10 1 Smoothness and Function Spaces

provided —n < Rez < 0, in which case both |£|* and |x| %" are locally integrable
functions. Dividing both sides of (1.2.2) by I ("TJ’Z) allows one to extend (1.2.2) to
all complex numbers z as an identity between distributions; see Theorem 2.4.6 in
[156] for details.

1.2.1 Riesz Potentials

When s is a positive real number, the operation f +—> (—A)’s/ 2 f is not really differ-
entiating f; rather, it is integrating. For this reason, we introduce a slightly different
notation that better reflects the nature of this operator.

Definition 1.2.1. Let s be a complex number with 0 < Res < c. The Riesz potential

operator of order s is
7, = (—A)™2.

Clearly Z; is well defined on Schwartz functions whose Fourier transform vanishes
in a neighborhood of the origin; if Res < n, the function & — || is locally in-
tegrable, and thus Z; is well defined on the entire Schwartz class. Using identity
(1.2.2), we express
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and since this integral is convergent for all functions f in the Schwartz class, Z; is
well defined on this space for all s with Res > 0.

We begin with a simple remark concerning the homogeneity of the operator Z;.

Remark 1.2.2. Suppose that for some s € C, with Res > 0, we had an estimate
1 Ze() | oy < P 8) ] o e (12.3)

for some positive indices p,q and all f € (R"). Then p and ¢ must be related by
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This follows by applying (1.2.3) to the dilation §*(f)(x) = f(Ax), A > 0, in lieu
of f. Indeed, replacing f by 8*(f) in (1.2.3) and using the identity

I,(8*(f)) = 24 (Z(f))

which follows by a changes of variables, we obtain

l_s_ReSHIs(f)HLq(Rn) < C(pv%nas))tiﬁ HfHLp(Rn) (1.2.5)



