20 1 Smoothness and Function Spaces

(c) Use these results to prove that the discrete fractional integral operator
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maps (*(Z") to £/ (Z") when0 < ¢ <n, 1 <s<t,and 1 -1 =2,

1.2.11. Show that the operator,
TaalNnx2) = [ [ 7l=yixa=ya)n |l " dyidya,

acting on Schwartz functions f on R>", maps L”(R>") to L¢(R?") whenever 0 <
a<n@+l="L andl<p<g<o.

[Hint: Write Lo o (f)(x1,%2) = co g% (Ifx2> (f)(x2)) (x1), where 78 is a fractional
integral operator acting in the x, variable of the function f(x,x») with x; frozen,
and Ifxl) is defined analogously.]

1.2.12. Fill in the following steps to provide an alternative proof of Theorem 1.2.3
when p = 1. Without loss of generality assume that f is nonnegative and smooth,
has compact support, and satisfies || f||;1 = 1. Let E; = {x € R" : Z(f)(x) > A}

for A > 0. Prove that )
LW < K200 [ fa—y)dy
jez [y|<2/
and that
[ sy < min(iE, ] v,27).
Ep Jy|<2/

Using these facts and |E | < %IEA Zs(f)(x) dx conclude that |E; | < C(n,s)%|Ex|%.

1.3 Sobolev Spaces

In this section we study a quantitative way of measuring the smoothness of func-
tions. Sobolev spaces serve exactly this purpose. They measure the smoothness of
functions in terms of the integrability of their derivatives. We begin with the classi-
cal definition of Sobolev spaces.

Definition 1.3.1. Let k be a nonnegative integer, and let 1 < p < co. The Sobolev
space Ly (R") is defined as the space of functions f in L?(R") all of whose distribu-
tional derivatives 0% f are also in L?(R") for all multi-indices « that satisfy |ot| < k.
This space is normed by the expression

1y = X 10l (13.1)

o] <k

where 900 f = £,



