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and Iβ is the Riesz potential (or fractional integral) given in Definition 1.2.1. Using
Theorem 1.2.3 with s = β , n = 1, and q = p′, we obtain that the last displayed
equation is bounded by a constant multiple of∥∥∥‖ f ( · , t)
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which is equivalent to p = 2(n+1)
n+3 . This concludes the proof of estimate (5.4.7)

in which the measure σ∨ is replaced by (ϕ j dσ)∨. Estimates for the remaining
(ϕ j dσ)∨ follow by a similar argument in which the role of the last coordinate is
played by some other coordinate. The final estimate (5.4.7) follows by summing j
over the finite set F . The proof of the theorem is now complete. �

5.4.3 Applications to Bochner–Riesz Multipliers

We now apply the restriction theorem obtained in the previous subsection to the
Bochner–Riesz problem. In this subsection we prove the following result.

Theorem 5.4.6. For Reλ > n−1
2(n+1) , the Bochner–Riesz operator Bλ is bounded on

Lp(Rn) for p in the optimal range

2n
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< p <
2n
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.

Proof. The proof is based on the following two estimates:∥∥Bλ
∥∥

L1(Rn)→L1(Rn)
≤C1(Reλ ) ec0|Imλ |2 when Reλ > n−1

2 , (5.4.11)∥∥Bλ
∥∥

Lp(Rn)→Lp(Rn)
≤C2(Reλ ) ec0|Imλ |2 when Reλ > n−1

2(n+1) , (5.4.12)

where p = 2(n+1)
n+3 and C1, C2 are constants that depend on n and Reλ , while c0 is

an absolute constant. Once (5.4.11) and (5.4.12) are known, the required conclusion
is a consequence of Theorem 1.3.7 in [156]. Recall that Bλ is given by convolution
with the kernel Kλ defined in (5.2.1). This kernel satisfies

|Kλ (x)| ≤C3(Reλ )ec0|Imλ |2(1+ |x|)− n+1
2 −Reλ (5.4.13)


