
A.E. CONVERGENCE VERSUS BOUNDEDNESS

XINYU GAO AND LOUKAS GRAFAKOS

Abstract. In this paper we extend Stein’s maximal theorem [31] to the bilinear setting;
precisely, let M be a homogeneous space on which a compact abelian group acts transitively
and let 1 ď p, q ď 2, 1{2 ď r ď 1 be related by 1{p ` 1{q “ 1{r. Given a family of bounded
bilinear operators Tm : LppMq ˆ LqpMq Ñ LrpMq, m “ 1, 2, . . . , that commute with
translations and converge a.e. as m Ñ 8, we show that the associated maximal operator
T˚pf, gq “ supm |Tmpf, gq| satisfies a weak-type LppMq ˆ LqpMq Ñ Lr,8pMq estimate.
Our proof is based on probabilistic arguments, properties of the Rademacher functions, and
measure-theoretic constructions. The main obstacle we overcome is an extension of Stein’s
lemma that provides an estimate for the L2 norm of a tail of a double Rademacher series in
terms of the L8 norm of the series over a measurable set.

We also obtain a bilinear analogue of Sawyer’s [30] extension of Stein’s theorem to the
wider range 1 ď p, q ă 8. This result is valid for positive bilinear operators that commute
with a mixing family of measure-preserving transformations.

Our main application concerns the boundedness of a maximal bilinear tail operator asso-
ciated with an ergodic measure–preserving transformation on a finite measure space, which
was shown by Assani and Buczolich [3] to be finite a.e.. Our results imply that this max-
imal operator is bounded from Lp ˆ Lq to Lr for the natural exponent r “ p 1

p ` 1
q q´1

when p, q ą 1; this extends the integrability of the bilinear maximal tail operator from the
subcritical region to the “natural” boundedness region. We discuss additional applications
related to the a.e. convergence of bilinear Bochner-Riesz means and other bilinear averages
on the torus.

1. Introduction

A well-known classical fact is that the Lp boundedness of a maximal family of linear
operators together with pointwise convergence for a dense subspace of the domain, implies
a.e. convergence for all functions on the domain. In contrast to this classical direction,
our results show that a.e. convergence of a bilinear sequence forces weak-type bounds for
the associated maximal operator. Motivated by the work of Stein [31] and Sawyer [30], we
obtain bilinear analogues of their results and we also study some of their consequences in
terms of applications. The main results of this paper are Theorems 1 and 3, while our main
application is Theorem 5.

In Stein’s celebrated work [31], it is shown that if a sequence of translation-invariant
operators tTmu on a compact group acts boundedly on LppMq, 1 ď p ď 2, and if Tmf Ñ Tf
pointwise for every f P LppMq, then the maximal operator

T ˚f “ sup
mě1

|Tmf |

satisfies a weak-type pp, pq inequality. The argument is based on probabilistic techniques
with Rademacher functions and provides a powerful connection between a.e. convergence

The authors acknowledge the support of the Simons Foundation and the University of Missouri Curators
Fund.
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and weak-type pp, pq inequalities. In this work we develop an analogue for sequences of
bilinear operators Tm : LppMq ˆLqpMq Ñ LrpMq with 1{p` 1{q “ 1{r and 1 ď p, q ď 2. It
should be noted that the opposite direction also holds: if a sequence of multilinear operators
satisfies a maximal weak-type estimate Lp ˆLq Ñ Lr,8, then it converges a.e. for all Lp ˆLq

functions, assuming it does so for a dense subclass; for a proof of this fact see for instance
[10, Proposition 2].

Interest in bilinear operators originated in the pioneering work of Coifman and Meyer [5] [6]
in the seventies and by the celebrated work of Lacey and Thiele [23, 24] on the bilinear Hilbert
transform in the nineties. These works have spurred a resurgence of activity on adaptations
of many classical linear results to multilinear analogues, such as the Calderón-Zygmund
theory [16] and many other topics. In relation to a.e. convergence of multilinear singular
operators and boundedness of the associated maximal operators (which naturally implies
a.e. convergence) we refer the reader to [22] [27], [17] [28], [25], [8], [11], [26], [12], [9], [21].
This list is by no means exhaustive, but is representative of the work in this area.

Another contribution of this work is the bilinear analogue of Sawyer’s extension of Stein’s
theorem to the case r ą 2 for positive operators under certain mild mixing conditions.
The main application of our results concerns improved weak-type bounds for a bilinear tail
operator associated with an ergodic measure-preserving transformation on a finite measure
space.

We begin by introducing some preliminaries and then develop the probabilistic and measure-
theoretic framework necessary for establishing Theorem 3.

Let G be a topological group and let M be a topological space. We say that G acts
continuously on M if there is a continuous mapping:

G ˆ M Ñ M, pg, xq ÞÑ gpxq.

We callM a homogeneous space of G if G acts continuously onM and transitively; the latter
means for every pair of points x, y P M there exists an element g P G such that

gpxq “ y.

We also define the translation operator τg acting on functions f on M by

pτgfqpxq “ fpg´1xq, g P G.

Now suppose G is a compact group and M is a homogeneous space of G. Then the homo-
geneous space M inherits a unique normalized G-invariant measure dµ from G that satisfies

ż

M

fpgpxqq dµpxq “

ż

M

fpxq dµpxq, for all f P L1
pMq and g P G.

If we normalize the measure dµ on M such that
ż

M

dµ “ 1,

then G also has a finite Haar measure dωG, that satisfies
ż

G

dωG “ 1.

It is useful to recall the relation between the measures dµ on M and dωG on G. For a
fixed point x0 P M and a Borel subset E of M we define the fiber of E over the point x0
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under the action of G as follows:

pE “ tg P G : gpx0q P Eu.

Then, by translation invariance, for any x0 P M we have

(1) µpEq “ ωGp pEq.

Some classical examples that the reader may keep in mind are the following. First, when
both the group and the space coincide with the k-torus, G “ M “ Tk, the action is simply
translation modulo 1:

g ¨ x “ g ` x pmod 1q, g, x P Tk,

that is, addition is taken componentwise on the torus.
A second, closely related example arises when G “ M is the dyadic group, in which case

the action is given by componentwise dyadic addition:

g ¨ x “ g ` x pmod 2q.

Finally, one may think of the rotational setting: let G “ SOpnq, the group of rotations in
Rn, and M “ Sn´1, the unit sphere. Here the natural action is the usual rotation of vectors,

g ¨ x “ gpxq, g P SOpnq, x P Sn´1.

These three cases serve as canonical examples of compact group actions and motivate the
general framework discussed below.

We now discuss the setup in the bilinear setting. Let M and G be as above.

Definition 1. For each m “ 1, 2, . . . , let Tm be a bilinear operator defined on LppM,dµq ˆ

LqpM,dµq, where 1 ď p, q ď 2.

‚ We say that each Tm is bounded if for each m “ 1, 2, . . . there is a constant Cm such
that

}Tmpf, hq}LrpMq ď Cm}f}LppMq}h}LqpMq,

for all f P LppMq and h P LqpMq. We do not assume the constants Cm are uniform
in m.

‚ We say that each Tm commutes with simultaneous translations if for every g P G we
have

Tmpτgf, τghqpxq “ τgTmpf, hqpxq, @x P M.

‚ For f P LppMq and h P LqpMq we define the associated maximal operator:

T ˚
pf, hq :“ sup

mě1
|Tmpf, hq|.

The first main result of this work is the following theorem:

Theorem 1. Let 1 ď p, q ď 2 and 1
2

ď r ď 1, such that 1
r

“ 1
p

` 1
q
. Let Tm be a sequence of

bounded operators from LppMq ˆLqpMq to LrpMq that commute with simultaneous transla-
tions. Suppose that for every f P LppMq, h P LqpMq, the pointwise limit

lim
mÑ8

Tmpf, hqpxq

exists for almost every x P M .
Then, there exists a constant C ą 0 such that for all f P LppMq, h P LqpMq, and all

α ą 0,

(2) µ ptx P M : T ˚
pf, hqpxq ą αuq ď

C

αr
}f}

r
LppMq}h}

r
LqpMq.
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In Section 5 we also prove a version of this result for positive operators. In Section 6 we
discuss applications. Naturally, our results extend to the case of multilinear operators, but
for the sake of notational simplicity we only focus on the bilinear case.

Notation: We denote Lebesgue measure on Euclidean space or the torus by | ¨ |. The
indicator function of a set S is denoted by 1S. We use the notation A À B to indicate that
the quantity A is controlled by a constant multiple of B, for some inessential constant.

2. Some preliminary results

We begin the proof with some lemmas. The following summability lemma allows us to
balance size and frequency of occurrence of the terms of a series.

Lemma 1.1. Let panq8
n“1 be a sequence of numbers satisfying 0 ă an ă A

n
for some A ą 0.

Then we can find a sequence of natural numbers n1 ď n2 ď n3 ď ¨ ¨ ¨ such that:

(3)
8
ÿ

k“1

ank
ă 8,

(4)
8
ÿ

k“1

nkank
“ 8.

Proof. If lim supnÑ8 nan “ a ą 0, we define n1 “ 1 and for k ě 2 we define inductively

nk “ min
!

n ą maxpk2, nk´1q : nan ą
a

k ` 1

)

.

Then we have
8
ÿ

k“1

ank
ď

8
ÿ

k“1

A

k2
ă 8,

K
ÿ

k“1

nkank
ą a

K
ÿ

k“1

1

k ` 1
.

If now lim supnÑ8 nan “ 0, then we define pank
q to be the following sequence:

a1, . . . , a1
loooomoooon

t 1
2a2

u times

, a2, . . . , a2
loooomoooon

t 1
22a

22
u times

, . . . , ak, . . . , ak
loooomoooon

t 1

2ka
2k

u times

, . . . .

Here tau “ maxtn P Z : n ď au denotes the floor of a, i.e., the greatest integer less than or
equal to a. Notice that limtÑ8t 1

2ta2t
u2ta2t “ 1, and t 1

2ta2t
ua2t ă 2´t, for every t P N, therefore,

(3) and (4) hold. □

Lemma 1.2. For a positive numerical series
ř8

n“1 an ă 8, we can find a sequence of positive
numbers Rn such that Rn Ñ 8 as n Ñ 8, but also such that

ř8

n“1Rnan ă 8.

Proof. Denote by Tn “
ř8

k“n`1 ak the nth tail of
ř8

n“1 an. Then take Rn “ 1?
Tn
. It is

straightforward to verify that Rn Ñ 8, and

N
ÿ

n“1

Rnan “

N
ÿ

n“1

an
?
Tn
4
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“

N
ÿ

n“1

Tn´1 ´ Tn
?
Tn

“

N
ÿ

n“1

a

Tn

ˆ

1 ´
Tn
Tn´1

˙

ď

N
ÿ

n“1

?
Tn´1

2

ˆ

1 ´

?
Tn

?
Tn´1

˙

“
1

2

N
ÿ

n“1

a

Tn´1 ´
a

Tn

“
1

2

`

a

T0 ´
a

TN
˘

As T0 “
ř8

n“1 an ă 8 and limNÑ8 TN “ 0, we complete the proof. □

Then by the above lemma, we have the following

Lemma 1.3. Let 0 ă p, q ă 8. Let tanu8
n“1, tbnu8

n“1 be sequences of positive numbers such
that

8
ÿ

n“1

apn ă 8,
8
ÿ

n“1

bqn ă 8.

Then, there exists a sequence tRnu8
n“1 with Rn Ñ 8 such that

8
ÿ

n“1

Rp
na

p
n ă 8,

8
ÿ

n“1

Rq
nb

q
n ă 8.

Proof. Take cn “ apn ` bqn, then by Lemma 1.2, there exists a sequence tR1
nu8

n“1 with R
1
n Ñ 8

such that
8
ÿ

n“1

R1
ncn ă 8.

Setting R1
n “ R

maxtp,qu
n , we rewrite the preceding as

8
ÿ

n“1

Rmaxtp,qu
n cn ă 8.

Then we have that
8
ÿ

n“1

Rp
na

p
n ă

8
ÿ

n“1

Rmaxtp,qu
n cn ă 8,

8
ÿ

n“1

Rq
nb

q
n ă

8
ÿ

n“1

Rmaxtp,qu
n cn ă 8.

This proves our claim. □

Lemma 1.4. Let ptnqně1 be a sequence of real numbers such that

0 ă tn ă 1 for all n “ 1, 2, . . .
5
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and
8
ÿ

n“1

tn “ 8.

Then, for every fixed natural number N , we have

M
ź

n“N

p1 ´ tnq ÝÑ 0 as M Ñ 8.

Proof. Fix N P N and set

PM :“
M
ź

n“N

p1 ´ tnq, M ě N.

Since 0 ă tn ă 1, each factor 1 ´ tn lies in p0, 1q, so PM ą 0 and

lnPM “

M
ÿ

n“N

lnp1 ´ tnq.

We now estimate the logarithms. For x P p0, 1q, we have the standard inequality

lnp1 ´ xq ď ´x.

Applying this with x “ tn, we obtain

lnp1 ´ tnq ď ´tn for all n.

Therefore,

lnPM “

M
ÿ

n“N

lnp1 ´ tnq ď ´

M
ÿ

n“N

tn,

thus

PM “ e
řM

n“N lnp1´tnq
ď e´

řM
n“N tn ,

By hypothesis,
ř8

n“1 tn “ 8, hence also
ř8

n“N tn “ 8. Thus

M
ÿ

n“N

tn ÝÝÝÝÑ
MÑ8

8,

which implies PM Ñ 0 as M Ñ 8. This is exactly the desired conclusion. □

Lemma 1.5. Let E1, E2, . . . , En, . . . be a collection of sets in M , with the property that
ř8

n“1 µpEnq “ 8. Then there exists a sequence of elements g1, g2, . . . , gn, . . . belonging to G,
so that the translated sets F1, F2, . . . defined by Fn “ gnrEns, have the property that almost
every point of M belongs to infinitely many sets Fn. Precisely, let

F0 “ lim supFn “

8
č

k“1

8
ď

n“k

Fn.

Then µpF0q “ 1.
6
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Proof. We consider two infinite product spaces. First, let

M “

8
ź

k“1

Mk,

where M is the infinite product of Mk’s, each Mk being a copy of M . Thus the points of M
are sequences txnu, where xn P M . We impose the usual product measure of the measures
dµ on each Mk on M. We call this product measure dµ˚.

Next we consider the infinite product group

Γ “

8
ź

k“1

Gk,

where Γ is the infinite product of Gk, each Gk is a copy of G. The elements of Γ are sequences
tgnu, where gn P G. On Γ we also consider the usual product measure.

We notice that Γ is a compact group which acts on M in a the following way

γ ¨ px1, x2, . . . q “ pg1px1q, g2px2q, . . . q, γ “ pg1, g2, . . . q P Γ.

Hence pM, µ˚q is a homogeneous space of Γ.
Consider now the collection of sets E1, E2,. . . , En, . . . on M defined as follows

En “ tx “ px1, x2, . . . q P M : xn P En u, n “ 1, 2, . . . .

Then µ˚pEnq “ µpEnq. Let

E0 “

8
č

k“1

8
ď

n“k

En.

We claim that µ˚pE0q “ 1.
Recall that

E A
0 “

8
ď

k“1

8
č

n“k

E A
n.

Hence, by the subadditivity of the outer measure µ˚ we have

(5) µ˚
pE A

0q ď

8
ÿ

k“1

µ˚

˜

8
č

n“k

E A
n

¸

.

Fix k ě 1. For any m ą k,
m
č

n“k

E A
n Ď

m
ď

n“k

E A
n,

so by the monotonicity of µ˚ one obtains

µ˚

˜

m
č

n“k

E A
n

¸

“

m
ź

n“k

µpEA
nq “

m
ź

n“k

p1 ´ µpEnqq.

Since, by assumption, µ˚pEnq “ µpEnq ą 0, we have µ˚pE A
nq “ 1 ´ µpEnq by the definition of

the product measure. Thus,

µ˚

˜

m
č

n“k

E A
n

¸

ď

m
ź

n“k

p1 ´ µpEnqq.

7
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Letting m Ñ 8, we obtain

(6) µ˚

˜

8
č

n“k

E A
n

¸

ď lim
mÑ8

m
ź

n“k

p1 ´ µpEnqq “ 0,

by Lemma 1.4.
Now summing over k and substituting (6) into (5), we find that

µ˚
pE A

0q ď

8
ÿ

k“1

µ˚

˜

8
č

n“k

E A
n

¸

“ 0

Hence,
µ˚

pE0q “ 1 ´ µ˚
pE A

0q “ 1.

Therefore we have µpE A
0q “ 0 and thus µpE0q “ 1.

Let now ψpx1, x2, . . . , xn, . . . q be the characteristic function of the set E0. Consider the
function fpγ, pxq defined on Γ ˆ M as follows

fpγ, xq “ ψpg´1
1 pxq, g´1

2 pxq, . . . , g´1
n pxq, . . . q,

where γ “ tgnu P Γ, and x P M .
Define the set

Ax :“ tγ P Γ : fpγ, xq “ 1u “ tγ P Γ : γ´1
¨ px P E0u.

We apply the (1) to the case where Γ is the group, M the homogeneous space

px “ px, x, . . . x, . . . q,

and E “ E0, we obtain
µ˚

pE0q “ ωΓpAxq,

where ωΓ is the product Haar measure induced by ωG. Since µ
˚pE0q “ 1, it follows that for

every fixed x P M ,

ωΓpAxq “ 1, i.e. fpγ, pxq “ 1 for almost every γ P Γ.

We then have that for each x, fpγ, pxq “ 1 for almost every γ. Hence, by Fubini’s theorem
ż

M

ż

Γ

fpγ, pxq dωΓ dµ
˚

“ 1 “

ż

Γ

ż

M

fpγ, pxq dµ˚ dωΓ.

Thus for almost every γ “ tgnu P Γ, we have fpγ, pxq “ 1 for almost every x P M .
Therefore for almost every x P M , γ´1ppxq P E0. That is, for almost every x P M ,

g´1
n pxq P En for infinitely many n. Hence, for almost every x P M , we have x P gnrEns for
infinitely many n. This proves the lemma. □

Next we consider the Rademacher functions rnptq defined by

rnptq “ r1p2
ntq, n “ 1, 2, . . . ,

for t P I :“ r0, 1s, where r0ptq “ 1 and

r1ptq “

#

1, if 0 ď t ď 1{2,

´1, if 1{2 ă t ă 1.

These functions are orthonormal over r0, 1s and their importance lies in the fact that they
can be thought of as mutually independent random variables. We shall not make explicit
use of this fact, but instead we shall use a property that, in effect, follows from this.

8
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Our next lemma is an analogue of Lemma 2 in [31] (see also [29]) for double Rademacher
series. The approach in the proof below is based on the work of [1]. Let rnpsq, rkptq be the
Rademacher functions indexed by k, n ě 0, and for numbers an,k with

ř8

n,k“0 |an,k|2 ă 8,
we consider the double Rademacher series

F ps, tq “

8
ÿ

n,k“0

an,k rnpsq rkptq.

The following lemma concerns F .

Lemma 1.6. Let E Ă r0, 1s2 be a measurable set with |E| ą 0, and let

F ps, tq “

8
ÿ

n,k“0

an,k rnpsq rkptq,
ÿ

n,kě0

|an,k|
2

ă 8,

where tan,ku8
n,k“0 is a sequence of complex numbers. Then there exists an integer N “ NpEq

and a constant A “ ApEq ą 0, both depending only on E and not on the coefficients an,k,
such that

´

ÿ

nąNpEq

kąNpEq

|an,k|
2
¯1{2

ď ApEq ess sup
ps,tqPE

|F ps, tq|.

Proof. Pick an ε ą 0 small enough such that

0 ă
1

1
2

´ ε ´
?
ε

ă 2.

By standard measure theory, one can show that for E Ă r0, 1s2, for any ε ą 0, there exists
a dyadic rectangle of size N “ NpEq

RN “ IN ˆ JN , |IN | “ |JN | “ 2´N ,

such that

|E X RN | ě p1 ´ εq |RN |.

This number N depends only on E and this is NpEq claimed in the lemma.
Define

H00ps, tq :“
ÿ

0ďnďN
0ďkďN

an,k rnpsq rkptq, FNps, tq :“
ÿ

nąN or kąN

an,k rnpsq rkptq,

so that F “ H00 ` FN .
We split the index set

tpn, kq : n ą N or k ą Nu “ A1 Y A2 Y A3,

where

A1 “ tn ą N, k ą Nu, A2 “ tn ą N, 0 ď k ď Nu, A3 “ t0 ď n ď N, k ą Nu,

and we also split FN accordingly as

FN “ F p1q
` F p2q

` F p3q,

where in each F piq the indices pn, kq range over the set Ai, i “ 1, 2, 3. Notice that A1, A2,
A3 are pairwise disjoint sets.

9
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The functions trnpsqrkptqun,kě0 form an orthonormal system on r0, 1s2. For every n, k ą N ,
the functions rn and rk take the values ˘1 on subsets of equal measure of IN and JN ,
respectively; consequently, the family

t rnpsq rkptq : n, k ą N u

is orthogonal on the rectangle RN .
Thus

(7)

ĳ

RN

|F p1q
ps, tq|

2ds dt “ |RN |
ÿ

nąN
kąN

|an,k|
2.

But when k ď N we have that rkptq is constant on JN . Writing rkptq “ βk “ ˘1 for this
constant value, we have

(8) F p2q
ps, tq “

ÿ

nąN
kďN

an,k βk rnpsq,

and the functions trn : n ą Nu remain orthogonal on IN .
The same argument gives

(9) F p3q
ps, tq “

ÿ

0ďnďN
kąN

an,k αn rkptq,

where αn “ rnptq “ ˘1 is constant.
By (8), we have that

xF p1q, F p2q
yL2pRN q “

ĳ

RN

ˆ

ÿ

pn,kqPA1

an,krnpsqrkptq

˙ˆ

ÿ

n1ąN
0ďk1ďN

an1,k1 βk1 rn1psq

˙

ds dt

“

ż

IN

ÿ

kąN

ÿ

nąN

an,krnpsq

ż

JN

rkptq dt

ˆ

ÿ

n1ąN
0ďk1ďN

an1,k1 βk1 rn1psq

˙

ds.

By the fact that
ş

JN
rkptq dt “ 0 for k ą N we conclude that

xF p1q, F p2q
yL2pRN q “ 0.

Similarly, we have that
xF p1q, F p3q

yL2pRN q “ 0.

Then we show that xF p2q, F p3qyL2pRN q “ 0. Using (8) and (9), we have

xF p2q, F p3q
yL2pRN q

“

ĳ

RN

ˆ

ÿ

nąN
kďN

an,k βk rnpsq

˙ˆ

ÿ

0ďn1ďN
k1ąN

an1,k1 αn1 rk1ptq

˙

ds dt

“

ˆ

ÿ

nąN

´

ÿ

0ďkďN

an,kβk

¯

ż

IN

rnpsq ds

˙ˆ

ÿ

k1ąN

´

ÿ

0ďn1ďN

an1,k1αn1

¯

ż

JN

rk1ptq dt

˙

Then by the fact that
ş

IN
rnpsq ds “ 0 and

ş

JN
rk1ptq dt “ 0 for n, k1 ą N , we deduce

xF p2q, F p3q
yL2pRN q “ 0.
10
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Therefore, for i ‰ j, we have

xF piq, F pjq
yL2pRN q “ 0, i ‰ j.

That is, F piq and F pjq are orthogonal on RN . Hence
ĳ

RN

|FNps, tq|
2ds dt “

3
ÿ

i“1

ĳ

RN

|F piq
ps, tq|

2ds dt.

Then by (7), we have the correct bound

(10) |RN |
ÿ

nąN
kąN

|an,k|
2

ď

ĳ

RN

|FNps, tq|
2ds dt.

We also have for any measurable set E 1 Ă r0, 1s2

ż

E1

ˇ

ˇ

ˇ

ÿ

n,kě0

an,krnpsqrkptq
ˇ

ˇ

ˇ

2

ds dt

ď |E 1
|

8
ÿ

n,k“0

|an,k|
2

`
ÿ

pn,kq‰pn1,k1q

an,kan1,k1

ż

E1

rnpsqrkptqrn1psqrk1ptq ds dt

ď |E 1
|

8
ÿ

n,k“0

|an,k|
2

`

˜

ÿ

pn,kq‰pn1,k1q

|an,kan1,k1 |
2

¸
1
2
˜

ÿ

pn,kq‰pn1,k1q

ˇ

ˇ

ˇ

ż

E1

rnpsqrkptqrn1psqrk1ptq ds dt
ˇ

ˇ

ˇ

2

¸
1
2

ď |E 1
|

8
ÿ

n,k“0

|an,k|
2

`

˜

8
ÿ

n,k“0

|an,k|
2

¸
1
2
˜

ÿ

pn,kq‰pn1,k1q

|xχE1 , rnrk ¨ rn1rk1y|
2

¸
1
2

using the inequality
ÿ

n,k,n1,k1ě0
pn,kq‰pn1,k1q

|xf, rnrk ¨ rn1rk1y|
2

ď }f}
2
L2

for all f P L2pr0, 1s2q., thus we have that

(11)

ż

E1

ˇ

ˇ

ˇ

ÿ

n,kě0

an,krnpsqrkptq
ˇ

ˇ

ˇ

2

ds dt ď

´

|E 1
| `

a

|E 1|

¯

ÿ

n,kě0

|an,k|
2.

We now define sets

R``
N “

"

ps, tq P RN : FNps, tq ą 0

*

,

R´´
N “

"

ps, tq P RN : FNps, tq ă 0

*

,

R0
N “

"

ps, tq P RN : FNps, tq “ 0

*

.

It is straightforward to verify that the disjoint sets R``
N and R´´

N have equal measure; the
problem is that it may not be the case that their union is equal to RN . To arrange for this
to happen, we find disjoint subsets R0,`

N and R0,´
N of R0

N of equal measure whose union is
R0

N and we define

R`
N “ R``

N Y R0,`
N , R´

N “ R´´
N Y R0,´

N .
11
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Then we have R`
N Y R´

N “ RN and by construction |R`
N | “ |R´

N | “ |RN |{2. Moreover we
have that

FNps, tq ě 0 on R`
N , FNps, tq ď 0 on R´

N .

We now decompose:
ż

RN

|FNps, tq|
2 ds dt

“

ż

R`
NXE

|FNps, tq|
2 ds dt `

ż

R´
NXE

|FNps, tq|
2 ds dt `

ż

RNXEA

|FNps, tq|
2 ds dt.

Clearly, we have
ż

R´
NXE

|FNps, tq|
2 ds dt ď

ż

R´
N

|FNps, tq|
2 ds dt “

1

2

ż

RN

|FNps, tq|
2 ds dt,

because |R´
N | “ 1

2
|RN |.

For the integral over RN X EA we write |RN | “ 2´N and rescale t ÞÑ u. Then

ż

RNXEA

|FNps, tq|
2 ds dt ď

˜

|RN X EA|

|RN |
`

d

|RN X EA|

|RN |

¸

ż

RN

|FNps, tq|
2 ds dt,

by applying (11) to the rescaled series
ř

n,kě1 an`N,k`Nrnpsqrkptq.
Putting things together yields

´

1
2

´
|RNXEA|

|RN |
´

b

|RNXEA|

|RN |

¯

ż

RN

|FNps, tq|
2 ds dt ď

ż

R`
NXE

|FNps, tq|
2 ds dt,

or the analogous inequality with R`
N replaced by R´

N .
Recall that

F ps, tq “ H00ps, tq ` FNps, tq, H00ps, tq “
ÿ

0ďn,kďN

an,krnpsqrkptq,

where H00ps, tq “ C is a constant, since rn for n ď N are constant on IN , and rk for k ď N
are constant on JN . Assume first that C ą 0. Then on R`

N , we have FN ě 0, hence

|FNps, tq| “ FNps, tq ď C ` FNps, tq “ |F ps, tq|.

Thus
ż

R`
NXE

|FNps, tq|
2 ds dt ď

ż

R`
NXE

|F ps, tq|
2 ds dt.

For the alternative case C ă 0, we have that FN ď 0 on R´
N , hence

|FNps, tq| “ ´FNps, tq ď ´C ´ FNps, tq “ |F ps, tq|.

Thus
ż

R´
NXE

|FNps, tq|
2 ds dt ď

ż

R´
NXE

|F ps, tq|
2 ds dt.

12
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Then without loss of generality, we can assume that C ą 0, then by (10) and the choice
of ε, we have

ÿ

nąN
kąN

|an,k|
2

ď
1

|RN |

ż

RN

|FNps, tq|
2dsdt

ď
1

|RN |

1
1
2

´ ε ´
?
ε

ż

R`
NXE

|F ps, tq|
2dsdt

ď
2

|RN |

ż

R`
NXE

|F ps, tq|
2dsdt.

Since |R`
N | “ 1

2
|RN |, this becomes

|RN |
ÿ

nąN
kąN

|an,k|
2

ď
1

|R`
N |

ż

R`
NXE

|F ps, tq|
2 ds dt.

Thus we know that there exists N “ NpEq such that
ÿ

nąN
kąN

|an,k|
2

ď
1

|RN |
ess sup
ps,tqPE

|F ps, tq|
2,

Taking square roots proves the lemma with ApEq “

b

1
|RN |

“ 2N . □

3. The proof of Theorem 1

We now have the tools required to prove Theorem 1. In this section we provide the proof.

Proof of Theorem 1. We assume that conclusion (2) is false and we will reach a contradiction.
Then for each n P N, there exist non-zero a.e. functions f 1

n P LppMq, h1
n P LqpMq, and αn ą 0

such that:

µ

ˆ"

x P M : T ˚

ˆ

f 1
n

αn

,
h1
n

αn

˙

pxq ą 1

*˙

ě n

›

›

›

›

f 1
n

αn

›

›

›

›

r

Lp

›

›

›

›

h1
n

αn

›

›

›

›

r

Lq

.

Thus we can reduce matters to the following situation: fn “
f 1
n

αn
P LppMq, hn “

h1
n

αn
P LqpMq,

En :“ tx : T ˚pfn, hnqpxq ą 1u. Then:

µpEnq ě n}fn}
r
Lp}hn}

r
Lq .

Apply Lemma 1.1 to extract a subsequence nk of the natural numbers such that the triple
pfnk

, hnk
, Enk

q satisfies
ÿ

k

}fnk
}
r
Lp}hnk

}
r
Lq ă 8,

ÿ

k

µpEnk
q “ 8.

(12)

By bilinearity, it is not hard to show that for any α ą 0, condition (12) for pfnk
, hnk

, Enk
q

and for pαfnk
, α´1hnk

, Enk
q are equivalent. Now we take α “ αnk

“ ||fnk
||

´ r
q

Lp ||hnk
||

r
p

Lq , then
we have that:

||αnk
fnk

||
p
Lp “ αp

nk
||fnk

||
p
Lp “ ||fnk

||
´

rp
q

Lp ||hnk
||

rp
p

Lq ||fnk
||
p
Lp “ }fnk

}
r
Lp}hnk

}
r
Lq .

13
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Similarly, we have

||α´1
nk
gnk

||
q
Lq “ }fnk

}
r
Lp}hnk

}
r
Lq .

For notational convenience, we replace pαnk
fnk

, α´1
nk
hnk

, Enk
q by pfn, hn, Enq. Then we

have the following situation:
For n P N, there are fn P LppMq, hn P LqpMq, and En “ tx : T ˚pfn, hnqpxq ą 1u such that

µpEnq ě n}fn}
r
Lp}hn}

r
Lq ,

ÿ

n

}fn}
p
Lp “

ÿ

k

}fnk
}
r
Lp}hnk

}
r
Lq ă 8,

ÿ

n

}hn}
q
Lq “

ÿ

k

}fnk
}
r
Lp}hnk

}
r
Lq ă 8.

Apply Lemma 1.3 to choose Rn Ñ 8 such that:
ÿ

n

}Rnfn}
p
Lp ă 8,

ÿ

n

}Rnhn}
q
Lq ă 8.

For a function F on M ˆ r0, 1s we introduce the slices

Fxptq “ F t
pxq “ F px, tq, Hxpsq “ Hs

pxq “ Hpx, sq.

We claim that there exists a pair of functions F px, tq, Hpx, sq both defined on M ˆ r0, 1s

with the properties:

(i) For almost every pt, sq P r0, 1s2, we have F t P LppMq, Hs P LqpMq, and hence by
assumption we have TmpF t, Hsq P LrpMq for each m.

(ii) For almost every pt, sq P r0, 1s2, the maximal function

T ˚
pF t, Hs

qpxq :“ sup
mě1

|TmpF t, Hs
qpxq| “ 8

for almost every x P M .

Note that the validity of (i) and (ii) leads to a contradiction since the assumption is that
for every f P LppMq, h P LqpMq, the limit

lim
mÑ8

Tmpf, hqpxq

exists for almost every x P M . Thus, the desired inequality (2) must hold.
Let I “ r0, 1s. We define measurable functions on M ˆ I by setting

FNpx, tq “

N
ÿ

n“1

rnptqRnτgnpfnqpxq,

HNpx, sq “

N
ÿ

k“1

rkpsqRkτgkphkqpxq,

for x P M . For N2 ą N1 natural numbers we consider
ż

I

ż

M

|FN1px, tq ´ FN2px, tq|
pdxdt.

14
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We need the following observation. Let

F ptq “

N2
ÿ

n“N1

bnrnptq,

then for 1 ď p ď 2

ż 1

0

|F ptq|
pdt ď

ˆ
ż 1

0

|F ptq|
2dt

˙
p
2

“

ˆ N2
ÿ

n“N1

|bn|
2

˙
p
2

ď

N2
ÿ

n“N1

|bn|
p.

Notice ||fn||LppMq “ ||τgnpfnq||LppMq by translation invariance, then by Fubini’s theorem, we
obtain

ż

I

ż

M

|FN1px, tq ´ FN2px, tq|
pdxdt ď

N2
ÿ

n“N1

||Rnfn||
p
Lp ,

and similarly
ż

I

ż

M

|HN1px, sq ´ HN2px, sq|
qdxds ď

N2
ÿ

n“N1

||Rnhn||
q
Lq .

Then the sequence FNpx, tq is Cauchy in LppM ˆ Iq, since the series
ř8

n“1 ||Rnfn||
p
Lp is

convergent. Hence there exists a function F px, tq in LppM ˆ Iq such that

}FNp¨, ¨q ´ F p¨, ¨q}LppMˆIq Ñ 0

as N Ñ 8. Define

GNptq :“ }FNp¨, tq ´ F p¨, tq}
p
LppMq

“

ż

I

|FNpx, tq ´ F px, tq|
p dt.

By Fubini’s theorem we have

}FN ´ F }
p
LppMˆIq

“

ż

I

GNpxq dt.

Since FN Ñ F in LppM ˆ Iq, the right-hand side converges to 0. Thus GN Ñ 0 in L1pIq.
Convergence in L1pIq implies the existence of a subsequence GNj

of GN such that GNj
ptq Ñ

0 for t P I, except for a subset of measure zero which we denote by A. Equivalently, we have

(13) }FNj
p¨, tq ´ F p¨, tq}LppMq ÝÑ 0 for t P IzA, (as j Ñ 8).

Similarly, there exists an Hpx, sq P LqpM ˆ Iq such that

}HNp¨, ¨q ´ Hp¨, ¨q}LppMˆIq Ñ 0,

and there is a subsequence Njk of Nj and a subset B of I of measure zero such that

(14) ||HNjk
p¨, sq ´ Hp¨, sq||LqpMq Ñ 0 for s P IzB (as k Ñ 8).

For convenience, we drop the double index of the subsequence and we denote FNjk
“ FN

and HNjk
“ HN We also recall the notation pFNqxptq “ pFNqtpxq “ FNpx, tq and pHNqxptq “

pHNqtpxq “ HNpx, tq
Then for any fixed ps, tq P pIzAq ˆ pIzBq, since (13) and (14) are valid, we have that

F t “ F p¨, tq P LppMq and Hs “ Hp¨, sq P LqpMq. This proves (i).
15
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Let us now fix m. Since Tm is bounded operator, in view of the preceding facts, we have
for every fixed t P IzA and s P IzB,

›

›Tm
`

F t, Hs
˘

´ Tm
`

pFNt,s
k

q
t, pHNt,s

k
q
s
˘
›

›

r

LrpMq

“
›

›Tm
`

F t, Hs
´ pHNt,s

k
q
s
˘

` Tm
`

F t
´ F t

Nt,s
k
, pHNt,s

k
q
s
˘
›

›

r

LrpMq

ď
›

›Tm
`

F t, Hs
´ pHNt,s

k
q
s
˘
›

›

r

LrpMq
`
›

›Tm
`

F t
´ pFNt,s

k
q
t, pHNt,s

k
q
s
˘
›

›

r

LrpMq

ď
›

›F t
}
r
LppMq}H

s
´ pHNt,s

k
q
s
›

›

r

LqpMq
`
›

›F t
´ pFNt,s

k
q
t
}
r
LppMq}pHNt,s

k
q
s
›

›

r

LqpMq
Ñ 0,

as k Ñ 8. Hence, for every t P IzA and s P IzB there is a subset p Cmqt,s of M of measure
zero such that

(15) Tm
`

F t, Hs
˘

pxq “
ÿ

n

ÿ

k

rnptqrkpsqRnRkTm
`

τgnpfnq, τgkphkq
˘

pxq, x P Mzp Cmq
t,s.

Denote Ct,s “
Ť8

m“1p Cmqt,s, which is still a subset of M of measure zero. Then we have
that for every t P IzA and s P IzB, (15) is true for all m when x P Mzp Cmqt,s.

Moreover, by an argument similar to that above, there is a subset D ofM of measure zero,
such that for every x P MzD, there is a subsequence pNjqx of natural numbers such that
Tm

`

FpNjqx , HpNjqx

˘

pt, sq converges to Tm
`

Fx, Hx

˘

pt, sq in LrpI2q. Then for every x P MzD,
there are subsets pEmqx, pFmqx of I of measure zero such that

Tm
`

Fx, Hx

˘

pt, sq “
ÿ

n

ÿ

k

rnptqrkpsqRnRkTm
`

τgnpfnq, τgkphkq
˘

pxq,

whenever pt, sq P IzpEmqx ˆ IzpFmqx.
(16)

Denote Ex “
Ť8

m“1pEmqx and Fx “
Ť8

m“1pFmqx noting that Ex and Fx are still subsets of I
of measure zero.

The next claim is to prove that there is a subset F of M of measure zero such that for all
x P MzF we have

(17)
ÿ

n

ÿ

K

R2
nR

2
k|Tm

`

τgnpfnq, τgkphkq
˘

pxq|
2

ă 8 for every m “ 1, 2, . . . .

This may be seen as follows: First, p, q ě 1, and
ř

||Rnfn||
p
Lp ă 8,

ř

||Rkhk||
q
Lq ă 8 by our

construction. Next, since ||fn||Lp “ ||τgnpfnq||Lp and ||hk||Lq “ ||τgnphkq||Lq and each Tm is a
bounded operator, then we have that

ÿ

n

ÿ

k

ż

M

|RnRkTmpτgnpfnq, τgkphkqqpxq|
rdµ

“
ÿ

n

ÿ

k

Rr
nR

r
k

ż

M

|Tmpτgnpfnq, τgkphkqqpxq|
rdµ

ď
ÿ

n

ÿ

k

Rr
nR

r
kC

r
m}fn}

r
LppMq}hk}

r
LqpMq

“Cr
m

ÿ

n

ÿ

k

´

}Rnfn}LppMq}Rkhk}LqpMq

¯r

ďCr
m

ˆ

ÿ

n

}Rnfn}
p
LppMq

˙
r
p

¨

ˆ

ÿ

k

}Rkhk}
q
LqpMq

˙
r
q

,

16
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the last inequality is obtained by Hölder’s inequality. Thus, there is a subset F of M of
measure zero such that for all x P MzF one has

ÿ

n

ÿ

k

|RnRkTmpτgnpfnq, τgkphkqqpxq|
r

ă 8 for every m “ 1, 2, . . . .

Since 1
2

ď r ď 1, (17) is proved.
Combining the above facts we conclude that for every x P MzF , the Rademacher series

(16) is a well-defined function of pt, sq on the set pIzExq ˆ pIzFxq.
Suppose now, contrary to (ii), that T ˚pF t, Hsqpxq ă 8 for a set of positive px, t, sq measure.

Then there exists a set S of positive measure in M ˆ I2, where T ˚pF t, Hsqpxq is bounded
say by A. That is, T ˚pF t, Hsqpxq ď A, whenever px, t, sq P S. And therefore, for every m,

(18) |TmpF t, Hs
qpxq| ď A, px, t, sq P S.

Let now Ex “ S X
`

txu ˆ I2
˘

, Ex may be considered for each x P MzF , a subset of I2

(more specifically, a subset of pIzExq ˆ pIzFxq). Since S has positive measure in M ˆ I,
Ex is Lebesgue measurable for almost every x, and there is a subset M0 of M with positive
measure, such that |Ex| ą 0 for all x P M0.
So now we can apply Lemma 1.6, to the case of the Rademacher series (16), remembering

(18); the set E in Lemma 1.6 will be Ex, where x P M0. Then there exists a Npxq, ApExq

independent of s, t,m such that
ˆ

ÿ

něNpxq

kěNpxq

ˇ

ˇ

ˇ

ˇ

rnptqrkpsqRnRkTm
`

τgnpfnq, τgkphkq
˘

pxq

ˇ

ˇ

ˇ

ˇ

2˙ 1
2

ď ApExq ess sup
ps,tqPE

|TmpFx, Hxqps, tq|

ď ApExq ¨ A “: Apxq,

thus we have the following:
ˆ

ÿ

něNpxq

kěNpxq

|RnRkTm
`

τgnpfnq, τgnphnq
˘

pxq|
2

˙
1
2

ď Apxq, x P M0,

where Apxq, Npxq are independent of m. Hence

(19) |R2
nTm

`

τgnpfnq, τgnphnq
˘

pxq| ď Apxq, x P M0,

if n ą Npxq. Now Tmpτgnfn, τgnhnq “ τgnTmpfn, hnq. Taking the sup (over m) of the left side
of (19),

R2
npT ˚

pfn, hnqqpg´1
n pxqq ď Apxq, x P M0,

whenever n ą Npxq.
Now if x0 P F0, by Lemma 1.5, then x0 is contained in infinitely many Fn, Fn “ gnrEns. But

T ˚pfn, hnqpynq ą 1, if yn P En. Therefore x0 P F0, implies R2
nT

˚pfn, hnqpg´1
n px0qq ą R2

n Ñ 8,
for infinitely many n’s. Hence if x P F0, these are infinitely many n so that:

R2
nT

˚
pfn, hnqpg´1

n px0qq ą Apx0q.

Thus (19) implies that if x0 P M0, then x0 R F0. This shows that M0 is the subset of the
complement of F0, and therefore µpM0q “ 0, contrary to what was found earlier. We have
therefore proved that the function F px, tq and Hpx, sq satisfies the two conditions (i) and (ii)

17
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above which leads to a contradiction with the hypothesis of Theorem 1, unless an inequality
of the type (2) holds for some C. This contradiction shows that failure of the weak-type
bound would force divergence on a set of positive measure, completing the proof. □

4. The Extension to Borel measures

In this section, we focus on the case where p “ q “ 1 and r “ 1{2 in which we extend
Theorem 1 to Borel measures. This extension could be helpful in certain applications; see
Section 6.

Throughout this section we let pM,dµq be a compact abelian group equipped with Haar
measure µ. We denote by CpMq the class of continuous functions onM with the sup topology.
For each m “ 1, . . . , N , let

Tm : L1
pMq ˆ L1

pMq Ñ CpMq

be a bounded bilinear operator that admits the kernel representation

Tmpf, hqpxq “

ĳ

MˆM

Kmpx ´ y, x ´ zq fpyqhpzq dµpyq dµpzq, Km P L8
pM ˆ Mq,

such representations arise naturally for translation-invariant bilinear operators on compact
groups. Extend Tm to finite Borel measures pν1, ν2q by the same formula and we denote this
extension by Tmpν1, ν2q. Let }ν1}, }ν2} be the total variation of ν1, ν2 respectively. Then we
have the following theorem.

Theorem 2. Suppose that for every f, g P L1pMq, we have

lim sup
mÑ8

|Tmpf, gqpxq| ă 8

on a set of positive measure (which may depend on f, g).
Then there exists a constant A ą 0 such that for all bounded Borel measures ν1, ν2 on M ,

and all α ą 0,

µ ptx P M : T ˚
pν1, ν2qpxq ą αuq ď

A
?
α

}ν1} ¨ }ν2}.

We begin with a useful lemma.

Lemma 2.1. Let T1, . . . , TN be a finite collection of operators satisfying the conditions above.
Let ν1, ν2 be finite Borel measures with finite total variation }ν1}, }ν2} and set hmpxq :“
Tmpν1, ν2qpxq. Then there exist sequences tfku, tgku where fk, gk P L1pMq with }fk}L1 ď }ν1}

and }gk}L1 ď }ν2} such that for all m “ 1, . . . , N we have

lim
kÑ8

Tmpfk, gkqpxq Ñ hmpxq

for almost all x P M .

Proof. Let tϕkukě1 Ă CpMq be a nonnegative approximate identity with
ş

M
ϕk dµ “ 1, and

define

fk :“ ϕk ˚ ν1, gk :“ ϕk ˚ ν2.

Then fk, gk P L1pMq, with

}fk}L1 ď }ν1}, }gk}L1 ď }ν2}.
18
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By Fubini’s theorem and the definitions of fk, gk we have

Tmpfk, gkqpxq “

ĳ

Kmpx ´ y, x ´ zq

´

ż

ϕkpy ´ uq dν1puq

¯´

ż

ϕkpz ´ vq dν2pvq

¯

dµpyq dµpzq

“

ĳ

´

ĳ

ϕkprqϕkpsqKm

`

x ´ pu ` rq, x ´ pv ` sq
˘

dµprq dµpsq
¯

dν1puq dν2pvq,

Then, writing

Kpkq
m pa, bq :“

ĳ

ϕkprqϕkpsqKmpa ´ r, b ´ sq dµprq dµpsq,

we have for each m and all x P M ,

Tmpfk, gkqpxq “

ĳ

MˆM

Kpkq
m px ´ u, x ´ vq dν1puq dν2pvq.

Since ϕk ě 0 and
ş

M
ϕk dµ “ 1, we have for all pa, bq P M ˆ M ,

ˇ

ˇKpkq
m pa, bq

ˇ

ˇ ď

ĳ

ϕkprqϕkpsq
ˇ

ˇKmpa ´ r, b ´ sq
ˇ

ˇ dµprq dµpsq

ď }Km}L8pMˆMq

ĳ

ϕkprqϕkpsq dµprq dµpsq

“ }Km}L8pMˆMq.

Hence |K
pkq
m | ď }Km}L8 pointwise for all k.

By the triangle inequality and Fubini’s theorem we obtain,

}Tmpfk, gkq ´ hm}L1pMq

“

ż

M

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ĳ

MˆM

pKpkq
m ´ Kmqpx ´ u, x ´ vq dν1puq dν2pvq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

dµpxq

ď

ĳ

MˆM

ˆ
ż

M

ˇ

ˇpKpkq
m ´ Kmqpx ´ u, x ´ vq

ˇ

ˇ dµpxq

˙

d|ν1|puq d|ν2|pvq

ď 2}Km}L8

ĳ

MˆM

d|ν1|puq d|ν2|pvq

“ 2}Km}L8 ¨ }ν1} ¨ }ν2}

With the bound above, if we can show that there is a subsequence tkiui such that

limiÑ8 K
pkiq
m pa, bq “ Kmpa, bq a.e., then by dominated convergence theorem, we have that

for subsequences fki and gki ,

lim
iÑ8

Tmpfki , gkiqpxq Ñ hmpxq a.e.

Since M is compact and Km P L8pM ˆ Mq, we have Km P L1pM ˆ Mq, and because

ϕk b ϕk is an approximate identity on M ˆ M , }K
pkq
m ´ Km}L1pMˆMq Ñ 0. Therefore, there

exists a subsequence tkiui such that limiÑ8 K
ki
m pa, bq “ Kmpa, bq a.e. for all m “ 1, . . . , N .

This completes the proof. □

Proof of Theorem 2. We begin by noticing that
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‚ Each Tm is bounded: there exists Cm ą 0 such that

}Tmpf, gq}8 ď Cm}f}L1pMq}g}L1pMq.

‚ Each Tm commutes with translations.

Since Tm is bilinear, bounded, and translation invariant, then by Theorem 1 there is a
constant A ă 8 such that

(20) µ ptx : T ˚
pfk, gkqpxq ą αuq ď

A
?
α

}fk}L1 ¨ }gk}L1 ď
A

?
α

}ν1} ¨ }ν2}.

Let

T ˚
Npf, hq “ sup

1ďmďN
|Tmpf, hq|.

By Lemma 2.1, there are sequences fk, gk P L1pMq such that :

lim
kÑ8

Tmpfk, gkqpxq “ Tmpν1, ν2qpxq,

for each m “ 1, 2, . . . , N and for almost all x P M .
Define Eα :“ tx P M : T ˚pν1, ν2qpxq ą αu and Eα

N :“ tx P M : T ˚
Npν1, ν2qpxq ą αu, notice

that the sets Eα
N are increasing with N and that the following are valid

µpEα
Nq “ µ ptx : T ˚

Npν1, ν2qpxq ą αuq ď µ ptx : T ˚
pν1, ν2qpxq ą αuq “ µpEα

q.

Next, we will prove that

lim sup
kÑ8

µ ptx : T ˚
Npfk, gkqpxq ą αuq ě µ ptx : T ˚

pν1, ν2qpxq ą αuq .

For x P M , by Lemma 2.1, we have that limkÑ8 |Tmpfk, gkqpxq| “ |Tmpν1, ν2qpxq| for each
fixed m P t1, 2, . . . , Nu and for almost all x P M . Hence, for a.e. x,

lim inf
kÑ8

T ˚
Npfk, gkqpxq ě sup

1ďmďN
lim inf
kÑ8

|Tmpfk, gkqpxq| “ T ˚
Npν1, ν2qpxq.

Therefore,

µ
`

tx : T ˚
Npν1, ν2qpxq ą αu

˘

ď µ
`

tx : lim inf
k

T ˚
Npfk, gkqpxq ą αu

˘

.

By Fatou’s lemma, we have that

µ
`

tx : lim inf
k

T ˚
Npfk, gkqpxq ą αu

˘

ď lim inf
kÑ8

µ
`

tx : T ˚
Npfk, gkqpxq ą αu

˘

.

Thus, we have that

µpEα
Nq ď lim inf

kÑ8
µ
`

tx : T ˚
Npfk, gkqpxq ą αu

˘

ď lim inf
kÑ8

µ
`

tx : T ˚
pfk, gkqpxq ą αu

˘

.

Combining with the bound in (20), we deduce

µpEα
Nq ď

A
?
α

}ν1} ¨ }ν2}.

In view of the monotonicity of Eα
N , letting N Ñ 8, we obtain

µ ptx : T ˚
pν1, ν2qpxq ą αuq ď

A
?
α

}ν1} ¨ }ν2}

and this concludes the proof. □
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5. The Extension to Positive Operators

Sawyer [30] removed the restriction p ď 2 in Stein’s theorem [31] under the assumption
of positivity on the linear operators. Theorem 3 below extends Sawyer’s result to positive
bilinear operators which commute with an ergodic family of measure-preserving transforma-
tions; precisely, we prove that for such operators a.e. finiteness implies a weak-type estimate
from Lp ˆLq to weak Lr in the range 1 ď p, q ă 8 where 1{r “ 1{p` 1{q. The proof uses a
delicate inductive construction, analogous to that in [30], and relates to Stein’s probabilistic
argument described in the proof of Theorem 1.

Let pX,B, µq be a finite measure space normalized so that µpXq “ 1.

Definition 2 (continuous-in-measure). Let

Bm : Lp
pXq ˆ Lq

pXq Ñ tmeasurable functions on Xu

be a sequence of bilinear operators. We say that each Bm is continuous-in-measure if the
following holds: whenever

fk Ñ f in Lp
pXq, gk Ñ g in Lq

pXq,

we have, for every fixed m,

Bmpfk, gkqpxq ÝÑ Bmpf, gqpxq in measure.

Equivalently, for every ε ą 0,

µ
´

x :
ˇ

ˇBmpfk, gkqpxq ´ Bmpf, gqpxq
ˇ

ˇ ą ε
¯

ÝÑ 0, as k Ñ 8.

Definition 3 (Positive operator). A bilinear operator B defined on LppXq ˆ LqpXq and
taking values in the set of measurable functions of another measure space is called positive
if f ě 0 and h ě 0 a.e. imply Bpf, hq ě 0 a.e.. Precisely, for any f in LppXq and h in
LqpXq there is a set of measure zero EBpf,hq such that Bpf, hqpxq ě 0 for x P XzEBpf,hq.

Lemma 2.2. Let B be a positive bilinear operator, meaning that

Bpf, hqpxq ě 0 for almost every x P X whenever f, h ě 0.

Then the following properties hold.

(i) Monotonicity. If f1, f2 P LppXq and h1, h2 P LqpXq satisfy

0 ď f1 ď f2, 0 ď h1 ď h2 a.e. on X,

then
Bpf1, h1qpxq ď Bpf2, h2qpxq for almost every x P X,

more precisely, for all

x P Xz

´

EBpf2´f1,h1q
Y EBpf1,h2´h1q

Y EBpf2´f1,h2´h1q
¯

.

(ii) Domination by absolute values. For all f P LppXq and h P LqpXq,

|Bpf, hqpxq| ď Bp|f |, |h|qpxq for almost every x P X,

more precisely, for all

x P Xz
ď

ε,δPt`,´u

EBpfε,hδq,

where f “ f` ´ f´ and h “ h` ´ h´ and f`, f´, h`, h´ ě 0.
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Proof. Proof of (i). Since f1 ď f2 and h1 ď h2, write

f2 “ f1 ` u, h2 “ h1 ` v, u, v ě 0.

By bilinearity we have

Bpf2, h2q “ Bpf1 ` u, h1 ` vq “ Bpf1, h1q ` Bpu, h1q ` Bpf1, vq ` Bpu, vq.

By positivity, each of the additional terms is non-negative a.e.. Therefore,

Bpf2, h2qpxq ě Bpf1, h1qpxq for all x R EBpf2´f1,h1q
Y EBpf1,h2´h1q

Y EBpf2´f1,h2´h1q.

This proves (i).

Proof of (ii). Write the sign decompositions

f “ f`
´ f´, h “ h`

´ h´.

By bilinearity,

Bpf, hq “ Bpf`, h`
q ´ Bpf`, h´

q ´ Bpf´, h`
q ` Bpf´, h´

q.

Set

A :“ Bpf`, h`
q ` Bpf´, h´

q, B :“ Bpf`, h´
q ` Bpf´, h`

q.

By positivity,

Apxq ě 0, Bpxq ě 0,

for all

x R
ď

ε,δPt`,´u

EBpfε,hδq.

Then

Bpf, hq “ A ´ B, |Bpf, hq| ď A ` B.

Finally,

A ` B “ Bpf`, h`
q ` Bpf`, h´

q ` Bpf´, h`
q ` Bpf´, h´

q

“ Bpf`
` f´, h`

` h´
q

“ Bp|f |, |h|q,

since |f | “ f` ` f´ and |h| “ h` ` h´.
Thus

|Bpf, hqpxq| ď Bp|f |, |h|qpxq

outside the stated exceptional set. This completes the proof. □

Definition 4 (Measure-preserving transformation). A measurable map τ : X Ñ X is called
measure-preserving if

µ
`

τ´1
rAs

˘

“ µpAq for all A P B.
Equivalently, τ is measure-preserving if for every integrable h : X Ñ C one has

ż

X

h ˝ τ dµ “

ż

X

h dµ.
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Definition 5 (Ergodic family). Let T be a collection of measure-preserving transformations
on a measure space pX,B, µq. We say that T is an ergodic family on X if whenever a
measurable set A P B satisfies

τ´1
rAs “ A for every τ P T ,

then

µpAq “ 0 or µpAq “ 1.

Definition 6 (Bilinear distributive sequence). Let

Bm : Lp
pXq ˆ Lq

pXq Ñ tmeasurable functions on Xu, m ě 1,

be a sequence of bilinear operators. Following Sawyer [30], we say that tBmum is distributive
on X if there exists an ergodic family T of measure-preserving transformations on X such
that, for every τ P T and every f P LppXq, h P LqpXq, the relationship holds for each m

Bmpf, hq ˝ τpxq “ Bmpf ˝ τ, h ˝ τqpxq for almost all x P X.

One can show that if tBmum is distributive, then the maximal operator

B˚
pf, hq :“ sup

mě1

ˇ

ˇBmpf, hq
ˇ

ˇ.

is also distributive, i.e., it satisfies

B˚
pf, hq ˝ τpxq “ B˚

pf ˝ τ, h ˝ τqpxq for almost all x P X.

Precisely, the preceding holds for XzCB˚pf,hq˝τ , where CB˚pf,hq˝τ has measure zero.
After introducing all the necessary definitions, we are now ready to state the theorem.

Theorem 3. Let 1 ď p, q ď 8 and 1
2

ď r ď 8, such that 1
r

“ 1
p

` 1
q
. Let Bm be a distributive

sequence with the ergodic family T of continuous-in-measure positive bilinear transformations
of LppXq ˆ LqpXq to measurable functions on X. Suppose that for every f P LppXq and
h P LqpXq we have

(21) B˚
pf, hqpxq ă 8

for almost every x P X.
Then, there exists a constant C ą 0 such that for all f P LppXq, h P LqpXq, and all α ą 0,

(22) µ ptx P X : B˚
pf, hqpxq ą αuq ď

C

αr
}f}

r
LppXq}h}

r
LqpXq.

In particular, if p “ q “ 8, there exists C8 such that

}B˚
pf, hq}L8pXq ď C8 }f}L8pXq}h}L8pXq.

To prove Theorem 3 we need the following two lemmas.

Lemma 3.1 (Sawyer [30]). Let T be an ergodic family of measure-preserving transformations
on a probability space pX,B, µq. Then for any two measurable sets A,B P B, and for any
constant θ ą 1, there exists a transformation τ P T such that

µ
`

B X τ´1
rAs

˘

ď θ µpAqµpBq.
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Lemma 3.2. Assume T is an ergodic family. Then, if tAnu is a sequence of measurable
subsets of X such that

8
ÿ

n“1

µpAnq “ 8,

there exists a sequence of transformations tτnu Ď T such that

(23) µ
´

ď

něM

τ´1
n rAns

¯

“ 1, for all M.

That is, τnpxq P An infinitely often for almost every x P X.

Proof. Fix M . Let tAnu Ď B be any sequence of sets. Then, by Lemma 3.1 and induction,
we can choose transformations tτnu Ď T such that for all N ą M ,

(24) µ
`

τ´1
1

“

AA
1

‰

X τ´1
2

“

AA
2

‰

X ¨ ¨ ¨ X τ´1
N

“

AA
N

‰˘

ď θ1θ2 ¨ ¨ ¨ θN

N
ź

k“1

µpAA
kq,

where tθku is any sequence of constants with θk ą 1 and
ś8

k“1 θk ă 8. As discussed in
Lemma 1.5, since

ř8

n“1 µpAnq “ 8 we must have
ř8

n“M µpAnq “ 8, thus by Lemma 1.4, we
have

(25)
8
ź

k“M

µ
`

AA
k

˘

“ 0.

Choose a sequence tθkukě1 with θk ą 1 such that

8
ź

k“1

θk ă 8.

Let Θ :“
ś8

k“1 θk, combining with (24), we have

µ
´

N
č

k“M

τ´1
k

“

AA
k

‰

¯

ď

´

N
ź

k“M

θk

¯

N
ź

k“M

µ
`

AA
k

˘

ď Θ
N
ź

k“M

µ
`

AA
k

˘

.

Letting N Ñ 8 and using (25), we obtain

µ
´

8
č

k“M

τ´1
k

“

AA
k

‰

¯

“ 0.

By De Morgan’s law,
˜

8
č

k“M

τ´1
k

“

AA
k

‰

¸A

“

8
ď

k“M

´

τ´1
k

`

AA
k

˘

¯A

.

For each k, since preimages commute with complements,
´

τ´1
k

`

AA
k

˘

¯A

“ τ´1
k

`

pAA
kq

A
˘

“ τ´1
k pAkq.

Therefore,

EA
“

8
ď

k“M

τ´1
k pAkq.
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Since µpXq “ 1, we have

m
´

8
ď

k“M

Awk
k

¯

“ 1.

□

Proof of Theorem 3. Using similar argument as in the proof of Theorem 1, we can find two
sequences of functions tfnunPN P LppXq, thnunPN P LqpXq, and a sequence of real numbers
Rn Ñ 8 such that

ÿ

n

µptx P X : B˚
pfn, hnqpxq ą 1uq “ 8,

with
ř

n }Rnfn}
p
Lp ă 8, and

ř

n }Rnhn}
q
Lq ă 8. Thus we can take f2

npxq “ Rnfnpxq and
h2
npxq “ Rnhnpxq and then we have

8
ÿ

j“1

µ
`

tx P X : B˚
pf2

n, h
2
nqpxq ą R2

nu
˘

“ 8,

with
ÿ

n

}f2
n}

p
Lp ă 8, and

ÿ

n

}h2
n}

q
Lq ă 8.

For simplicity of notation, we replace f2
n with fn, h

2
n with hn.

Since each Bm is positive, by Lemma 2.2 we have, for any f P LppXq, h P LqpXq

Bmpf, hqpxq ď Bm

`

|f |, |h|
˘

pxq for every x P XzHf,h
m ,

where Hf,h
m is a null subset of X. Hence, for x P Xz

Ť

m Hf,h
m , we have

B˚
pf, hqpxq “ sup

m
|Bmpf, hqpxq| ď sup

m
Bm

`

|f |, |h|
˘

pxq “ B˚
p|f |, |h|qpxq.

Therefore, replacing fn by |fn|, and hn by |hn| we can assume, without loss of generality,
that fn, hn ě 0 for all n “ 1, 2, . . . and the level sets

An :“ tx P X : B˚
pfn, hnqpxq ą R2

nu

still satisfy

(26)
8
ÿ

n“1

µpAnq “ 8,
ÿ

n

}fn}
p
Lp ă 8,

ÿ

n

}hn}
q
Lq ă 8.

Now apply Lemma 3.2 to the sequence of sets tAnu in (26). Since
ř

n µpAnq “ 8,
Lemma 3.2 ensures that there exists a sequence tτnu Ă T and a null subset N0 of X such
that for every x P XzN0 we have

τnpxq P An for infinitely many n.

Equivalently, for every x P XzN0

B˚
pfn, hnq ˝ τnpxq ą R2

n for infinitely many n,

and hence

(27) sup
ně1

B˚
pfn, hnq ˝ τnpxq “ 8 for all x P XzN0.

Notice that since τn is measure-preserving, the Lp norms are preserved, that is

}fn ˝ τn}
p
Lp “ }fn}

p
Lp , }hn ˝ τn}

q
Lq “ }hn}

q
Lq .
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Moreover, by the assumption of commutation relation, we have for each n and @f P LppXq,
@h P LqpXq,

B˚
pf ˝ τn, h ˝ τnqpxq ě B˚

pf, hq ˝ τnpxq, @x P XzCB˚pf,hq˝τn .

Combining this with (27), we obtain

(28) sup
ně1

B˚
pf ˝ τn, h ˝ τnqpxq “ 8 for all x P Xz

˜

N0 Y

8
ď

n“1

CB˚pf,hq˝τn

¸

.

Summarizing, we have constructed sequences tfnu Ă LppXq, thnu Ă LqpXq such that

(1) fn ˝ τnpxq ě 0, hn ˝ τnpxq ě 0 for every n;

(2)
8
ÿ

n“1

}fn ˝ τn}
p
Lp ă 8,

8
ÿ

n“1

}hn ˝ τn}
q
Lq ă 8;

(3) sup
ně1

B˚
pfn ˝ τn, hn ˝ τnqpxq “ 8 for all x P Xz

˜

N0 Y

8
ď

n“1

CB˚pf,hq˝τn

¸

.

Now define functions on X by setting

F pxq :“

˜

8
ÿ

n“1

fn ˝ τnpxq
p

¸1{p

,

Hpxq :“

˜

8
ÿ

n“1

hn ˝ τnpxq
q

¸1{q

.

By Tonelli’s theorem, the function F lies in LppXq as

}F }
p
Lp “

ż

X

8
ÿ

n“1

`

fn ˝ τnpxq
˘p
dµpxq “

8
ÿ

n“1

}fn ˝ τn}
p
Lp ă 8.

Likewise, the function H lies in LqpXq.
Next, for each n and each x, since fn ˝ τn, hn ˝ τn ě 0, we have

Bnpfn ˝ τn, hn ˝ τnqpxq ě 0 for all x P XzNn,

where Nn is a set of measure zero. Using the Lemma 2.2, we obtain

B˚
pF,Hqpxq “ sup

n
|BnpF,Hqpxq| ě sup

n
Bnpfn ˝ τn, hn ˝ τnqpxq ě B˚

pfn ˝ τn, hn ˝ τnqpxq

for x in XzMn, where Mn is a null subset of X. Thus, by taking C :“ N0Y
Ť8

n“1C
B˚pf,hq˝τn ,

and M :“
Ť8

n“1Mn, we have

B˚
pF,Hqpxq ě B˚

pfn ˝ τn, hn ˝ τnqpxq for all n and all x P XzpC Y Mq

so that

B˚
pF,Hqpxq ě sup

ně1
B˚

pfn ˝ τn, hn ˝ τnqpxq “ 8 for almost every x P X,

by (28). This contradicts the hypothesis that B˚pF,Hqpxq ă 8 a.e. for every F P LppXq

and H P LqpXq.

Therefore our assumption that B˚ is not of weak-type pp, q, rq must have been false. Thus
B˚ must satisfy the weak-type pp, q, rq condition (22), and this completes the proof. □
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6. An application concerning maximal bilinear averages

Let pX,B, µq be a finite measure space and let τ : X Ñ X be a measure–preserving
transformation. Then the quadruple pX,B, µ, τq forms a measure–preserving dynamical
system. In this section we study the family of bilinear averages

Bmpf, hqpxq :“
fpτmxqhpτ 2mxq

|m| ` 1
, m P Z,

defined for pf, hq P LppXq ˆ LqpXq, and the associated maximal operator

B˚
pf, hqpxq :“ sup

mPZ
|Bmpf, hqpxq| , x P X.

This operator is commonly referred to as the bilinear tail maximal operator and was intro-
duced and studied by Assani and Buczolich [3]. We first recall the following result.

Theorem 4 (Assani–Buczolich [3]). Let pX,B, µ, τq be a measure–preserving dynamical sys-
tem on a probability space X. If p, q ě 1 satisfy

1

p
`

1

q
ă 2,

then the maximal operator

B˚
pf, hqpxq “ sup

mPZ

ˇ

ˇ

ˇ

ˇ

fpτmxqhpτ 2mxq

|m| ` 1

ˇ

ˇ

ˇ

ˇ

maps LppXq ˆ LqpXq into LrpXq for every exponent

0 ă r ă
1

2
.

Assuming that τ is ergodic, we are able to obtain a substantially stronger conclusion.
More precisely, we show that B˚ satisfies a strong–type estimate at the critical exponent
r “ p1

p
` 1

q
q´1. This extends the integrability range of B˚pf, hq beyond that obtained in [3].

The ergodicity hypothesis is mild in this context, yet essential: it allows the family tBmu

to be placed within Sawyer’s abstract framework for maximal operators generated by ergodic
families of transformations, while all other structural features of the bilinear averages remain
unchanged.

We now state our main results for this application.

Theorem 5. Let pX,B, µ, τq be a measure–preserving dynamical system on a probability
space X, and suppose that τ is ergodic. Let 1 ă p, q ď 8 and 1

2
ă r ď 8 satisfy 1

r
“ 1

p
` 1

q
.

Then there exists a constant C ą 0 such that for all f P LppXq, h P LqpXq we have

(29)
›

›B˚
pf, hq

›

›

LrpXq
C}f}LppXq }h}LqpXq.

Theorem 6. Let pX,B, µ, τq be a measure–preserving dynamical system on a probability
space X, and suppose that τ is ergodic. Fix p, q ą 1 and let r satisfy 1{r “ 1{p` 1{q. Then
there exists a constant C ą 0 such that for all α ą 0 we have

µ
´

␣

x P X : B˚
pf, hqpxq ą α

(

¯

ď
C

αr
}f}

r
L1pXq }h}

r
LqpXq

for all f P L1pXq and h P LqpXq. We also have

µ
´

␣

x P X : B˚
pf, hqpxq ą α

(

¯

ď
C

αr
}f}

r
LppXq }h}

r
L1pXq
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for all f P LppXq and h P L1pXq.

We obtain our theorem as a consequence of Theorem 3, but in order to apply the latter,
we will need the following two lemmas.

Lemma 6.1. For each m ě 1, the positive bilinear operator Bm : LppXq ˆLqpXq Ñ MpXq

is continuous-in-measure in each variable.

Proof. Let fk Ñ f in LppXq and hk Ñ h in LqpXq. Since τ is measure preserving, composi-
tion with τm and τ 2m preserves Lp and Lq norms, hence

fk ˝ τm Ñ f ˝ τm in Lp
pXq, hk ˝ τ 2m Ñ h ˝ τ 2m in Lq

pXq.

Set r ą 0 by 1{r “ 1{p ` 1{q. We express the difference as follows:

Bmpfk, hkq ´ Bmpf, hq “
1

|m| ` 1

”

pfk ´ fq ˝ τm ¨ hk ˝ τ 2m ` f ˝ τm ¨ phk ´ hq ˝ τ 2m
ı

.

By Hölder’s inequality,

}pfk ´ fq ˝ τm ¨ hk ˝ τ 2m}Lr ď }fk ´ f}Lp }hk}Lq ,

and

}f ˝ τm ¨ phk ´ hq ˝ τ 2m}Lr ď }f}Lp }hk ´ h}Lq .

Since fk Ñ f in LppXq and hk Ñ h in LqpXq, the right-hand sides tend to zero as k Ñ 8.
Consequently,

}Bmpfk, hkq ´ Bmpf, hq}Lr ÝÑ 0.

Finally, Chebyshev’s inequality yields, for every ε ą 0,

µ
´

ˇ

ˇBmpfk, hkq ´ Bmpf, hq
ˇ

ˇ ą ε
¯

ď ε´r
}Bmpfk, hkq ´ Bmpf, hq}

r
Lr ÝÑ 0,

as k Ñ 8, which is exactly convergence in measure. □

Lemma 6.2. Let T “ tτ k : k P Zu. If τ is ergodic, then T is an ergodic family of
measure–preserving transformations. Moreover, the bilinear family tBmumě1 is distributive
with respect to T , in the sense that

Bmpf, hqpτ kxq “ Bmpf ˝ τ k, h ˝ τ kqpxq

for all integers m, k and all x P X.

Proof. By definition, a family of measure–preserving transformations is ergodic if the only
measurable sets invariant under every transformation in the family have measure 0 or 1.

Since invariance under all τ k is equivalent to invariance under τ , the ergodicity of τ implies
that T is ergodic.

The distributive identity follows from a direct computation:

Bmpf, hqpτ kxq “
fpτm`kxqhpτ 2m`kxq

|m| ` 1
“ Bmpf ˝ τ k, h ˝ τ kqpxq.

This completes the proof. □

Having verified these lemmas, we proceed with the proofs of Theorems 5 and 6.
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Proof. Lemmas 6.1 and 6.2 assert exactly the continuity and distributivity required by The-
orem 3. Next we need to know that B˚pf, hq is finite a.e. for f, h in the given spaces. We
obtain these assertions appealing to Theorems 1 and 2 in Assani and Buczolich [3]. These
theorems claim that when p, q ą 1, for f P Lp and h P Lq we have that B˚pf, hq lies in Lr for
r ă 1{2 ([3, Theorem 1]), while if p ą 1 and f P Lp and g P L1, then B˚pf, hq lies in L1{2,8

([3, Theorem 2]). In both cases we have B˚pf, hq ă 8 a.e., so hypothesis (21) of Theorem 3
is valid.

Applying Theorem 3 we obtain the weak type result: for all f P LppXq and h P LqpXq we
have

µ
´

␣

x P X : B˚
pf, hqpxq ą α

(

¯

ď
C

αr
}f}

r
LppXq }h}

r
LqpXq

when 1{p ` 1{q “ 1{r and p, q ě 1. Note that if p “ q “ 8, then the above estimate is
indeed a strong type estimate. If both p, q ą 1, then the weak–type estimate (29) can be
upgraded to a strong–type bound

}B˚
pf, hq}Lr ď C }f}Lp }h}Lq ,

by bilinear interpolation; see [14]. Bilinear interpolation can be applied since we have an
open convex region on which weak type bounds are valid. In the second case where at least
one but not both of p, q is equal to 1, Theorem 3 yields exactly the claimed weak–type bound
in Theorem 6. □

7. An application concerning maximal bilinear Bochner–Riesz operators

The Bochner–Riesz means present natural ways to obtain the summability and pointwise
convergence of Fourier series and Fourier integrals in higher dimensions. The study of bilinear
Bochner–Riesz means have attracted attention in recent years, beginning with the works
[4, 18], where Lp ˆ Lq Ñ Lr boundedness is investigated.
In the bilinear setting, for α ě 0 and λ ą 0, the bilinear Bochner–Riesz operator on Rn is

defined by

Bα
λpf, gqpxq :“

ĳ

RnˆRn

`

1 ´ λ´2
p|ξ|

2
` |η|

2
q
˘α

`
pfpξq pgpηq e2πix¨pξ`ηq dξ dη.

Motivated by questions of pointwise convergence and almost everywhere control, maximal
variants of bilinear Bochner–Riesz operators were subsequently introduced and studied in
[7, 19, 20], where necessary and sufficient conditions for boundedness were obtained in various
regimes of indices. In particular, He [7, Proposition 4.1] established necessary conditions for
the boundedness of the maximal bilinear Bochner–Riesz operator, highlighting fundamental
obstructions that do not appear in the linear theory.

We now turn to the periodic setting. Let f and g be trigonometric polynomials on Tn with

Fourier coefficients pfpkq and pgpℓq. For α ě 0 andm P N, we define the bilinear Bochner–Riesz
means by

Bα
mpf, gqpxq “

ÿ

k,ℓPZn

´

1 ´
|k|2 ` |ℓ|2

m2

¯α

`

pfpkqpgpℓqe2πipk`ℓq¨x.

The associated maximal bilinear Bochner–Riesz operator is then given by

Bα
˚ pf, gqpxq :“ sup

mPN

ˇ

ˇBα
mpf, gqpxq

ˇ

ˇ, x P Tn.
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Although Lp ˆ Lq Ñ Lr boundedness for Bα
˚ is known for certain indices p, q, we are

interested here on the range of indices where boundedness fails. A necessary condition for
the boundedness of the bilinear maximal bilinear Bochner–Riesz operator is given below.

Proposition 7 (He [7]). A necessary condition for the bilinear maximal Bochner–Riesz
operator Bα

˚ to be bounded from LppRnq ˆ LqpRnq to weak LrpRnq is that

α ě
2n ´ 1

2r
´

2n ´ 1

2
.

Remark. This result does not present a restriction on α when r ě 1; however, when r ă 1,
it says that that if

Bα
˚ : Lp

pRn
q ˆ Lq

pRn
q Ñ Lr,8

pRn
q

then α must satisfy

α ě
2n ´ 1

2

´1

r
´ 1

¯

.

It is not hard to see, either by considering the same examples on the n-torus, or even by
a bilinear transference principle for maximal operators [13, Theorem 2] that Proposition 7
also holds when Rn is replaced by the n-torus Tn. Using this fact and Theorem 1 we obtain
the following result.

Theorem 8. Let n ą 1, 1 ď p, q ă 8, α ě 0 and suppose r “ p1{p ` 1{qq´1 ă 1. Define

Sα :“

"

pp, q, rq P p1, 2s ˆ p1, 2s ˆ
`

1
2
, 1
˘

:
1

r
“

1

p
`

1

q
and α ă

2n ´ 1

2

´1

r
´ 1

¯

*

.

Then if pp, q, rq P Sα, then there exist functions f P LppTnq and g P LqpTnq such that the
limit

lim
mÑ8

Bα
mpf, gqpxq

does not exist on a set of positive measure in Tn.

Proof. We apply Theorem 1 with M “ G “ Tn. The group G acts on the space M in terms
of the periodic translations Let pτyfqpxq :“ fpx´yq for y P Tn. Then the Fourier coefficients
satisfy

xτyfpkq “ e´2πik¨y f̂pkq, xτygpℓq “ e´2πiℓ¨y ĝpℓq.

A straightforward calculation yields: for x P Tn we have

Bα
mpτyf, τygqpxq “

ÿ

k,ℓPZn

´

1 ´
|k|2 ` |ℓ|2

m2

¯α

`

xτyfpkqxτygpℓq e2πipk`ℓq¨x

“
ÿ

k,ℓPZn

´

1 ´
|k|2 ` |ℓ|2

m2

¯α

`
e´2πik¨yf̂pkq e´2πiℓ¨yĝpℓq e2πipk`ℓq¨x

“
ÿ

k,ℓPZn

´

1 ´
|k|2 ` |ℓ|2

m2

¯α

`
f̂pkqĝpℓq e2πipk`ℓq¨px´yq

“ Bα
mpf, gqpx ´ yq “ τyBα

mpf, gqpxq.

Hence Bα
m is distributive in accordance with Definition 6.
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Suppose, contrary to the claim, that for every f P LppTnq and g P LqpTnq the limit
limmÑ8 Bα

m exists for almost every x P Tn. Under this assumption, Theorem 1 applies with
M “ Tn and yields the weak-type estimate

µ
`␣

x P Tn : Bα
˚ pf, gqpxq ą α

(˘

ď
C

αr
}f}

r
LppTnq }g}

r
LqpTnq, α ą 0,

for all f P LppTnq and g P LqpTnq.
In particular, Bα

˚ pf, gq is of weak type pp, q; rq, and hence the family tBα
mpf, gqumPN is

uniformly bounded from LppTnqˆLqpTnq to Lr,8pTnq. But this would contradict the assertion
of Proposition 7 when Rn is replaced by Tn.

Therefore, the assumption of almost everywhere convergence must be false, and there
must exist f P LppTnq and g P LqpTnq for which the sequence tBα

mpf, gqumPN fails to converge
almost everywhere. □

8. An application in differentiation theory

We apply our results to a bilinear maximal operator generated by dyadic averages on the
two-dimensional torus T2. This result is local and can easily be extended to R2; the only
reason we work on the torus is to make use of the compactness of the ambient space required
by our theorems. Although the kernels involved are bounded and compactly supported, the
resulting maximal operator fails to satisfy weak L

1
2 estimates. This obstruction precludes

a.e. convergence for the associated bilinear averages, by Theorem 2.
Let G “ M “ T2 “ r0, 1q2 equipped with normalized Lebesgue measure ωG “ µ. For

k P N, let Ik “ r0, 2´ks be the dyadic interval of length 2´k whose left endpoint is 0.
For pk, ℓq P N ˆ N define the kernels

Kk,ℓpu, vq :“

ˆ

1IkˆIℓpuq

|Ik ˆ Iℓ|
´

1pIkXIℓqˆpIkXIℓqpuq

|pIk X Iℓq ˆ pIk X Iℓq|

˙ˆ

1IkˆIℓpvq

|Ik ˆ Iℓ|
´

1pIkXIℓqˆpIkXIℓqpvq

|pIk X Iℓq ˆ pIk X Iℓq|

˙

for pu, vq P T2 ˆ T2. We note that the functions
1IkˆIℓ

puq

|IkˆIℓ|

1IkˆIℓ
pvq

|IkˆIℓ|
play a fundamental role in

biparameter harmonic analysis and were first studied in [15] as kernels of bilinear operators.
Then Kk,ℓ P L8pT2 ˆ T2q and

}Kk,ℓ}L8 ď

ˆ

1

|Ik||Iℓ|
`

1

|Ik X Iℓ|2

˙2

ă 8.

Now for f, h P L1pT2q, define the translation–invariant bilinear operators

Tk,ℓpf, hqpxq :“

ĳ

T2ˆT2

Kk,ℓpx ´ y, x ´ zq fpyqhpzq dy dz,

which can also be written as
ˆ

1

|Ik ˆ Iℓ|

ż

IkˆIℓ

fpx ´ yq dy ´
1

|pIk X Iℓq|2

ż

pIkXIℓqˆpIkXIℓq

fpx ´ yq dy

˙

ˆ

1

|Ik ˆ Iℓ|

ż

IkˆIℓ

hpx ´ zq dz ´
1

|pIk X Iℓq|2

ż

pIkXIℓqˆpIkXIℓq

hpx ´ zq dz

˙

.

Finally, we consider the associated maximal operator

T ˚
pf, hqpxq “ sup

k,ℓě1
|Tk,ℓpf, hqpxq|
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defined for integrable functions on the torus.

Proposition 9. Then there exist functions f0, h0 P L1pT2q, such that

lim sup
minpk,ℓqÑ8

|Tk,ℓpf0, h0qpxq| “ 8

on a set of positive measure.

Proof. We start by showing that T ˚ fails to map L1pT2q ˆ L1pT2q into L1{2,8pT2q. Notice
that Tk,ℓ vanishes when k “ ℓ, so we may assume that k ‰ ℓ.
We consider the Dirac mass δ0 at the origin and the action of Tk,ℓ on the pair pδ0, δ0q. We

work with the subset of T2 given by the set of all px1, x2q with

0 ă 2x1 ă x2 ă 1.

Pick k0 and ℓ0 natural numbers such that

2´k0 ď x1 ă 2´k0`1, 2´ℓ0 ď x2 ă 2´ℓ0`1.

Then

T ˚
pδ0, δ0qpx1, x2q ě p2k0`ℓ0´2

q
2

ě
2´4

px1x2q2
.

Let

Ωλ :“
!

px1, x2q P r0, 1q
2 : 0 ă 2x1 ă x2 ă 1, x1x2 ă p2λq

´1{2
)

, λ ą 2.

For fixed x2 P p0, 1q, the constraints give

0 ă x1 ă min
´x2
2
,

p2λq´1{2

x2

¯

,

hence the measure of Ωλ is

|Ωλ| “

ż 1

0

min
´x2
2
,

p2λq´1{2

x2

¯

dx2.

Note that
x2
2

ě
p2λq´1{2

x2
ðñ x2 ě p2{λq

1{4.

Now since λ ą 2 we have p2{λq1{4 ă 1, and so

|Ωλ| ě

ż 1

p2{λq1{4

p2λq´1{2

x2
dx2 “

1

4
?
2

1
?
λ
ln
´λ

2

¯

.

Consequently,

λ1{2
|Ωλ| ě

1

8
ln
´λ

2

¯

Ñ 8 as λ Ñ 8.

This gives
›

›T ˚
pδ0, δ0q}L1{2,8 “ sup

λą0
λ1{2

ˇ

ˇtx P T2 : T ˚
pδ0, δ0qpxq ą λu

ˇ

ˇ ě sup
λą2

λ1{2
|Ωλ| “ 8,

and shows that
T ˚

pδ0, δ0q R L1{2,8
pT2

q.

Then by Theorem 2, there exist f0, h0 P L1pT2q such that

lim sup
minpk,ℓqÑ8

Tk,ℓpf0, h0q “ 8
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on a set of positive measure. This concludes the proof of Proposition 9. □

One concludes that the Lebesgue differentiation property

(30) lim
minpk,ℓqÑ8

Tk,ℓpf, hq “ 0 a.e.

fails on L1 ˆ L1. The operator T ˚ in Proposition 9 is controlled by the bilinear strong
maximal function studied in [15], which is bounded from Lp ˆ Lq Ñ Lr, when 1 ă p, q ď 8

and 1{r “ 1{p ` 1{q. In the case where p, q ą 1, by standard arguments, the Lebesgue
differentiation property (30) holds.

Naturally, there is nothing special about the case d “ 2 other than the simplicity of the
notation. In fact, in Proposition 9, the space T2 can be replaced by Td for any d ě 2.
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[21] Krause, B., Mousavi, H,. Tao, T., Teräväinen, T., Pointwise convergence of bilinear polynomial averages

over the primes Ergodic Theory and Dynamical Systems 45 (2025), 3760–3799.

33



A.E. CONVERGENCE VS BOUNDEDNESS XINYU GAO AND LOUKAS GRAFAKOS

[22] Lacey, M., The bilinear maximal functions map into Lp for 2{3 ă p ď 1, Ann. Math. 151 (2000), 35–57.
[23] Lacey, M. and Thiele, C., Lp estimates on the bilinear Hilbert transform, Ann. Math. (2) 146 (1997),

693–724.
[24] Lacey, M. and Thiele, C., On Calderón’s conjecture, Ann. Math. (2) 149 (1999), 475–496.
[25] Li, X. and Muscalu, C., Generalizations of the Carleson-Hunt theorem I. The classical singularity case,

Amer. J. Math. 129 (2007), 983–1018.
[26] Mirek, M., Stein, E. M. and Trojan, B., Multilinear ergodic averages for polynomial sequences, Ann. of

Math. (2) 185 (2017), 493–538.
[27] Muscalu C., Tao T., Thiele C., A discrete model for the bi-Carleson operator, Geom. Funct. Anal. 12

(2002), 1324–1364.
[28] Muscalu, C.; Tao, T.; Thiele, C., The bi-Carleson operator, Geom. Funct. Anal. 16 (2006), 230–277.
[29] Sagher Y. and Zhou, K. C., A local version of a theorem of Khichin, Analysis and Partial Differential

Equations, 327–330, Lecture Notes in Pure and Appl. Math., 122, Dekker, New York, 1990.
[30] Sawyer, S., Maximal inequalities of weak type, Ann. of Math. (2) 84 (1966), 157–174.
[31] Stein, E. M., On limits of sequences of operators, Ann. Math. (2) 74 (1961), 140–170.

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA
Email address: xggh8@umsystem.edu

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA
Email address: grafakosl@umsystem.edu

34


	1. Introduction
	2. Some preliminary results
	3. The proof of Theorem 1
	4. The Extension to Borel measures
	5. The Extension to Positive Operators
	6. An application concerning maximal bilinear averages
	7. An application concerning maximal bilinear Bochner–Riesz operators
	8. An application in differentiation theory
	References

