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ABSTRACT. We prove the boundedness of a general class of Fourier multipliers, in
particular of the Hilbert transform, on modulation spaces. In general, however, the
Fourier multipliers in this class fail to be bounded on LP spaces. The main tools
are Gabor frames and methods from time-frequency analysis.

1. INTRODUCTION

In this note we explore the boundedness properties of certain translation invariant
operators (initially defined on the class of Schwartz rapidly decreasing smooth func-
tions). Namely, if b > 0 and ¢ = (¢, )nez is a bounded sequence of complex numbers,
we are interested in the operator H, . (formally) defined by

400
(1) Hy .= Z Cn(Mpn HM _yy — M1y HM _p(541))-

Here, M, denotes the modulation by b and H is the Hilbert transform, that is,
My f(t) = > £(t)

and

Hf(z) = Liim Je=t

Te0figse  E

The operators Hj, . are better understood if viewed on the Fourier side as multiplier
operators

2) Hyof = myef,

with Fourier multipliers

+oo
(3) Mmpe = —21 Z CnX (bn,b(n+1));

n=—oo

X(ap) denotes the characteristic function of the real interval (a,b). It is easy to see
that the Hilbert transform is a particular case of operator %Hb,c. Indeed, if we recall
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that m(§{) = —isgn¢ is the multiplier of H, then H = %H@C for any b > 0 and
¢ = (¢y)nez, with ¢, =1 for n > 0 and ¢, = —1 for n < 0.

There are many proofs for the boundedness of H on L” spaces, 1 < p < oo. For
example, in the context of Calderén-Zygmund theory, the boundedness of H follows
from its boundedness on L? (a consequence of Plancherel’s theorem), a weak type
(1,1) estimate, and interpolation. A natural question then is whether the more
general operators Hy . are also bounded on the Lebesgue spaces LP,1 < p < co. We
note right away that the boundedness of the sequence ¢ and Plancherel’s theorem
guarantee that Hy . maps L? into L?. But unlike the kernel of the Hilbert transform,
the convolution kernels of the operators H,. do not possess the required amount
of smoothness to fall under the scope of Calderén-Zygmund theory. Moreover, the
multipliers m;. are not of bounded variation in general, nor do they satisty the
conditions of some Fourier multiplier theorem. In fact, the operators H, . fail to be
bounded on LP p # 2.

Consider for example the operators Hi ., ¢ = (¢y)nez € €, and assume that an
estimate of the form

(4) [Hyefllp < Cliclle< [1£1l,

were true for some 1 < p < 2 and a constant C' independent of ¢c and f. This ineqality
remains true, if we replace ¢, by =£c¢, for any choice of sign; in particular we may
replace ¢, with ¢,r,(t), where r,(t) is the nth Rademacher function (see [2, p. 177]

for the definition of these functions.) Define the operator S, by S,f = cuXpn+1)f-
Raising (4) to the power p, integrating over ¢ € [0, 1], and using a key inequality for
the Rademacher functions ([9, Appendix C.2]), we deduce that for every f € L?

(5) 1O 150 1P) 2 llze < Cllellesfll o

nel

For the choice ¢, = 1 this averaging procedure over the plus and minus signs yields a
square function for which estimate (5) is known to hold true only when p > 2; see e.g.
[9, Sec. 10.2]. This contradicts our initial assumption 1 < p < 2. By duality we can
also exclude the case p > 2, because the space of Fourier multipliers on LP coincides
with those on L¥, where p' = p/(p — 1) is the dual exponent of p. We conclude that
an estimate of the form (4) holds true if and only if p = 2.

Nevertheless, we will prove below that the operators H . are bounded on a differ-
ent class of function spaces, the so-called modulation spaces MP? 1 < p < 00,1 <
q < oo. These spaces include L? = M?? and are defined by their phase-space dis-
tribution (instead of their Littlewood-Paley decomposition). The modulation spaces
occur naturally in time-frequency analysis (or phase-space analysis) and have found
numerous applications to pseudodifferential operators, signal analysis, non-linear ap-
proximation, and the formulation of uncertainty principles; see, e.g., [8], [11], [12],
(14, [15], [17], [18], [19], [23]

We will prove the boundedness of the Fourier multipliers by studying their matrix
with respect to a so-called Gabor frame (often called Weyl-Heisenberg frame) and by
using the Gabor expansion of functions. In this manner we can convert the question of
boundedness of Fourier multipliers on MP? into a problem about the boundedness of
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an infinite matrix acting on certain sequence spaces. It is perhaps not too surprising
that this discretization leads to the discrete Hilbert transform that was first studied
by Hilbert in ¢? setting and by M. Riesz [21] and Titchmarsh [22] on general ¢? spaces.

In particular, we obtain the boundedness of the Hilbert transform on modulation
spaces. This fact was first observed by Okoudjou in [20]. In this paper we treat a
natural extension and also close a gap in the original proof. We also point out that
a similar class of (pointwise) multipliers was considered on the so-called amalgam
spaces in [24]. Since the modulation spaces are the Fourier transforms of certain
amalgam spaces, some of the results in [24, Theorem 3.6] overlap with our main re-
sult. However, our techniques and the ones used in [24] are completely different. In
addition, the use of time-frequency techniques in “hard analysis” seems of indepen-
dent interest. As for the endpoint modulation spaces, the situation is similar to the
case of Lebesgue spaces. For example, the Hilbert transform fails to be bounded on
the Feichtinger algebra M!.

The remainder of the paper is organized as follows. The next section is devoted
to some basic facts about modulation spaces and Gabor frames. The main result is
stated and proved in Section 3, as well as some counter-example.

2. PRELIMINARIES

2.1. General notation. We will be working on the real line R. The operators of
translation and modulation of a function f with domain R are defined by

Tf(t)=f(t—z) and  M,f(t) =" [f(t).

The Fourier transform of f € L'(R) is f(w = [o f(t)e?™“dt, w € R. The Fourier
transform is an isomorphism of the Schwartz space S S(R) onto itself, and extends
to the space 8" = S'(R) of tempered distributions by duality

The inner product of two functions f,g € L? is = [p f(t)g(t)dt, and its
extension to " x S will be also denoted by (-, -).

The Short-Time Fourier Transform (STFT) of a function f with respect to a win-
dow g is

Vof(2,9) = (f, M,Tog) = / e G 1) f(1) .

whenever the integral makes sense. This definition can be extended to f € S'(R)
and g € S(R) and yields a continuous function V; f of polynomial growth [10]. In a
less obvious way, the STF'T makes sense even in the space of tempered distributions
S'(R?) when both f € S’(R) and g € S'(R), see, e.g., Folland’s book [7, Prop. 1.42].

We let LP9 = [P9(R x R) be the spaces of measurable functions f(x,y) for which

the mixed norm
q/p 1/q
T ( / ( |f<x,y>|pdas) dy)
R \JR
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is finite. If p = ¢, we have LPP = LP_ the usual Lebesgue spaces. By ("%(Z x Z) we
denote the spaces of sequences a = (ay,;)k ez for which the mixed norm

o= (S

leZ “keZ

is finite. If p = ¢, we recover the sequence spaces (*(Z X 7).

2.2. Modulation spaces.

Definition 1. Given 1 < p,q < o0, and given a window function g € §, the mod-
ulation space MP? = MP4(R) is the space of all distributions f € S for which the
following norm is finite:

a/p 1/q
(©) 1l = ( / ( / |v;f<x,y>|de) dy) — [Vl

with the usual modifications if p and/or ¢ are infinite. When p = ¢, we will write
MP for the modulation space MPP.

Remark 1. The definition is independent of the choice of the window ¢ in the sense
of equivalent norms. If 1 < p,q < oo, then M! is densely embedded into MP4. In
fact, the Schwartz class S is dense in MP? for 1 < p,q < co. One can also show that
the dual of MP9 is MP4' where 1 < p,q < co and i + z% = é + & = 1. We refer to
[10] and the references therein for more details about modulation spaces.

Remark 2. The modulation space M!, also called the Feichtinger algebra, is a Banach
algebra under both pointwise multiplication and convolution and is invariant under
Fourier transform. It plays also an important role in the theory of Gabor frames
where it serves as a convenient class of windows that generate Gabor frames for the
whole class of modulation spaces.

2.3. Gabor Frames.

Definition 2. Given a window function ¢ € L*(R) and constants «, 3 > 0, we say
that { Mg, Tur®}rnez is a Gabor frame for L?(R) if there exist constants A, B > 0
(called frame bounds) such that

Allflfe@ < D [ ManTard) P < B flli2my  Vf € L*(R).

kn€eZ

We refer to the works by Daubechies [1], Grochenig [10], and Heil and Walnut [16]
for extensive treatments of frames and Gabor frames.

The theory of Gabor frames can be generalized from the pure L?-theory to the
whole class of modulation spaces. The next theorem taken from [5], [6], and [10]
provides a characterization of modulation spaces by means of Gabor frames and will
be used heavily in the sequel.

Theorem A. Let ¢ € M be such that { Mg, Toxd}rnez is a Gabor frame for L?,
and let 1 < p,q < oo. Then there exists a (canonical) dual v € M such that every
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tempered distribution in MP9 has a Gabor expansion that converges unconditionally
(or weak™ unconditionally if p = oo or ¢ = o©), namely

f = Z <f7 MBnTak7> MﬁnTak¢7 vf € MP,Q(R);
k,n€Z

moreover, we have the following norm equivalences

I fllvwa <, MpnTard)era < ([ {f; MpnTory) ||evea-

To summarize, a tempered distribution f belongs to the modulation space MP4(R)
if and only if the sequence of its Gabor coefficients defined as

C¢f = (<f7 MﬁnTak¢>)k,n€Z

belongs to the sequence space (74(7Z x Z). Moreover, the norm of f is equivalent to
the norm of its Gabor coefficients.

3. BOUNDEDNESS OF Hj . ON MODULATION SPACES
Our main result can be stated as follows:

Theorem 1. For any b > 0 and c € {*°, the operators Hy,. are bounded from MP1
into MP1 for 1 <p<oo,1<q< oo with a norm estimate

[Hpefllmra < Cllello [Lf[laea

for some constant depending only on b, p, and q. In particular, the Hilbert transform
H is bounded on MP? for 1 <p <oo and 1< g < o0

Proof. Since the modulation spaces are invariant under dilations, we may assume
without loss of generality that b = 1 by conjugating H,. with a suitable dilation.
Thus from now on we will only consider the multiplier (1) with b = 1.

Next we choose a Gabor frame that is tailored to the analysis of our particular
class of Fourier multipliers. Let

ola) = (*

It follows that ¢ € M [3] or [10, Prop. 12.1.6], and that {M T ¢} nez is a Gabor

frame for L*(R) [10, Thm. 6.4.1].
We expand f with respect to a Gabor frame, i.e., f = kaeZ(f, Mg, Tory) MpnTor o,
and then take the coefficients of H; .. We find that

(7) (C¢H1,Cf)(ka n) = <H1,Cf7 Mnngb)
= D (f,MyTun) (HiMyTwé, MyTi6).
k' ,n'€Z
Recall that by Theorem A, f € M4 if and only if C,f = ((f, MnTgfy)) €

kn€EZ
(79(Z%) and Hy of € MP?if and only if CyH; o f = ((ngcf, MnTg@) € (P1(Z?).

SINTTT 2 . f
( ) , or equivalently, ¢(w) = X[-1/2,1/2 * X[-1/2,1/2](w) = max(0, 1 —[w]).

k,neZ
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Consequently to verify the boundedness of H ., it suffices to show that the matrix
T whose entries are defined by

Y k), vy = (HyeMu Ty ¢, My T ¢)

is bounded on ¢74(Z?). The commutative diagram (8) illustrates the situation.

ch

MPa 25 Apa
(8) 1 ¢, 1 Gy

mwa Y, yra

We now compute the entries of the matrix Y. Here we exploit the special properties
of the basic function ¢ and the algebra of time-frequency shifts. We have:

Ltk ) = (Hi,e Mo Tir ¢, My Ti )
= <(Hl,cMn/T%/ ¢)/\, (MnTg ¢)A>

= <Z Cm X[m,m4+1] * Tn’Mf%’Qb, TnM_g(m

meZ

= Z Cm eﬂ’ik'(n’—n) <(T—nX[m,m+1]) Mkak’ Tn’—n&a Qg>

mEZ

() = 2 en (DM (Mu Xmnamnt Tor-n 6)

Because the function qg is compactly supported on [—1, 1], the sum in (9) is finite,
and only the terms m =n — 1 and m = n occur:

T(k,n),(k’,n’) = Cp—1 (—1)]6/(”/7”) <Mk—Tk’X[71,O]TnLn¢E> ¢2>
(10) + Cn (_1)]{:’(71,/7”) <Mk’—Tk’X[O,1]TTL,*TL$7 Qg>

Furthermore, the support condition on QAﬁ implies that the indices n,n’ are related
by n—1 < n’ < n+1 and we only need to calculate the following integrals explicitly:

1
(Mixono ¢) = <M_5X[—1,o]¢,¢):/ (1 — w)2e™ duy
0

1
<M%X[O,1]T1¢7 o) = <M,éX[_1,0]T,1¢, o) :/ w(l—w) e gy
0
whereas
(MixpoT10,0) = (M_1x1-10T1¢,¢) = 0.

The evaluation of these elementary integrals (with integration by parts) yields fol(l —
w)2e™ dw = p; + 8;/3 and fol w(l — w)e™> dw = ¢ + 6;/6, where

50 i k#0
FTl1 i k=0,
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1 2 2((=1)k—1) .
Pr = T ik + m2k2 + (imk)3 lf k 7£ 0
0 if k=0

and

0 it kE=0.

Using these sequences we can compute the entries of A as follows:

(=DF+1 2Dk
fk — { - Tl'2k2 + (7,7Tk‘)3 lf k % O

e Case 1: If n’ = n, then

1 1
Y k), (k') = Cn—1 (Prr—k + §5k—k’) + ¢ (Po—i + §5k'—k)-
e Case 2: If ' =n+1, then

, 1
Y (), () = o (—1)F (en—i + 5 Oki):

e Case 3: If n =n — 1, then
/ 1
Yt ) = Ent (= 1) (ewrk + 2 0pr).

Consequently, letting ay v = (f, M,y Tw ), we can rewrite (7) as follows:
2

(O¢H17C(f))(kan) = Z T(k,n),(k’,n’) Qg n/

k'\n'el

1 1
= Z Ak’ n cn(pk_k/ + g 5kz’—k) + Z Q! n Cn—1(pk’—k + g 5k—k’)

k'eZ k'eZ
/ 1
+ Z Ak’ n+1 Cn (—1)k (ek—k’ + 6 5k—k’)
k'€
/ 1
(11) + k/zez ag' n—1 Cn—1 <_1)k (‘Ek/fk + 6 (Sk/,k).

The action of the matrix T can now be expressed in terms of convolutions with
the sequences p, € and ¢ defined above. More precisely,

(CoH1c(f))(k,n) = cula.n, * p(k) + %akvn) + cpo1(a., * p(k) + %a;m)
Fen((=1) @ (k) + Sagan)
(12) —+ cn,l((—l)'a.,n,l * g(k) + %akml),

where (k) = z(—k) and (—1) a., *€ denotes the sequence (Z(—l)k/ ak/,nek_k/>
k'eZ keZ
for any fixed n.
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The sequence ¢ belongs to £1(Z), thus we can use Young’s inequality to take care
of the convolution terms involving €. However, p is the sum of three sequences, two
of which are in £'(Z), but the third one, %, is clearly not summable. Fortunately,
the convolution with — (the discrete Hilbert transform) is bounded on ¢(Z) for
1 < p < oo; see the book by Hardy, Littlewood and Pdlya [13, Section 8.12], also
[21], [22]. Consequently, convolution with p is also bounded on (?(Z) for 1 < p < oo,
and using Young’s inequality we obtain

(S 1CoH L () (k) P)'" < K el 1l

keZ

for some positive constant K and every n € Z. Hence, by taking the g-norm with
respect to the variable n we obtain

1CoH1c(f)lerazzy < K llelloc [lalleraze),
for all 1 < g < oo. This concludes the proof. O

Remark 3. In general, the operators Hy. are not bounded on M?'. In fact, this is
already the case for the Hilbert transform H. Assume on the contrary that H f € M!
for every f € M!. Since M! is invariant under the Fourier transform, this would

imply that H f = —isgn ()fE M and ?I? would have a discontinuity at the origin
whenever f(0) # 0. But this contradicts the fact that every function in M! is
uniformly continuous. By duality, H cannot be bounded from M into M either.
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