26 1 Smoothness and Function Spaces

Note that 5(5) isequal to 1 for |&] <2— %, vanishes when |€| > 2, and satisfies
DE)+ Y P(2IE) =1 (1.3.9)
=1

for all £ in R". We now introduce an operator Sg’ by setting

So (f)=Pxf, (1.3.10)

for f € ./(R"). Identity (1.3.9) yields the operator identity

se+ Y A =1,
=1

in which the series converges in .#/(R"), in view of Proposition 1.1.6(b).
Having introduced the relevant background, we are now ready to state and prove
the following result.

Theorem 1.3.6. Let ¥ satisfy (1.3.6), @ be as in (1.3.8), and let AJ‘?’, S& be as in
(1.3.7) and (1.3.10), respectively. Fix s € R and 1 < p < oo. Then there exists a
constant C that depends only on n,s, p, @, and W such that for all f € LY we have
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Conversely, there exists a constant C, that depends on the parameters n, s, p, ©, and
W such that every tempered distribution f that satisfies
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is an element of the Sobolev space LY with norm
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Proof. We denote by C a generic constant that depends on the parameters n, s, p, P,
and ¥ and that may vary in different occurrences. For a given tempered distribution
f we define another tempered distribution f; by setting

fi=(+]-P)2f)",

so that we have || f[|,» = || fsllzr if f € LS.



