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and such that

1
c(s,n)

≤ Gs(x)
Hs(x)

≤ c(s,n) when |x| ≤ 2, (1.2.12)

where Hs is equal to

Hs(x) =


|x|s−n +1+O(|x|s−n+2) for 0 < s < n,
log 2

|x| +1+O(|x|2) for s = n,

1+O(|x|s−n) for s > n,

and O(t) is a function with the property |O(t)| ≤ |t| for t ≥ 0.
Now let z be a complex number with Rez > 0. Then there exist finite positive

constants C′(Rez,n) and c′(Rez,n) such that when |x| ≥ 2, we have

|Gz(x)| ≤
C′(Rez,n)
|Γ ( z

2 )|
e−
|x|
2 (1.2.13)

and when |x| ≤ 2, we have

|Gz(x)| ≤
c′(Rez,n)
|Γ ( z

2 )|


|x|Rez−n for Rez < n,
log 2

|x|+1 for Rez = n,

1 for Rez > n.

Proof. For A > 0 and z with Rez > 0 we have the gamma function identity

A−
z
2 =

1
Γ ( z

2 )

∫
∞

0
e−tAt

z
2

dt
t
,

which we use to obtain

(1+4π
2|ξ |2)− z

2 =
1

Γ ( z
2 )

∫
∞

0
e−te−π|2√πt ξ |2t

z
2

dt
t
.

Note that the preceding integral converges at both ends. Now take the inverse Fourier
transform in ξ and use the fact that the function e−π|ξ |2 is equal to its Fourier trans-
form (Example 2.2.9 in [156]) to obtain

Gz(x) =
(2
√

π )−n

Γ ( z
2 )

∫
∞

0
e−te−

|x|2
4t t

z−n
2

dt
t
.

This identity shows that Gz is smooth on Rn\{0}. Moreover, taking z= s> 0 proves
that Gs(x)> 0 for all x ∈ Rn. Consequently, ‖Gs‖L1 =

∫
Rn Gs(x)dx = Ĝs(0) = 1.


