146 3 Complex Integration

Definition 3.1.10. A path or a contour is a curve Y defined on a closed interval
[a, b] which is continuously differentiable or piecewise continuously differentiable.
The path ¥ is closed if y(a) = y(b).

Definition 3.1.11. Given points ag < aj < --- < a,, and paths y;j on [aj_1,a;], j =
1,...,m, such that yj(a;) = ¥j4+1(a;) forall j=1,...,m— 1, the combined path

F:h/la'wa}/m]
is piecewise defined on [ag,a,,) by I'(t) = ¥;(t) fort € [aj_1,a;], j=1,...,m.

Thus, according to Definitions 3.1.10 and 3.1.11, a path or a contour ¥ is a fi-
nite sequence of continuously differentiable curves, 1, 7, - - ., ¥, joined at the end-
points, i.e., Y = [¥1,..., %) The path 7 is closed if the initial point of ¥, coincides
the terminal point of ¥, i.e., ¥1(ao) = Y (@m)-

Example 3.1.12. The path ¥ = [y;,%, 3] in Figure 3.10 consists of the curves:
The line segment y; = [—2, —1]; the semi-
circle 9; and the line segment y3 = [1, 2].
We can parametrize ¥ by the interval
[—2, 2] as follows:

1 it —2<r<—1,
y() =14 200 if —1<r<], i
t it 1<r<2. :

The choice of the interval [—2,2] as the

domain of definition was just for conve-

nience. Other closed intervals can be used Fig. 3.10 The path of Exam-
to parametrize 7. O ple 3.1.12.

Example 3.1.13. (Polygonal paths) A polygonal path, v = [z1,25,...,2,] is the
union of the line segments [z1,22], [22,23], -- -, [2n—1,24). This is a piecewise linear
path with initial point z; and terminal point z, and may have self intersections.

A polygonal path is called simple if it does vA
not have self intersections, except possibly at
the endpoints, that is, z; and z, may coincide. z3 Y, 7
The polygonal path is called closed if z; = z,.
As an illustration, let z; =0,z = 1+, and h h
z3 = —141i; then y = [z1, 22, 23, 71] is a sim- 0171 x
ple closed polygonal path. To find the equa- Y=[z1, 22, 23, 71]
tion of 7y, we start by finding the equations of =1 %)

the paths 71, 9, and 73, shown in Figure 3.11.

From Example 3.1.2(d), we have
Fig. 3.11 The closed polygo-

nal path [z1,22,23,21)



