ON ROUGH OSCILLATORY SINGULAR INTEGRAL OPERATORS

AHMAD AL SALMAN AND LOUKAS GRAFAKOS

ABSTRACT. Let P : R"xR"— R be a polynomial mapping where R™ is the n—dimensional
euclidean space (with n > 2). Let h : (0,00) — R be a measurable function, and let
Qe L' (S"") be a homogeneous function of degree zero on R™ with mean value zero
over the unit sphere S"7!. The aim of this paper is to investigate the long-standing
problem concerning the L? boundedness of the oscillatory singular integral operator

Toonf(@)=pov. [ ETCP (o~ yl) e ol Qo — S ()dy

under the assumption that Q € Llog L(S"™') and the radial function h is rough in the
sense that it satisfies an integrability condition in the form

R
sup l/|h(t)|”dt<oo
R>0RO

for some v > 1.

1. INTRODUCTION AND STATEMENT OF RESULTS

This paper deals with the long standing problem of the LP boundedness of oscillatory
singular integral operators with homogeneous kernels that are rough in the radial direction.
Oscillatory singular integrals have become an active research topic since their appearance
in the works of Ricci and Stein in [RS]. They play an important role in the study of singular
integrals on lower-dimensional varieties, in relation to twisted convolution on Heisenberg
group, and in the theory of singular Radon transform. For a thorough discussion concerning
oscillatory singular integral operators and recent results, we refer the readers to consult
[AIS], [DLY], [FY],  MWW], [P1], [P], [FP], [JL], [LZ], and [RS], among others.

Let n > 2 and S"~! be the unit sphere in R” equipped with the normalized Lebesgue
measure do. Let h : (0,00) — R be a measurable function and let Q € L! (S"fl) be a
homogeneous function of degree zero on R™ that satisfies

(1) Q') do(a') = 0.
Sn—l

We let Kqp, : R"\{0} — R be the singular kernel of Calderén-Zygmund type defined by

Kan(y) = h(yl) lyl™" Q(y).

Let P be the class of all polynomial mappings P : R"xR"— R. The oscillatory singular
integral operator associated to Kq j and P is defined by

(2) Tpanf(z)= p-V-/ e PEV Ko n(x — y) f(y)dy.

n
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A considerably difficult problem is whether the operators Tpq, map LP — LP for some
1 < p < oo provided that the radial function A is rough. It is the main aim of this note to
discuss such problem. In the following series of remarks, we shed some light on a number
of related historical results:

(i) When h = 1, the operator Tpo = Tpqo 1 was introduced by Ricci and Stein in [RS].
Since then, various authors have investigated the LP mapping properties of the class of
operators Tpq. It is worth mentioning that the the special operator Tp 1 is the classical
Calderén-Zygmund singular integral operator, often denoted by Tqg. In [CZ1] and [CZ2],
Calderén and Zygmund introduced the method of rotations and proved that the operator
Tq is bounded on LP for 1 < p < oo, given that ) is either an odd function in L'(S"~!) or
an even function in Llog™ L(S"™1). Here, Q € Llog"™ L(S*!) means

Q | 106 oz + 2oy < .

Moreover, they showed that the condition 2 € Llog™ L(S"~!) is optimal in the sense that
Ty, may fail to be bounded on LP for any p if the condition Q € Llog* L(S"™!) is replaced
by any condition € L(logt L)=¢(S"~1), ¢ > 0 [CZ1], [CZ2].

(ii) When h = 1, Ricci and Stein proved in [RS] that the operator Tpqo maps LP(R™)
into itself for some 1 < p < oo provided that € is smooth in C'(S*!). Later, Lu-Zhang
[LZ] showed that the operator Tpq j is bounded on LP(R™) for 1 < p < oo provided that
Q € LY(S™ 1) for some ¢ > 1 and that h is of bounded variation. Subsequently, the
condition € L4(S"!) for some ¢ > 1 was relaxed by Jiang and Lu to the condition
Q € Llogt L(S™ ') [JL]. In fact, Jiang and Lu proved that Tpgp is bounded on LP,
1 < p < oo provided that Q € Llog™ L(S*!) and h is of bounded variation. Naturally,
Llog L(S™ ') contains the space LI(S"~1) (for any ¢ > 1) properly.

(iii) When P = 0, the operator Tq , = Ty o was introduced by R. Fefferman. In 1979, R.
Fefferman [Fe| introduced the class of operators

Tos(P)a) = pv. [ hlle =ul) e = o™ 0 =) ()

He showed that Tg p, is bounded on LP for all 1 < p < oo, provided that Q € Lip,(S"~1)
for some o > 0 and that h € L>°(0,00). In 1986, J. Namazi showed that Fefferman’s result
still holds under the weaker condition Q € L(S"~!) for some ¢ > 1 [NA]. Subsequently,
in 1986, Duoandikoetxea and Rubio de Francia improved Namazi’s result by considering
weaker condition on the function h. In fact, they showed that the operator Tg j is bounded
on LP for all 1 < p < oo, provided that © € L9(S"~!) for some ¢ > 1 and that h satisfies
the integrability condition

(4) sup/\h )P dt < oo.
rR>0R

In [AISP], Al-Salman and Pan improved the result of Duoandikoetxea and Rubio de Francia
by showing that Tg, , is bounded on LP for all 1 < p < oo, provided that Q € Llogt L(S"™1)
and that h lies in the general class A, for some > 1.Here, A, is the class of all measurable
functions h : (0,00) — R that satisfy (4) with 2 replaced by 7 For v > 1, we then define

Ihlla, = (50 7 [Fin Pdt)



It can be easily shown that the following inclusions hold
(5) L*R)=A_CA , CA fory <.

(iv) In general, if Tpq 5, is of convolution type (i.e., P(z,y) = P(x—y)), the L” boundedness
properties of Tpq ; are well understood for various functions €2 and h. For background
information for such case, we advise readers to consult [AlS], [AISP], [FP], and references
therein.

However, regarding rough h, there is still very little known about the LP boundedness
(even for p = 2) of the general operator Tpgq p. In the following, we will tackle this problem,
starting with introducing the following class of mappings:

Let @ > 1. A mapping ® : R” x R™ — R is called a—separable if there exist mappings
0, 91,92 : R" X R®" x R x R —+ R such that

(6) (I)((’I“ + U)y + 2,2+ uy) = @(ya z,r,v)uo‘ + gl(ya Z7T7,U) + gZ(yv Z,U,U)

for all (y, z,u,v,7) € S ! x R" x R x R x R with y - 2 = 0 where ¢ = ©(-,-, -, ) is smooth
in the third variable, and the number of zeroes of its partial derivative with respect to
that variable is finite and does not depend on the other three arguments. Here, it is worth
noting that the condition on the zeroes naturally arises from the polynomial structure of
the phase functions ®, which is the primary focus of this work. We let & be the class of
all a—separable mappings. For ¢ > 1 and 0 < § < 1, we let %4 be the class of mappings
® € &“ that satisfy

(7) 1) agn-ry < 2°49C

for some 0 < g5 < 2a — 1, where

25 2
(8) Iis50(y) = sup / /
ZGR” / 1

—j—1

5 ' ~(1-9)
8—@ Y, 2, 2r, +v) drdv.

Here, j is a positive integer.
It is clear that G4 ¢ %9222 whenever §; < d9 and g2 < q1. Examples of mappings
in 3% are widely available. A particular example is the mapping ®(z,y) = |yc|2 ]y|2 which
5
lies in 2% for 1/2 < § < 1. Furthermore, we can show that the mapping ®(z, y) = |z|2 |y|*

is in &2%4 for 1/2 < § < 1. In section 2, we shall present a class of polynomial mappings
that is contained in &*%%. Our results are the following:

Theorem A. Let Q € Llog™ L(S"™1) be a homogeneous function of degree zero on R™ and
satisfying (1). Let a > 1,0 < B < 1, and ¢ > 1 . Suppose that ® € &9 and that
h S Z& 4o ..Let

2a+pB-2

9)  To, (@)= /x - PO | —y| 7" bl — y QA —y) (L + |yI*) 7 f(y)dy.

Then for 1 < p < oo, there exists a constant C > 0 independent of Q and h such that

(10) |rent| < Clblla 190110521151,

2a+B-2

for f e LP(R™).



4 AHMAD AL SALMAN AND LOUKAS GRAFAKOS

Theorem B. Let Q € Llogt L(S™™ ') be a homogeneous function of degree zero on R"
and satisfying (1). Suppose that Pg(z,y) = Q(x) [y|* or Po(x,y) = Q(y) |z|*, where Q is
a real valued polynomial on R™. Suppose that 1 —1/d < B < 1 and that h € A1 where

]
d = deg(Q). Then for 1 < p < oo, there ezists a constant C > 0 independent of Q0 and h
such that the operator

A Th @ = [0 oy il - yhRe — )L+ )P (0)dy
R’!L

satisfies
(12) |TFeant], < Clinla, 1920 c1gs 151,
B

for f € LP(R™). The constant C' may depend on the degree of the polynomial mapping Q.
But it is independent of the coefficients.

Theorem C. Let Q € Llogt L(S™™ 1) be a homogeneous function of degree zero on R™ and
satisfying (1). Suppose that P(z,y) = Q(z)(a-y) or P(z,y) = Q(y)(a-x), where Q is a real
valued polynomial on R™ of degree d and a is a point in R™. Suppose that 1 —1/d < <1
and that h € As. Then for 1 < p < oo, there exists a constant C' > 0 independent of

G
and h such that the operator

Tponf(@) = /eiP(‘”’y) |z =y 7" h(lz — y))Qz — y) (L + |y[*) P f(y)dy
Rn

satisfies
|7ansl], < Clms, 1N ci0gr 151,

for f € LP(R™). The constant C may depend on the degree of the polynomial mapping Q.
But it is independent of the coefficients of Q and the point a.

It should be noted that since the class L is contained in As and A_s , the results

2
of Theorems A, B, and C hold for h € L*. This demonstrates ‘?hat Theo;gms B and C
represent substantial improvements over the corresponding result in [JL] for the discussed
classes of polynomials. One can easily observe that Theorem C implies that the operator
Tpa,n is bounded on the subclass L{/B(R") = (1+ |y>)"PLP(R™) where 1 — 1/(d + 1)q <
B<1
Finally, we shall prove the following result:

Theorem D. Let Q € Llog™ L(S"™1) be a homogeneous function of degree zero on R™ and
satisfy (1) and let h € Ase = L. For a given 0 < v < 1, consider the following set of
conditions on the mapping P
(i) ®(z,y) = [z[" (z-y)
(i) ®(z,y) =y’ (y - z)
(iii) ®(w,y) = || [y|”
(iv) B(x,y) = |y |«|.

If ® satisfies (i) or (ii), then for 1 < p < 0o, there exists a constant C > 0 independent
of Q and h such that the operator Tg o satisfies

(13) 1 Te0nfll, < ClAlLe 120 L10g 2 1 F1l,
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for f € LP(R™). On the other hand if ® satisfies (iii) or (iv), then for 1 < p < oo, there
exists a constant C' > 0 independent of €1 and h such that the local operator

(14) t@@ﬁﬂwza/ M eyl bl 0%~ ) )y
r—y|<

satisfies

(15) 178 00 fl, < € Ml 1920 g 2 151,

for f € LP(R™).

We remark here that Theorem D represents a substantial development in the effort
to resolve the LP boundedness problem for the class of operators in (2) when the radial
function h is rough. In the case of functions of bounded variations h, we would like to point
out that, although Theorem D is not explicitly stated in [JL], it appears to be implicit in
the techniques and constructions developed therein. For completeness, we also recall that
the results in [JL] are formulated under the assumption that the phase function ® is a
polynomial. To prove the results in this paper, we rely on orthogonality arguments as in
[RS]. However, due to the presence of the rough radial function % in the one-dimensional
oscillatory integrals, it is not possible to apply Van der Corput’s lemma. Therefore, we will
prove an alternative lemma in the next section, enabling us to obtain good L? estimates.
We believe that this lemma may have applications beyond those discussed in this paper.

Throughout this paper the letter C will stand for a constant that may vary at each
occurrence, but it is independent of the essential variables.

2. A LEMMA

As highlighted in the introduction, the aim of this section is to introduce an alternative
to Van der Corput’s lemma.

Lemma 2.1. Suppose that ¢ is a continuously differentiable function on (a,b) whose
derivative has Ny zeros on (a,b). Then for all 0 < <1 and o > 1, we have that

(16)
dA

1
e No+12 B2 sa / =B g )
/" sy < Caa (Vo) Hum@%mm<aw}

Proof. We shall prove (16) for & > 1. The case a = 1 follows by minor modifications.
Since ¢’ has only a finite number of zeros on (a,b), there exist finitely many subintervals
of (a,b) on which ¢’ has constant sign. Let (a’,b") be such a subinterval of (a,b) on which
¢ >0 or ¢ <0. Then a change of variables gives

b 2
/ 2T N O b (1) it

a

/ /

b b -1
/ e27ri|>\|a<p(t)h(t) dt — /cp( )62m\>\|0‘uM du = ﬁ(f IAI),
o ola) /(e (w)

where
h(e~(u))
H(u) = Xt o0 5o T (m)

Now (14 |A)P/2 ~ (1 4 4n2|)\|?®)(B/22)/2 " and the inverse Fourier transform in A of this
function is the Bessel potential G/, acting on |A|*. Then the left hand side of (16) is
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comparable to

H(= A"

)
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dA

.

by Plancherels’ theorem. In the above integrals, I.-1 is Riesz potential of order
2

(1 + 47-‘-2‘)\’201)(,3/204)/2

IN

/Z [~ NGz ()] dx

2/000 )ﬁ(—v)%(xa)fdx

(6%

(2m) "%
)]

1 [e.e]
oL

—0o0

2
Los (H * Gﬁ/za)(A)‘ d\

the Riesz potential maps LP to L? when 1/p — 1/2 = %1 we get

~

H(=Am)

/.

(1 + 4W2’A’2m>(ﬁ/2m)/2

2
A\ < </ |H*Gﬁ/2m)(x)|2% d)\>

2c

1
2a

a—1
Ta ESNIN — a—112
2(277)/0 (=2 j2a() 1207~ 5

al: A~ _a=1
| A oA

dX

2
dX

a—1 :
S Slnce

2m—1

2a
But the Bessel potential operator acts like the Riesz potential and maps L? to L2e=1 when
1/p— % = /2a. Thus the last expression is bounded by a constant multiple of

2
Cﬂ,a ||H||L2a/<2a+5—1)

5 2a+p-1
A e () [T\
/ p—1 du
p(a’) 90(90 u))
2a+8-—1
b h(t) #%‘_1 s a
L aal el

2a+8—1

v 2 B—1 «
/ ()75 | ()| 77 de

Apply Hoélder’s inequality with exponents (2a+ 8 —1)/(2a+ 8 — 2) and 2a + 5 — 1 to
bound the above by a constant multiple of

(/

b/

’

o a 14 «
\h(t)y@aiﬁ-z)dt> (/ P dt)

(2a+B-2)



Thus, there exists a constant Cg , > 0 such that

0 b’ 2
NG dA
2m | Al %(t)h(w dt
(&
/NI T+ )7
. (2a+8-2) " 1
< Cpa ( / |h<t>\<2ai%2>dt) ( [ et dt)
1
17 < Cga 00 g
a7 < Cualbl? gy ([T 0P

We now split up the interval (a,b) as a union of intervals (a’,b') in such a way that the
endpoints of these intervals are exactly the zeros of ¢’ on (a,b) union the points a and
b. Then the Cauchy-Schwarz inequality yields the required inequality (16) with the extra
factor of (Np + 1)2. In fact, if a1, as, ..., an, are the distinct zeroes of ¢’ on (a,b) ordered
such that a = ap < a1 < a2 < ... < an, < b = any+1, then by Minkowski’s inequality,
Cauchy-Schwarz inequality, and (17), we have

2 N
2
[oe} b 2 No oo | Gj+1
e dA NG dA
2w N6 1y (1) gt < / 2w N6 1y (1) it
1] Ol T <& ‘ R
- Y \~oo |aj
2
oo | G5+1
< %+1§:/(/¥MWWM@ﬁ A
- (L +AD?

Q=

< Cha(No+ 1) |k 70 g
< Cuaor 12 W ([ 1]

This completes the proof of the lemma.

3. CERTAIN CLASS OF POLYNOMIALS

The purpose of this section is to present two classes of polynomials that lie in the class
&%, We start by recalling the following lemma in [RS]:

Lemma 3.1. ([RS]). Let P(z) =} ,<q0a®” be a polynomial mapping in R™ of degree at
most d. Suppose that € < 1/d. Then

[ 1p@lde<a (Y fal

|z]<1 | <d

—€

The bound A. depends on e (and the dimension), but not on the coefficients {aq}.
Now, we prove the following proposition:

Proposition 3.2. Let Q(z) = Z\5I<d agx : R"—= R be a polynomial mapping of degree
d > 1. Then the mapping ®o(x,y) = Q(x) |y|* belongs to the class &>%1 where ¢ > 1 and
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1 —1/dg < 6 < 1. Moreover, the following inequality holds

y -9
(18) 100 Ol g sy < C2 -0 (Z|5|=d Iaa|> ‘

Proof. We begin by observing that
Do((r+ o)y + 2,z + uy) = ¢y, 2,7, 0)u’ + g1 (y, 2, 7,)
where ©(y, z,7,v) = Q((r +v)y + 2) and ¢1(y, z,7,v) = |2|> Q((r + v)y + 2). Notice that
ey zmo) = . es((r o)y +2)?

= Z‘m:d ag((r +v)y + 2)P + Z\B|<d ag((r +v)y + 2)°

= 2 :
d—1

(19 = (S, )+ Stz
=1

where a;(y, z,v) is a polynomial in the variables y, z, and v. Thus, the equation (19),
combined with an application of Lemma 3.1 implies that

=

(rvm+z0”+3 0 as((r+o)y+2)°

1

2
0 27 7(176)d d
I‘ - _
j0,0q(Y) sup / / gy P22, 0) rdv
9-i—1 1
27 2 ‘ -1 —(1-9)
= seulgl /d(Zlﬂlzda5y5> 2d]rd_1—|—Z2l]lal(y,:tz,v)rl_1 drdv
ERP =1
27 d_1 —(1-6)
< CSGHR% / 'd <Zﬂ|:da5y5> odj +Z’2Ulaz(y,iz,v) dv

=

—(1-9)

Z\m:d asy’

By applying Lemma 3.1 one more time, we get

(1-9)dj+j B (=0 %
02_ —0)ajrj
/S\n—l Z|/B|:da/18y ‘
(1-8) —(1-9)
—(1-98)dj+j
< C2 <E ﬁ:d|a6‘> .

This completes the proof of Proposition 3.2.

IN

HIj,(S,ch HLq(Sn—1)

Our second example of polynomials that lie in the class 6%%¢ is the following, whose
verification follows a similar argument to that in Proposition 3.2:

P ition 3.3. Let =
roposition et Q(z) ngd
d>1 and let a be a point in R™. Then the mapping ®g(x,y) = Q(z)(a-y) belongs to the

agznﬁ : R"— R be a polynomial mapping of degree
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class G199 where ¢ > 1 and 1 — 1/(d 4+ 1)q < 6 < 1. Moreover, the following inequality
holds

o —(1-9)
(21) 1500 | paggnr, < C2- -0+ <||a“ S |a5> .

4. AN EXTRAPOLATION THEOREM

In order to prove results in this paper, we shall make use of the decomposition of {2 in
[AISP]. To this end, it suffices to prove the following version of Theorem A:

Theorem 4.1. Let Q € LY(S" 1), q > 1, be a homogeneous function of degree zero on R"

and satisfy (1). Let « > 1 and 0 < B < 1. Suppose that ® € &9 and that h € A 1o
2a+68—2

Then forl < p < oo, there exists a constant C' > 0 independent of  and h such that

In(e+]|2lg)~1
“I(etely)

19211, C(1+Co) e

4o
2a+B8—-2

e, < e+ ) el

for f e LP(R"),1 < p< .
Proof. For j € N, let I; be the interval I; = (2/71,27]. Let

(22) KQ (@) = o = y| 7" Q@ — (| — y|) (1 + [y*)
and
(23) KQ pi(w:y) = K§ (@, 9)x,, (|2 = y),
where y ;18 the characteristic function of the interval I;. Then,
(24) Toan(N@) =3 Toah, (@),
j=1
where

T3 (D) = pv. [ DRG0y
Rn
By similar argument as in [LZ], for fixed ¢/ € S*~!, let Y be the hyperplane through the
origin orthogonal to 3y'. Then for x € R", there exist s € R and z € Y such that x = 2+ sy/.
Therefore,

(25) T8 (0@ = [ QN7+ o))t (),
S§n—1
where Nj,/ . is the operator defined on L? (R) by

; ’ / h(S - t)
Ny (9)(s) = P4 1) )t

2 —1<s—t< 27

In order to estimate HNM/&‘ 5> we use orthogonality argument. We consider the operator
(Njy.2)*Nj,y . which has the kernel

1
1 B
(26) M;(u,v) = /e’Eﬂ' W' zwvn)p (0 — u)dr,
1
2

8 B
(14 |2 +02)2 (1 + |2 +u?)>
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where

Ei(y, z,u,v,7) = ®((27r +0)y + 2,2 +vy) — O((20r + )y + 2,2 + uy)
and
(27) bj(r,v) = h(27r)R(2r + v)r (207 + v)_lx[2j7172j] (277 + ).

Notice that

(28) M;(u,v) =0 if |v—u| > 271,
Now, we write (N, .)*Nj,/ - as

(29) (Njy 2) "Ny = = Ljy 2 + Rjy

where Lj,/ . is the operator with kernel M;(u,v)
with kernel M;(u, v)x[27j72j71](
First, we observe that

|51, 0)x,, (10 — )|

Xpa i, (lv —ul|) and R;, . is the operator

v —ul).

27
< 27t /h(r)h(r—kv)xm1,2j](r+v)dr X[0727j](|v—u|)
¥
2a+8—2 200—B+2
2j 4o 2]' 4o
< 2| [ ) [ mormar | e -a)
> [0,277]
\23‘71 j—1
2a+5—-2
27 2«
< 2—2j+12(2277£)j h 2ai%—2d _
< : W) |75 dr N ()
-1

i 2
< 2R L xy (v — ).
2a+B8—-2

Thus, we immediately obtain

ut+2-7
(30) swp [ M0, o ub|do <2 RS
u - 2a+B—-2
N
and
v4277
_9i 2
(31) swp [ [0 00x, o 0 = ) [ du <2 RS
v - Zat5—2
B

Therefore, we get the following L?—norm of the operator Ljy..:

(32) HLj7y/,zHL2*>L2 S 272j+1 HhHZA 4o
2a+pB—2




Next, we estimate the L? norm of the operator N, . Notice that

oo o 2
[ [ 50005 s (o = [ v

—00 —O0

o0 oo 2
= [ [ Ptwo o, o] v

—o0 o0
oo 27-1 0o —2-7
= / /|M (u, v+ u)|? dvdu+/ / (v + )| dudu
—00 2-j —00 —2j-1
2771 oo —277 oo
= / / |M;j(u, v + u)|* dudv + / / |M;j(u,v + u)|* dudv.
2-j —o0 —2i—1—00

Now by the decomposition (6), we have

oy
ezEJ (Y ,z,u,v+u,r) bj (’I”, U)dT‘

; )l i j
ot (Y2277 0)u® Li(g1(y,2,2 nv)+g2(y,z,u,v))bj(r’ v)dr

Il
m\»—t\ M\H\ w\»—-\
—_ —_ —_

Therefore, (33) and the definition of the kernel M; imply that

1

|M;(u, v+ u)| = L / e(y,2,.2r0)u Higy (1/,27211“,11)()].(,"7 v)dr| .
o +u2) 2

(14|22 4+ (utv)2) 2 (1+

11
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Since ® € A7 it follows that the mapping ¢(-, -, -, -) satisfies the assumptions of Lemma
2.1. Thus, by an application of Lemma 2.1 along with the observation that

2

eigl(jzvv')z)bj(.’ 'U)‘

2 1
752 [4,1)

2a+6-2
| 2a o
< /‘h(2jr)h(2jr+’u)r1(2j7"+1))1X[2j_172j](2jr+v) TET
1
2
2a+6-2
1 «@
2
- ' 4 ' Zatp2
< 2 % /‘h(QJT’)h(QJT+U)X[2j_1’2j](21r+v) 0
1
2
2a+6-2
27 .
< 97 Zjt4 i \h(r)‘gafi%dr <2_2j+4HhH4
> 23 < L |
2j—1 da
we get
o0 o0 2
//‘Mj(uw)x[g_jyzj_ll(v—u\)’ dvdu
e e
r =
2i—1 1 1
I T, 220 P ar | dot
A 2-J 1
< o uH L 1 l
T s\
I ey, z,27r, —v)] ) de
—92i—1 1
2 /
1
2i—1 1 1
( J f‘%ﬂy,&wnv)\_(l_ﬁ) drdv | +
A j 2-7 1
< 2_2]-1-4 ||h||4A N 2%3"‘1 J 1 l
20+p-2 i 1 ,
( [ [ likety. 22 =) " drdv
—27i—1 %

—o41y; >
< 2R CLisew)e

2a+B—-2

In the above step, we used the observation that |M;(u,v)| < C(1 + |u|)~". Thus, we have

141 ys 1
[Ny = <20l py L C(Is(y))e

2a+B-2

HL2—>L2

when combined with (29) and (32) imply

| Nt ) N el oy < 20 maxe (20136 (L 5(0) 2 27 ) [
Iz Jhzllp2pe = max 5,6y ) A an

2a+5—-2
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Therefore, we arrive at the following L?—norm of N;

Jyz
141y 11
(34) Nzl o2 < Cmax (2( 5327 (1 5(y)) 5 , 2 21) hlls
2a+B-2
Now, we show that
(35) NG el oy zn < C RIS,
2a+p—2
holds for all p > 5~ 5 +5- Notice that
27
dr
|Njy2(9)(s)] < [R(r)l1g(s =)l —
2i—1
do 2(1254»2
(36) < sy, (HL(g55)(s))
Za+5—2

where HL is the Hardy Littlewood maximal function. Here it is worth pointing out that

2af%+2 is the conjugate exponent of m By (36) and the fact that HL is known to be

bounded on LP for all 1 < p < oo, we must have

da Mzﬁ
H’ 3y'z )(S)WP < |Afla (HL(|g|20a*B+2)>
20+5-2 »
- T a%i”
= Dl |JEEG0=E)|| L
Ja+pB—2 (T)p
- T a%ij_z
< HhHA 4a CH|g|2a76+2 2a—[B+2
Zat+p—2 (=255
= |nla . Clldll,
2a+pB-2

provided that (ZO‘ZSH )p>1,ie,p> 5= 5+2

Op . .
By interpolation between (34) and (35) along with the observation that 2~ 27 < 2(=2+1a)0)
[4 0
and (Ij75(y))£ <(1+ ij(s(y))i, we have

IN

(0

_1ly1yg O _ Op.
] I C'max <2< 2+ aa)%7 (I;,5(y)) ™, 2 2J> 2PN

2a+5-2

) 0 0p .
< Cmax <2<—é+4z>9w (14 La(y) ,2-2”ﬂ) TN

4o
2a+B-2

1,1 . 9p
(37) < 202H1)0%I (14 I 5(y)) 30 Clhlly .
2a+B—-2

for some 0 < 6, <1 and p > 5= ﬁ+2 Notice here that W is less than 2.
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By (25), (37), and Minkowski inequality, we obtain

_1i 139 Op

e, < 2ot [ jow)] 0+ Lss) ® dot) | el If1,
2a+B8—2
1 1 gg
N S ; 4o
< 2, (14 Lsel, )™ Ibla_,, £,
2a+B-2

(—3+ )0,

(38) < 2CETEO% Q) Il 11, CC

2a+5-2

for p > 5= ﬁ+2 In the above estimate €4 g is as in the definition of the class S84 which

satisfies 0 < ey g < 2a — 1.
On the other hand, by (25), (35), and Minkowski inequality, we have

(39) |z, )| <12l ibls_, 171,

2a+B-2

Thus, by interpolation between (38) and (39), we get

st
( 1+1+g, ) In(e+]1Q2[l4)—1
) o ) n(e J ln(P-HIQH ) ln(P-&-IIQH )
<2 Esiian 1€21lq 1€2[], 1olla ., (A+Ca)lfl,
2a+B—-2
1Mo In(e+[12)—1
2 ) mtertraryd 1H(E+HQH ) ln(e+||QH )
<2 ¢ Gy 1€2lq 1€211, 1Pla . (+Ca)lfll,
2a+B-2
( 1+1+s,5) ln(e(HIfHZSH)H) 1
— 3+ =52 ey g In(e+
< 207 e e, 1ol . (A+Ca)lIfll,-
2a+B8-2
Thus,
B
o],
o0 76
In(et21lg)—1 ey oW
< QT s, (U Callfl, Y 2w
Soti=3 J=1
In(e+[|2] )1
In(e+]12[4)
40) < In(e+ (12l ) IAlla . 1€ O+ Co) [l
2a+B-2
for p > 5= 5 5. Since 5= 6 5 < 2, duality implies that the L” bounds hold for all 1 < p <

0o. This completes the proof.

5. SOME REDUCTION LEMMAS

Lemma 5.1. Let Q € L>®(S"™!) be a homogeneous function of degree zero on R™ satisfying
(D), 12l; €1, and |||, < 24 for some A > 1. Suppose that h € A% for some 1/2 <
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6 <1. Let a,b € R™ and let Kg}h be given by (22). Then the operator

Sf,b,Q,hf(l’) = /ei(b'x)(a'y)Kg,h(«Tay)f(y)dy
Rn

satisfies
(41) |

for f € LP(R™), 1 < p < oo with constant C' independent of A and the vectors a and b.

Shant| <Clls, Al
p B

Proof. By dilation invariance, we may assume that ||a|| ||b]| = 1. We decompose Sfb ap as
follows

,0 ,00

(42) Sf,b,ﬂ,h = Sf,b,Q,h + Sf,b,Q,h

where

(43) Sypan(f)(@) = / e KE  (2,y) f(y)dy
lz—yl<1

and

(41 SN0 = [ IR @
lz—y[>1

Now, since the function g(y) = (14 |y|*)~? f(y) satisfies gll, < [I£Il,,, it follows by Theorem
1.3 in [AISP] that the operator

(45) Siu0)(e) = [ K5 (o) )y
Rn
satisfies
(46) 200, < € Whlla, 19 20g 171, < € Wblls, AL,

for all 1 < p < oco. Here, we used the fact that [|Q|,,, < CA. By replacing h in (45)
with h(t)xy<1, the inequality (46) implies that the local operator

(a7) Sa@) = [ K5 ) )y
R"l
satisfies
(13) S35, = C1lay 190 c10g . 151, < RIS, AL,

for all 1 < p < co.
Now, for any given w € R", we have

(49) (b-z)(a-y)=(b-(z—-w))(a-(y—=)+ 0 (z—-w))(a z)+ (b - w)(a-y).
Let
(50) R o (@) = SEyan()(x) — e lmmlen gab (= b)) g ().



16 AHMAD AL SALMAN AND LOUKAS GRAFAKOS
ﬁvo 1
Thus, the operator S@b’Q’h can be dominated as

(51)

700 f)(x)‘ < ‘Rfjl?,ﬂ,h(f)(x)’ +

Now, |z —y| < 1 and |z — w| < 1/4, we have

¢!t emu)(@n) g2 (e~ bw)@w) ().

R0 () @)
< [ 16 @ w0l kG| 170 dy
lz—y|<1
< [ e wlle— gl b~ g 196 - )] W)
lz—y|<1
Thus,
| B @] e
< o DGy [ )l dy
|z|<1 ly—w|<3
(52) < el [ Py

By (50), (47), and (52) along with ||Q]|;, < 1, we have

A

Since w € R™ is arbitrary, (53) implies

Sevan(D|, < Clkla, AN,
B

p
Sovanl @] dz < Clblla, AIFIL+C [ 17 @) dy.
B

ly—w|<3

(54) |

for all 1 < p < 0.

Next, we move to estimate HSf ’bo?) hH However, this is a consequence of Theorem 4.1

since the mapping P(z,y) = (b- z)(a - y) belongs to &4 for 1/2 < § < 1. Thus, by
Theorem 4.1, (21), and the assumption ||al| ||b]| = 1, we get

(55) |sizantn], = catnla, i,

for all 1 < p < oo with constant C), independent of the essential variables. Hence, by (54),
(55), (42), Minkowski inequality, we obtain (41). This completes the proof.

Lemma 5.2. Let 2 € L>®°(S"™!) be a homogeneous function of degree zero on R™ satisfying
(1), Q] <1, and |||, <2* for some A > 1. Suppose that d > 1 and that h € A% for

some 1 —1/d < B < 1. Then for any polynomial mappings P with degree d and any vector
a € R", the operator

(56) 82 o (1) = / SP@@NKE (1, f(y)dy
Rn
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satisfies

(57) |

Sepand|, < Clinlla, 4111,
B

for f e LP(R™), 1 < p < oo with constant C independent of A, the coefficients of the
polynomial mapping P, and the vector a.

Proof. We argue by induction on d. If d = 1, then for some constant ¢, we have

(58) Supanl (@) = / CDEDEG , (2,9)e ) f(y)dy
RTL
Thus, (57) follows by Lemma 5.1. Next, assume that (57) holds for all polynomial mappings

P of degree at most d — 1 and vectors a € R". Let P(z) = > a,x® be a polynomial
la|=d
of degree d and let a be a vector in R". By dilation invariance, we may assume that

<Z|a|:d |aa|) la] = 1. We let

(59) SaPQh () = / eip(x)(a.y)Kg,h(xvy)f(y)dy
|z—y|>1

and

(60) Sibanf@ = [ ETEOONKE (o) )y
lz—yl<1

Then

(61) S panf (@) = Siponf @) + Sopanf(@).

By assumptions and Theorem 4.1, we have

(62) |siFantl], < € 1la, Al

for all 1 < p < oo with constant C' independent of A, the coefficients of the polynomial
mapping P, and the vector a.

Now, we turn to estimate ‘ S’f”%ﬂthp. For any given w € R", we have

(63) P(z)(a-y) = | Y aale—w)* | (a-(y=2))+ | D aalz —w)* | (a-2)+Py(x)(a-y)

lor|=d |or|=d

where P, is a polynomial of degree at most d — 1. Thus,

i > aa(z—w)® |(ax)
SThan(N@) | < 5529h<f><x>—e<a=d ) S% oD@+ |87 (D)
(64) = |RIDanN@)|+ |78 ()]

By induction assumption, we have

(65) |s720utn| <c Il 4111,
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for all 1 < p < co. The constant C' is independent of A, the coefficients of the polynomial
mapping P, and the vector a. Hence, it is independent of w.
Next, for |z —y| < 1 and |z — w| < %, we have

P(@)(a-y) = | Y aale —w)* | (a-2) = Py(z)(a-y)

|a|=d
1
d d
< D2 laallz —w|® | fla]l [y — 2| < ()" lla] > laal | Iy — |
lor|=d lo|=d
< Cly—zl.

Thus, by similar argument as in the steps (51) to (54), we obtain
0
(66) |BZSantn)] < Clinlls, Al
B

for all 1 < p < oo. Hence, (57) follows by (61), (62), (64), (65), (66), and Minkowski
inequality. This completes the proof.

Now, we prove the following lemma:

Lemma 5.3. Let Q € L>(S" 1) be a homogeneous function of degree zero on R™ satisfying
(D), 12/l <1, and |2, < 2 for some A > 1. Suppose that ¥(z,y) = |z|" (a-y) + Mz -y),
0<y<1l,aeR" and N e R. If h € L, then for 1 < p < oo, there exists a constant
C > 0 independent of Q, A a,\, and h such that the corresponding local operator Tcg,ﬂ,h
given by (14) with ® is replaced by V satisfies

(67) T8 anfll, < AC Al £,
for f e LP(R™).
Proof. We start with the case a = 0, i.e.,

(68) TS o0 f () = / A |z gz — y)x — ) ()dy.

lz—y|<1
This case is straightforward. By dilation invariance argument as in the proof of Lemma 3
in [JL], we may assume that A = 1. For any given w € R", we have

zy=x—-—w)-(y—z)+(x—-w)-x+w-y.

Thus, if [z — y| < 1 and |z — w| < 1, we immediately obtain

(69) oy~ (@ —w) -zt w-y)| < 3z —y.

Let

(70) S(f)(x) = / = — 4] h(jz — y) QU — 4)F () dy.
lz—y|<1

Then by an application of Theorem 1.3 in [AISP], we have

(71) 1SN, < AC Rl 111,

for f € LP(R"),1 < p < 0.
Now, we bound the operator T9 o, , f(x) as follows

T8 and (@)] < T8 gaf (@) = e 28( O )(a)| + |S(e O p)a)|.
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Thus, by (69), (71), Minkowski inequality, and similar argument as in the steps (51) to
(54), we obtain (67) for (68). Next, we turn to the case a # 0. By dilation invariance, we
may assume that ||a|| = 1. Notice that for any given w € R", we have

2" (a-y) + Az -y) = (lz]" = w[)(a-(y —2)) +|w|" (a- (y —2))
+ 2" (a-2) + Az - y)).
Therefore, we have

2" (a-y) + Az - y) = (Jwl (a- (y = 2)) + 2] (a- ) + Mz - y))|

1
< -\ _
< (el
provided that [z —y| < 1 and |z —w| < 1. Hence, by the result for the case a = 0,

Minkowski inequality, and similar argument as in the steps (51) to (54), we obtain (67)
for the case a # 0. This completes the proof.

The following lemma will be used to prove Theorem D.

Lemma 5.4. Let Q € L>(S"1) be a homogeneous function of degree zero on R™ satisfying
(), |2 <1, and |||, < 24 for some A > 1. Suppose that for some 0 < vy < 1, the
mapping P satisfies any of the following conditions
(i) ®(z,y) = |z[" (z-y)
(ii) ®(x,y) = ly" (y - x)
(iii) (z,y) = [z[" |y|?
(iv) D(z,y) = ly|" |2l

If h € A = L™ and that ® satisfies (i) or (ii), then for 1 < p < oo, there exists a
constant C > 0 independent of €1, A, and h such that the operator Ty o p satisfies

(72) 1Toonfll, < AC A L £,

for f € LP(R™). On the other hand if ® satisfies (iii) or (iv), then for 1 < p < oo, there
exists a constant C > 0 independent of 2, A, and h such that the local operator Tg,Q,h
given by (14) satisfies

(73) 1T8.0nfll, < AC IRl I £1,

for f e LP(R™).

Proof. We shall present the proof for the cases (i) and (iii). The other cases follow by
considering the adjoint operator. We start by the case ®(z,y) = |z|” (z - y). First, we
observe that ® € @191, Thus, by Theorem 4.1, we have that the global operator

T3 = [ ¥ fo -y R~ )0 - ) (5)dy
lz—y[>1
satisfies
(74) 17250, < AC Il 10

for f € LP(R™),1 < p < oo, with constant C' independent of the point A. Here, we note
that in applying Theorem 4.1 to obtain (74), we set a = 1,8 = 0, and ¢ = co.
Now, we show that the corresponding local operator Tcg q.p satisfies

(75) 17804l < AC 1]l e 1111110
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for f € LP(R™),1 < p < oo, with constant C' independent of the essential variables. For
any given w € R™, we decompose the phase ®(z,y) = |z|” (z - y) as follows:

O(z,y) = (|2 = Jw[")(@ —w) - (y = ) + Vo(z,y) + (|2 = Jw[")(@ —w) -2 = w]” (w-y).

Next, by (67) with U is replaced by ¥,, and similar argument as in the proof of Lemma
5.3 along with the observation that |t¥ — s7| < C'|t — s|, we obtain (75). Hence, by (74),
(75), and Minkowski inequality, we obtain

(76) 1 Ts,0nll, < AC Bl Loo [ 1o
for f € LP(R™),1 < p < oo, with constant C' independent of the essential variables.

Now, we turn to the case ®(z,y) = |z|” |y|>. We need to prove that the corresponding
local operator T3 , , satisfies (75). For any given w € R", we have

B(z,y) = (o’ — [w]) |y — af? + |2+
+2(J2" — |wl")(y — @) -z + ] |y — ol |2
Let
Ho(z,y) = |22+ 2(2" — o))y — 2) - w + [w]" [y — o] |2
= (2l = 2l (- w) = 2(al” ~ ")z w) + o] [y = o] al*) + 2 o] (y - w).
Notice that
iy o f(z) = ¢ / 2l W) 7y~ ([ — y])) Q(w—y)e CRT wn) =l ) )y
Rn

where

k(@) = [a"*2 = 2| — Jw[")(x - w) — |w]” |2].
Thus, by Lemma 5.3, we have
(77) ITr, 2all, < AC |1All o 1 /1l o

for f € LP(R™),1 < p < oo, with constant C' independent of the point w. The estimate
(77) implies that the local operator corresponding to H,, satisfies

(79) 1T 0l < Al 17110
for f € LP(R™),1 < p < oo, with constant C' independent of the point w. By noticing that
[®(z,y) — Hu(z,y)|
< e = [wl [y — 2* + 2|2 = |w|"| |y — 2| |z — w| < cly — |
for [z —y| < 1 and |z —w| < %, an argument similar to that in the proof of Lemma 5.2
implies that the operator Tg&h satisfies (75). This completes the proof of the lemma.

Finally, we end this section by proving the following lemma;:

Lemma 5.5. Let 2 € L>®°(S"™1) be a homogeneous function of degree zero on R™ satisfying
(1), |2 <1, and |||, < 24 for some A > 1. Suppose that 0 < 3 < 1. Let th be given

by (22). Suppose also that for all polynomial mappings L with degree at most d — 1 and
S A%, the operator

(79) Tf o f (@) = / SLONE KE (2, y) F(y)dy
Rn
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satisfies
(50) |72 ant], < Clinlla, 4151,
B

for f € LP(R™), 1 < p < oo with constant C' independent of A and the coefficients of the
polynomial mapping L. Then for any polynomial mapping P : R™ — R™ of degree at most
d > 1 and any polynomial mapping Q) with degree at most d — 1, the local operator

. 2
(81) S0 0o (@) = / GP@UQWIE KL (1 4) f(y)dy

lz—y|<1

satisfies

(82) |

,0
Subaand], < ACTALs, 171,

for f € LP(R™), 1 < p < oo with constant C independent of A and the coefficients of the
polynomial mappings L and P.

Proof. We argue by induction on d. If d = 1, then for some constant ¢ and vectors a, b,
and b in R", we have

. 7 2
Sf,P,Q,Q,hf(x) = /€Z(b'x)(a'y)K£7h(m,y)el(b'y)“?'y' ) f(y)dy.
]Rn

Thus, (82) follows by Lemma 5.2 and the observation that h(t)xj<; € A 4 Next, assume

that (80) and (82) hold for polynomial mappings P of degree at most d and polynomials
L and Q of degrees at most d — 1. Let P(z) = (}|4/<d41 %a,j2%)1<j<n be a polynomial
mapping of degree d + 1 and and let Q(x) = E‘ aj=d baz® be a polynomial mapping of
degree at most d. By dilation invariance, we may assume that

2
n

1
2
Y1 aay + ) Ibal =1

J=1 ||a|=d+1 la|=d

For any given w € R", we have
P(x) -y + Q(x) [yl

= | X tasla—w)® o+ Pla,w) -y + Q) [y
|a|=d+1 1<j<n

= [ > aai@—w)" [ S bale—w) |y —wlP 2| Y bale —w)® | (w-y)

|a|=d+1 1<j<n |ao|=d |or|=d

[ Y bale —w)® | [ + Pz, w) -y + Q(z) |y
|ar|=d
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= | X dajle—w) (y—2)+ | D bale —w) |y —w]’ + Oz, w) -y + Q(x) ly[’

|a|=d+1 1<j<n |a|=d

+ Zba(x—w)o‘ ]w[Q

|a|=d
(83)
where P(z,w) : R® — R™ is a polynomial of degree at most d in the z variable, Q(z) is a

polynomial of degree at most d — 1, and O(z,w) : R™ — R™ is a polynomial of degree at
most d in the x variable.

Thus,
5.0 5.0 z< Zdba(:p—w)a> |w]|? 50 3 50
Sa7P7Q7Q,h(f)(‘/L‘)‘ S SQ7P7Q7Q7h(f)(:'U) —e€ = Sa,O,Q,Q,h(f)(x) + Sa,P,Q,Q,h(f)(x)
(8 = [RoanN@|+]S2 0, (0@
where 3 '
fly) =€ f(y)
and

. 2
gly)=exp i D> baly—w)|ly—w]
|a|=d
By induction assumption, we have

(85) 1922 g anth, < ACIRIA, 151,
B

forall 1 <p < 0.

Now, let
Rp(z,y,w) = Y baly—w)™ |y — w*+0(z, w)-y+Q(x) [y*+ Y ba(z—w)* [w[*+ D baly—w)* [y — w|*.
laf=d jaf=d laf=d
Then

P(@) -y + Q) Iyl — (Rp(w,y,w))|

< || X aagle—w)? (y )+ (Z ba (= w)* = (y = w)*) | ly — wf

|o|=d+1 1<j<n |oe|=d

2\ 3

. « 25 « «
< ] X aagle—w)®| | lr—yl+ g D bale = w)® = baly —w)?|

J=1 ||a|=d+1 |a|=d

2\ 3

1 n

< (E)d Z Z Qay,j +CZ|ba’ [z —y| <Clz—y|.
=1 |la|=d+1 |oo|=d
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Thus, by (83), (86), and similar argument as in the steps (51) to (54), we obtain
(87) |BZSaantn)] < Clinla, Alsl,
G

for all p > %. Hence, (57) follows by (87), (85), (85), Minkowaski inequality, and duality.
This competes the proof.
6. PROOF OF MAIN RESULTS
We start by the proof of Theorem A:

Proof (of Theorem A). By the same argument as in [AISP], we construct a sequence
{A,, : m € N} of functions on S"~! and a sequence {)\,, : m € N} C R such that

(88) [ An()dou) =0
(89) A () = Ap (), > 0,
(90) IAmlls <4, [[Amlleo < 2°™F2,
(91) O(z) = i A A ()
m=1

and
(92) i (m +2) A < (|| L(10g L)1)

m=1

By the identity (91), it follows that
(93) Toonf = ZA T

where Ty’ A 1, 1s the operator given by (9) with Q is replaced by A,,. By Theorem 4.1 with
Q is replaced by A,, and ¢ = oo, we get
In(e+[|Q o) —1

|md ] < met NAnl hls_y, 1Anl™ T OO+ Ca) 1L

2a+5—-2

(94) < (2m+2)|[hl 5 C+Ca) [l fll

%Y
2a+B-2

for all 1 < p < oo. Hence, by (93), Minkowski inequality, (92), and (94), we obtain (10).
This completes the proof of Theorem A.

Next, we prove Theorem B:

Proof (of Theorem B). We shall prove the case where Py(z,y) = Q(z) ly|?. The case
Po(z,y) = Qy) |z|? follows by considering the adjoint operator. Assume that Po(x,y) =
Q(z) |y|*. We let {A,, : m € N} and {\,, : m € N} be as in the proof of Theorem A. Then
by (91), we get

(95) Tp, onl (@ Z wTpa nf
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where Tg@ Ak has the same definition as Tg@,ﬂ, p, With 0 is replaced by A;,. By Minkowski
inequality, (92), and (93), we only need to prove the following

(96) |2t < ks, €U,

forall1 <p<ooand h e A 4 with constants C independent of m and the coefficients of

the polynomial mapping Q).
We argue by induction on the degree d = deg(Q). If d =0, then

Tﬁ Am,hf( z) = Ta,, ng()

where ,
g(a) = N1+ [2) 70 f(a).
Thus, by Theorem 1.3 in [AISP] and (90), it follows that

|72t = € 1Al crog Tl gl < mC 1,

forall 1 < p < oo and h € Ay with constants C' independent of m.

B
Next, assume that the inequality (12) holds for all polynomials ) with degree less than
d and h € A%. Let Q(z) = Z\’y\éd a,x” be of degree d and let h € A%. By dilations

invariance, we may assume that

(97) Y oyl =1.

|v|=d

We let Tg’gm 5, be the local operator

(98) TEO (@) = /| TR ) )y
T~y

where Kﬁm,h is given by (22) with € is replaced by A,,. Thus,

(99) Th i @) = Tp) 4 nf @)+ TE5S o f ().

Let

Qu-1(@) = ngd,l @
and

Pa1(z,y) = Qa1 () [y|*.
Let ngihg’h and Tgf)lﬂ,hbe the operators given by (11) and (98) respectively with Py is
replaced by P;_1. By induction assumption, we have

(100) ‘ S

| <mlbls, CII,
B

forall 1 <p <ooandbe A 4 with constants C' independent of m and the coefficients of
the polynomial mapping Q4_1. By noting that h(t) = h(t)X, ., (t) is in A%, it follows from

the induction assumption that

(101) [Tt = |72 5], = s, €151,
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forall 1 < p < oo, h € A 45 and polynomials () with degree less than d, where C' is

independent of m and the coefficients of the polynomial mapping (). In particular, we have
(102) |72 and |, < mliklls, €11,
B

for all 1 < p < oo with constants C independent of m and the coefficients of the polynomial
mapping Q4—1. By Theorem 4.1 and (97), we get

In(e+||Amlloc)—1

n(e+|| "Lloo
(e + [ Amlloo) 1Plla, 1Amly ™" ClIf ) L
B

m|hla, ClIfllLe
B

IN

2255t @],
(103)

IN

for all 1 < p < oo with constants C' independent of m and the coefficients of the polynomial
mapping Q.
Next, we move to estimate HTI%OA th . For w € R”, we have
3Ly p

Poto) = (ol =0 ) o + Qo) o
- (T ot -l - (5, et 0 ) luf + Qo)
(104) + (ngd a(x — w)v) (2w - y)

where @ is a polynomial of degree less than or equal d — 1 in the z—variable. Set

Hy () = (Zm_d ay(z — w)V) .

Let

w, % z)(2w- I(z,w)|y|?
g n(£)@) = / e it @R | (2, ) f(y)dy.
lz—y|<1

Thus,by induction assumption and Lemma 5.5, we get

(105) |76 ], = € Wellay mils1,

for f € LP(R™), 1 < p < oo with constant C' independent of m, the coefficients of the
polynomial mappings Hg ,,, ), and the point w.
Now

(106)  |Tp° 4 W(A@)| < |TE0 4, 4 (@) = 9@RED  (f)(@)| + |RED  (f)(@)
Q Q Q ms Q,Am,

where

and
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Notice that for |z — y| <1 and |z — w| < 7, we have

Pofie) = Haw(o) = Qaw) b = g(0) — (3, _arfo— 0" )y~ uf
16
%
wn) < (X, lasl) lo—sl = Clo .

Thus by (104), (105), (106), (107), Minkowski inequality, and similar argument as that led
to (54) in the proof of Lemma 5.1, we obtain

,0
(108) |25, at], = €10, 11,

for f € LP(R™), 1 < p < oo with constant C' independent of m, the coefficients of the
polynomial mapping Q. By (99), (103), (108), Minkowski inequality, and (92), we get the
(12). This completes the proof.

IN

gl @ =0 = = w)7]

Proof (of Theorem C). Theorem C is an immediate consequence of Lemma 5.2 and similar
argument as in the proof of Theorem B. We omit details.

Finally, we move to the proof of Theorem D:

Proof (of Theorem D). Theorem D is an immediate consequence of Lemma 5.3 and similar
argument as in the proof of Theorem B. We omit details.
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