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Fig. 2.14 In the reverse chain rule we suppose that g is continuous and that 4 =
f o g is analytic and we conclude that g is analytic.

Theorem 2.3.12. (Reverse Chain Rule) Suppose that g is a continuous function on
a region Q and f is an analytic function on a region U that contains g[Q). Suppose
that h = fog is analytic on Q and that f'(g(z)) # 0 for all z in Q. Then g is analytic
on 2 and

7€ Q. (2.3.18)

Proof. Let zo be in Q. We know that /(z) = f(g(z)) is analytic at z = zp, f is analytic
at g(zo) with f'(g(z0)) # 0, and g is continuous at z9. We want to show that

/ _ h/(ZO)
g (z0) = @) (2.3.19)

Applying Proposition 2.3.10 to A(z) = f(g(z)), we write
f(g(2) = f(g(z0)) +H (z0)(z—20) + £(z) (z—20), €(z) = 0asz— zo. (2.3.20)

Applying Proposition 2.3.10 to f at g(zp), we have
f(8(2)) = f(8(z0)) + £ (8(20))(8(2) — &(20)) + 1 (8(2))(g(z) —8(z0)), (2.321)

where 1(g(z)) — 0 as g(z) — g(zo) or, equivalently, as z — zo by continuity of g at
Z0. Subtract (2.3.21) from (2.3.20) and rearrange the terms to get

g(x) —8(z0) _ _ M(z0)+£(z) (2.3.22)

7—20 1(8(z0)) +n(g(2))

As z— 70, €(z) = 0 and n(g(z)) — 0, implying (2.3.19). Notice that the denomina-
tor in (2.3.22) does not vanish for z sufficiently close to zg. |




