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implies that f € ¢! for all || < y and d“f are bounded functions. It is straight-
forward to check the identity A‘-P(8°‘f) = ZJ‘O“A‘-W'P()”) Notice that
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and from this it easily follows that
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Additionally, note that S0 (0%f) =D« (d%f) = aaqa xf=0%DPx(P+¥1)*f,
since the function @ + 'Pz 1 is equal to 1 on the support of 9%&. Thus
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which, combined with (1.4.33), yields (1.4.31) for all || < 7. O

Corollary 1.4.12. Let y > 0 and f € Ay(R"). Then
17114, 2 1]+ Z 19%7lLa, (14.34)

o[ =[[71]
Proof. One direction is a consequence of Corollary 1.4.11. For the other direction
(<), we smoothly decompose Y= Y, P® in (1.4.25) such that for & in the

support of a given ¥ ® we have & # 0. Introducing Ck(é) p® (5)5,:“7/“ write
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where we set l/I’:(é) —PQE)+P(E)+ lIA’(%), which is equal to 1 on the support
of Ek(é) As convolution with §; is a bounded operator on L, using (1.4.23), we
obtain that (1.4.35) is at most the expression on the right in (1.4.34). [

‘We end this section by noting that the specific choice of the functions ¥ and @ is
unimportant in the Littlewood—Paley characterization of the spaces Ay. In particular,
if we know (1.4.25) and (1.4.8) for some choice of Littlewood—Paley operators A;i'

and some Schwartz function @ whose Fourier transform is supported in a neighbor-
hood of the origin, then (1.4.25) and (1.4.8) also hold for our fixed A_;?P and .

Exercises

141.FixkeZ™, ocl,...,ocn €ZtU{0},and y> 0. Set |a| =0+ + .

(a) Let Q(x) = x' ---x% be a monomial on R” of degree |a|. Define C(k,m) =
) ( ) (— 1)k jm form € Z". Show that when |ct| > k for all x,s € R” we have

D’Z(Q)(x)=ﬁ§a (E) <ﬁ) (k, |B]) WP x*P.
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