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Abstract

This paper is devoted to the L”(R) theory of the fractional Fourier transform (FRFT)
for 1 < p < 2. In view of the special structure of the FRFT, we study FRFT properties
of L' functions, via the introduction of a suitable chirp operator. However, in the L'(R)
setting, problems of convergence arise even when basic manipulations of functions are
performed. We overcome such issues and study the FRFT inversion problem via ap-
proximation by suitable means, such as the fractional Gauss and Abel means. We also
obtain the regularity of fractional convolution and results on pointwise convergence of
FRFT means. Finally we discuss L” multiplier results and a Littlewood-Paley theorem
associated with FRFT.
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1. Introduction

In classical Fourier analysis three important classes of operators arise: maximal
averages, singular integrals, and oscillatory integrals. The Hardy-Littlewood maximal
operator, the Hilbert transform and the Fourier transform, respectively, are prime ex-
amples of these classes of operators. In recent decades fractional versions of the first
two types of operators have been widely studied, but less attention has been paid to
the mathematical theory of the fractional Fourier transform. In this paper we under-
take this task, which is strongly motivated by the important role it plays in practical
applications.

The Fourier transform is one of the most important and powerful tools in theoretical
and applied mathematics. Mainly driven by the need to analyze and process non-
stationary signals, the Fourier transform of fractional order has been proposed and
developed by several scholars. At present, the fractional Fourier transform (FRFT for
short) has found applications in many aspects of scientific research and engineering
technology, such as swept filter, artificial neural network, wavelet transform, time-
frequency analysis, time-varying filtering, complex transmission and so on (see, e.g.,
[3, 14, 18, 22, 23, 25]). In addition, it was also used widely in fields of solving partial
differential equations (cf., [11, 17]), quantum mechanics (cf., [17, 21]), diffraction
theory and optical transmission (cf., [20]), optical system and optical signal processing
(cf., [1, 10, 19]), optical image processing (cf., [10, 11]), etc.

The FRFT is a fairly old mathematical tool. It dates back to work of Wiener [26]
in 1929, but it was not until the past three decades that significant attention was paid
to this object starting with Namias’ work [17] in 1980. The approach used by Namias
relies primarily on eigenfunction expansions. For suitable functions f on the line, the
classical Fourier transform ¥ is defined as follows

+00
hw= [ e (1)
It is known that F is a homeomorphism on L*(R) and has eigenvalues
Ly=e™? n=0,1,2,....
with corresponding eigenfunctions
Un(x) = €2 H, (),

where H,, is the Hermite polynomial of degree n (see [5]). Since {i,,} is an orthonrmal
basis of L*(R), it follows that

Ff=) " (f g, Vf € LXR).
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This naturally leads to the definition of the fractional order operators {¥,} for « € R
via

Fof = D " (futth, VS € (R, (1.2)

It is clear that ¥, = ¥ when a = 7/2.

In 1987, McBride and Kerr [12] provided a rigorous definition on the Schwartz
space S (R) of the FRFT in integral form, based on a modification of Namias’ fractional
operators. For |a| € (0, 1), McBride and Kerr defined the FRFT by

ei(ﬁﬂr/4—a//2)

Vlsin ¢/

where & = sgn (sin @). The definition extends to all @ € R by periodicity. The authors
in [12] derive the equivalence between the definition of FRFT in terms of Hermite
functions (1.2) and that of (1.3). Moreover, they proved that

—+00
(fzf)(x) — eiﬂx2 cota f f(t)e—ﬂi(th csca—12 cot (x)dl_’ (1 3)

Theorem 1.1 ([12]). Forall f € S(R) and all a,B € R we have
(1) Fo: SR) = S(R) is a homeomorphism;
(H) Taﬁf = Ta+ﬁf'

Later, Kerr [9] studied the L*(R) theory of F,. He gave the definition of FRFT on
L*(R) by interpreting (1.3) as follows:

ei(&n/4—a/2) s R ) 5
(Taf)(X) — . emx cota lim f(t)e—m(thcsc a—1° cot a)dt (14)
V|sin ¢| Roo ) p

and proved the following result.

Theorem 1.2 ([9]). For all f,g € L*(R) and all a, 8 € R we have

() Fo: L*(R) = L*(R) is a homeomorphism;
(i) [ Faflly = 11l
(iil) FoFpf = Fospf
(V) [C(FaHg0dx = [ f)(Fag)(x)dx;

(V) {F. : a € R} is a strongly continuous unitary group of operators on L*(R).

More recently in [30], Zayed used a method similar to Namias’ to produce frac-
tional versions of a wider class of transforms.

In [28], Zayed extended the FRFT to different spaces of generalized functions by
two approaches. The first is analytic and uses the so-called embedding method to
define the FrFT on the space & of distributions with compact support. The second is
algebraic, and involves the theory of Boehmians. Prior to this, Kerr [6] extended the
action of the FRFT on the space S’ of tempered distributions via duality. For additional
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work in this area, refer to [16]. Very recently, Kamalakkannan and Roopkumar [8]
proved an inversion theorem and Parseval’s identity for the multidimensional fractional
Fourier transform. In analogy with the existing fractional convolutions on functions of
a single variable, they introduced a generalized fractional convolution on functions
of several variables and derived several properties that relate to the multidimensional
fractional Fourier transform.

In an attempt to take the theory of FRFT beyond S(R) or L*(R), we discuss in
this paper (Section 4) the behavior of FRFT on L”(R) for 1 < p < 2. In Section 2,
we discuss the elementary properties of FRFT on L!(R). Section 3 is devoted to the
problem of FRFT inversion, which is established via an approximation in terms of
FRFT integral means. In Section 5, we discuss L” multiplier results and a Littlewood-
Paley theorem associated with FRFT. Using the language of time-frequency analysis,
this means that an L' chirp signal, whose FRFT is non-integrable, is recovered from the
frequency domain as a limit of the inverted Abel means of its FRFT; this is discussed
in the last section.

2. FRFT on LY(R)

It is natural to begin our exposition by defining the FRFT on L!(R); our definition is
like that in [12]. In L!'(R), problems of convergence arise when certain manipulations
of functions are performed and FRFT inversion is not possible.

Definition 2.1. For f € L'(R) and a € R, the fractional Fourier transform of order a

of f is defined by
[ Ky, f(0dt, a#nr, neN,
(Faf)X) =14 f(x), @ = 2nm, (2.1
f(—=x), a=02n+ Dm,
where

1 x?
K.(x,1) = A, exp [27ri (5 cota — xtcsca + ) cot a)]

is the kernel of FRFT and
A, = V1l —icota. 2.2)

As the parameter @ only appears as an argument of trigonometric functions (see
(2.1)), it follows that 7, is 2r-periodic with respect to a. Hence, throughout this paper
we shall always assume « € [0, 27).

Notice now that when n € Z, F,,nf = F"f, where F" is the nth power of the
classical Fourier operator (1.1). Therefore, ¥, can be regarded as the sth power of the
Fourier transform, where s = 2a/x, that is,

Ff = Fonpf-

4
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Figure 2.1: rotation of time-frequency domain

1 Denote by I the identity operator and ¥ the reflection operator defined by Pg(x) =
2 g(—x). We can easily see that (Figure 2.1)

3 FO=Fo=1I;

4 7:127';/2:7'-;

5 F?=Fr=P;

‘ F> = Fanpp = FP = PF:

7 Ft=Fo=F"=1,

g FYE = Fonnsa = Fea = F .

o Example 2.1. Define the following function on the line:

(o)

—int?
! @)= ) ne ™ 0.

n=1

= Using (2.1), we can easily calculate the FRFT of this function:

a—; (o]
t
Age™ e

=2 —2nmixcsc a 1 _Zm%
13 (Taf) (x) = m ne —e T a ’
n=1

1+ where A, is as in (2.2). This function lies in L'(R) but not in L*(R) as

+o0 © et 1 7
15 I |f(t)|dl22‘[nv ndt:n:1$:€<oo

o n=1
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and

(o)

fmlf(t)lzdt:ifwngnzdt:Zrll = co.

o n=1 n=1
Remark 2.1. Define the chirp operator M, acting on functions ¢ in L'(R) as follows:
Ma¢(X) — eﬂixz COta(]S(X).
Then for @ # nn, let A, be as in (2.2). Then the FRFT of f € L!(R) can be written as

(faf)(x) — Aaeiﬂxz cota7_~[eim2 cotaf(t)](x csc a/)
= AdMF IMo f(D](x csc ). (2.3)

In view of (2.3), we see that the FRFT of a function (or signal) u(#) can be decom-
posed into four simpler operators, according to the diagram of Figure 2.2:

(1) multiplication by a chirp signal, g(¢) = it cotay(t);
(i1) Fourier transform, g(x) = (¥ 2)(x);
(iii) scaling, g(x) = g(xcsc a);
(iv) multiplication by a chirp signal, (F,u)(x) = A&e’”"‘2 ot g(x).

u(?) (X) 8 E &) Scaling ) (Fort)(x)

) 2
elﬂ[ cota Aaelﬂx cota

Figure 2.2: the decomposition of the FRFT

In view of the decomposition (2.3) of the FRFT, the boundedness properties of the
fractional Fourier operator 7, is largely the same of the classical Fourier operator ¥ .
However, due to the factors ™ ct@and ¢ <@ the convergence properties are not
trival. We now discuss some basic properties of the FRFT on L!(R).

Firstly, we consider the behavior of FRFT at infinity. The following is the fractional
version of the Riemann-Lebesgue lemma.

Lemma 2.2 (Riemann-Lebesgue lemma). For f € L'(R), we have that

|(Faf) (X)] = 0

as |x| — oo.
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Proof. Since M,f € L'(R), then |F(M,f)(x)] — 0 as x — oo by the Riemann-
Lebesgue lemma for the classical Fourier transform. Hence, it follows from (2.3) and
the boundedness of M, that

[ (Fof) (O] = [AdMF (Mo f)(xcsca)l = 0
as |x| — oo. O

Proposition 2.3. The following statements are valid:

(i) The FRFT ¥, is a bounded linear operator from L'(R) — L®(R).
(ii) For f € L'(R), F,f is uniformly continuous on R.

Proof. (i) It is obvious that F, is linear. Moreover the claimed boundedness holds as
IFaflleo = Al IF Mo Pl < 1Al lIMef1l; = |Aal If1]; -

(i1) For an arbitrary € > 0, it follows from Lemma 2.2 that there exists 7 > 0 such that
for every x; € R\ [-n, 1], | (Fof) (x)| < €/2,i =1,2. Thus

[(Faf) (x1) = (Fof) ()] < €.

For every x, x, € [-n—1,n+ 1], by the Lagrange mean value theorem, there exists
& between x; and x, such that

0
Ka(-xl’ t) - KQ(XZ’ t) = —K, (é‘:’ t) (X] - Xz)

Ox
= 2miA, (Ecota —tesca) K, (€,1) (x) — Xx2) .
There exist N > O such that,
f F@lde < =,
>N 4

Hence,

|(Fof) (x1) = (Fo ) ()| = ‘ f (Ko(x1, D f(1) = Ko(x2,0) f(1)) dt

<2 voras| [ o®en- Koo
[f{I=N lf)<N
< g oAl | IF@lEcota — tescalx — xol dr
<N

E

<3 + Cx; — x| |f(O]dt
[fI<N

E

< 3 + Clx; = xl 11y,
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where C is a constant independent of x;, x,. Then for

£
lx; — x| < .
SN Tal T}
we obtain
I(Fof) (x1) = (Fof) (x2)] < &.
So, we conclude that 7, f is uniformly continuous on R. O

Lemma 2.2 and Proposition 2.3 imply that
feL'R)= Fof € Co(R). (2.4)
A natural question is whether the reverse implication to (2.4) holds, precisely,
Question. Given g € Cy(R), is there a L'-function f such that ¥, f = g?
The answer to this question is negative as the following example illustrates.
Example 2.2. Let

_ .2
(In x)~! emix coter x>e,

_ ix% cota—1
g(x) = xe™¥ ot —e< x<e,

9
- (hl(—x))_l em’xzcota’ x < —e.

Then g € Cyp(R) and g is not the FRFT of any L'-function. To show this, we need first
to prove the following.

Claim. If f € L'(R) and ¥, f is odd, then

N
7:(1 —mix? cotar
f H’%e dxl < 41441111,

forall N > &> 0.

Indeed, since ¥, f is odd, we have

1
Foh) () = 5 (Faf) (9~ (Fuf) (-0
=2 f O Kol 1) - K=, 1)) dt

A oo (1242 i i
— 7& f f(t)em(t +x )cota (e—metcsc a emetcsc (y) dr
—00
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+00
. 2 2 .
= —jA, ™ ot f F(®)e™ ©' sin 2xxt csc a) dt.
—00

Then

N (F ‘ N +oo .
f (T f)(X) e—mx2 cotaqy — —iA, f — (f f(l‘)e’m2 cote gin (2mxt csc ) df) dx
P X e X —c0

+00 2nNtesca :
. 2 Sin x
= _iA, f (e cote ( f dx) dr.
—0o0 2net csc a X
2nNtcsca sin x
= dx
2metcsca X
Consequently,

N e
[ LD ey <ia [ sl

< 41Aql A1 -

Note that

<4, V0O0<e<N < +oo.

2nNtcsca 2
sin
f nx dx
2net csc X
So the claim holds. Since g € Cy(R) is an odd function and

t
f g(x)e—m'xz cotadx‘ = oo,
£

X

dr

lim
t—00
U

the above claim implies that g is not the FRFT of any L'-function.

We conclude this section with a useful identity. We should point out that this
formula has already been proved in the L? setting (see [9, Theorem 2.1 (ii)]).

Theorem 2.4 (Multiplication formula). For every f,g € L'(R) and a € R we have

f (FaHN(0)g(x)dx = f JO(Fag)(x)dx. (2.5)

Proof. The identity (2.5) is an immediate consequence of Fubini’s theorem. Indeed,

+00

(FaS)(X)g(x)dx = f g(x) ( f JOK, (x,1) dt) dx

= f+°° f(@) (f+°° g)K, (x,1) dx) dt

+00

= JO(Fo8)(x)dx,

—00

—00

noting that K, is a bounded function and K, (x,t) = K, (¢, x) for all x and . O
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3. Fractional approximate identities and FRFT inversion on L!(RR)

In this section, we study FRFT inversion. Namely, given the FRFT of an L'-
function, how to recover the original function? We naturally hope that the integral

+00

(Faf)X)K_o(x, )dx 3.1
equals f(¢). Unfortunately, when f is integrable, one may not necessarily have that 7, f
is integrable, so the integral (3.1) may not make sense. In fact, ¥z f is nonintegrable in
general (cf., [4, pp. 12]).

Example 3.1. Let

—n(2t+i12 cot a)
e , 120,
10 = { 0, £ <0.

Then f € L'(R) but

mix? cota

A,
(Fof) (x) = ¢ L'(R).

27 (1 + ixcsc )

To overcome this difficulty, we employ integral summability methods. We intro-
duce the fractional convolution and we establish the approximate identities in the frac-
tional setting. Then we study the @, means of the fractional Fourier integral, especially
Abel means and Gauss means. Based on the regularity of the fractional convolution
and the results of pointwise convergence, we can approximate f by the ®, means of
the integral (3.1).

3.1. Fractional convolution and approximate identities

In order to establish the approximate identities and fractional Fourier integral means
required in this work, we need to introduce a kind of fractional convolution. Similar
definitions were introduced by D. Mustard and A. Zayed; see [15, 27].

Definition 3.1. Let f, g be in L'(R). Define the fractional convolution of order a by

+00

(r¥g) = e [ oo gt -t = My (Mof + 9) (0.

(%)

We reserve the following notation for the L! dilation of a function ¢

d.(x) := éq& (E), Ve > 0.

The following is a fundamental result concerning fractional convolution and approxi-
mate identities.

10



i Theorem 3.2. Let ¢ € L'(R) and f_:ogb(x) dx=11Iffel?(R),1 < p < oo, then

) lim H(f*cp) - pr - 0.

&e—0

s Proof. Note that

+

C )@ s = e [ty endi- [ g0 7@

—00

5 _ f+°° (eni((x—t)Z_XZ)cotaf(x _ t) _ f(x)) ¢g(l‘)dl.

(%)

7 By Minkowski’s integral inequality, we obtain

2094, = ([

(%)

[

1

p 14
dx)

(=07 =%) e fix—1)—f (X)‘p dx)p |¢(2)] d

+00

[«

f+°° (eni((x_t)z_xz)wtaf(x _ t) _ f (_x)) (ﬁs([)dt

(o)

©

1

—+00 +00 . 2 2 P ;
o = f ( f (e R e — ) — f () dx) p(0)] dt.
11 - -
12 We first prove that
oo ; 2_.2 p %
s .= ( f grilimen’=2)eota gy opy _ f (x)| dx) -0 (3.2)
1w ase— 0.
15 In fact, for an arbitrary n > 0, since the space of continuous functions with compact

16 support C. (R) is dense in L”(R), there exists g € C. (R) such that
. If = gll, < 3.

1¢  Since g is uniformly continuous,

19 lir% lg(x—et)—g(x)| =0.

20 Note that

21 |J£| <

emi((O-e?=()?) cota F(() — &) — eﬂi(((-)—st)2—<-)2)Comg((.) - gt)Hp

22 +

e ((Oe0? =) cotag (L) _ gy — o(() — st)“p

11
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+1g(¢) —&t) — gll, +11.f —ll,
<21f - gll, + lgll [} (O--0F)eote

1” + ) —e&t) — .
e 18O =80 =l

Consequently, it follows from Lebesgue’s dominated convergence theorem that
lim|J,| < +lim|lg(() - &n) — gl

emi((O=en’=(P)cote _ |

LP(supp g)

+ I8l 1im
&e—0

Therefore (3.2) holds. In view of

( f o= eota oy gpy roof dx)p <2|Ifll, < o,

(%Y

and using Lebesgue’s dominated convergence theorem again, we deduce that

lim H(f*qﬁ) - f”p = 0.

e—0

Next, we discuss the pointwise convergence of approximate identities with respect

to fractional convolution.

Theorem 3.3. Let ¢ € L'(R) and f_ J:oqﬁ(x) dx = 1. Denote the decreasing radial

O

dominant functions of ¢ by  (x) = sup |¢ (1)|. If y € L'(R) and f € L’(R),1 < p < oo,

[f1=]x]

then
lin(}(fiqbs)(x) = f(x), ae xeR.

Proof. Since y i1s decreasing and nonnegative, we have

f ) Y(s)ds
x/2

as x — 0 or x — co. Moreover, there is a constant A > 0 such that

-0

()] <2

lxy(x)| <A, VxeR.

As M, f € LP(R), it follows from Lebesgue’s differentiation theorem that, for almost

all x € R we have

7

1 , .
lim = em(x—t)2 cotaf (x _ t) _ emxz cotaf (X) dt = 0.

r—0 r _r

12



16

17

21

22

23

Let

o {x | hml r eﬂ-i((x—t)2_x2)cotaf (x—1)— f(x)‘dt — O} ,

—-0r J_,

G,(1) := f
0

Given x € Q and ¢ > 0, there exists 7 > 0 such that

and

em‘((x—r)Z_xz)cotaf (x—1) - f(x)‘ dr.

<0

6.0

whenever 0 < |f| < n. Consider

+00

(f %) ) = £ () = f (e (=)ot p(x — 1) = f (x)) e()dt

_ (j-l " L ) (eﬂi((x—t)z—xz) cotaf(x —1) — f (x)) QSE(I)dt
tI<n t1zn
= Il + 12.

For I, an integration by parts yields

I 2.2
I < f em((x—t) —-x )cotaf(x -1 - f(X)'
-n

1 /¢
So(3)]

< [ sy o] LoD
-n

n /& 1
_ f LGles)du(s)

-n n/e

1 t /t
= 7604(;)

n/e 1
<Ad - f —SG(ss)sdg[/(s)

nfe €

< A6+ 26f ) sdyr(s)
0
< AGS + 255u(s)|)” + 26f Y(s)ds
0

= 6(A + 2f°° 1ﬁ(s)ds) =:0A;.
0

Here, we used that fact that ¥(x) > |¢(x)| and xy(x) —» 0as x —» O or x — oo
On the other hand, it follows from Holder’s inequality that

hs |
lt1=n

eﬂi((x—t)Z_x2) cotaf(x _ l’) _ f (x) |)7[/8(I)| dr

13
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< f |f(x = (0] di+ | f (2 Ye(t)dt
[tl=n

[tl=n

<, el + 1 01 | wiods o

n
I|ZE

as ¢ — 0, where y,, is the characteristic function of the set {x: [x|>n}. As ¢ is
arbitrary, the theorem is proved. m|

Remark 3.1. Using the maximal function approach as in Duoandikoetxea in [4, Propo-
sition 2.7 and Theorem 2.2], we can obtain another proof of Theorem 3.3 that extends
to functions in weighted spaces with Muckenhoupt weights.

Let ¢ be a function which is positive, radial, decreasing and integrable. Then

sup(@e * | < llglli M f(x), (3.3)

>0

where M f(x) is the Hardy-Littlewood maximal function of f, defined by

1 r
Mf(x) = sup — f FCx = y)ldy.

>0 2r

(1) If |p(x)| < ¥(x) almost everywhere, where ¢ is positive, radial, decreasing and
integrable, it follows from (3.3) and the weighted boundedness of M that the

maximal function sup,_, [(¢, % f)(x)| is weighted weak (1, 1) and weighted strong
(p, p) for 1 < p < co. We refer to [4, Chap. 7] for this direction.

(ii)) Combining the result in (i) and Theorem 2.2 in [4], we can get the pointwise
convergence result Theorem 3.3.

3.2. Fractional Fourier integral means
Definition 3.4. Given ® € Cy(R) and ®(0) = 1, a function f, and € > 0 we define

Mo, (f)() := f (FaDX)K_o(x, D, (ex)dx,

where
D, (x) :=D(xcsca).

The expressions Mo, (f) (with varying &) are called the ®, means of the fractional
Fourier integral of f.

Theorem 3.5. Let f,® € L'(R). Then for any € > 0 and t € R we have
My, ()®) = (f * $:)(0),

where ¢ := F® and @ (x) = ¢ (—x)

14
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Proof. Taking advantage of identity (2.3) and the multiplication formular of the clas-
sical Fourier transform, we write

+00

Mso, (f) (1) = f (Fof) (DK _o(x, )P, (£x) dx

—00

—+00
) L2 g
= 4_ae—lm‘ cota f (Ta/f) (x)e—mx cotozethxcsca(Da (8.X) dx

(o)

+00
—int® ) .
— A_aAae it cotzf[ T [emt cotaf (f)] (.X csc a,)ethxcsca(D (E.XCSC CY) dx

o0

+00
_ pinfcota f F [eiﬂfz cota ¢ ([)] (x)e” "D (ex) dx

(%)

— e—imz cota f - eimcz cot af (X) F [e27rit(~)q) (8())] (x) dx

(%)

+00
) f 2
= it CMf €™ £ (x) g (x — 1) dx

= (%) .
The desired result is proved. O

In the sequel we will make use of the following well-known results.

Proposition 3.6 ([24]). Let € > 0. Then

(a) 77[6_2”‘9|’|] (x) = 155 =1 P.(x) (Poisson kernel);

7 e2+x2

(b) 7[6_4”2‘9"'2] (x) = 0 4”;)1/26_"2/ 4 = W, (x) ( Gauss—Weierstrass kernel).

Lemma 3.7 ([4]). For every € > 0, the Weierstrass and Poisson kernels satisfy

(i) W, Po € L'(R);
(i) [ Wdx= [ P(x)dx =L

Definition 3.8. For f € L’(R), 1 < p < oo, and & > 0, the expressions

%m@=uhwmzm4f MJ@&@—@M%)

are called the fractional Poisson integrals of f. The expressions

Sa (l, 8) = (fi Ws) (1) = Ma [f Maf(x)Ws(() - x)d-x] (t)

are called and fractional Gauss-Weierstrass integrals of f.
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We now focus on two functions that give rise to special @, means. Denote by

- Ar2er2 cec
Da (x) =e 2relcesc alx| and w,(x)=¢ 4 ex* csc @

Definition 3.9. The ®, means

Ms,Pw(f) = f ) (ﬂf) (x)K_a(x, ,)e—2n8|csc ol dx

o0

are called the Abel means of the fractional Fourier integral of f, while

Mg,wa (f) = f (ﬂf) (X)K_,(x, ,)e—4n252x2 csc? *dx

o0

are called the Gauss means of the fractional Fourier integral of f.

By Theorem 3.5 and Proposition 3.6, the Poisson integrals and Gauss-Weierstrass
integrals of f are the Abel and Gauss means, respectively. It is straightforward to verify
the following identities.

Proposition 3.10. If f € L'(R), then for any & > 0, the following identities are valid

(a) uq (t,€) = Mep, (f)0);
(b) So(t,€%) = M, (f)(D).

3.3. FRFT inversion

We now address the FRFT inversion problem. In view of Theorems 3.2, 3.3 and
3.5, we can derive the following conclusions.

Theorem 3.11. If D, p := F® € L'(R) and f_J:O ¢ (x)dx = 1, then the ®, means of the
Fourier integral of f are convergent to f in the sense of L' norm, that is,

1ir%Hf (Fof) DK _o(, )P, (£x) dx—f(')H =0.
& —o0 1

Theorem 3.12. If @, ¢ := F® € L'(R), ¥ = sup | (¢)] € L'(R) and f_:o p(x)dx =1,
[¢1=1x]
then the ®, means of the Fourier integral of f are a.e. convergent to f, that is,

f (Fof) (OK ot )Py (63) dx — (1

(o9

as € — 0 for almost all t € R.
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In particular, in view of Theorem 3.11-3.12, Proposition 3.10 and the properties of
Weierstrass kernel and Poisson kernel (Lemma 3.7), we deduce the following result.

Corollary 3.13. If f € L'(R), then the Gauss and Abel means of the fractional Fourier
integral of f converge to f in L' and a.e., that is,

lim ||, (f) = ]|, = 0. lim [[M..,,(5) — f]], =0,

and

M, ()0 = [, Mg, ())®) = f()

foralmostallt e R as € — 0.

Remark 3.2. We now understand Proposition 3.10 and Corollary 3.13 from the per-
spective of partial differential equations as in [4, pp. 19]. The Abel-Poisson and
Gauss—Weierstrass summability methods arise from solving the Laplace and heat equa-
tions, respectively.

(i) Consider the Dirichlet boundary value problem on the upper half plane R2:

inx? cota _ _ 2
A(emeray(x, ) = Liu(x,1) =0, (x,1) €R2, 3.4)
M(x, O) = f(X), X € R
where £; = —A + b(x)Z + c(x), b(x) = —2axcote and c(x) = 4r’x* cot? @ —

2ricota. If f € LP(R) (1 < p < ), the fractional Poisson integral of f, u,(x,1),
is a solution of the Dirichlet problem (3.4). When the boundary value f satisfies
different conditions, Proposition 3.10 and Corollary 3.13 show the relationship
between the limit of solution and the boundary value f, in the sense of L” norm
and the sense of a.e..

(i) Similarly, consider the intitial value problem on the upper half plane R?:

(% - 65—;) (e"’”c2 “u(x, l)) = Lou(x,1) =0, (x,1)€R], 3.5)
M(X, 0) = f(.X), X € R )
where £, = =% + 2 + b(x) 2 + c(x), b(x) = ~27xcota and ¢(x) = 47°x> cot® a —

2ricota. If f € LP(R) (1 £ p < o0), the fractional Gauss—Weierstrass inte-
gral of f, S,(x,1) , is a solution of the Cauchy problem (3.5). Proposition 3.10
and Corollary 3.13 show the relationship between the limit of solution and the
boundary value f in different senses.

Corollary 3.14. If f, Fof € L, then for almost all x € R, we have

+00

f@ = (FoaNOK_o(x, 1) dx.

—00
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Proof. Consider the Gauss mean of the fractional Fourier integral ¥, f. On one hand,
it follows from Corollary 3.13 that

M, (@) = f (Faf YOK _o(x, e 75 0y — £ (1)

for almost all # € R, as € — 0. On the other hand, as F,f € L'(R), by the Lebesgue
dominated convergence theorem we obtain that

f (Faof) (K _o(x, e~ 755 " 0 x _>f (Fof) (DK _o(x, ) dx

(o)

as £ — 0. This proves the desired result. O

Corollary 3.15. Let f € L'(R). If Fof > 0 and f is continuous at t = 0, then
Fof € L'(R). Furthermore,

f(@) = f m(ﬁ XK _o(x,t)dx, foralmostallt e R.

In particular, f_ J:O (Fof) (x)dx = £(0).
Remark 3.3. (i) Evenif F,f ¢ L'(R), the Gauss and Abel means of the integral

f (Fa/H)K_o(x,1) dx

may make sense. For example, if ¥, f ¢ L'(R) and ¥, f is bounded, then

M, ()0), Mgy, (f)() < 00 Ve > 0.

(ii) Bven if F,f ¢ L'(R), the limits lirré u, (t,&) and lir%S «(t,€%) may exist. For
example, this is the case when (¥, f)(x) = sin x/x.

Theorem 3.16 (Uniqueness of FRFT on L'(R)). If fi,f» € L'(R) and (F,f) (x) =
(Fofo) (x) for all x € R, then

fil)=f(), ae teR. (3.6)

Proof. Let g = fi — f>. Then
Ta/g = %fl - TafZ-

It follows from Corollary 3.14 that
+00
= [ 0K od=0
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a.e. on R, which implies (3.6). O

4. FRFTon L?(R) 1< p <?2)

Having set down the basic facts concerning the action of the FRFT on L'(R) and
L*(R), we now extend its definition on L”(R) for I < p < 2. Note that L’(R) is
contained in L'(R) + L*(R) for 1 < p < 2, where

L'R)+L®R) ={fi + f: fi € L'®R), fr € L®R)].
Definition 4.1. For f € L’(R), 1 < p <2, with
f=h+f,  fiel'®),f e P®R),
the FRFT of order a of f defined by Fof = Fufi + Fulo-

Remark 4.1. The decomposition of f as f; + f; is not unique. However, the definition
of F,f is independent on the choice of f; and f>. If f; + f» = g1 + g for fi,g1 € L'(R)
and f>, g, € L*(R), we have f; — g1 = g, — f» € L'(R) N L*(R). Since those functions
are equal, their FRFT are also equal, and we obtain 7, f; — F,g1 = Fog2 — Fufr, using
the linearity of the FRFT, which yields F,(fi + f2) = Fo(g1 + £2)-

We have the following result concerning the action of the FRFT on L”(R).
Theorem 4.2 (Hausdorft-Young inequality). Let 1 < p <2, p" = p/(p — 1). Then F,
are bounded linear operators from LP(R) to L? (R). Moreover;

2
IF 1L, < AL I, - 4.1)

Proof. By Proposition 2.3 (i) ¥, maps L' to L* (with norm bounded by A,) and The-
orem 1.2 (ii), it maps L? to L? with (with norm 1). It follows from the Riesz-Thorin
interpolation theorem Hausdorff-Young inequality (4.1) holds. O

FRFT inversion also holds on L”(R) (I < p < 2) and this can be proved by an
argument similar to that for L!(R) via the use of Theorems 3.2-3.3. We won’t go into
much detail here.

5. Multiplier theory and Littlewood-Paley theorem associated with the FRFT

5.1. Fractional Fourier transform multipliers

Fourier multipliers play an important role in operator theory, partial differential
equations, and harmonic analysis. In this section, we study some basic multiplier
theory results in the FRFT context.

19



Definition 5.1. Let 1 < p < o0 and m, € L*(R). Define the operator T,,, as
Fo (T, f) (X) = mo (X) (Fof) (X),  Vf € LXR)NL(R).

The function m, is called the L? Fourier multiplier of order «, if there exist a constant
C,o > 0 such that

T f, < Cpallfll,,  VfeLX®)NLIR). (5.1)

As L*(R) N LP(R) is dense in LP(R), there is a unique bounded extension of T, in
LP(R) satisfying (5.1). This extension is also denoted by 7, .

In view of Definition 5.1, many important fractional integral operators can be ex-
pressed in terms of fractional L” multiplier.

ImU ImV

(a) the original signal: U =%, (u)(w’) (b) after Hilbert transform: V =F,(H,u)(w")

Figure 5.1: Hilbert transform of order « in frequency domain

Example 5.1. Recall that the classical Hilbert transform is defined as

(Hu) () = p.v. }T f T g, (5.2)

fo W
The Hilbert transform of order « is defined as (cf., [29])

- 1
(7'{0[”) (w/) — p-V- e—lﬂ'wzcot(t_f

+00 u(t)eimz cota

oo w —t

dr. (5.3)

T

For 1 < p < oo, the operator H, is bounded from L”(R) to L?(R). By [29, Theorem
4], we see that m, = —isgn ((m — @)w’) is a fractional L” multiplier and the associated
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operator 7,,, 1s the fractional Hilbert transform, that is,
(FaHou) () = —isgn ((m — @)w’) (Fou) (). (5.4

Without loss of generality, assume that @ € (0,7). It can be seen from (5.4) that
the Hilbert transform of order « is a phase-shift converter that multiplies the positive
frequency portion of the original signal by —i, that is, maintaining the same amplitude,
shifts the phase by —n/2, while the negative frequency portion is shifted by /2. As
shown in Fig. 5.1.

Example 5.2. Let m, = e”>™call Then the corresponding operator T, is the frac-
tional Poisson integral (see Definition 3.8). In view of the Young’s inequality and
Lamma 3.7, we know that m, is a fractional L” multiplier for I < p < co. Simi-
larly, the fractional Gauss-Weierstrass integral is the operator 7, associated with the

1 . . A2 o2 men2
fractional L” multiplier m, = e dnextesct @

Example 5.3. Leta, b € R and a < b. Denote the characteristic function of the interval
[a, b] by x4 Later, in the proof of Littlewood-Paley theorem (Theorem 5.5), equality
(5.8) will show that y,; is a L” (1 < p < oo) multiplier in the FRFT context. The
associated operator T, acting on a signal u is equivalent to making a truncation in
the frequency domain of the original signal.

The following theorem provides a sufficient condition for judging L” multiplier,
which is the Hormander-Mikhlin multiplier theorem in the fractional setting.

Theorem 5.2. Let m, be a bounded function. If there exists a constant B > 0 such that
one of the following condition holds:

(a) (Mikhlin’s condition)

d
oo < B 5.5)
dx
(b) (Hormander’s condition)
1 d 2 5
sup — —my(x)| dx < B~. (5.6)
R-0 R JRreixj<or 1dx

Then m, is a fractional LP multiplier for 1 < p < oo, that is, there exist a constant
C > 0 such that

(T, f, = [Fa [me FaDN|, < CUAL,, VS eLP®).

»
Proof. In view of the decomposition (2.3), we have

For (T f) (x) = Age™ CLCF [ O (T £)](x csc a)
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and
Mo (%) (Fo f) (X) = Ma(X)Age™ O OF [0 £](x csc ).

Then - ()2
F L™ (T, IX) = g (OF [ f1(0),

where m,(x) = my(x sin @). Namely,
Tmaf — e—iﬂ(.)Z cota/T—l [ﬁfla?’ (ein(.)z cota'f)] , vf c L[J(R)

It is obvious that /71, satisfies (5.5) or (5.6) and g := €™ @ f ¢ [P(R). Therefore,
it follows from the classical Hormander-Mihlin multiplier theorem (cf., [5, 7, 13]) that
g 1s an L? Fourier multiplier. Consequently,

7oA, = o7 e (e )|
= |7 P,
< Cligll, = ClIfll,

p

for some positive constant C. O

The proof of the following two FRFT multiplier theorems is obtained in a similar
fashion.

Theorem 5.3 (Bernstein multiplier theorem). Let m, € C'(R\{0}) be bounded. If
lmgll2, lm |l < oo, then there exists a constant C > 0 such that

[7-a [ma oD, < Clmal3 i3 111,

for fe LP(R) (1 < p < o).

Theorem 5.4 (Marcinkiewicz multiplier theorem). Let m, € L*(R) N C'(R\{0}). If
there exists a constant B > 0 such that

I
Ie.?ld

—my(x)|dx < B,

X

where T : ={[2/,2/*1],[-2/*!, —2j]}jez is the set of binary intervals in R, then, for
feL’(R) (1 < p < o), there exist a constant C > 0 such that

|F=a [ma (FaDI||, < ClIAA,-

5.2. Littlewood-Paley theorem in the FRFT context

In this subsection we study the Littlewood-Paley theorem in the FRFT context.
The Littlewood-Paley is not only a powerful tool in Fourier analysis, but also plays an
important role in other areas, such as partial differential equations.
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Let j € Z. Define the binary intervals in R as

1§ = [27sina, 2/*! sin @], ~1§ = [-2/ ' sine, —=2/sina], a € (0,n),
1§ = [2/* sin @, 2/ sin @], ~1§ = [-2/sina, —2/*!'sina], « € (7, 2n).

Then those binary intervals internally disjoint and

R\(0} = |_J=rru).

JEZ

Let 7, := {I}’, —I;.’ }jez. Define the partial summation operator S,, corresponding to
Po € 1, by

F oS po )X = Xp, () (Fof) (), Vf € LX(R) N LI (R),

where y,,, denote the characteristic function of the interval p,. It is obvious that

IS, NI = 713, Vf € L®). 5.7)
2

Pa€ly

For general L”(R) functions, we have the following result, which is the Littlewood-
Paley theorem in the fractional setting.

Theorem 5.5. Let f € L’(R), 1 < p < oo. Then

172
LZ |S,,Q(f)|2) € L'(R)

€L o

and there exists constants C1,C, > 0 independent of f such that

1/2
(Z ISpn<f>|2]

Pa€le

CilIfll, < < GlIfll, -

p

Proof. Without loss of generality, suppose that @ € (0,7) and p, = [a,,b.], Where
a, = asina, b, = bsina and a < b. Then
Sgn(x - aa) B Sgn(x - boz)

5 .

Xpa(x) =
For f € L>(R) N L”(R), by (5.7) we have

FolS 0N = ), () (Fu ) ()
= 5 [(=isgn(x = a,) - (~isgn(x = b)) (Fof) ()
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where 7, f(x)

= % [(—ngl’l(X - aa) (Taf) (X)) - (—isgn(x - boz) (Taf) (X))]
= % (74, (—isgnx - 7_,, (Fof) (X)) — Tp, (—isgnx - 7_p (Fof) (X))],

= f(x — s). In view of the decomposition (2.3), we have

g, (Fof) () = AT_, [ OF [ " ()] (x csc @) |

. 2 imi2 i .
— Aa sina - 7_g, [emx cotag_—[emt sin @ cos (lf(l‘ sin a,)](x)]
. . 2 P2 o .
— Aa sina - em(x+aa) cota | T_aaqr[emt smacosaf(t sin CL’)](X)

. . 2 v s 2 s .
= A, sin @ - ™) cOtaqr2i—aa)t pint"sinacosa £(¢ 6jn or)](x).

Recall that 7 (H f)(x) = —isgnx¥ (f)(x). Hence,

—isgnx - T_,, (Fof) (x)
. . 2 . (. 2 Qi .
— Aa sina - em(x+aa) cota (_lsgnx/@[eZﬂl( (l(y)felﬂ't sm @ cos af(t sin a)](x))

— Aa/ sin - ei7r()c+a[,)2 cotaT [7,{ (eZm’(—a(,)(-)eiﬂC)2 sinacosaf((_) Sil’l a,)) (l‘)] (X)

Thus

Ta, (—isgnx " Tq, (faf) (X))
= A, sina - einxz cotaTaU?_~ [7_{ (627ri(—aa)(')ei7r(')2 sin @ cos @ £((-) sin a,)) ([)] (x)

. ") i i(— A AL .
— Aa sina - emx cotaT [eZmaat.}( (6271'1( ag)( )em() sma/cosa/f((_) sin a/)) (t)] (.X)

=A,e

) . . —21i . ()2
imx” cot a?- I:eZJTla(y( )cse aqy (6 2miag(-) csc (zem() cotaf)] (x csc a,)

— 770 [e—iﬂ(~)2 cotanHia(~)7,{ (€—27ria(~)ei7r(')2 cotaf)] ()C)

The definition of the fractional Hilbert transform (5.3) implies that

Therefore,

and similarly,

Waf — e—i7r(~)2 cotaqy (eiﬁ(-)2 cotaf) .

7, (—isgnx - 7, (Fo ) (1) = Fo [ €7OH, (77 f) | (0),

7, (=isgnx - Ty, (Fo ) (0) = Fo [ OH, (70 )] ().
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Consequently,

FalS 5, [)(x) = % |Fa | “OHo (7O f)| () = Fo [ OH, (270 )| ()]
— % F. [ eZm'a(~)ﬂQ ( o~ 2riaC) f) _ ez”ib(')ﬂa ( o~ 2mib() f)] (x).

Namely,

Spa (f)()C) — % [eZm'axq,[a (e—2ﬂia(~)f) (X) _ €2ﬂibx7'(a (e—2ﬂib(-)f) (X)] . (58)

Since H, is bounded from L”(R) to L”(R), S, can be extended to be a bounded oper-
ator on L(R).

Finally, the classical partial summation operator S, corresponding to p = [a, b] is
defined by

F(Spf)x) = xp(x) (F f) (),
and S, can be expressed as (refer to [2, Example 5.4.6])

Sp( f)(x) — % [ e2m'ax7_{ ( e—27ria(-) f) (x) — eZm’bxw ( e—Zm'b(-) f) (x)] ‘ (5.9)

Comparing (5.8) and (5.9) and applying the classical Littlewood-Paley theorem to
(5.8), we easily conclude that Theorem 5.5 holds. O

6. Applications to chirps

A chirp is a non-stationary signal in which the frequency increases (up-chirp) or
decreases (down-chirp) with time. As the FRFT reflects information about the signal
in the time and frequency domains simultaneously, the FRFT is more effective than
the classical Fourier transform in the spectrum analysis of non-stationary signals, es-
pecially of chirp signals. In this section, we will demonstrate the use of Theorems
3.11-3.12 and Corollary 3.13 in the signal recovery of L' \ L>-signals. For example, let

—nit?
u(t):{ = 0<l<l,

efmt

M=l

Then u is a chirp signal and u € L'(R) but u ¢ L?>(R). The real and imaginary part
graphs of u(?) in time domain are shown in Fig. 6.1.
Consider the FRFT of u of order n/4:

C (2% |w|)

21/4 |W|

(Frjau)(w) = 2e™ ( - V2r? [w| + 2 V27w Si (2 \/ETFW) + cos (2 \/znw) ,
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(a) real part graph of u(r)

(b) imaginary part graph of u(?)

Figure 6.1: real and imaginary part graphs of u(#) in time domain.

where C(x) and Si(x) denote the Fresnel integral and sine integral, respectively. Namely,

C(x)

Si(x)

! . 2 _ n X
fsmt dr = nZ( 1) —(2n)'(4n+1)

X
Z(_ v (2n +

D!2Cn+1)

sin ¢
—dr =

I

4n+1

2n+1

The real and imaginary part graphs of (¥,/4u)(w) in frequency domain are shown in

Fig 6.2.

\WIWA!

L

VAV

VARY

(a) real part graph of (F/4u)(w)

Figure 6.2: real and imaginary part graphs of (¥,/4u)(w) in frequency domain.

(b)

imaginary  part

(Frpaw)(w)

It is obvious that F/4u ¢ L'(R). The inverse FRFT

f (Frja) WK _zj4(x, t)dw

graph

of

6.1)

do not make sense. In order to recover the original signal u(t), we should use the
approximating method. Fig. 6.3 shows the Abel means of the integral (6.1) with
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e=1,0.1,0.01, that is,

us(1) = f (Frejatt) WK 4 (x, t)e” 2 allqyy,

By Theorems 3.11-3.12 and Corollary 3.13 we know that u.(f) — u(t) for a.e. t € R as
e— 0.

(a) real part graph of u.(f) (b) imaginary part graph of u.(f)

Figure 6.3: real and imaginary part graphs of u.(f)
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