324 5 Residue Theory

Corollary 5.4.4. Let p,q are be complex polynomials with degreeq > 1+degree p.
Let og denote the semi-circular arc consisting of all 7 = Re'®, where 0 < 0 < .

Then limpg . [, 23 dz = 0 for all s > 0.

Proof. Let M(R) denote the maximum of |p(z)/q(z)| for z on og. Since degreeq
> 1-+degree p, M(R) — 0 as R — . Applying Lemma 5.4.3 we obtain the claimed
assertion. |

Next we evaluate the improper integral

© xsinx
/_ Prd dx.
It is not difficult to show that this integral is convergent using integration by parts
(Exercise 19). However, because the degree of x> + a® is only one more than the
degree of x, the estimate in Step 3 of Example 5.4.1 will not be sufficient to show

that the integral on the expanding semi-circle tends to 0. For this purpose we appeal
to Jordan’s lemma.

Example 5.4.5. (Applying Jordan’s lemma) Derive the identity

° xsinx b4

Solution. Consider the contour integral
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where of is the circular arc shown in Fig-
ure 5.24 and Yz = og U[—R,R]. By Jor-
dan’s lemma (precisely by Corollary 5.4.4),
Mg e Iy, = 0. For R > a, 5 e has a sim-
ple pole inside Y at ia. By the residue theo-
rem, for all R > a, we obtain
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Fig. 5.24 The path and poles for
Taking the limit as R — oo in (5.4.15) and us- the contour integral in Exam-
ing the fact that I, — 0, we deduce ple 5.4.5.



