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Since p/r < 1, the series Y M,, converges and it follows from the Weierstrass M-test

that the series .
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converges uniformly for all { on C,(z). Integrating term by term both sides of the
equality
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and using Cauchy’s generalized integral formula, we deduce
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which completes the first part of the proof. The uniqueness of the power series is a
consequence of Theorem 4.2.10. |

Remark 4.3.3. Since there is no guarantee that €2 is the largest region on which
the function f in Theorem 4.3.1 is defined, the series (4.3.2) may converge on an
open disk B, (zo) larger than Bg(zp). Since a Taylor series is a power series, it fol-
lows from Theorem 4.2.5(iii) that the series (4.3.2) converges to f(z) absolutely
on Bg, (z0) and uniformly on all closed subdisks of Bg(zo) (in fact all closed sub-
disks of Bg, (z0)). Also, in view of Corollary 4.2.9, the series may be differentiated
term-by-term in Bg(zo) as many times as we wish. This yields the Taylor series
representation of the nth derivative
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Example 4.3.4. (Maclaurin series of ¢%, cosz, and sin z) Find the Maclaurin series
expansions of (a) e?, (b)cosz, (c)sinz.

Solution. We first note that all three functions are entire, so the Maclaurin series
will converge for all z; that is, R = oo in all three cases.





