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We now write f;, = f} + f7, where

L

fi= Z A@ )k Moej * Moy, fi= ZA/@(f) * Myj * M-

Jj=—L Jj=0

It follows from (1.4.13) that with C), = (2¥+ 14 277)C we have
1A (f) * My * Myille= < AP (O)lle=l1m05 # Mp-sllp < Collm 27775

thus, f7 converges uniformly to a continuous and bounded function g as L — co.
Also, 98 f7 converges uniformly for all || < y as L — co. Using Lemma 1.4.7 we
conclude that g5 is in €7/ and that 98 sz converges uniformly to dBgy as L — oo
forall |B| < 7.

We now turn our attention to le. Obviously, le is in € and

2 f} = Z A/@(f) * 2"""(3"‘71)2—./ *Tp-j -
=L

Thus for all multi-indices o with |¢t| > [y] 4+ 1 we have

up 0% 1= < T G2 D0y = ey Co<on. (14.19)
LeZ+t ]7700

Let P¢ be the Taylor polynomial of f; of degree d. By Taylor’s theorem we have

AE-Pw=m+) ¥ = / (-0 (@%f)(tx)de.  (1.420)

IOC\
Using (1.4.19), with || € {[y]+1,...,[y] +|B|+ 2}, we obtain that the sequence
{(V(P(f} - PLM))}Z’ZI is uniformly bounded on every ball B(0,K); thus, the se-
quence {9 (f} — PLM)}ZQ=1 is equicontinuous on every such ball. By the Arzela—
Ascoli theorem, for every K = 1,2,... and for every || < 7y there is a subsequence

of {dP(f} — PLM)}Z":1 that converges uniformly on B(0,K). The diagonal subse-
quence of these subsequences converges uniformly on every compact subset of
R" for all |B| < 7. Hence, there is a continuous function g; on R” and a subse-

quence L,, of Z* such that fL [7] — g1 uniformly on compact sets as m — oo

and 9B ( fi, | P[y) converges umformly on compact sets for all |B| > [ 7]. Using
Lemma 1. 4 7 stated at the end of this proof, we deduce that g; is € and that
8ﬁ(f1 )%(ng as m — oo for all |B] < [y].

Set g = gl + g2. It follows from (1.4.20) and from sup; g+ || f7 1= < oo that
lg(x)] < CuyCo(1 + |x|)!"*! for all x € R". Thus, g can be viewed as an element
of ./, and one has f,, —PL[?j — g in .&”/(R"). Since both g; and g, are in "/, it
follows that so is g.



