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Proof. We begin the proof by observing that as a consequence of (2.4.23) we have
T (a)|lr < Co (2.4.25)

for all a that are L2-atoms for H?. Indeed, (2.4.22) implies that for a given L> atom
a for H?, there is sequence & J. O such that

T(a)=lim Ty (a) = lilzninngk (a) a.e.
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Then Fatou’s lemma on L? together with (2.4.23) imply (2.4.25).
Given f € HP NL?, we write f = Z;"ZI Aja; in an atomic decomposition, where
aj are L*-atoms for H?, the series converges to f in H?, and Y5, [A;[” < 27| £,
We observe that the sequence {szy: 1 AT (a)) };:1 is Cauchy in L? since

N p N
| X ar@||) < X e,
J j=N'

=N/

which tends to zero as N, N — o. Thus the sequence ijzl A;T (a;j)(x) converges in
L? to a well-defined L? function. We set

N
le(aj) = [? limit of Z )LjT(aj) .
1 =1

™

J

To prove (2.4.24), we first prove an analogous result about T, namely,
Te(f) = Y AjTe(aj)  ae. (2.4.26)
j=1

where Y7 A;T¢(a;) denotes the L” limit of the Cauchy sequence Z?’:l AiTe(aj).
We fix €,8 > 0. Then by the linearity of T; for each L € Z* we have

er R": |Te(f)(x) — i%Ts(a/)(’C) > 5}‘

<[{xerr: m( Y Aa)w- ¥ 3Te(a)) ()] > 8|

J=L+1 j=L+1
<|{rer: |Te(j;%~a,~)<x>| > 4 [frere: |j§+lx,-n<aj><x>| > 2

2[’
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; o
(Y ua)| +5 X T, (2.4.27)
J=L+1 j=L+1
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By assumption (2.4.23) the second term in the sum in (2.4.27) is controlled by
Cg(%)”):;?:LH |A;|? which tends to zero as L — oo.

To show the same conclusion for the first sum in (2.4.27) we recall the grand
maximal function

AMN(f)(x) = sup sup sup [(@*[f)(y)|
pcFy t>0 yeR"
ly—x|<t

where

yN={<pey(R”):/Rn(1+\x\)N Y 10%()ldv< 1},

|o|<N+1

The function  lies in ./ (R"); thus there is a constant cg y such that ce e lies
in .%x. Then we have

|Te Z Ajaj)| < ,//le Zlal

Jj=L+1

Taking L? quasi-norms we obtain

|7

and since Z?:l ljaj — fin H? as L — oo, we deduce that the first sum in (2.4.27)
tends to zero as L — co. This proves that for any €,6 > 0 we have

CE il < gt X, < G2 L aal),

J=L+1

Hl’

erR”'|Tg foga, \>5}‘

hence (2.4.26) holds.
Next, we claim that .7 A;T¢(a;) — Y71 A,;T (a;) in measure as € — 0. Indeed,
given 6 > 0, write

(L)L ariaii -5}
<[ £ astar-ran] -3} +{] £ o= T ara>3)

j= L+1 j=L+1

22 1 & 2 o )
<5 szlaj(rg(aj)—r(aj)) = ,:Z 217 |17y |15, + 117 (@) 2]
2 L L P an e I
Sﬁ‘TS(ZMﬂj)—T(Z%ﬂj) Lt LAl (2.428)
Jj=1 j=1 j=L+1




