A.E. CONVERGENCE VERSUS BOUNDEDNESS
XINYU GAO AND LOUKAS GRAFAKOS

ABSTRACT. In this paper we extend Stein’s maximal theorem [31] to the bilinear setting;
precisely, let M be a homogeneous space on which a compact abelian group acts transitively
and let 1 < p,q<2,1/2<r <1 berelated by 1/p + 1/¢ = 1/r. Given a family of bounded
bilinear operators Ty, : LP(M) x LY(M) — L"(M), m = 1,2,..., that commute with
translations and converge a.e. as m — o0, we show that the associated maximal operator
T*(f,g9) = sup,, |[Tm(f,g)| satisfies a weak-type LP(M) x LI(M) — L"*(M) estimate.
Our proof is based on probabilistic arguments, properties of the Rademacher functions, and
measure-theoretic constructions. The main obstacle we overcome is an extension of Stein’s
lemma, that provides an estimate for the L? norm of a tail of a double Rademacher series in
terms of the L® norm of the series over a measurable set.

We also obtain a bilinear analogue of Sawyer’s [30] extension of Stein’s theorem to the
wider range 1 < p,q < 00. This result is valid for positive bilinear operators that commute
with a mixing family of measure-preserving transformations.

Our main application concerns the boundedness of a maximal bilinear tail operator asso-
ciated with an ergodic measure—preserving transformation on a finite measure space, which
was shown by Assani and Buczolich [3] to be finite a.e.. Our results imply that this max-
imal operator is bounded from LP x L% to L" for the natural exponent r = (% + %)*1
when p, g > 1; this extends the integrability of the bilinear maximal tail operator from the
subcritical region to the “natural” boundedness region. We discuss additional applications
related to the a.e. convergence of bilinear Bochner-Riesz means and other bilinear averages
on the torus.

1. INTRODUCTION

A well-known classical fact is that the LP boundedness of a maximal family of linear
operators together with pointwise convergence for a dense subspace of the domain, implies
a.e. convergence for all functions on the domain. In contrast to this classical direction,
our results show that a.e. convergence of a bilinear sequence forces weak-type bounds for
the associated maximal operator. Motivated by the work of Stein [31] and Sawyer [30], we
obtain bilinear analogues of their results and we also study some of their consequences in
terms of applications. The main results of this paper are Theorems 1 and 3, while our main
application is Theorem 5.

In Stein’s celebrated work [31], it is shown that if a sequence of translation-invariant
operators {T,,} on a compact group acts boundedly on L*(M), 1 < p <2, and if T,,,f - Tf
pointwise for every f € LP(M), then the maximal operator

T*f = sup T f|
m=1
satisfies a weak-type (p,p) inequality. The argument is based on probabilistic techniques
with Rademacher functions and provides a powerful connection between a.e. convergence
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and weak-type (p,p) inequalities. In this work we develop an analogue for sequences of
bilinear operators T,,, : LP(M) x LY(M) — L"(M) with 1/p+1/g=1/rand 1 < p,q < 2. It
should be noted that the opposite direction also holds: if a sequence of multilinear operators
satisfies a maximal weak-type estimate LP x L9 — L"® then it converges a.e. for all LP x L4
functions, assuming it does so for a dense subclass; for a proof of this fact see for instance
[10, Proposition 2].

Interest in bilinear operators originated in the pioneering work of Coifman and Meyer [5] [6]
in the seventies and by the celebrated work of Lacey and Thiele [23, 24] on the bilinear Hilbert
transform in the nineties. These works have spurred a resurgence of activity on adaptations
of many classical linear results to multilinear analogues, such as the Calderén-Zygmund
theory [16] and many other topics. In relation to a.e. convergence of multilinear singular
operators and boundedness of the associated maximal operators (which naturally implies
a.e. convergence) we refer the reader to [22] [27], [17] [28], [25], [8], [11], [26], [12], [9], [21].
This list is by no means exhaustive, but is representative of the work in this area.

Another contribution of this work is the bilinear analogue of Sawyer’s extension of Stein’s
theorem to the case r > 2 for positive operators under certain mild mixing conditions.
The main application of our results concerns improved weak-type bounds for a bilinear tail
operator associated with an ergodic measure-preserving transformation on a finite measure
space.

We begin by introducing some preliminaries and then develop the probabilistic and measure-
theoretic framework necessary for establishing Theorem 3.

Let G be a topological group and let M be a topological space. We say that G acts
continuously on M if there is a continuous mapping;:

GxM—M,  (g,2) g(a).

We call M a homogeneous space of G if G acts continuously on M and transitively; the latter
means for every pair of points =,y € M there exists an element g € G such that

g(x) =y.
We also define the translation operator 7, acting on functions f on M by
(g f)(x) = flg™2),  geG.

Now suppose G is a compact group and M is a homogeneous space of G. Then the homo-
geneous space M inherits a unique normalized G-invariant measure du from G that satisfies

JM flg(z))du(x) = JM f(x)du(x), for all fe L*(M) and g € G.

If we normalize the measure du on M such that

J du =1,
M

then G also has a finite Haar measure dwg, that satisfies

J de=1.
G

It is useful to recall the relation between the measures dy on M and dwg on G. For a
fixed point xg € M and a Borel subset E of M we define the fiber of E over the point xg
2
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under the action of G as follows:

E={geG:g(n) e E}.
Then, by translation invariance, for any xy € M we have
(1) n(E) = wo(E).

Some classical examples that the reader may keep in mind are the following. First, when
both the group and the space coincide with the k-torus, G = M = T, the action is simply
translation modulo 1:

g-r=g+x (modl), g,z €T,
that is, addition is taken componentwise on the torus.

A second, closely related example arises when G = M is the dyadic group, in which case
the action is given by componentwise dyadic addition:

g-x=g+ax (mod?2).
Finally, one may think of the rotational setting: let G = SO(n), the group of rotations in
R"™, and M = S™! the unit sphere. Here the natural action is the usual rotation of vectors,
g-x=g(x), geSO(n), ze sS™

These three cases serve as canonical examples of compact group actions and motivate the
general framework discussed below.
We now discuss the setup in the bilinear setting. Let M and G be as above.

Definition 1. For each m = 1,2,..., let T, be a bilinear operator defined on LP(M,du) x
LY(M,dp), where 1 < p,q < 2.
e We say that each T,, is bounded if for each m = 1,2, ... there is a constant C,, such
that
I T (fs ) erary < Conll flloany 1B oary,
for all f e LP(M) and h e LY(M). We do not assume the constants C,, are uniform
inm.
o We say that each T,, commutes with simultaneous translations if for every g € G we
have

Ton(rof, 79h) () = 7T (f, h)(2), Ve M.
o For fe LP(M) and h € LY(M) we define the associated maximal operator:

T*(f h) = Sup T (1)

The first main result of this work is the following theorem:

Theorem 1. Let 1 < p,q <2 and % < r <1, such that % = }—17 + é. Let T,, be a sequence of

bounded operators from LP(M) x LY(M) to L"(M) that commute with simultaneous transla-
tions. Suppose that for every f e LP(M), h e L1(M), the pointwise limit

Tim T, (f, 1))

exists for almost every x € M.
Then, there exists a constant C > 0 such that for all f € LP(M), h € LY(M), and all
a >0,

C
(2) p{ze M:T(f,h)(@) > a}) < [ flonlhlzean.
3
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In Section 5 we also prove a version of this result for positive operators. In Section 6 we
discuss applications. Naturally, our results extend to the case of multilinear operators, but
for the sake of notational simplicity we only focus on the bilinear case.

Notation: We denote Lebesgue measure on Euclidean space or the torus by |- |. The
indicator function of a set S is denoted by 1g5. We use the notation A < B to indicate that
the quantity A is controlled by a constant multiple of B, for some inessential constant.

2. SOME PRELIMINARY RESULTS

We begin the proof with some lemmas. The following summability lemma allows us to
balance size and frequency of occurrence of the terms of a series.

Lemma 1.1. Let (a,)r_; be a sequence of numbers satisfying 0 < a,, < % for some A > 0.

Then we can find a sequence of natural numbers ny < no < ng < --- such that:
0

(3) Z A, < 00,
k=1

a0
(4) Z NGy, = O
k=1

Proof. 1f limsup,,_,,, na, = a > 0, we define n; = 1 and for k£ > 2 we define inductively

a
nk = min {n > max(k* np_1) : na, > }
g { (K)o nan > 229

Then we have

If now limsup,,_,,, na, = 0, then we define (ank) to be the following sequence:

Aly ..., A1, A9,...,02,...,Aky..., A y. ...
—

1 : mes
[2a2j times [%J times l2ka2kJ times

Here |a| = max{n € Z : n < a} denotes the floor of e, i.e., the greatest integer less than or
equal to a. Notice that hmfﬁoo[ J2tCL2t =1, and [ Jagt < 27t for every t € N, therefore,

(3) and (4) hold. O

Lemma 1.2. For a positive numerical series Y, a, < 90, we can find a sequence of positive
numbers R,, such that R,, — o as n — o0, but also such that Zzo:l R,a, < .

Proof. Denote by T,, = Y7 . ax the nth tail of >}”  a,. Then take R, = \/lTTz It is
straightforward to verify that R,, — oo, and

N
;Rnan z_: T
4
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As Ib‘::§:w

ey @n < 00 and limy_,, Ty = 0, we complete the proof. O

Then by the above lemma, we have the following

Lemma 1.3. Let 0 < p,q < 0. Let {a,}>_;, {bn}2_, be sequences of positive numbers such
that

o0 0

p a
Zan<oo, an<oo.
n=1 n=1

Then, there ezists a sequence {R,}>_, with R, — o such that
o0 0
Y Rhah <o, Y RIY <o,
n=1 n=1

Proof. Take ¢, = af, +b%, then by Lemma 1.2, there exists a sequence { R/}, with R] — o
such that

o
/

Z R, c, < .

n=1

Setting R, = Re™P9 e rewrite the preceding as

o0
S REalc, < o,

n=1

Then we have that

o0
D D max{p,q}
RPab < Z Ry Cn < 00,

n=1

B

i
L

o0]
RIbS < Y Rympale, < oo

n=1

8

3
Il
—_

This proves our claim. [l

Lemma 1.4. Let (t,)n>1 be a sequence of real numbers such that

O<t,<1 foralln=1,2,...
5
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and

e8]
ity = .
n=1

Then, for every fixed natural number N, we have

M
[[Ja-t)—0 asM — o,

n=N

Proof. Fix N € N and set
M
Py=]](0-t), M=N.
n=N
Since 0 < t,, < 1, each factor 1 — t,, lies in (0,1), so Py; > 0 and
M
InPy = > In(l—t,).
n=N
We now estimate the logarithms. For x € (0, 1), we have the standard inequality
In(1 —2) < —ux.
Applying this with x = t,,, we obtain

In(1 —t¢,) < —t, foralln.

Therefore,
M M
Py =Y In(l—t,) < =)t
n=N n=N
thus

M M
PM = eZn:N ln(lftn) < e*Zn:N tn

By hypothesis, Y.~ t, = o0, hence also Y, t, = 0. Thus

M

t, —— 0,

M—o0
n=N
which implies Py; — 0 as M — oo. This is exactly the desired conclusion. U

Lemma 1.5. Let Ey, FEs, ..., E,,... be a collection of sets in M, with the property that
> u(E,) = . Then there exists a sequence of elements g1, g2, - -, Gn, - .. belonging to G,
so that the translated sets Fy, Fs, ... defined by F,, = g,|F,], have the property that almost
every point of M belongs to infinitely many sets F,,. Precisely, let

o0 [ee}
Fy =limsup F,, = ﬂ U F,.

k=1n=k
Then u(Fy) = 1.
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Proof. We consider two infinite product spaces. First, let

o0
M = HMk,
k=1

where M is the infinite product of M}’s, each M} being a copy of M. Thus the points of M
are sequences {z,}, where z,, € M. We impose the usual product measure of the measures
dp on each My on M. We call this product measure du*.

Next we consider the infinite product group

o0
I = HGk,
k=1

where I is the infinite product of Gy, each Gy, is a copy of G. The elements of I" are sequences
{gn}, where g, € G. On I' we also consider the usual product measure.
We notice that I' is a compact group which acts on M in a the following way

v (x1, 22, ... ) = (g1(21), g2(z2), . . . ), v =(g1,99,...) €.

Hence (M, p*) is a homogeneous space of T
Consider now the collection of sets &, &,..., &,, ... on M defined as follows

En={x=(x1,29,...) EM: z,€ E,}, n=12....
Then p*(&,) = w(E,). Let

k=1n=~k
We claim that p*(&) = 1.
Recall that
o0 00]
g=-UNe
k=1n=k

(5) pi(&) < ) it (ﬂ 55) :

Fix k > 1. For any m > k,

so by the monotonicity of u* one obtains

u{ﬂﬁ>=ﬂmﬁw{ﬂhmm»

Since, by assumption, u*(&,) = u(E,) > 0, we have u*(£Y) = 1 — p(E,) by the definition of
the product measure. Thus,
n=~k

k

<[] -nE.)).
.-
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Letting m — oo, we obtain

(6) W(f]$>$§ggfﬁﬂ—uﬂ%ﬁ=0,

by Lemma 1.4.
Now summing over k and substituting (6) into (5), we find that
0

0
<3 () -0
k=1 =
Hence,
pH(&) =1 —p*(&) = 1.
Therefore we have p(E) = 0 and thus u(&) = 1.
Let now ¥ (x1,xa,..., Ty, ...) be the characteristic function of the set &. Consider the

function f(v,p,) defined on I x M as follows

fya) = (g (2), g5 (@), g0 (@), ),
where v = {g,} € I, and z € M.
Define the set
={yel: fiyo) =1} ={yel:y " -p e &}
We apply the (1) to the case where I' is the group, M the homogeneous space

pe = (x,2,...,...),
and F = &, we obtain
(&) = wr(As),
where wr is the product Haar measure induced by wg. Since p*(&) = 1, it follows that for
every fixed x € M,
wr(4;) =1, ie f(v,p:) =1 for almost every v e I'.

We then have that for each z, f(7,p,) = 1 for almost every . Hence, by Fubini’s theorem

f vapx deor dpr* —1—” F(v pa) d* deor.

Thus for almost every v = {g,} € I, we have f(v,p,) =1 for almost every x € M.
Therefore for almost every z € M, v '(p,) € &. That is, for almost every z € M,

g, (z) € E, for infinitely many n. Hence, for almost every x € M, we have x € g,[E,]| for

infinitely many n. This proves the lemma. O

Next we consider the Rademacher functions r,(¢) defined by
ro(t) =71 (27), n=1,2,...,
for t € I := [0, 1], where ro(t) = 1 and
1, ifo<t<1/2,
1 (t) = . /
-1, if12<t<1.

These functions are orthonormal over [0, 1] and their importance lies in the fact that they
can be thought of as mutually independent random variables. We shall not make explicit
use of this fact, but instead we shall use a property that, in effect, follows from this.

8
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Our next lemma is an analogue of Lemma 2 in [31] (see also [29]) for double Rademacher
series. The approach in the proof below is based on the work of [1]. Let r,(s), rx(t) be the
Rademacher functions indexed by k,n > 0, and for numbers a,,; with Zf,k:o lank]? < o0,

we consider the double Rademacher series
o0

F(s,t) = Y angkra(s) re(t).

n,k=0

The following lemma concerns F'.

Lemma 1.6. Let E < [0,1]? be a measurable set with |E| > 0, and let

0

F(s,t) = 2 Ak Tn(8) TE (L), Z | i < o0,

n,k=0 n,k=0

where {an k}—o 18 a sequence of complex numbers. Then there exists an integer N = N(E)
and a constant A = A(FE) > 0, both depending only on E and not on the coefficients a,,
such that

1/2
Z ‘an,kP) < A(FE) esssup |F(s,t)].
n>N(E) (s;t)eE
k>N(E)

Proof. Pick an € > 0 small enough such that
1
NG
By standard measure theory, one can show that for £ < [0, 1]?, for any ¢ > 0, there exists
a dyadic rectangle of size N = N(E)

Ry =1IyxJy,  |In|=|Jn|=27",

0< < 2.

such that
|[En Ry| = (1—¢)|Rn|

This number N depends only on E and this is N(F) claimed in the lemma.
Define

Hoo(s,t) = > anara(s)ru(t),  Fn(s,t):= > ankra(s) ra(t),

0<n<N n>N or k>N

so that F' = H()o + FN.
We split the index set

{(n,k) :n>Nork>N}=A; U Ay U A,
where
Ay ={n>N, k> N}, Ay ={n>N, 0 <k <N}, A3 ={0<n <N, k> N},
and we also split Fiy accordingly as
Fy=FY 4+ F® 4 F(?’),

where in each F®) the indices (n, k) range over the set A;, i = 1,2,3. Notice that A;, Ay,
Aj are pairwise disjoint sets.
9
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The functions {r,(s)r(t) }nx=0 form an orthonormal system on [0, 1]*. For every n,k > N,
the functions r, and r, take the values +1 on subsets of equal measure of Iy and Jy,
respectively; consequently, the family

{rn(s)r(t) :n,k> N}

is orthogonal on the rectangle Ry .

Thus
1) H|F s,t)Pdsdt = [Ry] S Janil®
n>N
k>N

But when & < N we have that 7 (t) is constant on Jy. Writing () = fr = £1 for this
constant value, we have

(8) F(2)(Svt) = Z Qo k ﬁk TTL(S)

n>N
k<N

and the functions {r, : n > N} remain orthogonal on Iy.
The same argument gives

(9) FO(s,t) = > anganril(t

0<n<N
k>N

where «,, = r,(t) = +1 is constant.
By (8), we have that

(FOF®) oy H( D1 angra(s)r(t >< > an/,kfﬁk/rn/(s)> ds dt

(TL k €A1 n’k?NN
0<k'<
J Z Z A kT (s J k(1) dt( Z Ay e Py rn/(s)> ds.
IN p>Nn>N n’7N
0<Kk'<N

By the fact that §, ri(t)dt =0 for k > N we conclude that

(FW F® gy = 0.
Similarly, we have that
(FYWF) 2y = 0.
Then we show that (F®, FG)) 5y = 0. Using (8) and (9), we have

<F(2)a F(3)>L2(RN)

JJ ( Z ankﬁk Tn ) <0<nZ<N py Jt Oyt Tt )) ds dt

(X wewar) [

Ry k<N K'>N
(Z < Z ankﬁk>f rn(s)d )( T (1) dt>

k>N 0<n/<N IN
Then by the fact that SI s)ds = 0 and SJ r(t)dt = 0 for n, k' > N, we deduce

n>N 0<k<N
(F@ F®) a5 = 0.
10
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Therefore, for i # j, we have
(FOFDyagyy =0, i# ]
That is, F®) and FU) are orthogonal on Ry. Hence

3
H|FN<s,t)|2dsdt _ ZH|F<Z‘>(3,75)|2dsdt.
Ry =l Ry

Then by (7), we have the correct bound

(10) Rl S fansl? < H|FN 5, 1)2ds dt.

n>N
k>N

We also have for any measurable set £’ < [0,1]?

Z A T (8) T t‘ dsdt

n,k=0
< |F Z anisl® + > ansluw f T (8) 75 ()7 (8)rae () ds dt
n,k=0 (k) #(n/ k') '
1 1
0 2 2 2
< |F| Z |l + < Z |an,kan/7kf|2> ( Z U T (8)71 () (8) 73 () dsdtl)
n,k=0 (n,k)#(n’ k') (n,k)#(n’ k') VE
[o's) o0 % 2
<IE'| ), lansl® + (Z |an,k|2> ( 2 |<XE’77“n7’k‘7”n'7’k’>|2>
n,k=0 n,k=0 (n,k)#(n' k")

using the inequality
> Khranc rard P <

n,k,n’ k'=0
(n,k)#(n' k')

for all f e L*([0,1]?)., thus we have that

(11) J D anpra(s rkt’ dsdt < (\E'H\/W Z | |2
E/nk>0

We now define sets

R]J(;+:{(S,t)ERN FNSt 0}
RNZ{(S t)ERN FNSt <0}

R?V:{(s t) e Ry : Fn(s, t)—O}

It is straightforward to verify that the disjoint sets Ry and Ry~ have equal measure; the
problem is that it may not be the case that their union is equal to Ry. To arrange for this
to happen, we find disjoint subsets RN’+ and RN of R% of equal measure whose union is
RY; and we define

R, =R,TURY", Ry=Ry URY.
11
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Then we have R} U Ry = Ry and by construction |Ry| = |Ry| = |Rn|/2. Moreover we
have that

Fy(s,t) >0 on Ry, Fn(s,t) <0 on Ry.

We now decompose:

f Fy(s, 1) ds dt
Ry

:f |FN(s,t)|2dsdt+J |FN(s,t)\2dsdt+J Py (s, )| ds dt.
RinE RynE RynEC
Clearly, we have
1
f |Fn(s, )| dsdt < J |Fn(s,t)|* dsdt = —f |Fn(s, 1) ds dt,
RynE Ry 2 Jry
because |Ry| = |Rn|.

For the integral over Ry n E* we write |Ry| = 27" and rescale t — u. Then

EC EC
f |Fy(s,t)[>dsdt < By B 1By 0 B J |Fy (s, t)|? ds dt,

by applying (11) to the rescaled series }, ;- @ni N ke NT#(8)T1(2).
Putting things together yields

RnNEC RnNE"
(%_\ ol /I i )L |FN(5,75)|2dsdt<fR+ E|FN(s,t)|2dsdt,
N NO

or the analogous inequality with R}, replaced by Ry.
Recall that

F(s,t) = Ho(s,t) + Fx(s,t),  Hoo(s,t) = > anara(s)ra(t),

0<n, k<N

where Hyy(s,t) = C' is a constant, since r, for n < N are constant on Iy, and ry for k < N
are constant on Jy. Assume first that C' > 0. Then on R}, we have Fy = 0, hence

|Fn(s,t)] = Fn(s,t) < C+ Fy(s,t) = |F(s,1)].
Thus
J |Fn(s, ) dsdt < J |F(s,t)]* ds dt.
RiNE

R} nE
For the alternative case C' < 0, we have that Fiy < 0 on Ry, hence
|Fn(s,t)| = —Fn(s,t) < —C — Fy(s,t) = |F(s,1)].
Thus

f | Fy(s, )2 ds dt < J P (s, )2 ds dt.
R;,mE R;]mE
12
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Then without loss of generality, we can assume that C' > 0, then by (10) and the choice
of €, we have

F 2
D Jansl® < o ‘J |F (s, t)|2dsdt

n>N

k>N
1 1
|F(s,t)|*dsdt
|RN\ 5~ €~ Ve rger
2
< — |F(s,t)|*dsdt.
|RN‘ R]f]mE
Since |RY| = $|Rn|, this becomes
| Ry Z |ank|? < |F(s,t)|* ds dt.
n>N |R ‘ Ry NE
k>N
Thus we know that there exists N = N (E) such that
Z |an i) < esssup |F(s,t)[%,
n>N | (S,t)EE
k>N
Taking square roots proves the lemma with A(E) = ﬁ =2V, O

3. THE PROOF OF THEOREM 1
We now have the tools required to prove Theorem 1. In this section we provide the proof.

Proof of Theorem 1. We assume that conclusion (2) is false and we will reach a contradiction.
Then for each n € N, there exist non-zero a.e. functions f! € LP(M), h!, € LY(M), and «,, > 0

such that:
/ / /
,u({a:eM:T* (ﬁ,%) (a:)>1}) =n Ju
Q, Qy,

On
Thus we can reduce matters to the following situation: f, = % e LP»(M), h, = % e LY(M),
= {x : T*(fn, hn)(x) > 1}. Then:
p(En) = 1| fol o n 7o

Apply Lemma 1.1 to extract a subsequence n;, of the natural numbers such that the triple

T T

Lp Qn La

2 o M 7 < 0,
k

Z M(Enk) = .
k

By bilinearity, it is not hard to show that for any a > 0, condition (12) for (f,,, hn,, En,)

(12)

and for (afn,,a 'hy,, E,,) are equivalent. Now we take o = ap, = || fo, |15 [|Ang || Fa, then
we have that:

_rp rp
oy fuillze = e [ fnille = 1 Fnello” Wil Zall Fus 120 = 1fnillo oy [ 70-
13
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Similarly, we have
Ha;klgnquLq = || fa o [ Py | e

For notational convenience, we replace (aum, fn,, % oy, Eny) by (frs b, En). Then we
have the following situation:
For n € N, there are f,, € LP(M), h,, € LY (M), and E,, = {x : T*(f,, hy,)(x) > 1} such that

1(En) = 1| falzo || Lo
Dl = X el 0 < o0,
n k

Do lhalte = D1 Mol 7 < 0.
k

n

Apply Lemma 1.3 to choose R,, — o0 such that:
YR fully < o0,

D 1 Rabalhy < 0.

For a function F' on M x [0, 1] we introduce the slices
F.(t) = F'(z) = F(x,t), H.(s) = H*(z) = H(z,s).
We claim that there exists a pair of functions F'(z,t), H(x,s) both defined on M x [0, 1]

with the properties:

(i) For almost every (t,s) € [0,1]*, we have F' € LP(M), H* € LY(M), and hence by
assumption we have T,,(F*, H*) € L"(M) for each m.
(ii) For almost every (¢, s) € [0,1]?, the maximal function

T (F', HY)(w) = sup [T, (F', H) @) = =

for almost every x € M.
Note that the validity of (i) and (ii) leads to a contradiction since the assumption is that
for every f e LP(M), he LI(M), the limit

lim T,,(f,h)(x)

m—0o0

exists for almost every x € M. Thus, the desired inequality (2) must hold.
Let I = [0,1]. We define measurable functions on M x I by setting

(2, t) Z ) Ray, (fn)(@),

HN(:L‘7S) = Z (S)RkTgk(hk)(x)>

=1
for x € M. For Ny > N; natural numbers we consider

J f Py (2.8) — o, (2, 1) Pdadt.
IJM 14
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We need the following observation. Let

= i byrn(t)

n=N1

then for 1 < p <2

[(1wpa< ( [ 1ropa) - (iN i) < iN b

Notice || fullrary = ||7g, (fu)||zr(ar) by translation invariance, then by Fubini’s theorem, we
obtain

JJ Py (2, 8) — Fw, (2, )Pdadt < Z R fullZ,

n=N1

and similarly
Na
| | o) = Hyaloordods < 35 (IRaballt
I1JM n=N1

Then the sequence Fy(x,t) is Cauchy in LP(M x I), since the series > ||Rufull}, is
convergent. Hence there exists a function F'(z,t) in LP(M x I) such that

|Fx(y ) = F()paaxny — 0

as N — co. Define
Gn(t) == |Fn(-,t) — F(.,t)||§p(M) = L|FN(x,t) — F(x,t)|Pdt.

By Fubini’s theorem we have

IFx = Fllpsoy = | Gvlo)t.

Since Fy — F in L?(M x I), the right-hand side converges to 0. Thus Gy — 0 in L'([).
Convergence in L'(I) implies the existence of a subsequence G n; of G such that G, (t) —
0 for t € I, except for a subset of measure zero which we denote by A. Equivalently, we have

(13) |Fn, () = F(-, )| peary — 0 for t € I\ A, (as j — o).
Similarly, there exists an H(z,s) € LY(M x I) such that

[Hn () = H(,)leexn — 0,
and there is a subsequence N;, of N; and a subset B of I of measure zero such that
(14) [Hy;, (-s8) — H(, 8)||zaary — 0O for s e I\B (as k — o0).

For convenience, we drop the double index of the subsequence and we denote Fy, = Fi
and Hy, = Hy We also recall the notation (Fiy).(t) = (Fx)'(z) = Fy(z,t) and (Hy).(t) =
(Hy)'(x) = Hy(z,1)

Then for any fixed (s,t) € (I\\A) x (I\B), since (13) and (14) are valid, we have that
Ft=F(-,t)e LP(M) and H* = H(-,s) € LY(M). This proves (i).

15
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Let us now fix m. Since T,, is bounded operator, in view of the preceding facts, we have
for every fixed t € I\\A and s € I\B,

o (F 1) — T (e ()
=\ T (F* H? = (Hype)") 4 T (F* = Fyes (Hyge)') [
<| T (F', H® - (HN;,S)S) ;T(M) + | T (F* — (Fyee)', (HNIZ,S)S) ZT(M)
<HFtHEP(M)||HS - (HNQS)SH;(M) + HFt - (FNIjvS)tHZp(M)H(HNQS)S
as k — oo. Hence, for every ¢t € I\A and s € I\B there is a subset (6,,)"* of M of measure
zero such that

(15)  Tw(F' H)(x) = X ra(t)rk(s) R R T (74, (fa), o (h)) (), 2 € M\(6,)"".
k

n

La(M) 0,

Denote €** = [ J_,(6,,)"*, which is still a subset of M of measure zero. Then we have
that for every ¢t € I\ A and s € I\B, (15) is true for all m when x € M\ (€6,,)"*.

Moreover, by an argument similar to that above, there is a subset 9 of M of measure zero,
such that for every x € M\9, there is a subsequence (N;), of natural numbers such that
T (Fn;)., Hin,), ) (t, s) converges to T, (Fy, Hy)(t,s) in L7(1%). Then for every z € M\%,

there are subsets (6,,)s, (Fm). of I of measure zero such that

5) T (Fx, HI) (t,s) = Z Z 0 (8) 7% (s) R Ri Ty, (Tgn (fn); Tos (hk)) (@),
n k
whenever  (t,8) € I\(En)e X I\(Fim)e-

Denote &, = | J)r_,(E:n): and F, = | J_(Fm). noting that &, and F, are still subsets of /

m=1
of measure zero.

The next claim is to prove that there is a subset F of M of measure zero such that for all
x € M\F we have

(17) ZZRiRﬂTm (g (f1): T (hi) ) (2)]* < o0 for every m =1,2,....

n K

This may be seen as follows: First, p,q = 1, and Y, ||R.fullfr < 0, D ||Rihil||%, < oo by our
construction. Next, since || f,||r = ||7y, (fo)llr and ||hg||re = ||74, (he)||ze and each T;, is a
bounded operator, then we have that

ZZJ | B B T (7, (f) g, (i) ()" s

n k M

=SSR T ()7 ()0
n k M

< RLRCy | falliocan 1 e

n k
=05 35 (1R Bl Bitiel o))
n k

<@(Zzammwﬂ-(2uw%am)7
n k

16
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the last inequality is obtained by Holder’s inequality. Thus, there is a subset F of M of
measure zero such that for all x € M\F one has

D O R R T (7, (f) g (i) ()| < 00 for every m = 1,2,....
k

n

Since 3 < r <1, (17) is proved.

Combining the above facts we conclude that for every x € M\F, the Rademacher series
(16) is a well-defined function of (¢, s) on the set (I\6,) x (I\F,).

Suppose now, contrary to (ii), that T*(F*, H*)(x) < oo for a set of positive (z, ¢, s) measure.
Then there exists a set S of positive measure in M x I?, where T*(F*, H®)(x) is bounded
say by A. That is, T*(F", H*)(x) < A, whenever (z,t,s) € S. And therefore, for every m,

(18) Ty (F! H?)(2)| < A, (2,t,5) € S.

Let now E, = S n ({z} x I?), E, may be considered for each z € M\F, a subset of I
(more specifically, a subset of (I\&,) x (I\%,)). Since S has positive measure in M x I,
E, is Lebesgue measurable for almost every x, and there is a subset M, of M with positive
measure, such that |E,| > 0 for all x € M,.

So now we can apply Lemma 1.6, to the case of the Rademacher series (16), remembering
(18); the set E in Lemma 1.6 will be E,, where x € My. Then there exists a N(x), A(E,)
independent of s,t, m such that

2) 1

<n>N(I)
k=N (xz)

< A(E,) esssup | T, (Fy, Hy)(s,t)]

(s,t)eE
< A(E,) - A =: A(z),

thus we have the following:

T (t)re(s) Ry R T, (Tgn (fn)s Tys (hk)) (x)

( > IR R T (74, ( fn),rgn(hn))(x)|2>2 < A(z), xe€ M,

n=N(x)
k=N (x)

where A(z), N(z) are independent of m. Hence
(19) | BT (T4, (fa)s g () ) ()| < A(2), @ € M,
if n > N(x). Now T, (7, fn, Tgutn) = Ty, Tin(fr, hn). Taking the sup (over m) of the left side
of (19),
RA(T*(fas ha)) (97 () < A(z),  x € M,
whenever n > N(x).

Now if zy € Fpy, by Lemma 1.5, then z; is contained in infinitely many F,, F,, = g,[F,]. But
T*(frs hi)(yn) > 1, if y, € E,. Therefore x¢ € Fy, implies R2T*( f,, hn) (g, (70)) > R? — oo,
for infinitely many n’s. Hence if x € F{), these are infinitely many n so that:

RyT*(fus ha) (9" (o)) > Alo)-

Thus (19) implies that if zy € My, then xy ¢ Fy. This shows that M is the subset of the

complement of Fy, and therefore u(My) = 0, contrary to what was found earlier. We have

therefore proved that the function F'(x,t) and H(x, s) satisfies the two conditions (i) and (ii)
17
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above which leads to a contradiction with the hypothesis of Theorem 1, unless an inequality
of the type (2) holds for some C. This contradiction shows that failure of the weak-type
bound would force divergence on a set of positive measure, completing the proof. O

4. THE EXTENSION TO BOREL MEASURES

In this section, we focus on the case where p = ¢ = 1 and r = 1/2 in which we extend
Theorem 1 to Borel measures. This extension could be helpful in certain applications; see
Section 6.

Throughout this section we let (M, du) be a compact abelian group equipped with Haar
measure i. We denote by C(M) the class of continuous functions on M with the sup topology.
For each m =1,..., N, let

T, : L'"(M) x L"(M) — C(M)

be a bounded bilinear operator that admits the kernel representation

T (5.0 = || Koo =2 = 2) F@) ) Ao duz), - Ko LM % 1),
MxM
such representations arise naturally for translation-invariant bilinear operators on compact
groups. Extend T, to finite Borel measures (1, 15) by the same formula and we denote this
extension by T,,(v1,1v2). Let |v1], |v2]| be the total variation of vy, vy respectively. Then we
have the following theorem.

Theorem 2. Suppose that for every f,g € L'(M), we have
limsup |15, (f, g)(2)| < %0

m—0o0

on a set of positive measure (which may depend on f,g).
Then there exists a constant A > 0 such that for all bounded Borel measures vy, vy on M,
and all o > 0,

p{re M T (i, 1n)(x) > a}) < %HMH el

We begin with a useful lemma.
Lemma 2.1. LetT}, ..., Ty be a finite collection of operators satisfying the conditions above.
Let vy,v5 be finite Borel measures with finite total variation |v1|,||ve| and set hy,(z) =

Ton(v1,v9)(x). Then there exist sequences { fi}, {gr} where fi, gx € L*(M) with | fi|pr < ||
and | gx| 1 < ||va| such that for allm =1,..., N we have

lm Ty, (fr, gr) () = hp()
k—0o0
for almost all x € M.

Proof. Let {¢y}r=1 < C(M) be a nonnegative approximate identity with §, ¢, du = 1, and
define
Jo = dp x 11, Gk 1= P * V2.
Then f, gr € LY(M), with

[l < Dol lgllr < el
18
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By Fubini’s theorem and the definitions of f, g we have

i g)(@) = [[ Kot = v = 2)( [ 6nts = w0 (@) [ 0u(z =) o)) dito) )
~ [|([] o1 0006) Koo = (et 11 = v+ ) ) dto) ) o () o),

Then, writing

K9 (a.8) = [[ 0u(r) 0u(s) Ko = b= 5) dulr) ).

we have for each m and all x € M,

wfignle) = | K@= - o) dn(w diafo)
MxM
Since ¢y, = 0 and §,, ¢ dpe = 1, we have for all (a,b) € M x M,

|K,S’f)(a, b)} < f (1) b1 (s) ‘Km(a —r,b— 3)} du(r) du(s)
< [onleiasenny | [ 0107) 0u(5) ditr) i)

= [ Kol oo (v -

Hence |K7Sf)| < | Konllp» pointwise for all k.
By the triangle inequality and Fubini’s theorem we obtain,

HTm(fk:a gk) - hmHLl(M)

J H (& —u,z = v) din(u) dva(v) | du()

M x M

U (J‘ m)(@ = uz —v)|dp( ))dlm(wd\uzy(v)
< 2 Ko e H d|v1|(u) d|ve|(v)

MxM
= 2| Koz - ]| - e
With the bound above, if we can show that there is a subsequence {k;}; such that
lim; e Kt (a b) = K,,(a,b) a.e., then by dominated convergence theorem, we have that
for subsequences fi, and gg,,
Eg Ton(frys gr;) () = B () a.e.

Since M is compact and K,, € L®(M x M), we have K,, € L*(M x M), and because
Or ® ¢y is an approximate identity on M x M, HK,%) — Ko |21 (vexary = 0. Therefore, there
exists a subsequence {k;}; such that lim;_, K% (a,b) = K,,(a,b) a.e. forallm =1,..., N.
This completes the proof. [l

Proof of Theorem 2. We begin by noticing that
19
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e Each T, is bounded: there exists C,, > 0 such that
1T (fs Do < Cinll fllrany 9] 21 any-

e Each T, commutes with translations.

Since T, is bilinear, bounded, and translation invariant, then by Theorem 1 there is a
constant A < oo such that

(20) p{z T (f, gr)(2) > ) < %fﬂm gkl < \%HMH vl

Let
TN(f.h) = sup [Tn(f,R)|.

1<m<N

By Lemma 2.1, there are sequences f, gx € L'(M) such that :
kh—I)rolo Tm(fka gk)(x) = Tm(Vh V2)(£)7

for each m = 1,2,..., N and for almost all x € M.
Define E* := {x € M : T*(v1,1n)(x) > a} and EY := {z € M : T (v1,1»)(x) > a}, notice
that the sets E{ are increasing with N and that the following are valid
pEY) = p({z: Ty (v, 1)(2) > o) < p({z: T (1, 1) (2) > a}) = p(E7).

Next, we will prove that

limsup g ({z : Ty (fro g1) () > a}) = p ({2 T (1, 10)(2) > a}) .

k—o0

For x € M, by Lemma 2.1, we have that limy_o |15 (fx, gx)(2)| = | T (1, v2)(x)| for each
fixed m € {1,2,..., N} and for almost all z € M. Hence, for a.e. x,
liminf Tx(fx, gx)(z) = sup liminf |7, (fr, gr)(z)| = Tx(v1, v2)(x).
k—00 1<m<N k—ooo

Therefore,
p({z: T, ) (z) > o}) < p({z: limkinij\“,(fk,gk)(x) > a}).
By Fatou’s lemma, we have that
e i inf T (i g0) (1) > a)) < lminf (o = T (foo 06)(2) > o).
Thus, we have that
p(ER) <liminf p({z: T3 (fi 9) () > a}) < lminfp({o: T%(f, 90) () > o).

Combining with the bound in (20), we deduce

o A
w(EY) < \/—a”WH vl

In view of the monotonicity of EY, letting N — o0, we obtain

p{e T, 0)(2) > o) <

Ll sl
\/a 141 1%}

and this concludes the proof. 0J
20
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5. THE EXTENSION TO POSITIVE OPERATORS

Sawyer [30] removed the restriction p < 2 in Stein’s theorem [31] under the assumption
of positivity on the linear operators. Theorem 3 below extends Sawyer’s result to positive
bilinear operators which commute with an ergodic family of measure-preserving transforma-
tions; precisely, we prove that for such operators a.e. finiteness implies a weak-type estimate
from LP x L7 to weak L" in the range 1 < p,q < o where 1/r = 1/p+ 1/q. The proof uses a
delicate inductive construction, analogous to that in [30], and relates to Stein’s probabilistic
argument described in the proof of Theorem 1.

Let (X, B, 1) be a finite measure space normalized so that pu(X) = 1.

Definition 2 (continuous-in-measure). Let
B LP(X) x LY(X) — {measurable functions on X}

be a sequence of bilinear operators. We say that each %B,, is continuous-in-measure if the
following holds: whenever

fo—f mI(X),  gr—yg inLiX),
we have, for every fixed m,

B (fr g6) () — B (f, 9)(x) in measure.
Equivalently, for every e > 0,

u(x: DB (fr, 91:) (@) — Bon(f, 9) (2)] >€> — 0, ask — oo.

Definition 3 (Positive operator). A bilinear operator % defined on LP(X) x LI(X) and
taking values in the set of measurable functions of another measure space is called positive
if f=0and h =0 a.e. imply B(f,h) = 0 a.e.. Precisely, for any f in LP(X) and h in
L9(X) there is a set of measure zero EPUM) such that B (f, h)(z) = 0 for x € X\EPWEN,

Lemma 2.2. Let % be a positive bilinear operator, meaning that
B(f,h)(x) =0 for almost every x € X whenever f,h = 0.
Then the following properties hold.
(i) Monotonicity. If fi, fo € L*(X) and hy, hy € LI(X) satisfy
0< fi < fo 0<hy <hy ae onlX,

then
B(fr,h)(x) < B(fa,he)(x) for almost every x € X,

more precisely, for all

ze X\ <g%(f2—f1,h1> U EBfrha—h1) g%(frfl,hrm>>_

(ii) Domination by absolute values. For all f € LP(X) and h e L1(X),
1B (f,h)(x)] < B(f],|h])(x) for almost every x € X,
more precisely, for all
re X\ U U
g,0e{+,—}
where f = f* — f~ and h=h* —h™ and f*,f~,h*,h~ = 0.
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Proof. Proof of (i). Since f; < fo and hy < hy, write

fo=fitu, ha=hi+v, wv>0.
By bilinearity we have
B(fa,ha) =B(f1+u,hy +v) =B(f1,h1) +B(u,hy) +B(f1,v) + B(u,v).

By positivity, each of the additional terms is non-negative a.e.. Therefore,

B(fo, ha)(x) = B(fr.hi)(z) for all x ¢ EPPTvh)  ghlnhamh) ) ghamfuha=hn),
This proves (i).
Proof of (ii). Write the sign decompositions

f=fr—r, h=h"—h".
By bilinearity,
Bf,h) =B 0T) =BT hT) =B A7) +B(f,h).

Set
A=RB(f* W)+ B(f,h7), B:=%3(f",h")+B(f,h").

By positivity,

for all 6
B(f°.h°)
T ¢ E’éet{_i}é’ )
Then
B(f,h)=A-B, |B(f,h)] < A+ B.
Finally,
A+B=R("h" )+ BT R )+B(f,h")+B(f,h7)
=BT+, h"+h7)
= B(|f1,[R]),
since |f| = f*+ f~ and |h| = h* + h™.
Thus
[B(f, h)(x)] < B(f], [h])(2)
outside the stated exceptional set. This completes the proof. 0

Definition 4 (Measure-preserving transformation). A measurable map 7: X — X is called
measure-preserving if

p(t7'A]) = n(A)  forall A€ B.

Equivalently, T is measure-preserving if for every integrable h : X — C one has

f ]’LOTd/L:J hdpu.
b's b's
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Definition 5 (Ergodic family). Let T be a collection of measure-preserving transformations
on a measure space (X,B,u). We say that T is an ergodic family on X if whenever a
measurable set A € B satisfies

Al =A foreveryTeT,
then
u(A) =0 or  p(A) =1
Definition 6 (Bilinear distributive sequence). Let
B LP(X) x LX) — {measurable functions on X}, m =1,

be a sequence of bilinear operators. Following Sawyer [30], we say that {9,,}, is distributive
on X if there exists an ergodic family 7 of measure-preserving transformations on X such
that, for every 7 € T and every f € LP(X), h € LY(X), the relationship holds for each m

Bu(f,h)oT(x) = Bu(for, hor)(x) for almost all x € X.
One can show that if {%,,},, is distributive, then the maximal operator

%*(fa h) = Su}i ‘%m(f7 h)‘

is also distributive, i.e., it satisfies
B*(f,h)or(x) = B*(for, hoT)(x) for almost all x € X.

Precisely, the preceding holds for X\C?*(/")°7 where C**(/)°T has measure zero.
After introducing all the necessary definitions, we are now ready to state the theorem.

Theorem 3. Let 1 < p,q < o0 and % < r < o, such that % =111 TetB,, be a distributive

sequence with the ergodic family T of continuous-in-measure positive bilinear transformations
of LP(X) x LX) to measurable functions on X. Suppose that for every f € LP(X) and
h e LX) we have

(21) B*(f h)(x) <o

for almost every x € X.
Then, there exists a constant C' > 0 such that for all f € LP(X), h e LX), and all « > 0,

* C T s
(22) p{ze X B7(f,h)(2) > a}) < I ie oo o).
In particular, if p = q = o, there exists Cy, such that
[27(f, )| x) < Coo [ fll ooy [l 222 0)-
To prove Theorem 3 we need the following two lemmas.

Lemma 3.1 (Sawyer [30]). Let T be an ergodic family of measure-preserving transformations
on a probability space (X, B, ). Then for any two measurable sets A, B € B, and for any
constant 6 > 1, there exists a transformation T € T such that

W(B T HA]) < 0p(A)u(B).
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Lemma 3.2. Assume T is an ergodic family. Then, if {A,} is a sequence of measurable
subsets of X such that

o0
Z ﬂ(AN) =%,
n=1
there exists a sequence of transformations {1} < T such that

(23) ,u( U r,;l[An]> =1, for all M.

n=M

That is, T,(x) € A, infinitely often for almost every x € X.

Proof. Fix M. Let {A,} < B be any sequence of sets. Then, by Lemma 3.1 and induction,
we can choose transformations {7,} < 7 such that for all N > M,

N
(24) p (A n AL o TR [AR]) < 61620y H (AL,
k=1

where {6} is any sequence of constants with 6, > 1 and [[,_, 0 < . As discussed in
Lemma 1.5, since >,° | u(A,) = o0 we must have >, p(A,) = o0, thus by Lemma 1.4, we
have

(25) 1_[ p(A}) = 0.

Choose a sequence {#;}r>1 with 6, > 1 such that

o
1_[ Hk < Q0.
k=1

Let © := [],_, 0k, combining with (24), we have

N N N N
u( ﬂ T,;l[AiD < ( H Qk) n(A;) <6 1_[ 1(Ay).
k=M k=M " k=M k=M
Letting N — o0 and using (25), we obtain
,u( ﬂ Tk_l[AiD = 0.
k=M

By De Morgan’s law,

(N w1) - U ()
k=M k=M
For each k, since preimages commute with complements,
c
(7 (AR) = i ((AD) = 7 (Aw).

Therefore,
o8]

E' = | ) 7' (A,

k=M
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Since p(X) = 1, we have

o]

m(kg/él;”’“) =1

O

Proof of Theorem 3. Using similar argument as in the proof of Theorem 1, we can find two
sequences of functions {f,}nen € LP(X), {hn}nen € LY(X), and a sequence of real numbers
R,, — oo such that

Sz e X : B (fo, ha)(@) > 1}) = o,

with Y |Rnfulfs < 00, and ) |Rnhn|l, < 0. Thus we can take f/(x) = R, f.(z) and
h!(x) = R,h,(z) and then we have

Yol X B (FL @) > R2) = o,

with
DG, <o, and Y A%, < oo
For simplicity of notation, we replace f/ with f,, h! with h,.
Since each %, is positive, by Lemma 2.2 we have, for any f € L?(X), h e LX)
Bo(£ 1)) < B (|1, 11]) (@) for every & € X\HE,
where HZ" is a null subset of X. Hence, for z € X\ J,, H{", we have

B*(f,h)(x) = sup|Bn(f, h)(2)] < S}ql@p%m(!f!, |2) (z) = B*(|f], |h])(2).
Therefore, replacing f, by |f.|, and h, by |h,| we can assume, without loss of generality,
that f,,h, = 0 for alln =1,2,... and the level sets

Ap={xe X :B*(fn, hy)(z) > R2}
still satisfy

(26) DA =0, Y falle <o Y alf. < 0.
n=1 n n

Now apply Lemma 3.2 to the sequence of sets {A4,} in (26). Since >, u(4,) = o,
Lemma 3.2 ensures that there exists a sequence {7,,} < 7 and a null subset Ny of X such
that for every x € X\ we have

T.(x) € A, for infinitely many n.
Equivalently, for every z € X\N,
B*(fr, hn) o To(x) > R2  for infinitely many n,
and hence
(27) sup B*(fn, hn) o To(x) = 00 for all z € X\N.

n=1
Notice that since 7,, is measure-preserving, the L” norms are preserved, that is

| fn 0 Tn”iﬁ = ”fn”im | 0 Tn”%ll = thH%Q'
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Moreover, by the assumption of commutation relation, we have for each n and Vf € LP(X),
Vhe L1(X),

B(f o rhom)(@) > B (fh)om(z),  Vae X\CHTURT
Combining this with (27), we obtain
0
(28) supB*(f o Ty, hom)(x) = oo forall z e X\ ( U OP*( fh)cwn) .
n=1 -

Summarizing, we have constructed sequences {f,} < L?(X), {h,} < L9(X) such that
( ) anTn( ) =0, hy o1, (2 ) 0 for every n;

2 | fo o Tallfe < o0, Z | © Tall 7 < 003

n=1

[oe}
(3) supB*(fn 0 Tuy ho 1) (x) = 00 for all x € X\ <./\/0 v U CH*(Fh) OT”> :
n=1 n=1
Now define functions on X by setting
0
F(x) := <Z n O To(x )
H(zx):= <2 hy, o Tn(a:)q)
n=1
By Tonelli’s theorem, the function F' lies in LP(X) as
[ee}
i1z, - | Z 2o m @) du(e) = 3 L omlly <
n=1

Likewise, the function H lies in L9(X).
Next, for each n and each z, since f, o 7,, h, o7, = 0, we have

%n<fn O Tn, Iy © Tn)(ﬂj> >0 forall xe X\Nn7
where N, is a set of measure zero. Using the Lemma 2.2, we obtain
B*(F,H)(x) = sup |B,(F, H)(x)| = supBn(fn 0T, hn o 7a)(x) = B*(fr0To,hno1)(2)

for x in X\\M,,, where M,, is a null subset of X. Thus, by taking C := NyulJ,—_, CP*(Fh)omn
and M := | J"_, M,,, we have

B*(F H)(x) = B*(fnoTn, hnot)(x) forallnand all z € X\(C u M)
so that
B*(F,H)(x) = supB*(fnoTn, hyot,)(x) =00 for almost every x € X,

n=1
by (28). This contradicts the hypothesis that B*(F, H)(z) < o a.e. for every ' € LP(X)
and H € L1(X).

Therefore our assumption that %* is not of weak-type (p, ¢, ) must have been false. Thus
9%* must satisfy the weak-type (p, ¢, ) condition (22), and this completes the proof. O
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6. AN APPLICATION CONCERNING MAXIMAL BILINEAR AVERAGES

Let (X, B,u) be a finite measure space and let 7 : X — X be a measure—preserving
transformation. Then the quadruple (X, B, u,7) forms a measure—preserving dynamical
system. In this section we study the family of bilinear averages

f(r™"z) h(r*"x)
= Z
defined for (f,h) € LP(X) x L%(X), and the associated maximal operator
B (f,h)(@) = sup [B(f,W)(@)], weX.

This operator is commonly referred to as the bilinear tail maximal operator and was intro-
duced and studied by Assani and Buczolich [3]. We first recall the following result.

Theorem 4 (Assani-Buczolich [3]). Let (X, B, u, 7) be a measure—preserving dynamical sys-
tem on a probability space X. If p,q = 1 satisfy

1 1

-+ - <2,

p q

then the maximal operator

F(r7z) h(r)
im| + 1

maps LP(X) x LX) into L"(X) for every exponent

B*(f, h)(x) = sup

meZ

0< <1
T —.
2

Assuming that 7 is ergodic, we are able to obtain a substantially stronger conclusion.
More precisely, we show that 98* satisfies a strong—type estimate at the critical exponent
r= (%D + %)*1. This extends the integrability range of %*(f, h) beyond that obtained in [3].

The ergodicity hypothesis is mild in this context, yet essential: it allows the family {%,,}
to be placed within Sawyer’s abstract framework for maximal operators generated by ergodic
families of transformations, while all other structural features of the bilinear averages remain
unchanged.

We now state our main results for this application.

Theorem 5. Let (X,B,u,7) be a measure—preserving dynamical system on a probability
space X, and suppose that T is ergodic. Let 1 < p,q < o and % < r < oo satisfy % = 117 + %.
Then there ezists a constant C > 0 such that for all f € LP(X), h € LX) we have

(29) | (£, h)

Theorem 6. Let (X,B,u,7) be a measure—preserving dynamical system on a probability
space X, and suppose that T is ergodic. Fix p,q > 1 and let r satisfy 1/r = 1/p+1/q. Then
there exists a constant C' > 0 such that for all « > 0 we have

E3 C T r
p({re X :B*(£.0)@) > a}) < = | f g Ihlacn
for all fe LY(X) and h e LY(X). We also have

* ¢ r r
u({re X :B* (£, 1)) > a}) < — [F e Il oo
27
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for all fe LP(X) and h e L}(X).

We obtain our theorem as a consequence of Theorem 3, but in order to apply the latter,
we will need the following two lemmas.

Lemma 6.1. For each m > 1, the positive bilinear operator %8,, : LP(X) x L1(X) - M(X)
18 continuous-in-measure in each variable.

Proof. Let fr, — fin LP(X) and hy — h in L9(X). Since 7 is measure preserving, composi-
tion with 7 and 72™ preserves LP and L? norms, hence

from™ — for™ in LP(X), hyo 7™ — ho7®™ in LY(X).
Set r > 0 by 1/r = 1/p + 1/q. We express the difference as follows:
1
Bon(fir ) = B, 1) = [ (fi= F) o™ ho ™™+ for™ - (b —h)o 7",
Im| +1
By Holder’s inequality,

[(fe = ) o™ b o7 e < | fi = fllee [Pl o,
and
|for™: (he—h) o™ r < | flzv [P — hllLa.

Since fr, — fin LP(X) and hy — h in LY(X), the right-hand sides tend to zero as k — 0.
Consequently,

Finally, Chebyshev’s inequality yields, for every € > 0,

M(‘%m(fka hie) = B (f, h)] > 5) < e "B fr, i) — Bu(f, D)1 — O,
as k — oo, which is exactly convergence in measure. U

Lemma 6.2. Let T = {t% : k € Z}. If 7 is ergodic, then T is an ergodic family of
measure—preserving transformations. Moreover, the bilinear family {B;,}m=1 is distributive
with respect to T, in the sense that

B (f, W) (752) = By (f o 7%, ho7")(x)
for all integers m, k and all v € X.

Proof. By definition, a family of measure—preserving transformations is ergodic if the only
measurable sets invariant under every transformation in the family have measure 0 or 1.
Since invariance under all 7* is equivalent to invariance under 7, the ergodicity of 7 implies
that 7 is ergodic.
The distributive identity follows from a direct computation:

f(7m+kx) h(7'2m+k$)

Im| + 1

B f, h)(Tkx) = =Bn(f o7k hOTk)(I).

This completes the proof. O

Having verified these lemmas, we proceed with the proofs of Theorems 5 and 6.
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Proof. Lemmas 6.1 and 6.2 assert exactly the continuity and distributivity required by The-
orem 3. Next we need to know that %8*(f, h) is finite a.e. for f,h in the given spaces. We
obtain these assertions appealing to Theorems 1 and 2 in Assani and Buczolich [3]. These
theorems claim that when p,q > 1, for f € LP and h € L? we have that 8*(f, h) lies in L" for
r < 1/2 ([3, Theorem 1)), while if p > 1 and f € L? and g € L', then %B*(f, h) lies in LY/%*
([3, Theorem 2]). In both cases we have B*(f, h) < 0 a.e., so hypothesis (21) of Theorem 3
is valid.

Applying Theorem 3 we obtain the weak type result: for all f e LP(X) and h € L1(X) we
have

C
u({re X :3B*(£.0)@) > a}) < = [F o) IAlaco

when 1/p 4+ 1/q = 1/r and p,q > 1. Note that if p = ¢ = o0, then the above estimate is
indeed a strong type estimate. If both p,q > 1, then the weak-type estimate (29) can be
upgraded to a strong-type bound

|87 (f, W) < C L f e [Pl e,

by bilinear interpolation; see [14]. Bilinear interpolation can be applied since we have an
open convex region on which weak type bounds are valid. In the second case where at least
one but not both of p, ¢ is equal to 1, Theorem 3 yields exactly the claimed weak—type bound
in Theorem 6. 0

7. AN APPLICATION CONCERNING MAXIMAL BILINEAR BOCHNER—RIESZ OPERATORS

The Bochner-Riesz means present natural ways to obtain the summability and pointwise
convergence of Fourier series and Fourier integrals in higher dimensions. The study of bilinear
Bochner—Riesz means have attracted attention in recent years, beginning with the works
[4, 18], where L” x L9 — L" boundedness is investigated.

In the bilinear setting, for a > 0 and A > 0, the bilinear Bochner—Riesz operator on R" is
defined by

Bi(fo)a) = || (1= A 206 + 1) )9t € dg an
R xR"™

Motivated by questions of pointwise convergence and almost everywhere control, maximal
variants of bilinear Bochner—Riesz operators were subsequently introduced and studied in
[7, 19, 20], where necessary and sufficient conditions for boundedness were obtained in various
regimes of indices. In particular, He [7, Proposition 4.1] established necessary conditions for
the boundedness of the maximal bilinear Bochner—Riesz operator, highlighting fundamental
obstructions that do not appear in the linear theory.

We now turn to the periodic setting. Let f and g be trigonometric polynomials on T" with
Fourier coefficients f(k’) and g(¢). For a = 0 and m € N, we define the bilinear Bochner—Riesz
means by

By, (f,9)(z) = Z (1 — M)‘lﬂkm(ﬁ)ezm(mm.x'

2
= m +
The associated maximal bilinear Bochner—Riesz operator is then given by
Bi(f, 9)(x) == SUII\);’B%(JC’ 9)(z)], zeT™
me
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Although LP x LY — L" boundedness for BY is known for certain indices p,q, we are
interested here on the range of indices where boundedness fails. A necessary condition for
the boundedness of the bilinear maximal bilinear Bochner-Riesz operator is given below.

Proposition 7 (He [7]). A necessary condition for the bilinear maximal Bochner—Riesz
operator BS to be bounded from LP(R™) x LY(R™) to weak L"(R™) is that
2n—1 2n-1

2r 2

Remark. This result does not present a restriction on o when r > 1; however, when r < 1,
it says that that if

a =

B2 : [P(R") x LY(R"™) — L"™(R")

then a must satisfy

. 2n —1 (1 B 1)

) r '
It is not hard to see, either by considering the same examples on the n-torus, or even by
a bilinear transference principle for maximal operators [13, Theorem 2] that Proposition 7
also holds when R" is replaced by the n-torus T". Using this fact and Theorem 1 we obtain

the following result.

Theorem 8. Letn >1,1<p,q< w0, a>0 and suppose r = (1/p+ 1/q)~* < 1. Define

1 1 1 2n—1,1
Sa:—{(p,q,r>e<1,2]><<1,2]x(5,1):;—5+5anda< - (;—1)}.

Then if (p,q,r) € 8%, then there exist functions f € LP(T") and g € LY(T") such that the
limat
lim B (f, 9)(@)
does not exist on a set of positive measure in T™.

Proof. We apply Theorem 1 with M = G = T". The group G acts on the space M in terms
of the periodic translations Let (7, f)(z) := f(x —y) for y € T". Then the Fourier coefficients
satisfy

m (k) = eV f(k), 7l = €T g(e).
A straightforward calculation yields: for z € T™ we have

Bi(rf. )@ = > (1- [k + ¢

2
kleZm™

2 2 a ) . ) )
_ Z <1 _ |k’ + ’€| > e—27r7,k~yf(k,) e—27rz€-yg(€> 627r7,(k+€)~:c

m2

¢ —~ 2mi(k+¢0)-x
— ) ni a0

k,beZn +
k24 [0\~ . ik
— Z (1—|’m—2||>+f(k:)g(€)e2 (k+0)-(z~y)
kleZm™

= B(f,9) (@ —y) = 7,B%(f. 9)(2).

Hence B, is distributive in accordance with Definition 6.
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Suppose, contrary to the claim, that for every f € LP(T") and g € L%(T™) the limit
lim,, o, BS, exists for almost every x € T". Under this assumption, Theorem 1 applies with
M = T" and yields the weak-type estimate

n (67 O T T
,u({x eT": Bi(f g)(x) > 04}) < o ”fHLP(T”) HgHLQ('H‘")a a >0,

for all f e LP(T") and g € L4(T").

In particular, BZ(f,g) is of weak type (p,q;r), and hence the family {B%(f,g)}men is
uniformly bounded from LP(T")x L4(T™) to L™*(T™). But this would contradict the assertion
of Proposition 7 when R™ is replaced by T".

Therefore, the assumption of almost everywhere convergence must be false, and there
must exist f € LP(T") and g € L9(T") for which the sequence {B%, (f, g) }men fails to converge
almost everywhere. O

8. AN APPLICATION IN DIFFERENTIATION THEORY

We apply our results to a bilinear maximal operator generated by dyadic averages on the
two-dimensional torus T?. This result is local and can easily be extended to R?; the only
reason we work on the torus is to make use of the compactness of the ambient space required
by our theorems. Although the kernels involved are bounded and compactly supported, the
resulting maximal operator fails to satisfy weak L3 estimates. This obstruction precludes
a.e. convergence for the associated bilinear averages, by Theorem 2.

Let G = M = T? = [0,1)? equipped with normalized Lebesgue measure wg = u. For
ke N, let I, = [0,27%] be the dyadic interval of length 27* whose left endpoint is 0.

For (k,¢) € N x N define the kernels

Kk,f(u,v) N <1Ik><[€(u) ]‘(Ikﬁlé)x(lkﬁlé)(u) )<1Ik><fe(v) 1(Ikm1g)><(lkm1g)('0) >

|Ik X ]g’ |(]k M ]g) X (Ik M ]g)|

|Ik X ]g| |(]k M ]g) X (]k M ]g)|

2 2 . 17, x1,(u) 11, x1,(v
for (u,v) € T x T%. We note that the functions |;k X’fm ﬁk X’fm

biparameter harmonic analysis and were first studied in [15] as kernels of bilinear operators.
Then Ky, € L*(T? x T?) and

1 1 2
e < n < 0.
[ Kol (\&HM \mee!?)

Now for f, h e L'(T?), define the translation—invariant bilinear operators

Tro(f, h)(x) := f Kyo(x —y, x—2) f(y) h(z) dydz,

T2 x T2

) play a fundamental role in

which can also be written as

1 1
— f(x—y)dy——f f(w—y)dy)
<|Ik X Ie’ IkXIg ’(‘[k N I€)|2 (Ikmlg)x(lkmle)

<; Wz — z)dz — b h(x — 2) dz) .

|‘lk x ‘[A I x1I, |(‘[k N I€)|2 (Ikﬁfg)x(lkﬁfg)

Finally, we consider the associated maximal operator

T (f, h)(w) = sup [Tie(£,7)(2)]
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defined for integrable functions on the torus.
Proposition 9. Then there exist functions fo, ho € L*(T?), such that
limsup |Tk¢( fo, ho)(x)| =

min(k,¢)—o0

0

on a set of positive measure.

Proof. We start by showing that T* fails to map L'(T?) x L*(T?) into LY?*(T?). Notice
that T}, , vanishes when £ = ¢, so we may assume that k # /.

We consider the Dirac mass dy at the origin and the action of T}, on the pair (do, dp). We
work with the subset of T? given by the set of all (x;,x5) with

0<2x; <29 < 1.

Pick ko and ¢y natural numbers such that

27k L gy < 27 RotL 270 < gy < 2700FL
Then
Fotlo—2y2 > 274
T* (0, o, , > (2% > )
(60, 00) (21, 72) = ( (2122)2
Let

Q, = {(1'1,1'2) e0,1)?: 0<2m <wy <1, 129 < (2/\)_1/2}, A> 2.

For fixed x5 € (0, 1), the constraints give

9 -1/2
0<a < min(g, L),

2 T2
hence the measure of €2, is

Loy (202
Q| = f rnm(é, 2 )dxg.

0 T2

Note that
i) (2)\)_1/2

> = I9= (2/)\)1/4.

2 T2
Now since A > 2 we have (2/A)"* < 1, and so

[N r GO G S T TN <A>
(2/M)1/4 T 4\/5\5

2
Consequently,
1 A
A2, >§ln (§> — 0 as A — .
This gives
HT*((SO,(SO)HLUQ,OO = sup )\1/2‘{33 e T? : T*(8y,00)(x) > )\}‘ > sup Al/Q\Q,\| = o0,
A>0 A>2

and shows that
T (50, 50) ¢ Ll/z’OO(T2).
Then by Theorem 2, there exist fy, hg € L'(T?) such that
limsup T}¢(fo, ho) = ©

min(k,£)—00
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on a set of positive measure. This concludes the proof of Proposition 9. O

One concludes that the Lebesgue differentiation property
(30) lim  Tie(f,h)=0  ae

min(k,¢)—o0

fails on L' x L'. The operator T* in Proposition 9 is controlled by the bilinear strong
maximal function studied in [15], which is bounded from LP x L? — L" when 1 < p,q < ©
and 1/r = 1/p + 1/q. In the case where p,q > 1, by standard arguments, the Lebesgue
differentiation property (30) holds.

Naturally, there is nothing special about the case d = 2 other than the simplicity of the
notation. In fact, in Proposition 9, the space T? can be replaced by T? for any d > 2.
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