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where At
k is the transpose of Ak. But (At

k)
−1 = At

k and |At
k⃗y | ≈ |⃗y |; thus we have

wγ(At
k⃗y) ≈ wγ (⃗y). Therefore, by another change of variables, condition (7.5.37) is

equivalent to

sup
j∈Z

∫
(Rn)m

∣∣[σ(2 j
ξ⃗ )Ψ̂k(ξ )]̂(⃗y)∣∣2wγ (⃗y) d⃗y < ∞ . (7.5.38)

Thus, condition (7.5.26) for σ∗k holds.
We now have that (7.5.26) holds for σ∗k for all Ψ in S∗((Rn)m). Theorem 7.5.5

implies that (Tσ )
∗k, the kth adjoint of Tσ , is bounded from Lp1(Rn)×·· ·×Lpm(Rn)

to Lp(Rn) whenever 2 < p j < ∞, in particular when 2 ≤ m < p j < ∞. In this case,
each (Tσ )

∗k is bounded from Lp1(Rn)×·· ·×Lpm(Rn) to Lp(Rn), with 1 < p < ∞.
By duality we obtain that Tσ is bounded from Lp1(Rn)×·· ·×Lpm(Rn) to Lp(Rn),
where m < p j < ∞ when j ̸= k and 1 < pk < m/(m− 1). This is also valid when
m = 1.

We now have boundedness for Tσ from Lq1(Rn)×·· ·×Lqm(Rn) to Lq(Rn) in the
following m+ 1 cases: (a) when all indices q j are near infinity and (b) when the
m−1 indices q j, j ̸= k are near infinity and qk is near 1 for all k ∈ {1, . . . ,m}. Ap-
plying Corollary 7.2.4 we obtain that Tσ is bounded from Lp1(Rn)×·· ·×Lpm(Rn)
to Lp(Rn) for indices p j satisfying 1 < p1, . . . , pm, p < ∞. □

7.5.4 Proof of Main Result

In this section we discuss the proof of Theorem 7.5.5.

Proof. For each j = 1, . . . ,m we let R j be the set of points (ξ1, . . . ,ξm) in (Rn)m such
that |ξ j| = max{|ξ1|, . . . , |ξm|}. For j = 1, . . . ,m we introduce nonnegative smooth
functions φ j on [0,∞)m−1 that are supported in [0, 11

10 ]
m−1 such that

1 =
m

∑
j=1

φ j

( |ξ1|
|ξ j|

, . . . ,
|̂ξ j|
|ξ j|

, . . . ,
|ξm|
|ξ j|

)
for all (ξ1, . . . ,ξm) ̸= 0, with the understanding that the variable with the hat is
missing. These functions introduce a partition of unity of (Rn)m \ {0} subordinate
to a conical neighborhood of the region R j. See Exercise 7.5.4.

Each region R j can be written as the union of sets

R j,k =
{
(ξ1, . . . ,ξm) ∈ R j : |ξk| ≥ |ξs| for all s ̸= j

}
over k = 1, . . . ,m. We need to work with a finer partition of unity, subordinate to a
conical region of each R j,k. To achieve this, for each j we introduce smooth func-
tions φ j,k on [0,∞)m−2 supported in [0, 11

10 ]
m−2 such that


