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implies that f ∈ C |α| for all |α| < γ and ∂ α f are bounded functions. It is straight-
forward to check the identity ∆Ψ
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and from this it easily follows that
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Additionally, note that SΦ
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which, combined with (1.4.33), yields (1.4.31) for all |α|< γ . �

Corollary 1.4.12. Let γ > 0 and f ∈Λγ(Rn). Then∥∥ f
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Proof. One direction is a consequence of Corollary 1.4.11. For the other direction
(. ), we smoothly decompose Ψ̂ = ∑

n
k=1Ψ̂ (k) in (1.4.25) such that for ξ in the

support of a given Ψ̂ (k) we have ξk 6= 0. Introducing ζ̂k(ξ ) = Ψ̂ (k)(ξ )ξ
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where we set Ψ̂∗(ξ ) = Ψ̂(2ξ )+Ψ̂(ξ )+Ψ̂( ξ

2 ), which is equal to 1 on the support
of ζ̂k(ξ ). As convolution with ζk is a bounded operator on L∞, using (1.4.23), we
obtain that (1.4.35) is at most the expression on the right in (1.4.34). �

We end this section by noting that the specific choice of the functions Ψ and Φ is
unimportant in the Littlewood–Paley characterization of the spaces Λγ . In particular,
if we know (1.4.25) and (1.4.8) for some choice of Littlewood–Paley operators ∆Ψ̃

j

and some Schwartz function Φ̃ whose Fourier transform is supported in a neighbor-
hood of the origin, then (1.4.25) and (1.4.8) also hold for our fixed ∆Ψ

j and Φ .

Exercises
1.4.1. Fix k ∈ Z+, α1, . . . ,αn ∈ Z+∪{0}, and γ > 0. Set |α|= α1 + · · ·+αn.
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