20 1 Complex Numbers and Functions
21 +22 4+ 2a| <21l +|z2| - A 24l (1.2.17)
The absolute value of the difference z1 — zp satisfies
|21 — 22| < |z1| + |z2]- (1.2.18)
Moreover, we have the lower estimates

7 (1.2.19)

|21+ 22| > |[z1] — |22

and
|21 — 22| > ||z1] = |z2]|- (1.2.20)

Proof. Consider a nondegenerate right triangle with vertices at 0, z = (x, y), and
Rez = x, as shown in Figure 1.11. The sides of the triangle are |Rez| = |x|, |Imz| =
|y|, and the hypotenuse is |z|. Since the hypotenuse is larger than either of the other
two sides, we obtain (1.2.14). Since the sum of two sides in a triangle is larger
than the third side, we obtain (1.2.15). Of course, (1.2.14) and (1.2.15) are also
consequences of the inequalities

x| < V242 [ < VX242 and Va2 4y? < x|+,

which are straightforward to prove.

Fig. 1.11 Related to inequal- Fig. 1.12 Ineq. (1.2.16). Fig. 1.13 Ineq. (1.2.20).
ities (1.2.14) and (1.2.15).

A geometric proof of the triangle inequality (1.2.16) is contained in Figure 1.12
where a triangle with sides |z1 +z2|, |z1], and |z2| appears. Then |z + 22| < |z1]+ 22|
is a consequence of the fact that the sum |z;| + |z2| of two sides is larger than the
length of the third side, which is |z; + z2|. The triangle in Figure 1.13 with vertices
at 0, z1, and z» provides a geometric proof of the lower triangle inequality (1.2.20):
The length |z; — z»| of the side of triangle is at least as big as the differences of the
other two sides which are |z| —|z2| and |z2| — |z1] .

Since the triangle inequality (1.2.16) is fundamental in the development of com-
plex analysis, we also offer an algebraic proof. Start by observing that

2132 =21
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