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Then for all finitely simple functions fi on X; we have

1T (Aol < Mo~ MYl = [ fnl (7.2.62)
Moreover, when py, ..., py, < o, the operator Ty admits a unique bounded extension
SJrom LPV(Xy, 1) X - X LPm (X, W) to LA(Y, V).
Proof. Take T, =T in Theorem 7.2.9, and use Exercise 1.3.8 in [156]. O

7.2.5 Multilinear Interpolation between Adjoint Operators

In this subsection we discuss a result that allows one to interpolate from a single
estimate known for an operator and its adjoints. This theorem is useful in the setting
where there is no duality, such as when an operator maps into L? for ¢ < 1. For a
number g € (0,00) set g’ =¢q/(qg—1) when g # 1 and 1" = .

Theorem 7.2.12. Let 0 < p < oo, A,B > 0, and let f be a measurable function on a
O -finite measure space (X, 1L).

(i) Suppose that || f||Lr= < A. Then for every measurable set E of finite measure there
exists a measurable subset E' of E with W(E') > W(E)/2 such that f is bounded on
E' and

‘/ fd/,t‘ <20 Ap(E) 7. (7.2.63)
EI
(ii) Suppose that a measurable function f on X has the property that for any mea-

surable subset E of X, with W(E) < oo, there is a measurable subset E' of E, with
W(E") > 1(E)/2, such that f is integrable on E' and

fdu’ <Bu(E)" 7.
E/

Then we have that ) 4
Ifllpe <B272, (7.2.64)

Proof. Define E' = E\ {|f| > A2» u(E) 7 }. Since the set {|f| > A27 u(E) 7}
has measure at most i (E)/2, it follows that u(E") > p(E)/2. Obviously, (7.2.63)
holds for this choice of E’. This proves (i).

To prove (ii), write X = (J;_; X, with 1(X,) < e. Given a > 0, note that the
measurable set {|f| > o} is contained in

{Re /> u{lmf>% U Re f<—Fu{lmf<—35}.  (7.2.65)

Let E,, be any of the preceding four sets intersected with X,,. By hypothesis, there is
a measurable subset E, of E, with measure at least ((E,)/2. Then

505 M(En) <

/E, fdu‘ < Bu(E,)' 7



