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The limit in (2.4.3) involves the values of u at the point (x+ A, y). This point
belongs to Q if & is sufficiently small, because €2 is open. It is in this sense that we
interpret expressions involving limits.

Theorem 2.4.3. Suppose u is differentiable at (xo,y0), so that (2.4.2) holds. Then
(i) u is continuous at (xo,yo), and
(ii) uy, uy exist at (xo,y0) and ux(xo,y0) = A, uy(x0,y0) = B.

Proof. Taking limits on both sides of (2.4.2) as (x,y) — (xo0,Y0), we obtain

—0 —0 —0

u(x,y) = u(xo,y0) +A(x —x0) +B(y —yo) + &(x,y)|(x = x0,y = yo)|

and it follows that u(x,y) — u(xo,y0). Hence, u is continuous at (xo,yo), and (i) is
proved. For (ii), we only prove that u,(xo, yo) = A, the second part being similar. To
compute u,(xo, yo), we fix y = yo and take the derivative of u(x, yp) with respect to
x. From (2.4.2) we have

us(r0.v0) = lim u(x, yo) — u(xo, yo) At lim (x, yo) |x — xo] _4
X—X0 X — X0 X—XQ X —Xp
since the the second limit is zero; this follows from the fact that ’8()‘7 y0) ‘i:igl | =
le(x, yo)| — 0 as (x,y) = (x0, yo)- u

The converse of part (ii) of Theorem 2.4.3 is not true. A function of two variables
may have partial derivatives and yet fail to be differentiable at a point. In fact, the
function may not even be continuous at that point. As an illustration, consider the
function of two variables

Xy
e when (x,y) # (0,0),
u(x,y) = (2.4.5)
0 when (x,y) = (0,0).
In Exercise 1, you are asked to ver-

ify that
1,(0,0) = u,(0,0) =0,

and that u is not continuous at
(0, 0). Hence by Theorem 2.4.3(i),
the function u is not differentiable
at the point (0,0). The graph of
the function u is shown in the Fig-

ure 2.17. Fig. 2.17 The function u(x,y) in
(2.4.5).

To obtain differentiability at a point, more than the existence of the partial deriva-
tives is needed. We have the following interesting result.



