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Using F(z,z ) in place of f(z ) in (7.5.4), we are able to reproduce the value of
u at any point z in W .

Theorem 7.5.2. (Green’s Functions) Suppose that W is a simply connected region
with boundary G , and f is a one-to-one analytic function on W and its boundary
onto the unit disk and its boundary. Let u be a function that is harmonic on W and
piecewise continuous on G . For z and z in W , let F(z, z ) be as in (7.5.8). Then, for
any z in W , we have
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where ds = |dz | is the element of arc length on G .

Definition 7.5.3. The function

G(z, z ) = ln |F(z, z )|= ln
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is called the Green’s function for the region W . Formula (7.5.9) is a generalized
Poisson integral formula for the simply connected region W .

Green’s functions play a fundamental role in the solution of important partial
differential equations (Laplace’s equation and Poisson’s equation).

Like the Poisson formulas on the disk and in the upper half-plane, formula (7.5.9)
can be used to solve a general Dirichlet problem in a simply connected region W ,
where the boundary data is piecewise continuous. Of course, this solution depends
on the explicit formula for the conformal mapping of W onto the unit disk. Once
this mapping is determined, Green’s functions can be used to solve the Dirichlet
problem. We illustrate these ideas with several examples and show how we can
recapture the Poisson formulas from Green’s functions.

We often write the Green’s function G(z, z ) in terms of the real and imaginary
parts of z = x+ i y and z = s+ i t. We also write the Green’s function using polar
coordinates of z and z , where z = reiq and z = reih

Example 7.5.4. (Green’s function and Poisson formula for the disk) (a) Show
that the Green’s function for the unit disk in polar coordinates is

G(z, z ) = ln
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���� , for z = reiq and z = reih . (7.5.11)

As a specific illustration, fix z = 2
5 in the unit disk, and plot the function z 7!

G( 2
5 , z ), for z in the unit disk. This is the Green’s function for the unit disk an-

chored at a specific point z = 2
5 in the unit disk.

(b) Derive the Poisson integral formula for the unit disk.


