the following assumption.
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 5

Assumption 2.7. Let X be a ball Banach function space and a@ € (—00,0). We consider the
homogeneity property that for any A € (0, c0) and f € X the following holds || f(1-)|lx = A2°|If|lx-

Remark 2.8. If X satisfies Assumption 2.7 with @ € (—o0,0) then, by Definition 2.1(iii) and the
fact that |[1p(,1)llx > O which is a simple consequence of Definition 2.1(i), we conclude that

. e a _
Mzl = lim [[Laon|ly = lim 7~ [[1p0)| = .
Definition 2.9. Let X satisfy Assumption 2.7 with @ € (—c0,0) and let s € (0,1). The homo-

geneous ball Banach fractional Sobolev space W*X(R") is defined to be the set of all functions
f € .#(R") such that

lf(x) = fOI

< oo,
lx =yl

X(»)

Hf”Wx,X(Rn) = l“

X(x)

3 The Ball Banach Fractional Sobolev Inequality

In this section, we establish the fractional Sobolev inequality of the ball Banach fractional
Sobolev space, which is called the ball Banach fractional Sobolev inequality. In order to achieve
this, we need the following non-degeneracy assumption.

Assumption 3.1. Let X be a ball Banach function space. We say that X has the non-collapse
property if there exists a positive constant C such that, for any x € R”,

sl = C.

Definition 3.2. Let X be a ball Banach function space. The space .#x(R") is defined to be the set
of all functions f € .# (R") such that, for any ¢ € (0, c0),

HI{XGR”: |f(x)|>8}“x < 00,

Having established these basic facts, we focus on the main result of this work, which is the
following embedding theorem.

Theorem 3.3. Let X and « satisfy Assumptions 2.7 and 3.1 and let s € (0, min{—q, 1}). Then there
exists a positive constant C such that, for any f € #x(R"),

“f”X#r S C ”f”Ws,X(Rn) .

Remark 3.4. Let X := LP(R") with p € [1,00) and let a := —%. In this case, Assumptions 2.7 and
3.1 obviously hold and hence so does Theorem 3.3, which coincides with the well-known classical
fractional Sobolev inequality (1.1). For this reason the range of s € (0, min{—a, 1}) in Theorem
3.3 is sharp in general.

To prove Theorem 3.3, we need the following technical lemma.

Lemma 3.5. Let X, a, and s be the same as in Theorem 3.3. Then there exists a positive constant
C such that for any measurable set E C R" satisfying ||1g|lx < oo and for any x € E we have

1 s
3.1 Hlx—lEcmHX > ClglE

— .|S—CY
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Proof. We first consider the case that E := B(0,r) with r € (0,c0). From Assumption 2.7, we
deduce that

1 _s 1
[ tsasso] oo = [

1
:H| =1

By Assumption 2.7 and the fact that s € (0, min{—«, 1}) we have

S—a

Lo e ()

Msan 9l

11500l
X

(o8]

——1p020)\B0,2+-1)(" )H

H | . |s—a 1B(O,l
k=

o0
Z 2D L 00l ~ Zz—’“
k=1 k=1

This implies that
1 s
H| = 13(0,,)12(')” Ig0,nll," = C € (0, )
' X

and hence, for any r € (0, o),

1 s
(32) [=s150,20)] = CMmai:

Now, we claim that, for any r € (0, c0) and x € R",

! s
x_—.ls—alB(x,4r)C(')HX 2 My

We discuss the following two cases based on the size of |x]|.

(3.3)

Case (i): |x| > 2r. In this case, let B(xy, r1) be a ball with r := |ﬂ|+4rrr and
+4
x1 = (x| + 4r + r1) _ K rx
Il =

It is easy to show that B(x,r;) C B(x, 4r)C. Combining this, Assumption 2.7, and |x| > 2r, we

obtain
e P L P [ PO
Ix— 5@ B(x,4r)C X B(x.n)||lxy = I — [ B(xy,r1) X B(x,n)llx
1 x| +4r\ o=s
> 1 @
> Gri e ( T B0 lly

2 g plly -
Using this and Assumption 3.1 we conclude that
! :
mlmm)c(') ; 2 My

|x

Case (ii): |x|] < 2r. In this case, from Assumptions 2.7 and 3.1, we infer that, for any r € (0, c0),

(3.4)

(3.5) L nllx = 11p pllx 2 1~ ILp@e)llx = rI1pw.6nllx-

We observe that B(x, 4r) C B(0, 6r) and for any y € B(0, 6r)C one has 3|y| > |x —y|. By this, (3.2),
and (3.5), we find that

1 s s
WIB@,W)C(-)HX Mp0enlly 2 Mpnlls-

=~

(3.6) HIX—;‘I
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Combining (3.4) and (3.6), we conclude that the above claim holds.
Next, we show that (3.1) is valid. Let

rs = sup{r € [0,00) : |1pumellx < 1Elx}-

If rg = 0, then, for any r € (0, o), |[1px,»\Ellx = |[1£llx. From this, we deduce that
1
="
lx —-|*=

as r € (0,00) and r — 0. This implies that (3.1) holds in this case. If r; > 0, we first prove that
1

rg < oo, Indeed, when r > (%)‘E + |x|, using Minkowski’s inequality and Assumption 2.7,

we find that ’

=

lB(x,r)\E(')H > r"Ipaellx
X

|)C — ,|s—(z

> r*|gllx — o0

1B nEllx = IMBenllx — IMElx = 10— 1pllx — [LEllx
= (r = XD, nllx — LEellx = 1Eellx.

This implies that

< (| 2|1Egllx

+ |x| < 0.
|1B(0,1)||x)

From the definition of r,, we further infer that HIB(x %rs)\E”X < |1gllx and |1 2r 0\Ellx = [1ElX.
Using these and (3.3), we conclude that

H TEEECH PEETE Rl M e CES UE>C(')HX
1
>——|1 +[|———1 .
27| IMEllx H Ix — @ Bx2ry U B )Hx
1 1 1 ’
= - [ E\B(x,2r, + —|x e (B(x,ZrX)UE)C(') .
! :
- |)C — .|S—a lB(O,ZrS)C(')H 2 lB(O,LrY) X
~ HIB(O,%rx)\EHX + H BO,Lr, )mE” ] 2 IMellg-
This finishes the proof of Lemma 3.5. 0

Now, we prove Theorem 3.3.

Proof of Theorem 3.3. Notice that ||f(x)| — [f(D)]] < |f(x) — f(y)| for any x,y € R". Replacing f
with |f], without loss of generality, we may only consider the case that f > 0. Fix f > 0 and define

Dy :={xeR": 2° < f(x) < 2!}

for any k € Z. It is easy to prove that

48

(3.7) Al ~ || 211D and [|fllyz, ~ D)2 1D
i€Z i€Z
Using Lemma 3.5, we conclude that
Lf(x) = fOI _ lf(x) — fOI
- =12 5= 1w
|x yl X(x) X(y) icZ |'x - y| X(x)
D0 X0)
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3%

20, up,UDL ) (X)
Z 1 s_al lDi(y)
ieZ lx =yl X(x)
D0 X0)

1%

Z 2i HlDiflUDiUDm (x)“)%(x) lDi()))
1Dy10 o

Hence,

_s
@

|f(x) = fO)I
lx — y[*=

Z 2 Zz a5 1p,

i€Z keZ,
D0 X0)

Z 2-“‘ lD

i€z

_a
2k a+s ] Dy
keZ

=

Xl

3%

||1D, JUD; UDM(X)”X(X) 1p.(y)

1%

’

which, together with (3.7), further implies that

1+
l“ |f(~x) f(y)l ziﬁ 1D- o ”f” o
e =17y xo ez ' X X
This finishes the proof of Theorem 3.3. O

As a corollary of Theorem 3.3, we have the following conclusion.

Corollary 3.6. Let X and «a satisfy Assumptions 2.7 and 3.1 and let s € (0, min{-a, 1}). Then
there exists a positive constant C such that, for any f € CZ(R"),

fllyats < C I llsxcan -

Proof. Let f € C°(R"). Then, for any € € (0,), {x € R" : |f(x)| > €} C supp(f) and there
exists r € (0, o0) such that supp (f) € B(0, ). From Definition 2.1(ii) and (iv), we infer that

[Lpnesr: risellly < [[1aon|ly < oo

and hence f € Zx(R"), which implies CZ°(R") C .#x(R"). Combining this and Theorem 3.3, we
complete the proof of Corollary 3.6. O

By this, we have proved that the ball Banach fractional Sobolev inequality holds for any f €
C2°(R™). To extend the ball Banach fractional Sobolev inequality to a wider class WsX@R"NX ats
requires a considerable amount of additional work; for this purpose we need the following two
technical lemmas.

Lemma 3.7. Let X and «a satisfy Assumptions 2.7 and 3.1, s € (0, min{—q, 1}), m € (0, 00), and
—00 < b < a < oo. Then there exists a positive constant C such that for any real-valued function

f € #R") that satisfies

(3.8) |1 zerr: f(x)>a}”X > m and |[1{yepr: f(x)<b}“X >m
we have
(39) ||f||WSX(Rn) > CmaTH(a - b)
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Proof. Let us fix a real-valued function f € .#(R") that satisfies (3.8). From Definition 2.1(iii)
and (3.8), we deduce that there exists r € (0, co0) such that
(3.10) ||1{xeR”: f(x)>a}nB(0,r)||X > m and Hl{xeR": f(X)<blﬁB(0J)HX > m.
LetA; :={x e B(0,r): f(x)>2a/3+b/3},
Ay :={xeB0,r): a/3+2b/3 < f(x) <2a/3+b/3},

and Az :={x € B(0,r) : f(x) <a/3+2b/3}. For any measurable set £ C B(0,r) and x € E, let
(3.11) rF = sup{ry €[0,00) ¢ [Lsornserone|ly < Iellx]-

Forany i€ {1,2, 3} we define r; := sup{r; @A)y e A i}

If mm{rl,rg,} > 8r then there exist x; € A; satisfying ry
(As)

(Al) > ér and x3 € Aj satisfying

Ty r It is easy to show that there exists x; such that B(x7, 1()r) C B(xl, r) N B(0, r) for any
€ {1 3} By this, (3.11), the definition of Az, (3 10), Assumptions 2.7 and 3. 1 we conclude that
G2 m Ve - f0)
=y lxeollxy
lf () = f
S TRE JXEY
|x - y| X(x) X@)
a—>b 1 LH
R o |['BuainnBon||y H B(xs. 8r)mB(o My X
a—> LH
= s ||7BGen |l ||13(xz 1601l ||1 xeR": f(x)<b)NBO,r)||x

e @b o [, 20 @0

If min{r;, r3} < %r, without loss of generality, we may assume r; < %r. We first claim that, for
any x € B(0,r) and 7 < %r,

1 e

|x — -5~ IB(OJ)\B(X’%)(.)HX R HlB(O,r)ﬂB(x,%?) x

(3.13)

To prove this, we consider the following two cases on the size of |x].

Case (1): |x| > 47. In this case, let r := lﬂlfr“ and
|x|
x1 = (x| = 27 - rl)— = — X
Il Ixl+7

It is easy to show B(x1,r1) € B(0,r) \ B(x,27). Combining this and Assumption 2.7, we obtain

s

[

1

W 13(0 \B(x, 2r)( )H B(() r)ﬂB(x I’)

s

> ||1 1~ “
B(0,r)NB(x,~
(0.NNB(x,57) || x

|X — ,|s—(21

-5
a

S 1 |x] ) .
CFA2r) e\ X+ T | B"‘””XH BO.ANBxLP ||y

| _s
2 Fs—a ||IB(X’7)HX

\*|—* 1~

B( |X\ sZr)
s

@

X

2 [[ sl |15

4|x\ rx 1)
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10 Y1Qun CHEN, Loukas GRAFAKOS, DACHUN YANG, AND WEN YUAN

By this and Assumption 3.1, we conclude that (3.13) holds in this case.
Case (ii): |x| < 4F7. In this case, from 7 < %r and Assumption 2.7, we deduce that

(3.14) H 10.7\B0.67) (" )H 1150, 6r)|| ¥ H 13(0,8?)\3(0,67)(‘)” 1150671
X

B G

= Hmlfz(o,é)\B(o,l)(')Hx a0l >0

It is easy to prove that B(x, 27) c B(0, 67) and, for any y € B(0, 6?)6, §|y| > |x —y|. By this, (3.14),
and an argument similar to that used in the estimation of (3.5), we find that

1 |
X

Ix — ,|s—(x
s s
2 posnlly 2 g0, 15)l5-

—13(0,)\B(0,65)(*)

10,820 )| =
X

This shows (3.13) in this case. Altogether, we conclude that the above claim holds.
By (3.11) and (3.13), we find that, for any measurable set £ C B(0, r) and any x € E satisfying
(E) 1
Iy € (0, gr)a

1
3.15 H—l . H
(3.15) P BO.MNE() .
1 1 L
= e BO.MNEUB2 P ) X + x— @ (BB EC) .
1
= |x — |5~ o Lo zusear oy X + WIE\B(x,zr;”)(')HX
1
~ T arlB(Or)\B(xZV(E))( )HX
R lB(O,r)ﬁB(x,%rf(E)) X

~ {”13(0,r)nB(x,%r§E>)mE||X + ”13(0,r)n3(x,%r§5>)\5|lx}

e
2 [elly

Let g := (f — 2a/3 — b/3)*. Here and thereafter, for any a € R, we set a* := max{a, 0}. It is easy
to prove that, for any x,y € R", | f(x) — f(¥)| > |g(x) — g(y)| and hence

Lf () = fOI lg(x) — g

3.16 =
( ) |x y|s o1 X0 H’ |x_y|s—(l/

X(x) X(y)

X(x)

Let Dy :={x e B(0,r): 2F < g(x) < 2K+ for any k € Z. By standard arguments we have

> 2‘10 > zme

i€Z i€Z

1+2
@

3.17) g 150, ~ and [|g1p0. |y ~

From the assumption that r| < gr we deduce that, for any i € Z and x € D;_; U D; U Dj;,

ECD’ 1UDUDi) ¢ (), r] Using this and (3.15), we conclude that

lg(x) — g lg(x) — g
|” =yl 2|2 sy, )
y X(x) X(y) icZ y X(x) X(y)
21 3(0./\(D;_ UD;UD;, 1) (X)
> Z (0,)\(D;-1 o 1) 1D,-()’)
ieZ lx =yl X(x)
i X)
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 11

> Z 2 HID[_IUD[UDH. (X)Hi(x) 1p,(»
D0 X0)

By this, we immediately have

)
a

2/ 1p,

H‘ lg(x) — g(¥)|
lx — y[*=

Xl x(y)

SN 2 @) 1o upune ()5, 100)

i€Z €7,
ID;1>0 X® X

2w,

i€Z

s

4%

1%

X

Combining this, (3.16), (3.17), and (3.10), we find that

(3.18) H‘ lf(x) = fO) S H‘ lg(x) — g
|X }’|S ¢ Xl x(y) |X—)’|S_a X lx(y)
1+
Zz’m 1p,
i€Z

~ [le10, r>Hxa%

(1+3

2 (a-b) “13(0 HN(xeR”: fo>all|y

> ma (a - b),
thus, (3.9) also holds in Case (ii). Now, (3.12) and (3.18) complete the proof of Lemma 3.7. O
Lemma 3.8. Let f € WSX(R"). Then there exists a constant C € C such that f — C € .#x(R").

Proof. Without loss of generality, we may assume that f is a real-valued function, otherwise we
can consider the real part and the imaginary part of f separately. Let

I :=sup {/l eER: ||1{xeR": f(X)Z/l}“X - Oo}

and
= inf {/l eR: ||1{xeR": f(X)S/U“x = OO}

We first prove that I = i. Assume that / < i and then there exists 4; € (/,i). By Remark 2.8 and
the definitions of 7 and i, we conclude that

o0 = |[Irally < [|Ljrerr: f(x)Z/ll}“X + |1 vere f(x)s/ll}”X < o0,

which is a contradiction. Assume that / > i and then there exist constants A, and A3 satisfying
i < Ay < Az < 1. By the definitions of I and i, we have

Hl{xeR”: f(x)>/13}“X =00 = ||1{xeR": f(x)</lz}||x-

From this and Lemma 3.7, we infer that, for any m € (0, o0),

(3.19) x> Cm'e (A3 = Aa),
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12 Y1Qun CHEN, Loukas GRAFAKOS, DACHUN YANG, AND WEN YUAN

where C is the same as in (3.9). By the arbitrariness of m, we conclude that (3.19) contradicts the
assumption that f € WX(R"). This shows I = i.

Now, we prove that I € R. In order to show this, we assume that / = co = jor I = —co = j and
we argue by contradiction. We only consider the first case because the argument for the second
case is similar. By Definition 2.1(iii) and Remark 2.8, we conclude that

Lim [[1eer: o<y = Mzellx = o

From this, we deduce that there exists a constant A € (—o0, 00) such that, for any m € (0, 00),

(3.20) ||1{xeR”: f(x)</l}||X > m.

Then, by the definition of i, we find that |[1jerr: r<yllx < o0 and [[1xerr: rr<a+1)llx < oo and
hence

(3.21) Lixerr: rosarllx = [Mrellx = ixern: foo<asllx = o0

Using (3.20), (3.21), and Lemma 3.7, we conclude that for any s € (0, min{—a, 1}) and m € (0, c0)
we have

ats
||f||WS¢X(]R”) zma,

From the arbitrariness of m, we infer that || f{ly«xgs = c0, which contradicts the assumption that
f € WSX(R"). Thus, I = i € (—c0, ). By the definitions of i and I, we obtain, for any & € (0, c0),
I {xern: |fo-1158)llx < o0, which completes the proof of Lemma 3.8. O

Using the above lemmas, we conclude the following corollary.

Corollary 3.9. Let X and « satisfy Assumptions 2.7 and 3.1 and let s € (0,min{-a, 1}). Then
there exists a positive constant C such that for any f € WX (R") N X+ we have

I lges < CllAllwsxgn -

Proof. Let f € WXRY N X a+. From Lemma 3.8, there exists a constant C € C such that, for
any € € (0, 00),
Hl{xeR”: |f(x)—C|>g}“X < 00,

thatis, f — C € #x(R"). Assuming C # 0 and letting ¢ : |C| , we obtain

(3.22) | 1

< 00,

{xeRn: |f(0-Cl> S| ¢

On the other hand, using f € X3+, we find that

(3.23) ] 1

fxerm: |F 0> S

< .
(|C| IIfIIX(,H) 00

By Remark 2.8, (3.22), and (3.23), we conclude that

1 1

< 00,

oo = ||11 SI
1zl i}

d

which is a contradiction. Thus, C = 0 and f € .#x(R"), which implies WX (R")nX as C My(RM).
Combining this and Theorem 3.3, we complete the proof of Corollary 3.9. O

fxer™: [F(0-C1> S| ¢ {xeR™: |f(x))>S)
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 13

4  Closure of C°(R") with respect to || - ||yysxgn)

In this section, we characterize the closure of C°(R") with respect to || - [[yys.xgn). Notice that,
forany C € C, ||f + Cllysx@ny = I llypsxgny- Thus, it makes sense to define the space of equivalent
classes

DR = {110 fe @y )

with the norm || [/l psxgny := Il fllyysxgn), where [f]:={f +C: C € C}.

Next, we show the space DX (R") is identified with WX (R") n X a+ . This identification relies
on certain natural assumptions that are valid on most important examples of ball Banach function
spaces.

Assumption 4.1. Let X and « satisfy Assumption 2.7 and let s € (0, min{—«a, 1}). Assume that
(1) X has an absolutely continuous norm (see Definition 2.6);

(ii) there exists a positive constant C such that, for any r € (0, 00) and f € .4 (R"xXR") satisfying
L Ge, Mllx o llxey) < oo,

f(x—2z,y—2)dz
B(0,r)

<C “||f(x,y)||x(x)”X(y) :

XWX ()

(iii) there exists a positive constant C such that, for any x € B(0, 1),

15 1)(*)

|x _ ,|s—(x—1

<C.

Theorem 4.2. Let X and « satisfy Assumption 2.7, s € (0, min{—a, 1}), and X also satisfy Assump-
tions 3.1 and 4.1. Then there exists a linear isometric isomorphism

I: DY (RY) - W (R") 0 Xaws,
In other words, the space D*X(R") is identified with WSX(R") N X ars,

Remark 4.3. Let X := LP(R") with p € [1,00) and let a := —%. In this case, Assumptions 2.7,
3.1, and 4.1 hold and hence so does Theorem 4.2, which coincides with [11, Theorem 3.1].

The proof of Theorem 4.2 is based on the following technical lemmas.

Lemma 4.4. Let X and « satisfy Assumption 2.7 and let s € (0, min{—q, 1}). Then WSX(R")
contains CZ°(R") if and only if X satisfies

1p¢,1)(x)

(41) |X _ yls—a—l

< 00.

X()

Proof. We first show the sufficiency. Assume that (4.1) holds. Let f € C(R") satisfy supp (f) C
B(0, r) with r € (0, c0). From this, Assumption 2.7, and s € (0, min{—ea, 1}), we infer that, for any

10,H()
X(x)

vy € B(0,2r),
wy sy
' |- —yls=@
’ 1f() —f()’)l = FO=-foly N
[ - yls « X - yls a - B02K2r)\B(0,2%*17) ¥
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1041 () o || 180,252\ B0.25+1 ()
SIVAl=@y | ——= |+ Il Z R
| : —)’| X ' X
14,1)(*) 10,4r\B,1H(*)
S |- — |s—a/—1 + |- — |s—a—1 Z |13(0 8")\3(04”)”X
Yy X y X =
154,1)(*)
S == + |Lpo4nll + Z 27 |18 8040 |
1 .
< —B(y’i(ai o+l
| ' —Y| X

and, by the support condition of f, for any y € B(0, 2r)C,

) — 1 1
43) [P L < e <
|- =y~ yls= lyls=
Using Assumption 2.7, we find that
1p4,1)(%)
[ 150,21
Y X(o) X()
_ 1@2ry,1)(2rx)
=(2r) 2a m 1p0,21(2ry)
Y X(x) X0
oo By 2ry1y(X)
=(@2n' Io—ﬁ 10,H(»)
A=Yy X(x) X()

Combining this, (4.2), (4.3), Assumption 2.7, (4.1), and s € (0, min{—a, 1}), we conclude that

If(x) = fOl
I hsxmn < 1= 1502/ ()
|x - yl X(x) X(y)
H‘ If(x) = fOl )
lx — y|s=@ X(x) B0.2n X()

1p(,1)(x) 10,2641\ B0,241) ()
—=——l po2n®)|  +lsw2nllxe) + Z o
lx =yl X() X0) vl X0)

e 1p(,1)(x)
< max {1, @2n' ”} —=——l Ao O|| +]|[Lsw2n]| X6)
|X - Y| X(x) X()

.\ Z 27 15048020 O
k=1

< 00.

This finishes the proof of the sufficiency.

Now we prove the necessity. Let ¢; := (0,...,0,1,0,...,0) (the ith entry is 1 and the other

entries are 0) for any i € {1, ..., n}. We first claim that, for any x,y € B(0, 2),

To

max{|'x—4n67|—|y—4ne7|| : ie{l,...,n}} > lx—y.
see this, let x = (x1,...,x,) and y = (y1,...,y,). Assume that

lxr = yil = max {lx; —yi[ : i€{l,...,n}}
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 15

and x; < y;. By x,y € B(0,2), we find that

4.4) | 'x - 4ne‘i| - |y - 4ne_i| |
n 3 n 5
= {(4n — x1)2 + Z x?} - l(4n - y1)2 + Z ylzl
i=2 i=2

8n(yr — x1) + XLy (xi + yi)(xi — i)
[(4n = x12 + Xy 215 + [(dn —y1)? + 20, y21
S 8n(y; — x1) —4n(y; — x1)
- 16n

U
4
>Ix—yl

-

This shows that the above claim holds. For any i € {1,...,n}, let f; € CZ(R") C WSX(R™)
satisfying fi(x) = |x — 4néj| in B(0,2). By (4.4) and the definition of f;, we conclude that

1y,1)(%)
|x — y[s—a-1 13(0,1)(y)
g X Xo)
10,1y (x) X7, [1x — 4néj| — |y — 4néjl |
s l 1| — |s—a/l l 13(0,1)(y)
Y X(x) XO)

n
< ”ﬁ”W:,X(Rn) < 00,

i=1

This finishes the proof of the necessity and hence the proof of Lemma 4.4. O

The following corollary is a direct consequence of Lemma 4.4.
Corollary 4.5. Let X, a, and s satisfy Assumption 4.1(iii). Then CZ(R") C WSX(RM).

Lemma 4.6. Let X be a ball Banach function space satisfying Assumption 4.1(i) and let f €
A (R" X R") satisfy

1 Ge Wl llyy < ©0-
Then there exists a sequence of functions, {fm}men C C.(R" X R™), such that
Tim [|11£(x,9) = f ol = O
Proof. From Assumption 4.1(i), we deduce that

-0
X(G)

<
X)

[l 39150, 001 0,520 e300, )

X(x) X(x)

as j — oco. Notice that, for almost every y € R”, {x € R" : f(x,y) > N} converges to a set of
zero Lebesgue measure as N — oo. By this and Assumption 4.1(i), we find that, for almost every
yeR",

£ Lxern: riepsm| xw 0
as N — oo, which, together with [49, Definition 3.11 and Proposition 3.12], further implies that

“Hf 6 )y feps|| Xl = “Hf (. ) Lixerr: feysm| X

H
X X(»)
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16 Y1Qun CHEN, Loukas GRAFAKOS, DACHUN YANG, AND WEN YUAN

as N — co. Combining the above observations, we conclude that, for any & € (0, o), there exists
a bounded function g supported in a compact subset D C (R" x R") such that

(4.5) g Cx. ) = FOe oy, < &

Using Lusin’s theorem, we conclude that there exists a sequence of bounded continuous functions,
{hx(x, y)}ren, supported in D such that

kh_{?o[g(x’y) - hk(x’y)] =0

almost everywhere on R” X R"”. From Assumption 4.1(i) and [42, Lemma 5.6.14], we deduce that,
for almost every y € R”,

Jim {lg(xe, y) = (6, Mllxeo = 0-

Then, by this, Assumption 4.1(i), and [49, Definition 3.11 and Proposition 3.12], we find that
(4.6) fim [llge.y) = heCe Dol = 0-

From (4.5) and (4.6), we conclude that, for any £ € (0, o), there exists a bounded continuous
functions A(x, y) supported in a set of finite measure D C (R" x R") such that

[120x ) = FO6 x|l < &
This finishes the proof of Lemma 4.6. O

Lemma 4.7. Let X and « satisfy Assumption 2.7, s € (0,min{-a, 1}), and X also satisfy As-
sumptions 3.1 and 4.1. Let u € 4 (R") satisfy llellyys.x gy < 0. Then there exists a sequence of
functions, {Uy}meny € C(RY), such that

n'lll—I)I(}o ||Lt - Mm”Wx,X(Rn) = 0

Proof. Let p € CZ°(R") be such that supp (p) € B(0, 1) and fRn p(x)dx = 1, and define p,,(-) :=
m"p(m-) for any m € N. For any x,y € R", let

u(x) — u(y)

floy) =4 =y
0, X =Y.

, XFY,

By Lemma 4.6, we find that, for any € € (0, o), there exists g € C.(R" x R") such that
@.7) 1G9 = 206 Pl ) < &
From the definition of || - llyysx gny> we infer that, for any u € WSX(RM),

(4.8) e % o = ullypsen,
1 p(X) = % pn(y) = [(x) = u(y)]

lx — y|s=@

X(x) X(@y)

f u(x —z) —u(y —z) u(x) — u(y)
= — pm(2)dz — —————
" |x — yls=@ lx =y~

X)X (y)

= . f(x -2,y = 2)pm(2) dz - f(x> y)

X)lx)

<[l - 806 Wlixenly,,
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+ ‘ f 8(x—z,y — 2)pm(z) dz — g(x,y)
R” X)X (y)
#l| [ =2y -0 - s -2y - alpm de
R” X(x) X()
=L +L+ I3.

Notice that g is uniformly continuous and there exists R € (0, o) such that supp(g) € B(0, R) x
B(0, R). This, combined with the definition of p,,, further implies that

(4.9) L < sup lg(x,y) — g(x —z,y —w)| “|’lB(O,R+1)(x)1B(0,R+1)(y)||X(x)
(x,)€B(0,R+1)XB(0,R+1)
(zw)eBO.m~1)xBOm=1)

-0

X()

as m — oo. Now, we estimate I3. Using Assumption 4.1(ii), we conclude that

4.10) <

fB o I(f —8) (x— 2.y —2)| dz < ICf = 906 o,y < &

X(y)

X(x)

Combining (4.8), (4.7), (4.9), and (4.10), we find that ||u * p,, — u||W.‘v,x(Rn) — 0 as m — oo, which
completes the proof Lemma 4.7. O

The following Lorentz—Luxembourg lemma can be found in [80, Lemma 2.6].

Lemma 4.8. Let X be a ball Banach function space. Then X coincides with its second associate
space X". In other words, a function f belongs to X if and only if it belongs to X" and, in that
case, || fllx = lfllx~.

Lemma 4.9. Let X be a ball Banach function space and p, p’ € (1, o) satisfy % + l% = 1. Then,
forany f € XP and g € X7, ||fellx < |Ifllxeligllx» -

Proof. By Lemma 4.8, the definitions of X and X’, the Holder inequality, and the definitions of
X? and X”', we conclude that, for any f € X? and g € X?',

Ifellx = sup f Fg(R)] dx
lAllxr =1 JR"

< sup [ P o) dx}” [ | o o dx]”

l1Allxr =1

P

< sup [ . [F I [h(x)] dxy sup [ . £GP ()] dX]

lIllxr =1 1Al =1

= [1fllxlIgll o -
This finishes the proof of Lemma 4.9. O
Next, we prove Theorem 4.2.

Proof of Theorem 4.2. Let [u] € D**(R™). By the definition of D*X(R"), we find that there exists
{umlmen C CZ°(R™) converging to u with respect to the quasi-norm || - IIWX,X(R,I). Using Assumption
4.1(iii) and Corollary 4.5, we obtain {u,}uen € WSX(R") and hence u € WS*(R"). By Corollary
3.6, we conclude that {u,;}uen C X a+s. From Lemma 3.8, we infer that there exists a constant
C € C such that, for any ¢ € (0, ),

1

< 00.

{xeR": |u()c)—5|>s} X
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18 Y1Qun CHEN, Loukas GRAFAKOS, DACHUN YANG, AND WEN YUAN

Let i € N. Using {umlmen € CZ(R"), we find that ||1
u-C - u; € Mx(R"). From Theorem 3.3, we deduce that

(xeR: Ju(x)—C-ui(xysepllx < 0 and hence

@ < ||u —

||X(y+v

||I/l— ul|'W§X(Rﬂ)’

which, together with u; € Xa+s, further implies that u — C € Xa+. We then define

IT([u]) :==u-C.

Using the definition of [u], we conclude that 1 is injective.

Now, we show that T is surjective. Let u € WSX(R") N X a+ and g € M (R") satisfy that g = 1
on B(0,1), g = 0 on B(0, Z)C, and g(x) := 2 — |x| for any x € B(0,2) \ B(0, 1). Let g;() := g(j) for
any j € N. Next, we prove that

It is easy to show that, for any j € N and x,y € R”,

I = gj(0)]u(x) = [1 = g;MIu@)I < lu(x) — u@)IIl - g;(0] + [g;(x) — g;Mllu)l

and hence
(412) ”l/l - gju“WS»X(R")
lu(x) — u(y)II1 = g;(x)| N ‘ g (x) — g;Mllu)l
|x — y|s—@ Xl xcy) lx — y|5=@ Xl xcy)
=: Ij + Jj.

We first estimate ;. Form [|u||yys.xgn) < oo, we deduce that, for almost every y € R”,

u(-) = u(y)l
|- —yls=

By this, the definition of g;, and Assumption 4.1(i), we conclude that, for almost every y € R",

|ue(-) — ”(y)llg(()’j)[? “)
e

) = a1 = ;0
e

X X

as j — oo. Using this and [49, Definition 3.11 and Proposition 3.12], we obtain

(4.13) lim /; = 0.

]*)CX)

This is the desired estimate for /;.
Now, we estimate J;. For any j € N and y € R", let

y|S (02

f](y) — ‘ |gj() g](}’)|”

Using the definition of g; and Assumption 2.7, we conclude that

Y [HORF{6)]

|- =3

lg(5) — g(3)
fiy) = j** j—XIHJ*

53

J

=

X X
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THE BALL BANACH FRACTIONAL SOBOLEV INEQUALITY AND ITS APPLICATIONS 19

Next, we claim that, for any 8 € (1, 00), f = f; € XP. By the definition of g, we find that, for any
v e B3,

lgC)l < [Mp0.2)llx
_yls—a X ~ ys—a

(4.14) 70 =~

From the definition of g, Assumptions 2.7 and 4.1(iii), and s € (0, min{—ea, 1}), we deduce that, for
any y € B(0, 3),

4.15) 0 < ng(-) — 8Os O ng(-) — g gg4c ()
. B I —yls_" | . _yls—a X
lB(y,7)(‘) 13(0,4)C(')
|s—a—l | . |s—a
X X
—a 1B(y 7)(7 ) i 13(0 2"*2)\3(0 2k+1)( )
- |7 |s @ 1 X o |s @ X
13( 1)() >
1- _ (k 1)
T [ apai |, kZ D 00800y < 1

Combining (4.14), (4.15), Assumption 4.1(iii), and s € (0, min{—q, 1}), we conclude that, for any
B € (1, ),

Wftle < 17 ts03lgs + | Laoc ],

1
13(0’3)C () B
[ - |ﬁ(s—a)

< [tsos |l + 1502

1

) B
< [[ts03)]|xs + 1502l {Z B ”13(073)\3(071)”)(}
k=1

< 00,

This proves the above claim.
Let u;(-) :== j* “u(j-) for any j € N. From the above claim and Assumption 4.1(i), we infer
that, for any & € (0, o), there exists ¢ € (0, co0) such that

&

1 g <o
If 3(0’5)”)( 5 < 2fually 52

Using this, Lemma 4.9, and Assumption 2.7, we conclude that, for any j € N,

(4.16) |fuilsoslly < [|f1s00| -2

Nt = 1m0 [x-2 Nl < g

By Assumption 4.1(i), we conclude that there exists N € N such that, for any j > N,

€

T

From this, Lemma 4.9, and Assumption 2.7, we deduce that, for any j > N,

““13(0 §/)C

CREN 177 Py eIy

= 1flly-s

Using Assumption 2.7, (4.16), and (4.17), we find that, for any j > N,

| M

Uil 50 ’ Xaks 0,570 ||y o2

(4.18) ”fJ””X - ”f”j“x < Hf”j13(0,5)0||x + ”f”le(Oﬁ)”X <&
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This is the desired estimate for J;. Then, combining (4.12), (4.13), and (4.18), we conclude that
(4.11) holds. From this and Lemma 4.7, we infer that, for any u € WSX(R") N X a+s, there exists
a set {u;}jen C CZ(R") such that lim;_,c [lu — ujllysxgn = 0 and hence [u] € D**(R"), which
further implies that 7 is surjective. This finishes the proof of Theorem 4.2. O

Now, we show that Assumption 4.1(iii) is necessary for ball Banach function spaces whose
quasi-norm is invariant under rotations in some weak sense.

Proposition 4.10. Let X and « satisfy Assumption 2.7 and let s € (0, min{—a, 1}). Assume that
there exists a positive constant C such that, for any n X n unitary matrix A and any f € X,

1
(4.19) Ellfllx < [If(A)llx < Clifllx.
If X has the property
1(y,1)(%)
(4.20) || o) <o
e X(x) X)

then X satisfies Assumption 4.1(iii).

Proof. Assume that Assumption 4.1(iii) fails. Then, for any M € (0, o), there exists y); € B(0, 1)
such that

14y, 1H(*)

BTl M

X

4.21)

By Assumption 2.7 and s € (0, min{—a, 1}), we conclude that

150.2)(*) I < Z o (s—a=1)i ||IB(0,2—1'+1)\B(O,Z‘i)|'X
X i=0

| . |s—(y—1

= > 25V 1 p0anm0)ly < oo
i=0

From this, the obvious estimate that for any x € B(yyy, 2|yM|)C we have |x — yy| ~ |x|, and (4.21),

we obtain
Ly 2y () ” L0u.DO) |1 1 1BowD\BOw 2 ()
| . _yM|s—a—1 I _yMlv a-1 | . _yMls—a/—l ¥
LB(y,,1)() 1502)()
(RS MO RSt

as M — oo. This fact together with Assumption 2.7 and (4.19) further implies that

1p¢,1)(x)
T ool 150,1H(»)
lx =yl X(x) X0)
L2y (%)
2 ’ Ix — yls—af—l 13(0,%)0})
X(x) XO)
oo | i A
DL ot ||yl BOD
Il X(x) X(y)
_ || tBom 2O || 11 oll S o
| . _yMls—(y—l X |1 s 3(0 2) X
as M — oo. This contradicts (4.20) and thus Assumption 4.1(iii) must hold. This finishes the
proof of Proposition 4.10. O
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5 Applications to Specific Function Spaces

In this section, we verify that our main results apply for several important examples of ball
Banach function spaces, including Morrey spaces (Subsection 5.1), mixed-norm Lebesgue spaces
(Subsection 5.2), Lebesgue spaces with power weights (Subsection 5.3), Besov—Triebel-Lizorkin—
Bourgain—-Morrey spaces (Subsection 5.4), and Lorentz spaces (Subsection 5.5). To the best of
our knowledge, all results in this section are new. These applications reveal the extent to which
Sobolev embeddings play a prominent role in function space theory. And we are certain that many
other function spaces fall under the scope of our results.

To verify that these spaces satisfy some desired assumptions, we need the following lemma.

Lemma 5.1. Let X and « satisfy Assumption 2.7 and let s € (0, min{—a, 1}). Assume moreover
that X satisfies the following property: there exists a positive constant C such that, for any f € X
andt € R",

1
5.1 ¢ WC+0llx < fllx < CIFC+Dllx -

Then Assumption 3.1 and both (ii) and (iii) of Assumption 4.1 hold.

Proof. By (5.1), we find that, for any x € R", [[1p(1)llx ~ I15,1)llx and hence Assumption 3.1
holds. From Minkowski’s inequality and (5.1), we deduce that

This implies that Assumption 4.1(ii) holds. Moreover, using (5.1), Assumption 2.7, and s €
(0, min{—-a, 1}), we conclude that, for any y € B(0, 1),

f(x—2z,y—2)dz
B(0,r)

JLI;(Or “Hf(x 2,y —Z)HX(x)Hx(y) d

~ ||||f(x,y)||X(x)||X(y) '

XX

1,1)() 150,1)() s
: (s—a—Dk
H o el I UPAR | PYRSTRPRSN N
=Y Ty T A
S (- Dk 2!
= ’
= Z 20D 10 2n80,1 ||y = 5 [1s02nz0.0|l, =C <.

k=1

This implies that Assumption 4.1(iii) holds, which completes the proof of Lemma 5.1. O

5.1 Morrey Spaces

Recall that the Morrey space MY (R") with 0 < r < p < oo was introduced by Morrey [60] in
order to study the regularity of solutions to certain equations. Morrey spaces have many applica-
tions in the theory of elliptic partial differential equations, potential theory, and harmonic analysis;
we refer to [13, 29, 30, 31, 33, 75] and the monographs [1, 66, 67, 78].

Definition 5.2. Let 0 < r < p < co. The Morrey space MY (R") is defined to be the set of all
measurable functions f on R” such that

Wmm@—sw|mwwmw<m
BeB(R")

The following Sobolev-type embedding is a corollary of Theorem 3.3.
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Theorem 5.3. Let 0 < r < p < oo and s € (0, min{g, 1}). Then there exists a positive constant C
such that, for any f € WSX(R") n Xavs with X := MP(R™) and a := —%,

n—sp

sup [|B|ﬁ‘1 f I dx]
BeB(R") B

<C sup  (BillBa)P" r{ff[V(x) f(y)ll }
B1,B,eB(R") B I | x—y

Proof. From the conclusion in [68, p. 87], we infer that M?(R") is a ball Banach function space.
It is easy to show that Assumption 2.7 holds with X and « replaced, respectively, by M?(R") and
—%. By the definition of MP(R™), we find that, for any x € R", ||13(x,1)||M£’(Rn) = |B(0, 1)|%, which
implies that Assumption 3.1 holds with X := M?(R"). Thus, all the assumptions of Theorem 3.3
with X := M?(R") and a := —% are satisfied. Then, using Theorem 3.3 with X := ME(R") and
= —%, we obtain the desired conclusions, completing the proof of Theorem 5.3. O

Remark 5.4. From [72, Example 5.1], we know that the Morrey space M?(R") has no absolutely
continuous norm if 1 < r < p < oo. Thus, it is still unknown whether or not Theorem 4.2 holds
with X := M?(R") and « := 5.

5.2 Mixed-Norm Lebesgue Spaces

The mixed-norm Lebesgue space L7 (R™) was studied by Benedek and Panzone [6] in 1961,
which can be traced back to Hormander [37]. For more studies on mixed-norm Lebesgue spaces,
we refer to [14, 15, 22, 23, 39, 40].

Definition 5.5. Let 7 := (p1,...,pn) € (0,00]". The mixed-norm Lebesgue space LF(R") is
defined to be the set of all measurable functions f on R” such that

1
2 o
Pl
1A N5 ey = {fR"'[lef(xl,-..,xn)lp‘ dxl] ---dxn} <o

with the usual modifications made when p; = oo for some i € {1,...,n}.
The following theorem is a corollary of Theorem 3.3.

Theorem 5.6. Let p := (p1,...,pn) € (0,00]" and s € (0 min{})" p ,1}). Then there exists a
positive constant C such that, for any f € WSX(R") N X+ with X := LP(R") and a := -2 p

P2 n

n
1 Pl rn Y o
Pl igl P P

n

25
'flf(m,---,xn)lml" dxi| ---dx,
R

o

2 p
P1 1 n

. f If(x) SO gl oan| dm| -,

s+z
_yl i= 17
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Proof. It is easy to prove that LP(R") is a ball Banach function space and Assumption 2.7 holds

with X and & replaced, respectively, by LP(R") and — 2y pi By these, Lemma 5.1, and the

translation invariance of L? (R™), we conclude that all the assumptions of Theorem 3.3 with X :=
Lﬁ(R") and = -3 1 l are satisfied. Then, using Theorem 3.3 with X := Lﬁ(R”) and « :

-2 p , we obtain the de:51red conclusions, completing the proof of Theorem 5.6. O

The following theorem is a corollary of Theorem 4.2.

Theorem 5.7. Let p := (p1,...,pn) € (0 )" and s € (0, min{
holds with X := Lﬁ(R”) and a := -3, p,

i1 p 1}). Then Theorem 4.2

Proof. Tt is straightforward that L”(R") has an absolutely continuous norm. By this, the proof

of Theorem 5.6, Lemma 5.1, and the translation invariance of L7? (R™), we conclude that all the

assumptions of Theorem 4.2 with X := LP(R") and @ = -3 1 i are satisfied. Then, using
--, we obtain the desired conclusions, which

Theorem 4.2 with X := Lﬁ(R”) and a = - Y7 p
completes the proof of Theorem 5.7. O
5.3 Lebesgue Spaces with Power Weights

We first present the definitions of both Muckenhoupt weights and weighted Lebesgue spaces
(see, for instance, [24, Definitions 7.1.2 and 7.1.3]).

Definition 5.8. Let p € [1, 00) and w be a nonnegative locally integrable function on R”. Then w
is called an A,(R") weight, denoted by w € A,(R"), if, when p € (1, 00),

1 p-1
[(U]A,,(Rn) = ;él]lgl é [f w(x) dX] {l;l f[a)(x)]_P—l dx} < 00

and

[w]a, @) := sup 1 [ f w(x) dx} {ess sup[w(x)]_l} < 00,

Bcrr | B xeR"

where the suprema are taken over all balls B € B(R"). Moreover, the class A (R") is defined by

Ae®") = | ] A",

pE[l,00)

Definition 5.9. Let p € (0, ) and w € A (R"). The weighted Lebesgue space LL(R") is defined
to be the set of all measurable functions f on R” such that

||f||L5(]Rn) = [j};n If(x)lpcu(x)dx}p < 00,

The following theorem is a corollary of Theorem 3.3.

Theorem 5.10. Let p € (1, 0), w(x) := |xf¥ with € (0,n(p — 1)), and s € (0, min{#, 1. Then

there exists a positive constant C such that, for any f € WSX(R") N X a with X = LP(R™) and
n+f3

o= ——=,

p

n+f—sp

s " ju(x) = u@)IP
= d <C dxd
[ f () R | x} f f e T = yproprsp A dxdy
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Proof. From [20, p. 141], we know that |x}f € A »(R"). Combining this and [68, p. 86], we conclude
that L2 (R") is a ball Banach function space. It is easy to prove that Assumption 2.7 holds with
X and « replaced, respectively, by L!(R") and —%. From 8 € (0,n(p — 1)), we infer that,
for any x € R, lI1p,nllzz@ny = L@, 1)ll7 &) Which implies that Assumption 3.1 holds with
X := LI(R™. Thus, all the assumptions of Theorem 3.3 with X := L/(R") and a := —# are

satisfied. Then, using Theorem 3.3 with X := LP(@R™ and o := —%, we obtain the desired

conclusions and complete the proof of Theorem 5.10. O
The following theorem is a corollary of Theorem 4.2.

Theorem 5.11. If p € (1, 0), w(x) := |xf for any x € R" and some B € (0, min{p, @}), and

s € (0, min{%, %, 1}), then Theorem 4.2 holds with X := LP(R") and « := —%.

Proof. Itis easy to show that L,(R") has an absolutely continuous norm. By [20, p. 141], we find
that, for any t € R”, |x + 1# e A »(R™). Using this together with [24, Exercise 7.1.9], we conclude
that, for any r € R”, xPlx+1#f eA p(R™). Then, from [20, Theorem 7.3], we deduce that

f(x+z,y+2)dz
B(0,r)

LEERD| P rm)

[ 7
= f f fx+ 2,y + 2P IxPyf dzdx dy]
| JIRexre JB(0,r)
= ff f(x+Z,X+Z+l)p|X|’B|x+t|ﬁdzdxdl‘]
| JIRrRexr? JB(0,r)
- 1
ff S, x+ P |xPx + 1 dx dt]p
L RexR®
. 1
14
= f f )PPyl dax dy]
L R*xR”

H||f(x’ y)“Lf)(R”)

1
P

A

LE®RY

This proves that Assumption 4.1(ii) holds with X := L?(R"). By the definition of || - || 2@y and

s € (0, min{%, %, 1}), we conclude that, for any y € B(0, 1),
1 . |
L()Hﬁ = f %d}( < f ﬁd}f < 00,
|- _yls—1+7 L&) By, 1X — y|(s=Dp+n+B B02) X — y|5-Dpnth

This shows that Assumption 4.1(iii) holds with X := L”(R"). Combining the above observations
and the proof of Theorem 5.10, we conclude that all the assumptions of Theorem 4.2 with X :=
LE(@R™ and a := —% are satisfied. Then, using Theorem 4.2 with X := L’ (R") and « := —%,
we obtain the desired conclusions, which completes the proof of Theorem 5.11. O

5.4 Besov-Triebel-Lizorkin—Bourgain—Morrey Spaces

Morrey-type spaces, serving as a good substitute of Morrey spaces, have been found many
applications in harmonic analysis and partial differential equations; see, for instance, [21, 25,
43, 53, 74]. To study the Bochner—Riesz multiplier problems in R, Bourgain [9] introduced a
special Bourgain—Morrey spaces. Subsequently, Masaki [50] introduced Bourgain—Morrey spaces
for the full range of exponents to explore some problems on nonlinear Schrédinger equations.
In addition, Bourgain—Morrey spaces have many applications in the theory of partial differential
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equations (see, for instance, [5, 10, 41, 51, 52, 61, 62]). Recently, Hatano et al. [35] revealed
several fundamental real-variable properties of Bourgain—Morrey spaces. Motivated by Bourgain—
Morrey spaces and the structure of Besov spaces (or Triebel-Lizorkin spaces), Zhao et al. [81]
and Hu et al. [38] introduced Besov—Bourgain—Morrey spaces and Triebel-Lizorkin—Bourgain—
Morrey spaces, respectively, as follows.

Definition 5.12. Let 0 < g < p <r < 00, 7 € (0, c0], and {Qy ;m}vez, mez, be the system of dyadic
cubes of R”.

(i) The Besov—Bourgain-Morrey space MBy;(R") is defined to be the set of all f € L] (R")
such that

I\ 7
7

r
LQ(R")) < 00

1Az oy = Z [Z (|va|%_$ ||f1va

veZ LmezZn
with the usual modifications made when r = oo and 7 = o0

(ii) The Triebel-Lizorkin—-Bourgain—-Morrey space MF, g: (R™) is defined to be the set of all f €

10C(R”) such that

p

T dt
1800 ] 7}

with the usual modifications made when r = oo and 7 = oo

dy] < 00

The following theorem is a corollary of Theorem 3.3.

Theorem 5.13. Let both 0 < g < p < r< cwand Tt € (1,0)orl < g<p<r<71T= 00
A €({B,F}, s € (0, min{%, 1), andy := - Sp Then there exists a positive constant C such that, for

any f € WSX(R" N Xaw with X := MADT(R") and @ := -2

lf(x) = fO)I

AP <
||f||MA$ZJ:(Rn) <C i yl“'+%

MAf;’,':(R") MAZ::(R”)

Proof. We only consider the case A = B because the proof of the case A = F is similar and hence
we omit the details. From the proof of [82, Lemma 4.10], we infer that M B f (R™) is a ball Banach
function space. It is easy to prove that Assumption 2.7 holds with X and « replaced respectively,

n

by MB ,T (R™) and — By these, Lemma 5.1, and the translation invariance of MB rT R"), we
conclude that all the assumptions of Theorem 3.3 with X := MBW (R™ and « := —; are satisfied.

Then, using Theorem 3.3 with X := MBJ7(R") and & := ., we obtain the desired conclusions,
which completes the proof of Theorem 5.13. O

The following theorem is a corollary of Theorem 4.2.

Theorem 5.14. Let 0 < g < p <r < o0, T € (1,00), A € {B,F}, and s € (0, mln{ 1}). Then
Theorem 4.2 holds with X := MA!7(R") and a := —5

Proof. We only consider the case A = B because the proof of the case A = F is similar and hence
we omit the details. From the proof of [82, Theorem 4.12], we infer that M B}, (R") has an abso-
lutely continuous norm. By this, the proof of Theorem 5.13, Lemma 5.1, and the translation in-
variance of M BZ:,T(R”), we conclude that all the assumptions of Theorem 4.2 with X := M Bg:: R™)
and a := —% are satisfied. Then, using Theorem 4.2 with X := MBf;:Z(R") and a = —%, we obtain
the desired conclusions, which completes the proof of Theorem 5.14. O
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5.5 Lorentz Spaces

The Lorentz space was studied by Lorentz [47, 48] in the early 1950’s. As a natural general-
ization of Lebesgue spaces, Lorentz spaces serve as the intermediate spaces of Lebesgue spaces
in the real interpolation (see, for instance, [12]). For more studies on Lorentz spaces and their
associated function spaces, we refer to [64, 73, 44, 45].

Definition 5.15. Let p € (0, ) and g € (0, co]. For any f € .Z(R"), let
ap(d) = [{x e R": |f(x)| > Y]

and
£ = inf{d € (0,00) : ap(A) <1}

The Lorentz space LP4(R") is defined to be the set of all functions f € .#(R") such that, when

P-4 € (0, 00),
g (T2 q@5 -
f 1l paqny == {pj(: [Z f (Z)] " } <

and

l %
fllLpo@ny = sup &7 f7(1) < oco.
t€(0,00)

The following theorem is a corollary of Theorem 3.3.

Theorem 5.16. Let p € (1,0), g € (1,00], and s € (0, min{%, 1}). Then there exists a positive
constant C such that, for any f € WXR") N X ars with X 1= LPARY) and «a = —%,

lf(x) = fOI

on
lx — "7

A 2, =C
LP=5n°p=si (R")

LPa@®M) || pa(rr)

Proof. From [68, p.87], we infer that LP9(R") is a ball Banach function space. It is easy to
n

show that Assumption 2.7 holds with X and a replaced, respectively, by L”4(R") and —> By
these, Lemma 5.1, and the translation invariance of L”4(R"), we conclude that all the assumptions

of Theorem 3.3 with X := L”9(R") and a := —% are satisfied. Then, using Theorem 3.3 with
X = LP9YR") and «a := —%, we obtain the desired conclusions, which completes the proof of
Theorem 5.16. O

The following theorem is a corollary of Theorem 4.2.

Theorem 5.17. Let p € (1,00), g € (1,0), and s € (0, min{%, 1}). Then Theorem 4.2 holds with
X = LP9R") and a := —%.

Proof. From [76, Remark 3.4(iii)], we infer that L”4(R") has an absolutely continuous norm.
By this, the proof of Theorem 5.16, Lemma 5.1, and the translation invariance of LP4(R"), we

conclude that all the assumptions of Theorem 4.2 with X := L74(R") and «a := —;’—7 are satisfied.
Then, using Theorem 4.2 with X := LP4(R") and «a := —%, we obtain the desired conclusions,
which completes the proof of Theorem 5.17. O
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