
Fact: If g ∈ L∞(Rn) is continuous in a neighborhood of x0 ∈ Rn, then

(Ps ∗ g)(x)→ g(x0)

as (x, s)→ (x0, 0
+).

Proof: Given ε > 0 there is an s1 > 0 such that for s < s1 we have

|(Ps ∗ g)(x0)− g(x0)| <
ε

2

since g is continuous at x0. Since g is uniformly continuous on a ball B(x0, δ0),
there is a δ ∈ (0, δ02 ) such that |g(z) − g(z′)| ≤ ε

4 whenever |z − x0| ≤ δ. For

|y|, |x− x0| < δ we have x− y, x0 − y ∈ B(x0, δ0) and∣∣∣∣ ∫
|y|<δ

Ps(y)[g(x− y)− g(x0 − y)] dy
∣∣∣∣ ≤ ε

4

since |(x− y)− (x0 − y)| < δ. Also, choose s2 > 0 such that∣∣∣∣ ∫
|y|≥δ

Ps(y)[g(x− y)− g(x0 − y)] dy
∣∣∣∣ ≤ 2‖g‖L∞

cn s

δ1+
n
r
≤ ε

4

for all s < s2. Then for |x− x0| < δ and s < min(s1, s2),

|(Ps∗g)(x)−g(x0)| ≤ |(Ps∗g)(x)−(Ps∗g)(x0)|+|(Ps∗g)(x0)−g(x0)| <
(ε
4
+
ε

4

)
+
ε

2
= ε.
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