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We now prove (iii). First we show that for all x € H \ {0} the sequence

{ £ 7o},

j=N

is Cauchy in H. Suppose that this is not the case. This means that there is some
€>0,xe H\ {0}, and a subsequence of integers | < N; < N, < N3 < --- such that

Tl > . (4.5.9)

where we set B
L(x)= ) TK.
Nie<| JI<Ni41
For any fixed @ € [0,1], we apply conclusion (i) to the family of linear operators
{r(@)T;: 1<k<K, Ny <|j| <Ngt1},indexedby A ={j€Z: N; <|j| <Ng41},
which clearly satisfies hypothesis (4.5.1). We obtain

K K N
|, X ol =l grene], <ald,

Squaring and integrating this inequality with respect to @ in [0, 1], and using (4.5.8)
with Ty in the place of Ty and {1,2,...,K} in the place of A, we obtain

K ~
X (1@l < A%l
k=1

But this clearly contradicts (4.5.9) as K — oo.
We conclude that every sequence

{jiNTj(X)}N

is Cauchy in H and thus it converges to T (x) for some linear operator 7. In view of
conclusion (i), it follows that T is a bounded operator on H with norm at most A. []

Remark 4.5.2. At first sight, it appears strange that the norm of the operator T is
independent of the norm of every piece 7; and depends only on the quantity A in
(4.5.1). But as observed in the proof, if we take j = k in (4.5.1), we obtain

2
T3l = 077 | gy < 7(0) <A%;

thus the norm of each individual 7} is also controlled by the constant A.

We also note that there wasn’t anything special about the role of the index set
Z in Lemma 4.5.1. Indeed, the set Z can be replaced by any countable group, such
as ZX for some k. For instance, see Theorem 4.5.7, in which the index set is Z*".



