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where we used Theorem 3.3.7 in the last inequality.
Since the expression in (4.4.10) is finite, given ε > 0, we can find an N0 > 0 such

that
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Recalling that
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we conclude that the sequence{
∑
| j|≤M

∆ j(b)S j−3( f )
}

M

is Cauchy in L2(Rn), and therefore it converges in L2 to a function Pb( f ). The bound-
edness of Pb on L2 follows by setting N = 0 and letting M→ ∞ in (4.4.9). �

4.4.3 Fundamental Properties of Paraproducts

Having established the L2 boundedness of paraproducts, we turn to their properties.
We begin by studying their kernels. The paraproducts Pb are examples of integral
operators of the form discussed in Section 4.1. Since Pb is L2 bounded, it has a dis-
tributional kernel Wb. We show that for each b in BMO the distribution Wb coincides
with a standard kernel Lb defined on Rn×Rn \{(x,x) : x ∈ Rn}.

First we study the kernel of the operator f 7→ ∆ j(b)S j−3( f ) for any j ∈ Z. We
have that

∆ j(b)(x)S j−3( f )(x) =
∫

Rn
L j(x,y) f (y)dy,

where L j is the integrable function

L j(x,y) = (b∗Ψ2− j)(x)2( j−3)n
Φ(2 j−3(x− y)).


