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(c) Assertion (1.1.6) follows from (1.1.5) by duality. To prove (1.1.5), we use the
Fourier transform. We have that if @y, @ lie in .%), then @y — ¢ in .%) if and only
if oy — @ in . which happens if and only if @y — ¢ in .#. Thus to show that
Yi<nA¥ (@) — o it suffices to show that Y-y §(E)P(277E) — 0 in 7 (R").

But 8? (SEACID WY P(27/€)) is supported in |€| > c2V, for some constant ¢ > 0,
and decays rapidly at infinity, so

sup [9f (£°9(&) Y. P(277&))| -0

EcR? j>N

as N — oo. Also, 8? (é“(ﬁ(i)ijg,N‘f’(Z’j.ﬁ)) is supported in || < ¢’27V and
vanishes at zero to infinite order; thus, it satisfies

102 (E%0(&) (10 (6)+ ¥ PE))| <capow sup [E],

J<=N ||<2-N+1

which tends to zero as N — oo. O

Corollary 1.1.7. (Calderon reproducing formula) Let ¥, Q be Schwartz functions
whose Fourier transforms are supported in annuli that do not contain the origin and

satisfy R R
Y #6602 E) =1
JEZ
forall & #0. Then for all f € '(R")/ 2 (R") we have
Y B x Qe f= Y AYAR(f) = f, (1.1.8)
JEZL JEZL

where the convergence is in . (R")/ 2 (R").

Proof. The assertion is contained in the conclusion of Proposition 1.1.6(c) with
¥ x Q in place of V. O

Exercises

1.1.1. Given multi-indices ¢, 3, show that there are constants C,C’ such that

Pap(@)<C Y. Y pys(0),
[vi<lel 6/<18]

Pup(9)<C Y. Y prs(e).
lyi<lal|5<I|

for all Schwartz functions .
[Hint.' The first inequality follows by Leibniz’s rule. Conversely, to express gaaﬁ 0]

in terms of linear combinations of 98 (EY¢(&)), proceed by induction on ||, using



